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▲❡♠♠❛ ✻✳ ▲❡)K ⊆ R
d
❜❡ ❛ ♣♦❧②)♦♣❡ ❜♦✉♥❞❡❞ ❜② ❤②♣❡&♣❧❛♥❡/ vj ·x+wj ≥ 0 (j = 1, . . . , L)✱

✇❤❡&❡ v1, . . . , vL ∈ R
d
❛♥❞ w1, . . . , wL ∈ R✳ ❋♦& δ > 0 /❡)

K0
δ :=

{

x ∈ R
d : vj · x+ wj ≥ δ ❢♦& ❛❧❧ j ∈ {1, . . . , L}

}

❛♥❞

Kc
δ :=

{

x ∈ R
d : vj · x+ wj ≤ −δ ❢♦& /♦♠❡ j ∈ {1, . . . , L}

}

.

▲❡) σ : R→ [0, 1] ❜❡ ❛ /U✉❛/❤✐♥❣ ❢✉♥❝)✐♦♥✳ ▲❡) ε, δ ∈ (0, 1] ❜❡ ❛&❜✐)&❛&②✳ ❚❤❡♥ )❤❡&❡ ❡①✐/)/
❛ ♥❡✉&❛❧ ♥❡)✇♦&❦ ♦❢ )❤❡ ❢♦&♠

f(x) = σ





L
∑

j=1

bj · σ
(

d
∑

k=1

aj,k · x(k) + aj,0

)

+ b0





/❛)✐/❢②✐♥❣

|f(x)| ≤ 1 ❢♦& x ∈ R
d,

|f(x)− 1| ≤ ε ❢♦& x ∈ K0
δ ,
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|f(x)| ≤ ε ❢♦" x ∈ Kc
δ . ✭✸✸✮

■♥ ❝❛'❡ )❤❛) )❤❡ '+✉❛'❤✐♥❣ ❢✉♥❝)✐♦♥ '❛)✐'✜❡'

|σ(y)− 1| ≤ 1

y
✐❢ y > 0 ❛♥❞ |σ(y)| ≤ 1

|y| ✐❢ y < 0,

)❤❡ ✇❡✐❣❤)' ❛❜♦✈❡ ❝❛♥ ❜❡ ❝❤♦'❡♥ '✉❝❤ )❤❛)

|bj | ≤
4L

ε
❢♦" ❛❧❧ j = 0, . . . , L

|aj,k| ≤
4L

δ
·max{‖v1‖∞, |w1|, . . . , ‖vL‖∞, |wL|} ❢♦" ❛❧❧ j = 1, . . . , L, k = 0, . . . , d.

 !♦♦❢✳ ❋♦❧❧♦✇' ❢)♦♠ +❤❡ ♣)♦♦❢ ♦❢ /)♦♣♦'✐+✐♦♥ ✸✳✽ ✐♥ ▼❤❛'❦❛) ✭✶✾✾✸✮✳ �

 !♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❲❡ ♣❛)+✐+✐♦♥

[

−a− 2a
M
, a
]d

✐♥+♦ (M + 1)d ❡:✉✐✈♦❧✉♠❡ ❝✉❜❡' ♦❢

'✐❞❡ ❧❡♥❣+❤ 2a/M ✳ ❆♣♣)♦①✐♠❛+✐♥❣ m ❜② ❛ ♣✐❡❝❡✇✐'❡ ❝♦♥'+❛♥+ ❛♣♣)♦①✐♠❛♥+ ✇✐+❤ )❡'♣❡❝+

+♦ +❤✐' ♣❛)+✐+✐♦♥ ②✐❡❧❞' ✭'✐♥❝❡ m ✐' (p, C)✕'♠♦♦+❤ ✇✐+❤ p ≤ 1✮ ❛ ❢✉♥❝+✐♦♥ S '❛+✐'❢②✐♥❣

