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S.1 Proof of Proposition 2

Similar to the proof of Proposition 1, before starting the formal proof, we note that the

construction of t ensures the property

Epεtq � Epε3q � Epε3qEpε2q � Epεq � Epε3q � Epε3q � 0,

which is useful in the later development.

We derive nuisance tangent space Λ and its orthogonal complement ΛK for this model

and then we find the semiparametric efficient estimator by projecting score function onto

ΛK.

We will construct Λ � Λx ` Λε, where Λx is a subspace with functions of X and Λε is a

subspace with functions of ε.

Since the predicting variable X does not have any constraint and all functions are defined

in Hilbert space, we have the following property for Λx.

Λx � tapxq : EtapXqu � 0u.

We now investigate Λε. The nuisance tangent space Λ and its orthogonal complement

ΛK can be derived based on the relations»
fεpεqdε � 1,

»
εfεpεqdε � 0,

»
ε2fεpεqdε � 1.
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An arbitrary function bpεq in Λε satisfies Etbpεqu � 0 in Hilbert space. Following Tsi-

atis (2006, Section 4.5), the second constraint allows Etεbpεqu � 0. Similarly, we obtain

Etε2bpεqu � 0 from the third constraint. Thus,

Λε � tbpεq : Etbpεqu � Etεbpεqu � Etε2bpεqu � 0u
� tbpεq : Etbpεqu � Etεbpεqu � Ettbpεqu � 0u,

where t � ε2 � Epε3qε� 1. In the above,

Ettbpεqu � Etε2bpεqu � Epε3qEtεbpεqu � Etbpεqu � Etε2bpεqu � 0.

Thus, we have

Λ � Λx ` Λε � tapxq � bpεq : EtapXqu � 0, Etbpεqu � 0, Etεbpεqu � 0, Ettbpεqu � 0u.

Note that Λx and Λε are orthogonal because we assume x and ε are independent.

We now prove that

ΛK � tgpx, εq : EtgpX, εq|Xu � 0, EtgpX, εq|εu � c1ε� c2t : c1, c2 P Rk�lu.

Let K � tgpx, εq : EtgpX, εq|Xu � 0, EtgpX, εq|εu � c1ε � c2t, c1, c2 P Rk�lu. We will

show K � ΛK and ΛK � K.

For any apxq � bpεq P Λ and gpx, εq P K, we have

EtgpX, εqTapXqu � E
�
EtgpX, εq|XuTapXq� � 0,

EtgpX, εqTbpεqu � E
�
EtgpX, εq|εuTbpεq� � E

 pc1ε� c2tqTbpεq( � 0.

Hence, we obtain

ErgpX, εqTtapXq � bpεqus � 0.

Thus, K � ΛK.

Next, we need to show ΛK � K. We assume hpx, εq P ΛK. We can decompose hpx, εq as

hpX, εq � h1pX, εq � rpX, εq. Here, h1pX, εq and rpX, εq are given below.

h1pX, εq � hpX, εq � EthpX, εq|Xu � EthpX, εq|εu � EtεhpX, εquε� EtthpX, εqu
Ept2q t,

rpX, εq � EthpX, εq|Xu � EthpX, εq|εu � EtεhpX, εquε� EtthpX, εqu
Ept2q t.
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Also, we can decompose rpx, εq as rpx, εq � r1pxq � r2pεq, where

r1pXq � EthpX, εq|Xu,
r2pεq � EthpX, εq|εu � EtεhpX, εquε� EtthpX, εqu

Ept2q t.

Then, the followings satisfy.

Etr1pXqu � E rEthpX, εq|Xus � EthpX, εqu � 0,

Etr2pεqu � E

�
EthpX, εq|εu � EtεhpX, εquε� EtthpX, εqu

Ept2q t

�
� 0

� Ethpx, εqu � EtεhpX, εquEpεq � EtthpX, εqu
Ept2q Eptq � 0,

Etεr2pεqu � E

"
EthpX, εq|εuε� EtεhpX, εquε2 � EtthpX, εqu

Ept2q εt

*
� Epεhq � Epεhq � 1 � EtthpX, εqu

Ept2q � 0 � 0,

Ettr2pεqu � E

"
EtthpX, εq|εu � EtεhpX, εquεt� EtthpX, εqu

Ept2q t2
*

� EtthpX, εqu � Epεhq � 0 � EtthpX, εqu
Ept2q Ept2q � 0.

Thus, r1pxq P Λx and r2pxq P Λε. It implies that rpX, εq P Λ. For h1px, εq � hpx, εq�rpx, εq,
we can easily calculate Eth1pX, εq|Xu and Eth1pX, εq|εu.

Eth1pX, εq|Xu � EthpX, εq|Xu � EthpX, εq|Xu � ErEthpX, εq|εus � EtεhpX, εquEpεq
�EtthpX, εqu

Ept2q Eptq � 0,

Eth1pX, εq|εu � EthpX, εq|εu � ErEthpX, εq|Xus � EthpX, εq|εu � EtεhpX, εquε
�EtthpX, εqu

Ept2q t

� EtεhpX, εquε� EtthpX, εqu
Ept2q t.

From the above results, we obtain h1px, εq P K � ΛK. Since hpx, εq P ΛK, rpx, εq �
hpX, εq � h1px, εq P ΛK. The fact rpx, εq P ΛK and rpx, εq P Λ implies rpx, εq � 0. We have

hpx, εq � h1px, εq P K for arbitrary hpx, εq P ΛK. Thus ΛK � K.
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S.2 Proof of Theorem 2

The joint probability distribution of X and Y can be written as

fX,Y px, yq � fXpxqfε
"
y �mpx,αq
eσpx,βq

*
1

eσpx,βq
� fXpxqfεpεqe�σpX,βq.

Score functions of the parameters θ � pαT,βTqT are given by

Sα � BlogfX,Y px, yq
Bα � �f

1
εpεq
fεpεqe

�σpX,βqm1
αpX,αq,

Sβ � BlogfX,Y px, yq
Bβ � �f

1
εpεq
fεpεqεσ

1
βpx,βq � σ1

βpx,βq.

We claim Seff � pST
eff,α,S

T
eff,βqT, where

Seff,α � �f
1
εpεq
fεpεq

�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
�
"
ε� Epε3q

Ept2q t
*
Ete�αpX,βqm1

αpX,αqu,

Seff,β � �
"
f 1εpεq
fεpεqε� 1

* �
σ1

βpX,βq � Etσ1
βpX,βqu

�� 2t

Ept2qEtσ
1
βpX,βqu.

To prove the above claim, we first verified that Sθ � Seff P Λ.

First, Sα � Seff,α � Ete�αpX,βqm1
αpX,αqu

!
�f 1

εpεq
fεpεq

� ε� Epε3q
Ept2q

t
)

is a pure function of ε.

EpSα � Seff,αq � Ete�αpX,βqm1
αpX,αquE

"
�f

1
εpεq
fεpεq � ε� Epε3q

Ept2q t
*
� 0,

EtεpSα � Seff,αqu � Ete�αpX,βqm1
αpX,αquE

"
�f

1
εpεq
fεpεqε� ε2 � Epε3q

Ept2q εt
*
� 0,

EttpSα � Seff,αqu � Ete�αpX,βqm1
αpX,αquE

"
�f

1
εpεq
fεpεq t� εt� Epε3q

Ept2q t
2

*
� 0.

Additionally, Sβ � Seff,β � Etσ1
βpX,βqu

!
�f 1

εpεq
fεpεq

ε� 1 � 2t
Ept2q

)
is also a pure function of ε.

EpSβ � Seff,βq � Etσ1
βpX,βquE

"
�f

1
εpεq
fεpεqε� 1 � 2t

Ept2q
*
� 0,

EtεpSβ � Seff,βqu � Etσ1
βpX,βquE

"
�f

1
εpεq
fεpεqε

2 � ε� 2εt

Ept2q
*
� 0,

EttpSβ � Seff,βqu � Etσ1
βpX,βquE

"
�f

1
εpεq
fεpεqεt� t� 2t2

Ept2q
*
� 0.
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The above calculation justifies that Sθ � Seff P Λ.

EpSeff,α|Xq � �E
"
f 1εpεq
fεpεq

* �
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
�Ete�αpX,βqm1

αpX,αquE
"
ε� Epε3q

Ept2q t
*
� 0,

EpSeff,α|εq � �f
1
εpεq
fεpεqE

�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
�Ete�αpX,βqm1

αpX,αqu
"
ε� Epε3q

Ept2q t
*

� Ete�αpX,βqm1
αpX,αquε�

Ete�αpX,βqm1
αpX,αquEpε3q

Ept2q t.

Note that the fact E tf 1εpεq{fεpεqu � 0 and Epεq � Eptq � 0 is used in the above calculation.

In the above derivation, EpSeff,α|Xq � 0 and EpSeff,α|εq has a form of c1ε� c2t, where

c1 and c2 are constant vectors.

EpSeff,β|Xq � E

"
�f

1
εpεq
fεpεqε� 1

* �
σ1

βpX,βq � Etσ1
βpX,βqu

�� Etσ1
βpX,βquE

"
2t

Ept2q
*
� 0,

EpSeff,β|εq �
"
�f

1
εpεq
fεpεqε� 1

*
E
�
σ1

βpX,βq � Etσ1
βpX,βqu

�� Etσ1
βpX,βqu

2t

Ept2q
� 2Etσ1

βpX,βqu
Ept2q t.

The fact E t�f 1εpεqε{fεpεqu � 1 simplifies the above equation.

Thus, for the Seff,β, we also have EpSeff,β|Xq � 0 and EpSeff,β|εq is of the form a constant

vector times t. Therefore, Seff P ΛK.

Now we find the optimal efficiency matrix EpSeffS
T
effq. We can consider EpSeff,αSeff

T
,αq,

EpSeff,αSeff
T
,βq, EpSeff,βSeff

T
,βq separately.

1. EpSeff,αSeff
T
,αq

Seff,αSeff
T
,α

�

"
f 1εpεq

fεpεq

*2 �
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�

�
�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�T

�

"
ε�

Epε3q

Ept2q
t

*2

Ete�σpX,βqm1
αpX,αquEte

�σpX,βqm1
α

T
pX,αqu

�
f 1εpεq

fεpεq

"
ε�

Epε3q

Ept2q
t

*
Ete�σpX,βqm1

αpX,αqu
�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�T

�
f 1εpεq

fεpεq

"
ε�

Epε3q

Ept2q
t

*�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
Ete�σpX,βqm1

α

T
pX,αqu.

5



Note that because X and ε are independent, we have Etg1pXqg2pεqu � Etg1pXquEtg2pεqu.
Hence, we have

EpSeff,αSeff
T
,αq

� E

#
f 1εpεq2
fεpεq2

+
�
!
Ete�2σpX,βqm1

αpX,αqm1
α

TpX,αqu � Ete�σpX,βqm1
αpX,αquEte�σpX,βqm1

α
Tu
)

�
�

1 � tEpε3qu2

Ept2q
�
Ete�σpX,βqm1

αpX,αquEte�σpX,βqm1
α

TpX,αqu.

2. EpSeff,αSeff
T
,βq

Seff,αSeff
T
,β

� f 1εpεq
fεpεq

"
f 1εpεq
fεpεqε� 1

* �
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
� �
σ1

βpX,βq � Etσ1
βpX,βqu

�T

�f
1
εpεq
fεpεq

2t

Ept2q
�
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�
Etσ1

βpX,βqTu

�
"
ε� Epε3qt

Ept2q
*"

f 1εpεq
fεpεqε� 1

*
Ete�σpX,βqm1

αpX,αqu
�
σ1

βpX,βq � Etσ1
βpX,βqu

�T

�
"
ε� Epε3qt

Ept2q
*

2t

Ept2qEte
�σpX,βqm1

αpX,αquEtσ1
βpX,βqTu.

Now we apply the independence assumption of X and ε, then we calculate

E

�
f 1εpεq
fεpεq

"
f 1εpεq
fεpεqε� 1

*�
� E

#
f 1εpεq2
fεpεq2 ε

+
,

E

�"
ε� Epε3qt

Ept2q
*

2t

Ept2q
�

� �2Epε3q
Ept2q .

This leads to

EpST
eff,αSeff

T
,βq

� E

#
f 1εpεq2
fεpεq2 ε

+
�
!
Ete�σpX,βqm1

αpX,αqσ1
β

TpX,βqu � Ete�σpX,βqm1
αpX,αquEtσ1

βpX,βqTu
)

�2Epε3q
Ept2q Ete

�σpX,βqm1
αpX,αquEtσ1

βpX,βqTu.
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3. EpSeff,βSeff
T
,βq

Seff,βSeff
T
,β

�
"
f 1εpεq
fεpεqε� 1

*2 �
σ1

βpX,βq � Etσ1
βpX,βqu

� �
σ1

βpX,βq � Etσ1
βpX,βqu

�T

�
"

2t

Ept2q
*2

Etσ1
βpX,βquEtσ1

βpX,βqTu

�
"
f 1εpεq
fεpεqε� 1

*
2t

Ept2q
�
σ1

βpX,βq � Etσ1
βpX,βqu

�
Etσ1

βpX,βqTu

�
"
f 1εpεq
fεpεqε� 1

*
2t

Ept2qEtσ
1
βpX,βqu

�
σ1

βpX,βq � Etσ1
βpX,βqu

�T
.