‖S −m‖∞,[−a,a]d ≤
√
d · C ·

(

2a

M

)p

. ✭✸✹✮

■❢ ✇❡ ✇❡ ❝❤♦♦'❡ S '✉✐+❛❜❧②✱ ✐+ ❝❛♥ ❜❡ ❡①♣)❡''❡❞ ✐♥ +❤❡ ❢♦)♠

S(x) = m(x(1,...,1)) +
∑

i∈{1,...,M+1}d\{(1,...,1)}

di ·
d
∏

j=1

(

x(j) − x
(j)
i

)0

+
,

✇❤❡)❡ xi ❛)❡ +❤❡ ❝♦)♥❡)' ♦❢ +❤❡ ❝✉❜❡' ❢♦)♠✐♥❣ +❤❡ ❛❜♦✈❡ ♣❛)+✐+✐♦♥ ✭✐♥❞❡①❡❞ ✐♥ ❛'❝❡♥❞✐♥❣

♦)❞❡) ♣❡) ❝♦♠♣♦♥❡♥+✮✱ 00 := 0✱ x+ := max{x, 0}✱ ❛♥❞ di ❢♦) i = (i1, . . . , id) ❛' ❛❜♦✈❡ ❛)❡

❝♦♥'+❛♥+' '❛+✐'❢②✐♥❣

di =
∑

J⊆{1,...,d}\{k : ik=1}

(−1)|J | ·m (xi−J) , ✭✸✺✮

✇❤❡)❡ i − J '②♠❜♦❧✐③❡' +❤❡ ✐♥❞❡① i ✇✐+❤ ij )❡♣❧❛❝❡❞ ❜② ij − 1 ❢♦) ❛❧❧ j ∈ J ✳ ❙✐♥❝❡ ❢♦) ❛

✜①❡❞ '❡+ ✇✐+❤ n > 0 ❡❧❡♠❡♥+' +❤❡ ♥✉♠❜❡) ♦❢ '✉❜'❡+' ✇✐+❤ ❡✈❡♥ ❛♥❞ ✉♥❡✈❡♥ ❝❛)❞✐♥❛❧✐+②

✐' 2n−1✱ )❡'♣❡❝+✐✈❡❧②✱ ❛♥❞ +❤❡ ❝♦)♥❡)' ✉'❡❞ ✐♥ +❤❡ ❛❜♦✈❡ ❡①♣)❡''✐♦♥ ❤❛✈❡ ❛ ❞✐'+❛♥❝❡ ♦❢ ❛+

♠♦'+

√
d · 2a

M
✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢)♦♠ +❤❡ (p, C)✕'♠♦♦+❤♥❡'' ♦❢ m

|di| ≤ 2d−|{k : ik=1}|−1 · C · d p

2 ·
(

2a

M

)p

≤ c14 ·
(

2a

M

)p

. ✭✸✻✮

▲❡+ Ki ❜❡ +❤❡ ♣♦❧②+♦♣❡ ❞❡✜♥❡❞ ❜② x(j) − x
(j)
i ≥ 0 (j = 1, . . . , d)✳ ❙❡+ ε = (M + 1)−d✱

δ = a · η/(2 · d ·M) ❛♥❞ ❛♣♣❧② ▲❡♠♠❛ ✻ ❢♦) ❡❛❝❤ Kj ✭✐✳❡✳✱ ✇✐+❤ L = d✱ vj = ej ❛♥❞

wj = −x(j)i ✱ ✇❤❡)❡ ej ❞❡♥♦+❡' +❤❡ j✲+❤ ✉♥✐+ ✈❡❝+♦)✮ +♦ ♦❜+❛✐♥ fi(x) '❛+✐'❢②✐♥❣ ✭✸✸✮ ✇✐+❤

Ki ✐♥'+❡❛❞ ♦❢ K✳ ▲❡+

P (x) = m(x(1,...,1)) +
∑

i∈{1,...,M+1}d\{(1,...,1)}

di · fi(x).
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|P (x)− S(x)| ≤
∑

i∈{1,...,M+1}d\{(1,...,1)}

|di| ·
∣

∣

∣

∣

fi(x)−
d
∏

j=1

(

x(j) − x
(j)
i

)0

+

∣

∣

∣

∣

≤
∑

i∈{1,...,M+1}d\{(1,...,1)}

|di| · (M + 1)−d

≤ c14 ·
(

2a

M

)p

✭✸✼✮

❢♦, ❛❧❧ x ∈ [−a, a]d ✇❤✐❝❤ ❛,❡ ♥♦4 ❝♦♥4❛✐♥❡❞ ✐♥
⋃

j=1,...,d

⋃

i∈{1,...,M+1}d

{

x ∈ R
d : |x(j) − x

(j)
i | < a · η/(2 · d ·M)