Taking expectations, we have

EpSeff,βSeff
T
,βq

� E

#�
f 1ε
fε
ε� 1


2
+�

Etσ1
βpX,βqσ1

β
TpX,βqu � Etσ1

βpX,βquEtσ1
βpX,βqTu

�
� 4

Ept2qEtσ
1
βpX,βquEtσ1

βpX,βqTu

� E

#
f 1εpεq2
fεpεq2 ε

2 � 1

+�
Etσ1

βpX,βqσ1
β

TpX,βqu � Etσ1
βpX,βquEtσ1

βpX,βqTu
�

� 4

Ept2qEtσ
1
βpX,βquEtσ1

βpX,βqTu.

S.3 Proof of Proposition 3

Similar to the proof of Proposition 2, before starting the formal proof, we note that

Epεt|Xq � Epε3|Xq � Epε|Xq � 0,

because fε|Xpε|Xq is a symmetric function of ε at any X. This property will be used through-

out the proof.

We can construct a nuisance tangent space which satisfies the model assumptions. Ac-

cording to Tsiatis (2006, Section 4.5), we derive the nuisance tangent space Λ1 with respect

to fXpxq.

Λ1 � tapxq : EtapXqu � 0u.
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Similarly, we have the following conditions for a nuisance tangent space Λ2 which is associ-

ated with fε|Xpε,xq. For bpx, εq P Λ2,

EtbpX, εq|Xu � EtεbpX, εq|Xu � Etε2bpX, εq|Xu � 0.

Suppose that fε|Xpε,x,γq is a parametric submodel of fε|Xpε,xq. The nuisance tangent space

Λ2 is spanned by Sγ � Blogfε|Xpε,x,γq

Bγ
|γ0

, where fε|Xpε,x,γ0q is the true density fε|Xpε,xq. Sγ

refers to a nuisance score vector. From the symmetry assumption of fε|Xpε,xq, we have

Blogfε|Xpε,x,γq
Bγ � Blogfε|Xp�ε,x,γq

Bγ .

This indicates a nuisance score vector Sγ is also a symmetric function of ε for fixed x.

Hence, we have

Λ2 � tbpx, εq : bpx, εq � bpx,�εq, EtbpX, εq|Xu � EtεbpX, εq|Xu � Etε2bpX, εq|Xu � 0u
� tbpx, εq : bpx, εq � bpx,�εq, EtbpX, εq|Xu � Etε2bpX, εq|Xu � 0u
� tbpx, εq : bpx, εq � bpx,�εq, EtbpX, εq|Xu � EttbpX, εq|Xu � 0u,

where t � ε2 � 1.

The above equality holds because ε2k�1bpx, εq is an odd function of ε at any fixed x for

any integer k. In the above,

EttbpX, εq|Xu � Etε2bpX, εq|Xu � EtbpX, εq|Xu
� Etε2bpX, εq|Xu � 0.

Note that Epεt|Xq � Epε3|Xq � Epε|Xq � 0, because ε is symmetrically distributed given

X � x.

From the above two subspace Λ1 and Λ2, we have

Λ � Λ1 ` Λ2

� th1pxq � h2px, εq : Eth1pXqu � Eph2|Xq � Etε2h2pX, εq|Xu � 0,h2px, εq � h2px,�εqu
� thpx, εq : Ethpx, εqu � EtthpX, εq|Xu � 0,hpx, εq � hpx,�εqu.

First, we find ΛK
1 . We claim ΛK

1 � tgpx, εq : EtgpX, εq|Xu � 0u.
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Assume K1 � tgpx, εq : EtgpX, εq|Xu � 0u. For any h1pxq P Λ1 and gpx, εq P K1,

Eth1pXqTgpX, εqu � ErEth1pXqTgpX, εq|Xus � Erh1pXqTEtgpX, εq|Xus � 0.

Therefore, K1 � ΛK
1 .

We need to show ΛK
1 � K1. Assume gpx, εq P ΛK

1 . We can decompose

gpX, εq � gpX, εq � EtgpX, εq|Xu � EtgpX, εq|Xu.

Since gpx, εq is included in the Hilbert space H,

E rEtgpX, εq|Xus � EtgpX, εqu � 0.

From the above relationship, EtgpX, εq|Xu P Λ1. Consider gpX, εq � EtgpX, εq|Xu.

E rgpX, εq � EtgpX, εq|Xu|Xs � EtgpX, εq|Xu � EtgpX, εq|Xu � 0.

This indicates gpX, εq�EtgpX, εq|Xu P K1 � ΛK
1 . Since gpx, εq P ΛK

1 , it is naturally obtained

that EtgpX, εq|Xu P ΛK
1 . Simultaneously, EtgpX, εq|Xu P Λ1 and EtgpX, εq|Xu P ΛK

1 .

Consequently, we have EtgpX, εq|Xu � 0. This results in gpx, εq P K1 and ΛK
1 � K1.

Next, we derive ΛK
2 . We claim ΛK

2 � tapx, εq � bpxqt � cpxq : apx, εq � apx,�εq � 0u.
Let K2 � tapx, εq � bpxqt� cpxq : apx, εq � apx,�εq � 0u. We will show K2 � ΛK

2 . For an

arbitrary hpx, εq P Λ2 and an arbitrary gpx, εq � apx, εq � bpxqt� cpxq P K2, we have

EthpX, εqTgpX, εqu
� E

�
hpX, εqTtapX, εq � bpXqt� cpXqu�

� EthpX, εqTapX, εqu � E
�
EthpX, εqt|XuTbpXq�� E

�
EthpX, εq|XuTcpXq� .(S.1)

Consider the first term in (S.1). Because hpx, εq is an even function of ε at any fixed x,

apx, εq is an odd function of ε at any fixed x and fε|Xpε,xq is an even function of ε, we have

EthpX, εqTapX, εqu � E
�
EthpX, εqTapX, εq|Xu� � 0.