}

. ✭✸✽✮

❇② 8❤✐❢4✐♥❣ 4❤❡ ♣♦8✐4✐♦♥8 ♦❢ 4❤❡ xi ✐♥ 4❤❡ j4❤ ❝♦♠♣♦♥❡♥4 8❧✐❣❤4❧② 4♦ 4❤❡ ,✐❣❤4 ✭✐♥ 4❤❡ 8❡♥8❡
♦❢ ✐♥❝,❡❛8✐♥❣ ✈❛❧✉❡8✮ ✇❡ ❝❛♥ ❝♦♥84,✉❝4

⌊

2a/M

2δ

⌋

=

⌊

2a

M
· 2 · d ·M
2 · a · η

⌋

=

⌊

2 · d
η

⌋

≥ d/η

❞✐✛❡,❡♥4 ✈❡,8✐♦♥8 ♦❢ P ✱ 4❤❛4 84✐❧❧ 8❛4✐8❢② ✭✸✹✮ ❛♥❞ ✭✸✼✮ ❢♦, ❛❧❧ x ∈ [−a, a]d✱ ❛♥❞ ❝♦,,❡✲
8♣♦♥❞✐♥❣ ❞✐8❥♦✐♥4 ✈❡,8✐♦♥8 ♦❢

⋃

i∈{1,...,M+1}d

{

x ∈ R
d : |x(j) − x

(j)
i | < a · η/(2 · d ·M)

}

,

❛♥❞ 8✐♥❝❡ 4❤❡ 8✉♠ ♦❢ 4❤❡ ν✕♠❡❛8✉,❡8 ♦❢ 4❤❡8❡ 8❡48 ✐8 ❧❡88 4❤❛♥ ♦, ❡B✉❛❧ 4♦ ♦♥❡✱ ❛4 ❧❡❛84
♦♥❡ ♦❢ 4❤❡♠ ♠✉84 ❤❛✈❡ ♠❡❛8✉,❡ ❧❡88 4❤❛♥ ♦, ❡B✉❛❧ 4♦ η/d✳ ❈♦♥8❡B✉❡♥4❧② ✇❡ ❝❛♥ 8❤✐❢4 4❤❡
xi 8✉❝❤ 4❤❛4 ✭✸✽✮ ❤❛8 ν✕♠❡❛8✉,❡ ❧❡88 4❤❛♥ ♦, ❡B✉❛❧ 4♦ η✳ ❚❤✐8 4♦❣❡4❤❡, ✇✐4❤ ✭✸✹✮ ❛♥❞
✭✸✼✮ ✐♠♣❧✐❡8 4❤❡ ✜,84 ❛88❡,4✐♦♥ ♦❢ 4❤❡ ❧❡♠♠❛✱ ❜❡❝❛✉8❡ P (x) ❝♦♠♣❧✐❡8 ✇✐4❤ 4❤❡ 84,✉❝4✉,❡
♦❢ 4❤❡ ♣♦84✉❧❛4❡❞ ♥❡✉,❛❧ ♥❡4✇♦,❦ t(x)✳
■♥ ❝❛8❡ 4❤❛4 σ 8❛4✐8✜❡8 4❤❡ ❝♦♥❞✐4✐♦♥8 8♣❡❝✐✜❡❞ ✐♥ 4❤❡ 8❡❝♦♥❞ ♣❛,4 ♦❢ 4❤❡ ❧❡♠♠❛✱ ▲❡♠♠❛ ✻
❛❧❧♦✇8 4♦ ❜♦✉♥❞ 4❤❡ ❝♦❡✣❝✐❡♥48 ♦❢ 4❤❡ ♥❡✉,❛❧ ♥❡4✇♦,❦ t(x) := P (x) ,❡8♣❡❝4✐♥❣ 4❤❡ ✈❛❧✉❡8
♦❢ 4❤❡ ♣❛,❛♠❡4❡,8 ✇❡ ✉8❡❞ ❞✉,✐♥❣ 4❤❡ ❛♣♣❧✐❝❛4✐♦♥ ♦❢ 4❤✐8 ❧❡♠♠❛ ❛❜♦✈❡✳ ❚❤✐8 ❧❡❛❞8 4♦