The second term and the third term in (S.1) are zero becauseEthpX, εqt|Xu � EthpX, εq|Xu �
0 if hpx, εq P Λ2. Thus, we conclude that K2 � ΛK

2 . We will prove that ΛK
2 � K2.
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Assume gpx, εq P ΛK
2 . We can decompose gpx, εq as

gpx, εq � γ1px, εq � γ2px, εq,

where

γ1px, εq �
gpx, εq � gpx,�εq

2
� Eptg|Xq
Ept2|Xq t� EtgpX, εq|Xu,

γ2px, εq �
gpx, εq � gpx,�εq

2
� Eptg|Xq
Ept2|Xq t� EtgpX, εq|Xu.

We let

apx, εq � gpx, εq � gpx,�εq
2

.

Then apx, εq is an odd function of ε. Therefore, γ2px, εq P K2 � ΛK
2 . Since both gpx, εq P ΛK

2

and γ2px, εq P ΛK
2 , we obtain γ1px, εq P ΛK

2 . On the other hand,

γ1px, εq � gpx, εq � gpx,�εq
2

� Eptg|Xq
Ept2|Xq t� Etgpx, εq|Xu � γ1px,�εq,

Etγ1pX, εq|Xu � EtgpX, εq|Xu � EtgpX,�εq|Xu
2

� Eptg|Xq
Ept2|XqEpt|Xq � EtgpX, εq|Xu � 0.

The last equality hold because Etgpx, εq|Xu � Etgpx,�εq|Xu, specifically,

EtgpX, εq|Xu �
» 8

�8

gpx, εqfε|Xpε,xqdε

�
» �8

8

gpx,�εqfε|Xp�ε,xqdp�εq

�
» 8

�8

gpx,�εqfε|Xp�ε,xqdε

�
» 8

�8

gpx,�εqfε|Xpε,xqdε � EtgpX,�εq|Xu.

In addition,

Ettγ1pX, εq|Xu
� EttgpX, εq|Xu � EttgpX,�εq|Xu

2
� Eptg|Xq
Ept2|XqEpt

2|Xq � EtgpX, εq|XuEpt|Xq � 0.

Similarly, the above equality holds because Ettgpx, εq|Xu � Ettgpx,�εq|Xu. It is calculated

10



in the following way.

EttgpX, εq|Xu �
» 8

�8

pε2 � 1qgpx, εqfε|Xpε,xqdε

�
» �8

8

pε2 � 1qgpx,�εqfε|Xp�ε,xqdp�εq

�
» 8

�8

pε2 � 1qgpx,�εqfε|Xp�ε,xqdε

�
» 8

�8

pε2 � 1qgpx,�εqfε|Xpε,xqdε � EttgpX,�εq|Xu.

Thus, γ1px, εq P Λ2. Since γ1px, εq P Λ2 and γ1px, εq P ΛK
2 , we have γ1px, εq � 0.

Consequently, we have g � γ2 P K2. It proves that ΛK
2 � K2.

From the fact ΛK � ΛK
1 X ΛK

2 , we obtain

ΛK � tapx, εq � bpxqt, apx, εq � apx,�εq � 0u.

S.4 Proof of Theorem 3

The joint probability distribution of X and Y is given by

fX,Y px, yq � fXpxqe�σpX,βqfε|Xpε,xq,

where ε � y �mpx,αq
eσpx,βq

.

We obtain the score functions of θ � pαT,βTqT as

Sα � BlogfX,Y px, yq
Bα � �Bfε|Xpε,xq{Bε

fε|Xpε,xq e�σpX,βqm1
αpX,αq,

Sβ � BlogfX,Y px, yq
Bβ � �Bfε|Xpε,xq{Bε

fε|Xpε,xq εσ1
βpx,βq � σ1

βpx,βq.

Here Sα is an odd function of ε, Sβ is an even function of ε. We now show that the efficient

scores are

Seff,α � �Bfε|Xpε,Xq{Bε
fε|Xpε,Xq e�σpX,βqm1

αpX,αq,

Seff,β � 2t

Ept2|Xqσ
1
βpX,βq.

11



Here, Seff,α is an odd function of ε for a fixed x and Seff,β has a form of bpxqt. Thus,

Seff P ΛK.

Now we prove that Sθ � Seff P Λ. Sθ � Seff is given by

Sα � Seff,α � 0,

Sβ � Seff,β �
"
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq ε� 1 � 2t

Ept2|Xq
*
σ1

βpX,βq.

Obviously, Sα �Seff,α P Λ. For Sβ �Seff,β, we need to show it is an even function of ε and

EpSβ � Seff,βq � 0, EttpSβ � Seff,βq|Xu � 0.

For fixed x, we can easily verify that �Bfε|Xpε,Xq{Bε
fε|Xpε,Xq ε and t are even function of ε. It

follows that Sβ � Seff,β is even function of ε. Also, we obtain

EpSβ � Seff,β|Xq � E

"
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq ε� 1 � 2t

Ept2|Xq |X
*
σ1

βpX,βq � 0,

EttpSβ � Seff,βq|Xu � E

"
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq εt� t� 2t2

Ept2|Xq |X
*
σ1

βpX,βq � 0.

Thus, Sβ � Seff,β P Λ.

Now we find the optimal efficiency matrix.

EpSeffS
T
effq � E

$&% Seff,αS
T
eff,α Seff,αS

T
eff,β

Seff,βS
T
eff,α Seff,βS

T
eff,β

,.- ,

where

EpSeff,αS
T
eff,αq � E

�"Bfε|Xpε,Xq{Bε
fε|Xpε,Xq

*2

e�2σpX,βqm1
αpX,αqm1T

αpX,αq
�
,

EpSeff,αS
T
eff,βq � E

"
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq
2te�σpX,βq

Ept2|Xq m1
αpX,αqσ1T

βpX,βq
*
,

EpSeff,βS
T
eff,βq � E

�
4t2

tEpt2|Xqu2
σ1

βpX,βqσ1T
βpX,βq

�
.

Since EpSeffS
T
effq � EtEpSeffSeff

T|Xqu, EpSeff,αS
T
eff,βq is simplified as

E

"
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq
2te�σpX,βq

Ept2|Xq m1
αpX,αqσ1T

βpX,βq
*

� E

#
E

�
�Bfε|Xpε,Xq{Bε

fε|Xpε,Xq t|X



2e�σpX,βqm1
αpX,αqσ1T

βpX,βq
Ept2|Xq

+

� E

#
0 � 2e�σpX,βqm1

αpX,αqσ1T
βpX,βq

Ept2|Xq

+
� 0.
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S.5 Proof of Proposition 4

Similar as before, we note that

Epεtq � Epε3q � Epεq � 0,

because fεpεq is a symmetric function of ε.

We construct Λ � Λx ` Λε, where Λx is a subspace with functions of X and Λε is a

subspace with functions of ε. Since X does not have any constraint and all functions are

defined in Hilbert space, we obtain the following subspace Λx in H.

Λx � tapxq : EtapXqu � 0u.

We also have the following conditions for a nuisance tangent space Λε which is associated

with fεpεq. For bpεq P Λε,

Etbpεqu � Etεbpεqu � Etε2bpεqu � 0.

Suppose that fεpε,γq is a parametric submodel of fεpεq. The nuisance tangent space Λε

is spanned by Sγ � Blogfεpε,γq
Bγ

|γ0
, where fεpε,γ0q is the true density fεpεq. Sγ refers to a

nuisance score vector. From the symmetry assumption of fεpεq, we have

Blogfεpε,γq
Bγ � Blogfεp�ε,γq

Bγ .

This indicates a nuisance score vector Sγ is also a symmetric function of ε. Hence, we have

Λε � tbpεq : bpεq � bp�εq, Etbpεqu � Etεbpεqu � Etε2bpεqu � 0u
� tbpεq : bpεq � bp�εq, Etbpεqu � Etε2bpεqu � 0u
� tbpεq : bpεq � bp�εq.Etbpεqu � Eptbq � 0u,

where t � ε2 � 1. The above equality holds because ε2k�1bpεq is an odd function of ε for any

integer k.

In the above,

Ettbpεqu � Etε2bpεqu � Etbpεqu � Etε2bpεqu � 0.

Note that Epεtq � Epε3q � Epεq � 0, because ε is symmetrically distributed.

13



Thus, we have

Λ � Λx ` Λε � tapxq � bpεq : Etapxqu � 0, Etbpεqu � 0, Ettbpεqu � 0,bpεq � bp�εqu.

Note that Λx and Λε are orthogonal because we assume x and ε are independent.

We claim ΛK � tgpx, εq : EtgpX, εq|Xu � 0, EtgpX, εq|εu � apεq � bt, apεq � ap�εq �
0,b P Rk�lu. The orthogonal tangent space ΛK can be obtained by constructing ΛK �
ΛK

x X ΛK
ε .

First, We claim ΛK
x � tgpx, εq : EtgpX, εq|Xu � 0u. Assume K1 � tgpx, εq : EtgpX, εq|Xu �

0u. For any hpxq P Λx and gpx, εq P K1,

EthpXqTgpX, εqu � ErEthpXqTgpX, εq|Xus � ErhpXqTEtgpX, εq|Xus � 0.

Therefore, K1 � ΛK
x .

We need to show ΛK
x � K1. Assume gpx, εq P ΛK

x . We can decompose

gpx, εq � gpx, εq � EtgpX, εq|Xu � EtgpX, εq|Xu.

Since gpx, εq is in Hilbert space H,

EtgpX, εqu � E rEtgpX, εq|Xus � 0.

It also indicates that EtgpX, εq|Xu P Λx. Now consider gpx, εq � EtgpX, εq|Xu.

E rgpX, εq � EtgpX, εq|Xu|Xs � EtgpX, εq|Xu � EtgpX, εq|Xu � 0.

This indicates gpx, εq � EtgpX, εq|Xu P K1 � ΛK
x . Since we assume that gpx, εq P ΛK

x , it

is naturally obtained that EtgpX, εq|Xu P ΛK
x . Simultaneously, EtgpX, εq|Xu P Λx and

EtgpX, εq|Xu P ΛK
x . It results in EtgpX, εq|Xu � 0. Thus, gpx, εq P K1 for an arbitrary

gpx, εq P ΛK
x . Consequently, we have ΛK

x � K1.

Let K2 � tgpx, εq : EtgpX, εq|εu � apεq � bt, apεq � ap�εq � 0,b P Rk�lu.
We will show K2 � ΛK

ε . For an arbitrary hpεq P Λε and an arbitrary gpx, εq P K2, we

have

EthpεqTgpX, εqu � E
 
hpεqTEtgpX, εq|εu( � E

�
hpεqTtapεq � btu�

� EthpεqTapεqu � EthpεqtuTb � 0.
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In the above, because hpεq is an even function, apεq is an odd function of ε and fεpεq is an

even function, then we have EthpεqTapεqu � 0. And EthpεqtuTb � 0 since Ethpεqtu � 0

for hpx, εq P Λε. Thus, we conclude that K2 � ΛK
ε .

Now we will show that ΛK
ε � K2. For an arbitrary gpx, εq P ΛK

ε , we can decompose

gpx, εq as

gpx, εq � γ1pεq � γ2px, εq,

where

γ1pεq � Etgpx, εq|εu � Etgpx,�εq|εu
2

� Ettgpx, εq � tgpx,�εqu
2Ept2q t,

γ2px, εq � gpx, εq � Etgpx, εq|εu � Etgpx,�εq|εu
2

� Ettgpx, εq � tgpx,�εqu
2Ept2q t.

Consider γ1pεq.

γ1pεq � Etgpx, εq|εu � Etgpx,�εq|εu
2

� Ettgpx, εq � tgpx,�εqu
2Ept2q t � γ1p�εq,

Etγ1pεqu � Etgpx, εqu � Etgpx,�εqu
2

� Ettgpx, εq � tgpx,�εqu
2Ept2q Eptq � 0,

Ettγ1pεqu � ErEttgpx, εq|εus � ErEttgpx,�εq|εus
2

� Ettgpx, εq � tgpx,�εqu
2Ept2q Ept2q

� Ettgpx, εq � tgpx,�εqu
2Ept2q � Ettgpx, εq � tgpx,�εqu

2Ept2q � 0.

Hence, we have γ1pεq P Λε.

In γ2px, εq, we let

g1px, εq � gpx, εq � Etgpx, εq|εu � Etgpx,�εq|εu
2

.

Then we have

Etg1px, εq|εu � Etgpx, εq|εu � Etgpx, εq|εu � Etgpx,�εq|εu
2

� Etgpx, εq|εu � Etgpx,�εq|εu
2

� �Etg1px,�εq|εu.