|ai,j,k| ≤
4 · d · 2 · d ·M

a · η ·max

{

1, a+
2a

M

}

≤ 8 · d2 · M
η
·max

{

1

a
, 3

}

❢♦, ❛❧❧ i ∈
{

1, . . . , (M + 1)d
}

, j ∈ {1, . . . , d} , k ∈ {0, . . . , d} ❛♥❞

|bi,j | ≤ 4 · d · (M + 1)d

❢♦, ❛❧❧ i ∈
{

1, . . . , (M + 1)d
}

, j ∈ {0, . . . , d}✳ ❋✉,4❤❡,♠♦,❡✱ 4❤❡ ❞❡✜♥✐4✐♦♥ ♦❢ P ❛♥❞ ✭✸✺✮

✐♠♣❧②

|di| ≤ 2d · ‖m‖∞
❢♦, ❛❧❧ i ∈

{

0, . . . , (M + 1)d
}

✱ ✇❤✐❝❤ ❧❡❛❞8 4♦ 4❤❡ 8❡❝♦♥❞ ❛88❡,4✐♦♥ ♦❢ 4❤❡ ❧❡♠♠❛✳ �

■♥ ♦,❞❡, 4♦ ♣,♦✈❡ ▲❡♠♠❛ ✺✱ ✇❡ ✐♥4,♦❞✉❝❡ 4❤❡ ❢♦❧❧♦✇✐♥❣ 4❡❝❤♥✐❝❛❧ ,❡8✉❧4✳

✸✸



▲❡♠♠❛ ✼✳ ▲❡" l ∈ N0 ❛♥❞ ❧❡" σr : R → R ❢♦) r = 1, . . . , l + 1 ❜❡ ▲✐♣-❝❤✐"③ ❝♦♥"✐♥✉♦✉-
❢✉♥❝"✐♦♥- ✇✐"❤ ▲✐♣-❝❤✐"③ ❝♦♥-"❛♥" L ≥ 1✱ ✇❤✐❝❤ -❛"✐-❢②

|σr(x)| ≤ L ·max {|x|, 1} (x ∈ R) . ✭✸✾✮

▲❡" K0 = d✱ Kr ∈ N ❢♦) r ∈ {1, . . . , l} ❛♥❞ Kl+1 = 1✳ ❋♦) r ∈ {1, . . . , l + 1} ❛♥❞

i ∈ {1, . . . ,Kr} ❞❡✜♥❡ )❡❝✉)-✐✈❡❧②

f
(r)
i (x) = σr





Kr−1
∑

j=1

c
(r−1)
i,j · f (r−1)

j (x) + c
(r−1)
i,0





❛♥❞

f̄
(r)
i (x) = σr





Kr−1
∑

j=1

c̄
(r−1)
i,j · f̄ (r−1)

j (x) + c̄
(r−1)
i,0



 ,

✇❤❡)❡ c
(r−1)
i,0 , c̄

(r−1)
i,0 ✱ ✳ ✳ ✳ ✱ c

(r−1)
i,Kr−1

, c̄
(r−1)
i,Kr−1

∈ R✱ ❛♥❞ f
(0)
j (x) = f̄

(0)
j (x) = x(j)✳ ❋✉)"❤❡)♠♦)❡✱

-❡"

C = max
r=0,...,l,i=1,...,Kr+1,

j=1,...,Kr

max
{∣

∣

∣c
(r)
i,j

∣

∣

∣,
∣

∣

∣c̄
(r)
i,j

∣

∣

∣, 1
}

.