It implies that Etg1px, εq|εu � Etg1px,�εq|εu � 0. We calculate Epγpx, εq|εq as

Epγ2px, εq|εq � Etg1px, εq|εu � Ettgpx, εq � tgpx,�εqu
2Ept2q t.
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Then we have that γ2px, εq P K2 � ΛK
ε . Since both gpx, εq P ΛK

ε and γ2px, εq P ΛK
ε , we

obtain γ1pεq � gpx, εq � γ2px, εq P ΛK
ε . Note that γ1px, εq P Λε and γ1px, εq P ΛK

ε . Thus, we

have γ1px, εq � 0. Consequently, we have gpx, εq � γ2px, εq P K2 for an arbitrary g P ΛK
ε .

It proves that ΛK
ε � K2.

We conclude that ΛK
x � tgpx, εq : EtgpX, εq|Xu � 0u and ΛK

ε � tgpx, εq : EtgpX, εq|εu �
apεq � bt, apεq � ap�εq � 0,b P Rk�lu. Further, we have

ΛK � tgpx, εq : EtgpX, εq|Xu � 0, EtgpX, εq|εu � apεq � bt, apεq � ap�εq � 0,b P Rk�lu.

S.6 Proof of Theorem 4

We have the joint probability distribution function as

fX,Y px, yq � fXpxqfε
"
y �mpx,αq
eσpx,βq

*
1

eσpx,βq
� fXpxqfεpεqe�σpX,βq,

where ε � y �mpx,αq
eσpx,βq

. This model assumes that Epεq � 0 and Epε2q � 1. From the fact

fεpεq � fεp�εq, we also have Epε3q � 0.

We have score functions of θ � pαT,βTqT as

Sα � BlogfX,Y px, yq
Bα � �Bfεpεq{Bε

fεpεq e�σpX,βqm1
αpX,αq,

Sβ � BlogfX,Y px, yq
Bβ � �Bfεpεq{Bε

fεpεq εσ1
βpx,βq � σ1

βpx,βq.

Note that Sα is an odd function of ε, Sβ is an even function of ε for fixed x. We claim

Seff � pST
eff,α,S

T
eff,βqT, where

Seff,α � �f
1
εpεq
fεpεqe

�σpX,βqm1
αpX,αq,

Seff,β �
"
�f

1
εpεq
fεpεqε� 1

* �
σ1

βpX,βq � Etσ1
βpX,βqu

�� 2t

Ept2qEtσ
1
βpX,βqu.

We calculate conditional expectations of Seff in the following.

EpSeff,α|Xq � �E
"
f 1εpεq
fεpεq

*
e�σpX,βqm1

αpX,αq � 0 � e�σpX,βqm1
αpX,αqu � 0,

EpSeff,α|εq � �f
1
εpεq
fεpεqEte

�σpX,βqm1
αpX,αqu.
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Since EpSeff,α|Xq � 0 and EpSeff,α|εq is an odd function, Seff,α P ΛK
ε .

EpSeff,β|Xq � E

�
�f

1

fε
ε� 1



rσ1

βpX,βq � Etσ1
βpX,βqus �

2Eptq
Ept2qEtσ

1
βpX,βqu � 0,

EpSeff,β|εq �
�
�f

1

fε
ε� 1



rEtσ1

βpX,βqu � Etσ1
βpX,βqus �

2t

Ept2qEtσ
1
βpX,βqu

� 2t

Ept2qEtσ
1
βpX,βqu.

In the above, EpSeff,β|Xq � 0 and EpSeff,β|εq is a constant vector times t. Therefore, we

have Seff,β P ΛK
ε .

To prove the claim, we also need to verify that Sθ � Seff P Λ. Since Sα � Seff,α,

obviously we have Sα � Seff,α � 0 P Λ. Sβ � Seff,β is given by

Sβ � Seff,β � Etσ1
βpX,βqu

"
�f

1
εpεq
fεpεqε� 1 � 2t

Ept2q
*
.

Sβ � Seff,β is a pure function of ε. Also, Sβ � Seff,β is an even function of ε.

EpSβ � Seff,βq � Etσ1
βpX,βquE

"
�f

1
εpεq
fεpεqε� 1 � 2t

Ept2q
*
� 0,

EttpSβ � Seff,βqu � Etσ1
βpX,βquE

"
�f

1
εpεq
fεpεqεt� t� 2t2

Ept2q
*
� 0.

The above calculations justify that Sβ � Seff,β P Λε. Thus, we obtain Sθ � Seff P Λ.

In order to find optimal efficiency matrix, we calculate EpSeff,αS
T
eff,αq, EpSeff,αS

T
eff,βq

and EpSeff,βS
T
eff,βq.

1. EpSeff,αS
T
eff,αq

Seff,αS
T
eff,α �

#
f 1εpεq2
fεpεq2

+
e�2σpX,βqm1

αpX,αqm1
α

TpX,αq,

EpSeff,αS
T
eff,αq � E

#
f 1εpεq2
fεpεq2

+
Ete�2σpX,βqm1

αpX,αqm1
α

TpX,αqu.
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2. EpSeff,αS
T
eff,βq

Seff,αS
T
eff,β �

�"
f 1εpεq
fεpεq

*2

ε� f 1εpεq
fεpεq

�
e�σpX,βqm1

αpX,αq

�rσ1
βpX,βq � Etσ1

βpX,βqusT

�
"
�f

1
εpεq
fεpεq

*
2t

Ept2qe
�σpX,βqm1

αpX,αqEtσ1
βpX,βquT,

EpSeff,αS
T
eff,βq � E

�"
f 1εpεq
fεpεq

*2

ε

�
�E �

e�σpX,βqm1
αpX,αqrσ1

βpX, βq � Etσ1
βpX,βqusT

� � 0.

3. EpSeff,βS
T
eff,βq

Seff,β �
"
�f

1
εpεq
fεpεqε� 1

* �
σ1

βpX,βq � Etσ1
βpX,βqu

�� 2t

Ept2qEtσ
1
βpX,βqu,

Seff,βS
T
eff,β �

�
f 1εpεq2
fεpεq2 ε

2 � 2
f 1εpεq
fεpεqε� 1

�
rσ1

βpX, βq � Etσ1
βpX,βqus

�rσ1
βpX, βq � Etσ1

βpX,βqusT

�
"
�f

1
εpεq
fεpεqε� 1

*
2t

Ept2qrσ
1
βpX, βq � Etσ1

βpX,βqusEtσ1
βpX,βquT

�
"
�f

1
εpεq
fεpεqε� 1

*
2t

Ept2qEtσ
1
βpX,βqurσ1

βpX, βq � Etσ1
βpX,βqusT

� 4t2

tEpt2qu2
Etσ1

βpX,βquEtσ1
βpX,βquT.
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Taking expectation for the above, we have

EpSeff,βS
T
eff,βq

� E

#
f 1εpεq2
fεpεq2 ε

2 � 2
f 1εpεq
fεpεqε� 1

+
�E �rσ1

βpX, βq � Etσ1
βpX,βqusrσ1

βpX, βq � Etσ1
βpX,βqusT

�
�E

�
�f

1
εpεq
fεpεqεt� t



2

Ept2qErσ
1
βpX, βq � Etσ1

βpX,βqusEtσ1
βpX,βquT

�E
�
�f

1
εpεq
fεpεqεt� t



2

Ept2qEtσ
1
βpX,βquErσ1

βpX, βq � Etσ1
βpX,βqusT

� 4Ept2q
tEpt2qu2

Etσ1
βpX,βquEtσ1

βpX,βquT

� E

#
f 1εpεq2
fεpεq2 ε

2 � 1

+
Etσ1

βpX,βqσ1
β

TpX,βqu

�
�
�E

#
f 1εpεq2
fεpεq2 ε

2

+
� 1 � 4

Ept2q

�
Etσ1

βpX,βquEtσ1
βpX,βqTu.

S.7 Proof of Theorem 5

Under the assumption of Case 2, we have

M2 � M1 �
�� M1,1 M1,2

MT
1,2 M2,2

�� ,
where

M1,1 � E

�
f 1εpεq

2

fεpεq
2 � 1�

tEpε3qu2

Ept2q

�

�
�
E
!
e�2σpX,βqm1

αpX,αqm
1T
αpX,αq

)
� E

!
e�σpX,βqm1

αpX,αq
)
E
!
e�σpX,βqm1

α
T
pX,αq

)�
,

M1,2 � E

#
f 1εpεq

2

fεpεq
2 ε�

2Epε3q

Ept2q

+

�
�
E
!
e�σpX,βqm1

αpX,αqσ
1T
βpX,αq

)
� E

!
e�σpX,βqm1

αpX,αq
)
E
!
σ1

T
βpX,βq

)�
,

M2,2 � E

#
f 1εpεq

2

fεpεq
2 ε

2 � 1�
4

Ept2q

+�
E
!
σ1βpX,βqσ

1T
βpX,βq

)
� E

 
σ1βpX,βq

(
E
!
σ1

T
βpX,βq

)�
.
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From

u �
�� !

ε� Epε3q
Ept2q

t� f 1
εpεq
fεpεq

) �
e�σpX,βqm1

αpX,αq � Ete�σpX,βqm1
αpX,αqu

�!
f 1
εpεq
fεpεq

ε� 1 � 2t
Ept2q

) �
σ1

βpX,βq � Etσ1
βpX,βqu

�
�� ,

we have

uuT �
�� uuT

1,1 uuT
1,2

uuT
2,1 uuT

2,2

�
,
where

uuT
1,1 �

�
ε2 � tEpε3qu2

tEpt2qu2
t2 � f 1εpεq2

fεpεq2
� 2Epε3q

Ept2q εt� 2
f 1εpεq
fεpεqε� 2

Epε3q
Ept2q

f 1εpεq
fεpεq t

�
�
�
e�2σpX,βqm1

αpX,αqm1T
αpX,αq � e�σpX,βqm1

αpX,αqE
!
e�σpX,βqm1

α
TpX,αq

)
�E  

e�σpX,βqm1
αpX,αq

(
e�σpX,βqm1

α
TpX,αq

�E  
e�σpX,βqm1

αpX,αq
(
E
!
e�σpX,βqm1

α
TpX,αq

)�
,

uuT
1,2 �

�
f 1εpεq
fεpεqε

2 � ε� 2εt

Ept2q �
Epε3q
Ept2q

f 1εpεq
fεpεqεt�

Epε3q
Ept2q t�

2t2Epε3q
tEpt2qu2

� f 1εpεq2
fεpεq2

ε� f 1εpεq
fεpεq

� 2t

Ept2q
f 1εpεq
fεpεq

�
�
�
e�σpX,βqm1

αpX,αqσ1
β

TpX,βq � e�σpX,βqm1
αpX,αqE

 
σ1

βpX,βq
(T

�E  
e�σpX,βqm1

αpX,αq
(
σ1

β
TpX,βq � E

 
e�σpX,βqm1

αpX,αq
(
E
 
σ1

βpX,βq
(T

�
,

uuT
2,1 � �

uuT
1,2

�T
,

uuT
2,2 �

�
f 1εpεq2
fεpεq2

ε2 � 1 � 4t2

tEpt2qu2
� 2

f 1εpεq
fεpεqε�

4εt

Ept2q
f 1εpεq
fεpεq �

4t

Ept2q

�
�
�
σ1

βpX,βqσ1T
βpX,βq � σ1

βpX,βqE tσ1
βpX,βquT � E tσ1

βpX,βquσ1T
βpX,βq

�E tσ1
βpX,βquE tσ1

βpX,βquT
�
.

It can be easily verified that M2 � M1 � EpuuTq. Hence, M2 � M1 is nonnegative

definite.
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S.8 Proof of Theorem 6

Under the assumption of Case 3, we have

M3 � M1 �
�� M1,1 0

0 0

�� ,
where

M1,1 � E

��"Bfε|Xpε,Xq{Bε
fε|Xpε,Xq

*2

� 1

�
e�2σpX,βqm1

αpX,αqm1T
αpX,αq

�
.

From

u �
�� !

Bfε|Xpε,Xq{Bε

fε|Xpε,Xq
� ε

)
e�σpX,βqm1

αpX,αq
0

�� ,
we have

uuT �
�� uuT

1,1 0

0 0

�
,
where

uuT
1,1 �

�tBfε|Xpε,Xq{Bεu2

tfε|Xpε,Xqu2
� 2

Bfε|Xpε,Xq{Bε
fε|Xpε,Xq ε� ε2

�
e�2σpX,βqm1

αpX,αqm1T
αpX,αq.

It is easy to verify that M3 � M1 � EpuuTq. Thus, M3 � M1 is nonnegative definite.

S.9 Proof of Theorem 7

Under the assumption of Case 4, we have

M4 � M2 �
�� M1,1 0

0 0

�� ,
where

M1,1 �
�
E

#
f 1εpεq2
fεpεq2

+
� 1

�
Ete�σpX,βqm1

αpX,αquEte�σpX,βqm1
α

TpX,αqu.