❚❤❡♥

∣

∣f
(l+1)
1 (x)− f̄

(l+1)
1 (x)

∣

∣

≤ (l + 1) · Ll+1 ·
l
∏

r=0

(Kr + 1) · C l ·max{‖x‖∞, 1} · max
r=0,...,l,i=1,...,Kr+1,

j=0,...,Kr

∣

∣

∣c
(r)
i,j − c̄

(r)
i,j

∣

∣

∣

❢♦) ❛♥② x ∈ R
d
✳

&'♦♦❢✳ ❆% ✜'(%✱ ✇❡ ♥♦%✐❝❡ %❤❛% ✭✸✾✮ ✐♠♣❧✐❡(

∣

∣

∣f̄
(r)
i (x)

∣

∣

∣ ≤ L · (Kr−1 + 1) · C · max
j=1,...,Kr−1

{∣

∣

∣f̄
(r−1)
j (x)

∣

∣

∣, 1
}

❢♦' r = 1, . . . , l ❛♥❞ i = 1, . . . ,Kr✱ ❢'♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

∣

∣

∣f̄
(r)
i (x)

∣

∣

∣ ≤ Lr ·
r
∏

r̃=1

(Kr̃−1 + 1) · C r ·max {‖x‖∞, 1} . ✭✹✵✮

❯(✐♥❣ %❤❡ ▲✐♣(❝❤✐%③ ❝♦♥%✐♥✉✐%② ♦❢ σr ❛♥❞ %❤❡ %'✐❛♥❣❧❡ ✐♥❡?✉❛❧✐%② ✐♥ ❝♦♠❜✐♥❛%✐♦♥ ✇✐%❤ ✭✹✵✮

✇❡ ❣❡%

∣

∣

∣
f
(r)
i (x)− f̄

(r)
i (x)

∣

∣

∣

≤ L ·
∣

∣

∣

∣

∣

Kr−1
∑

j=1

c
(r−1)
i,j · f (r−1)

j (x) + c
(r−1)
i,0 −

Kr−1
∑

j=1

c̄
(r−1)
i,j · f̄ (r−1)

j (x)− c̄
(r−1)
i,0

∣

∣

∣

∣

∣

✸✹



≤ L ·





Kr−1
∑

j=1

∣

∣

∣c
(r−1)
i,j

∣

∣

∣
·
∣

∣

∣
f
(r−1)
j (x)− f̄

(r−1)
j (x)

∣

∣

∣

+

Kr−1
∑

j=1

∣

∣

∣
c
(r−1)
i,j − c̄

(r−1)
i,j

∣

∣

∣
·
∣

∣

∣
f̄
(r−1)
j (x)

∣

∣

∣
+
∣

∣

∣
c
(r−1)
i,0 − c̄

(r−1)
i,0

∣

∣

∣





≤ L ·Kr−1 · C · max
j=1,...,Kr−1

∣

∣

∣f
(r−1)
j (x)− f̄

(r−1)
j (x)

∣

∣

∣

+L · (Kr−1 + 1) · Lr−1 ·
r−1
∏

r̃=1

(Kr̃−1 + 1) · C r−1 ·max {‖x‖∞, 1}

· max
j=0,...,Kr−1

|c(r−1)i,j − c̄
(r−1)
i,j |

= L ·Kr−1 · C · max
j=1,...,Kr−1

∣

∣

∣
f
(r−1)
j (x)− f̄

(r−1)
j (x)

∣

∣

∣

+Lr ·
r
∏

r̃=1

(Kr̃−1 + 1) · C r−1 ·max {‖x‖∞, 1} · max
j=0,...,Kr−1

|c(r−1)i,j − c̄
(r−1)
i,j |

❢♦" ❛❧❧ r = 1, . . . , l + 1✳ ◆♦✇ ✇❡ )*❛"* ✇✐*❤ *❤❡ ❛❜♦✈❡ ✐♥❡0✉❛❧✐*② ❢♦" r = l + 1 ❛♥❞ ♣❧✉❣ ✐*

✐♥ "❡♣❡❛*❡❞❧② ❢♦" ❞❡❝"❡❛)✐♥❣ r ✐♥ *❤❡ ❡①♣"❡))✐♦♥

∣

∣

∣f
(r−1)
j (x)− f̄

(r−1)
j (x)

∣

∣

∣ ♦♥ *❤❡ "✐❣❤*✲❤❛♥❞

)✐❞❡ ♦❢ *❤❡ ✐♥❡0✉❛❧✐*②✳ ❋✐♥❛❧❧②✱ *❤❡ )✉♠♠❛♥❞ ❝♦♥*❛✐♥✐♥❣

∣

∣

∣
f
(0)
j (x) − f̄

(0)
j (x)

∣

∣

∣
✈❛♥✐)❤❡) ✐♥

*❤❡ ❝❛)❡ ♦❢ r = 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡) *❤❡ ❛))❡"*✐♦♥✳ �

 !♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ ❆* ✜")*✱ ✇❡ ♥♦*✐❝❡ *❤❡ )♣❛❝❡ Fn = H(l)
✭✇✐*❤ l > 0✮ ❝❛♥ ❜❡

❡①♣"❡))❡❞ ❛)

H(l) =

{

h : Rd → R : h(x) =

K
∑

k=1

σid (gk (σid (f1,k(x)) , . . . , σid (fd∗,k(x)))) (x ∈ R
d)

❢♦" )♦♠❡ gk ∈ F (neural networks)
Mn,d∗,d∗,α,β,γ

❛♥❞ fj,k ∈ H(l−1)

}

,

✇❤❡"❡ σid : R → R ✐) *❤❡ ✐❞❡♥*✐*② σid(x) = x ❢♦" ❛❧❧ x ∈ R✳ ❋✉"*❤❡"♠♦"❡✱ ❛❧❧ g ∈
F (neural networks)
Mn,d∗,d∗,α,β,γ

❝❛♥ ❜❡ ✇"✐**❡♥ ❛)

g(x) =

(Mn+1)d
∗

∑

i=1

di · σ





d∗
∑

j=1

bi,j · σ
(

d∗
∑

m=1

ai,j,m · x(m) + ai,j,0

)

+ bi,0



+ d0

=

(Mn+1)d
∗

∑

i=1

di · σ









∑

j=1,...,d∗,

ī=1,...,(Mn+1)d
∗

bi,̄i,j · σ
(

d∗
∑

m=1

aī,j,m · x(m) + aī,j,0

)

+ bi,̄i,0









+ d0,

✸✺



✇❤❡#❡ $❤❡ ♥❡✇ ❝♦❡✣❝✐❡♥$* ❛#❡ ❞❡✜♥❡❞ ❜②

bi,̄i,j :=

{

bi,j ✐❢ ī = i

0 ♦$❤❡#✇✐*❡

❢♦# ❛❧❧ i, ī ∈
{

1, . . . , (Mn + 1)d
∗
}

❛♥❞ j ∈ {0, . . . , d∗} ✭✇❤✐❝❤ ✇♦#❦* ❛♥❛❧♦❣♦✉*❧② ❢♦# h ∈
H(0))✳ ❘❡*♣❡❝$✐♥❣ $❤❡ ❛❜♦✈❡ #❡♣#❡*❡♥$❛$✐♦♥*✱ ❛❧❧ $❤❡ ❢✉♥❝$✐♦♥* σid(h) = h ❢♦# h ∈ H(l)

❝♦♠♣❧② ✇✐$❤ $❤❡ *$#✉❝$✉#❡ ♦❢ $❤❡ ❢✉♥❝$✐♦♥* f
(l+1)
1 ✐♥ ▲❡♠♠❛ ✼✱ ✐❢ ✇❡ ✉*❡ $❤❡ ❢♦❧❧♦✇✐♥❣

*♣❡❝✐✜❝❛$✐♦♥* ♦❢ $❤❡ ♣❛#❛♠❡$❡#* ✐♥ $❤❛$ ❧❡♠♠❛✿ ❚❤❡ ▲✐♣*❝❤✐$③ ❝♦♥*$❛♥$ L ✐* ❝❤♦*❡♥ ❛*

$❤❡ ♠❛①✐♠✉♠ ♦❢ $❤❡ ▲✐♣*❝❤✐$③ ❝♦♥*$❛♥$* ♦❢ σid ✭✇❤✐❝❤ ✐* ♦❜✈✐♦✉*❧② 1✮ ❛♥❞ $❤❡ *C✉❛*❤✐♥❣
❢✉♥❝$✐♦♥ σ ❢#♦♠ ❚❤❡♦#❡♠ 3✳ ❚❤✉*✱ $❤❡ ♣#♦♣❡#$② (39) ✐* *❛$✐*✜❡❞ ❞✉❡ $♦ ‖σ‖∞ ≤ 1✱
L ≥ 1✱ ❛♥❞ |σid(x)| = |x|✳ ❚❤❡ ♣❛#❛♠❡$❡# l ✐♥ ▲❡♠♠❛ ✼ ✐* 4l + 2 ✭#❡❣❛#❞✐♥❣ $❤❡ l ✐♥
H(l)

❛❜♦✈❡✮ ❛♥❞ $❤❡ ♣❛#❛♠❡$❡#* Kr ✇✐$❤ r = 0, . . . , l $❛❦❡ #❡♣❡❛$❡❞❧② $❤❡ ✈❛❧✉❡* d̃, d∗ ·
(Mn + 1)d

∗

, (Mn + 1)d
∗

,K ♦♥❡ ❛❢$❡# ❛♥♦$❤❡#✱ ✇❤❡#❡ d̃ ✐* ❡C✉❛❧ $♦ d∗ ❡①❝❡♣$ ❢♦# K0✱

✇❤❡#❡ ✐$ ✐* d✳ ❙✐♥❝❡ ❛❧❧ $❤❡ ❝♦❡✣❝✐❡♥$* c
(r)
i,j ✇✐$❤ r = 0, . . . , l✱ i = 1, . . . ,Kr+1✱ j =

1, . . . ,Kr ✭✉*✐♥❣ Kl+1 = 1 ❛❣❛✐♥✮ ❛#❡ 0✱ 1✱ ♦# ♦♥❡ ♦❢ $❤❡ ai,j,m, bi,j , di ✐♥ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢

F (neural networks)
Mn,d∗,d,α,β,γ

✱ ✇❡ ❝❛♥ ✉*❡ C = max {α, β, γ} ❢♦# n *✉✣❝✐❡♥$❧② ❧❛#❣❡✳
▲❡$ h ❛♥❞ h̄ ❜❡ ❢✉♥❝$✐♦♥* ✐♥ Fn✳ ❙✐♥❝❡ $❤❡② ❝♦♠♣❧② ✇✐$❤ $❤❡ *$#✉❝$✉#❡ ♦❢ $❤❡ ❢✉♥❝$✐♦♥*

✐♥ ▲❡♠♠❛ ✼ ❛❝❝♦#❞✐♥❣ $♦ $❤❡ ❛❜♦✈❡ ❛#❣✉♠❡♥$❛$✐♦♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

‖h− h̄‖∞,[−an,an]
d

≤ (4l + 3) · L4l+3 ·
(

d∗ · (Mn + 1)d∗ + 1
)4l+3

·max {α, β, γ}4l+2

·max{an, 1} · max
r=0,...,l̃, i=1,...,Kr+1,

j=0,...,Kr

∣

∣

∣c
(r)
i,j − c̄

(r)
i,j

∣

∣

∣

≤ an · nc11 · max
r=0,...,l̃, i=1,...,Kr+1,

j=0,...,Kr

∣

∣

∣
c
(r)
i,j − c̄

(r)
i,j

∣

∣

∣

❢♦# n *✉✣❝✐❡♥$❧② ❧❛#❣❡ ❛♥❞ ❛♥ ❛❞❡C✉❛$❡❧② ❝❤♦*❡♥ c11 > 0✳ ❚❤✉*✱ ✐❢ ✇❡ ❝♦♥*✐❞❡# ❛♥ ❛#❜✐$#❛#②

h ∈ H(l)
✱ ✐$ *✉✣❝❡* $♦ ❝❤♦♦*❡ $❤❡ ❝♦❡✣❝✐❡♥$* c̄

(r)
i,j ♦❢ ❛ ❢✉♥❝$✐♦♥ h̄ ∈ H(l)

*✉❝❤ $❤❛$

∣

∣

∣c
(r)
i,j − c̄

(r)
i,j

∣

∣

∣ ≤ εn
an · nc11

✭✹✶✮

❤♦❧❞* ❢♦# ❛❧❧ ♣♦**✐❜❧❡ ✐♥❞✐❝❡*✱ ✐♥ ♦#❞❡# $♦ *❛$✐*❢② ‖h(x) − h̄(x)‖∞,[−an,an]
d ≤ εn✳ ❋♦# n

*✉✣❝✐❡♥$❧② ❧❛#❣❡✱ ✇❤✐❝❤ ✐* ❛**✉♠❡❞ ♣❡#♠❛♥❡♥$❧② ✐♥ $❤❡ ❢♦❧❧♦✇✐♥❣✱ $❤❡ ❝♦❡✣❝✐❡♥$* c
(r)
i,j

❤❛✈❡ $♦ $❛❦❡ ✈❛❧✉❡* ✐♥ [−max {α, β, γ} ,max {α, β, γ}] ❛♥❞ $❤❡ #❡❧❛$✐♦♥* max {α, β, γ} ≤
log(n) · n2 ·Md∗

n ≤ n4
❛♥❞ an ≤Mn ≤ n ❤♦❧❞✳ ❚❤❡♥ ❞✉❡ $♦ εn = a

p
n

M
p
n
❛ ♥✉♠❜❡# ♦❢

⌈

2 ·max {α, β, γ} · an · nc11

2 · εn

⌉

≤ nc12

❞✐✛❡#❡♥$ c̄
(r)
i,j *✉✣❝❡* $♦ ❣✉❛#❛♥$❡❡✱ $❤❛$ ❛$ ❧❡❛*$ ♦♥❡ ♦❢ $❤❡♠ *❛$✐*✜❡* $❤❡ #❡❧❛$✐♦♥ ✭✹✶✮ ❢♦#

❛♥② c
(r)
i,j ✇✐$❤ ✜①❡❞ ✐♥❞✐❝❡*✳ ❋✉#$❤❡#♠♦#❡✱ $❤❡ ❝♦❡✣❝✐❡♥$* c

(r)
i,j ✱ ✇❤✐❝❤ ❝❛♥ ❛❝$✉❛❧❧② ❞✐✛❡#

✸✻



 ❡❣❛ ❞✐♥❣ ❞✐✛❡ ❡♥( h ∈ H(l)
✱ ❛ ❡ (❤❡ ♦♥❡, ♦ ✐❣✐♥❛(✐♥❣ ❢ ♦♠ (❤❡ ❝♦❡✣❝✐❡♥(, ai,j,m, bi,j , di ✐♥

(❤❡ ❞❡✜♥✐(✐♦♥ ♦❢ F (neural networks)
Mn,d∗,d,α,β,γ

✳ ❯,✐♥❣ ✭✷✷✮✱ (❤❡✐ ♥✉♠❜❡ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② c13 ·Md∗

n ✳

❙♦ (❤❡ ❧♦❣❛ ✐(❤♠ ♦❢ (❤❡ ❝♦✈❡ ✐♥❣ ♥✉♠❜❡ N (εn,Fn, ‖ · ‖∞,[−an,an]
d) ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜②

log
(

N (εn,Fn, ‖ · ‖∞,[−an,an]
d)
)

≤ log
(

(nc12)c13·M
d∗

n

)

≤ c10 · log(n) ·Md∗

n ,

✇❤✐❝❤ ♣ ♦✈❡, (❤❡ ❛,,❡ (✐♦♥✳ �
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