From

u �
�� !

f 1
εpεq
fεpεq

� ε
)
Ete�σpX,βqm1

αpX,αqu
0

�� ,
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we have

uuT �
�� uuT

1,1 0

0 0

�
,
where

uuT
1,1 �

"
f 1εpεq2
fεpεq2 � 2

f 1εpεq
fεpεqε� ε2

*
Ete�σpX,βqm1

αpX,αquEte�σpX,βqm1
α

TpX,αqu.

It is easily obtained that M4 �M2 � EpuuTq. Thus, M4 �M2 is nonnegative definite.

S.10 Proof of Theorem 8

Under the assumption of Case 4, we have

M4 � M3 �
�� 0 0

0 M2,2

�� ,
where

M2,2 �
�
E

#
f 1εpεq2
fεpεq2 ε

2

+
� 1 � 4

Ept2q

� �
Etσ1

βpX,βqσ1
β

TpX,βqu � Etσ1
βpX,βquEtσ1

βpX,βqTu
�
.

From

u �
�� 0!

f 1
εpεq
fεpεq

ε� 1 � 2t
Ept2q

) �
σ1

βpX,βq � Etσ1
βpX,βqu

�
�� ,

we have

uuT �
�� 0 0

0 uuT
2,2

�
,
where

uuT
2,2 �

�
f 1εpεq2
fεpεq2

ε2 � 1 � 4t2

tEpt2qu2
� 2

f 1εpεq
fεpεqε�

4εt

Ept2q
f 1εpεq
fεpεq �

4t

Ept2q

�
�
�
σ1

βpX,βqσ1T
βpX,βq � σ1

βpX,βqE tσ1
βpX,βquT � E tσ1

βpX,βquσ1T
βpX,βq

�E tσ1
βpX,βquE tσ1

βpX,βquT
�
.

It is easy to verify that M4 �M3 � EpuuTq. Hence, M4 �M3 is nonnegative definite.
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S.11 Simulation Details

We describe in detail how to obtain the efficient estimators in the simulation studies in

Section 4.1.2.

In each simulation, we generated 1000 data sets with sample size n � 500. For each

data set, we obtain the semiparametric efficient estimator pθ � ppα, pβqT through solving°n
i�1 Seffpxi, yi,θq � 0. We then calculate Seffpxi, yi, pθq and obtain the estimated variance

for pθ through
�°n

i�1tSeffpxi, yi, pθqST
eff,ipxi, yi, pθqu��1

. We reported the simulation results in

Tables 1 to 4, where the notations have the following meaning.

• Estimator: median of 1000 estimators

• Bias: Estimator - true θ

• Bias(%): (Bias/true θ) �100

• Var: variance of 1000 estimators

• Var1: median of 1000 estimated variances

• 95% cov: (the number of 95% confidence intervals which include true θ/1000)�100

(95% confidence interval is obtained as (pθ� 1.96 s.eppθq, pθ� 1.96 s.eppθq), where s.eppθq
is the square root of the estimated variance described above.)

• 95% CI: (25th value, 975th value) of 1000 sorted estimators

Now we explain how to construct the efficient score SeffpX, Y q. The efficient score

functions are given in Theorems 1 to 4 in Section 2 for the four different methods. For

all Cases, the efficient score functions include the terms m1
αpX,αq and σ1

βpX,βq which

depends on the assumed model. The mean and log-standard deviation functions considered

in the simulation are given in (7) and (8) respectively. From the m and σ models considered
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in the simulation study, we get

m1
αpX,αq �

�����
exppα1X1 � α2X2q

X1 exppα1X1 � α2X2q
X2 exppα1X1 � α2X2q

����� ,

σ1
βpX,βq �

�� X1

X2

�� .
We then plug the above expressions into the efficient score function SeffpX, Y q in each case

as described below.

S.11.1 Case 1 method

The semiparametric efficient estimator is obtained thorough solving the efficient score func-

tion (3). The efficient score function (3) contains terms Epε3|Xq and Ept2|Xq, which need

to be calculated based on the distribution of ε conditional X.

Since Case 1 method is based on the possibly asymmetric fε|Xpε,Xq where ε and X

are not independent, we choose such an model fε|Xpε,Xq for estimation, regardless of data

generation scheme. Among many possible distributions, we chose a chisquared distribution

with degree of freedom ppXq which is given in (9), even for the simulation where the ε is not

generated from the density function (9). Note that ε was not generated from the density

(9) in Simulation 2, 3, and 4. Then we calculate Epε3|Xq, Epε4|Xq and Ept2|Xq as the

following.

Epε3|Xq � 2
?

2a
ppXq ,

Epε4|Xq � 3 � 12

ppXq ,

Ept2|Xq � Epε4|Xq �  
Epε3|Xq(2 � 1 � 2 � 4

ppXq .

Because each simulation generates different data according to its assumption, we use differ-

ent degree of freedom ppXq for estimation as follows.

1. Simulation 1, 2 and 4

We used the chisquared distribution of ε with degree of freedom ppXq � pX1�X2q�0.5.
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The calculated Epε3|Xq and Ept2|Xq according ppXq � pX1 �X2q � 0.5 are plugged

into the efficient score function.

2. Simulation 3

We used the chisquared distribution of ε with degree of freedom ppXq � 10pX1�X2�1q.
The calculated Epε3|Xq and Ept2|Xq according ppXq � 10pX1 �X2 � 1q are plugged

into the efficient score function.

S.11.2 Case 2 method

The efficient score function of Case 2 method is given in (4). To solve the efficient score

function (4), we should calculate terms Epε3q, Ept2q and f 1εpεq{fεpεq in (4). Case 2 method

is based on possibly asymmetric fεpεq. For such an asymmetric fεpεq, we used a chisquared

distribution with degree of freedom q which is given in (10) for estimation, even for the

simulation where the ε is not generated from the chisquared distribution (10). Note that ε

was not generated from (10) in Simulation 1, 3, and 4. According the standardized χ2pqq,
we calculate the following quantities.

Epε3q � 2
?

2?
q
,

Epε4q � 3 � 12

q
,

Ept2q � Epε4q �  
Epε3q(2 � 1 � 2 � 4

q
,

f 1εpεq
fεpεq �

?
2qpq{2 � 1q?

2qε� q
�
?

2q

2
.

Because each simulation generates different data according to its assumption, we use differ-

ent degrees of freedom q for estimation as the following.

• Simulation 1 and 2

We used the chisquared distribution ε with degree of freedom as q � 13. We plug

Epε3q � 0.7845, Ept2q � 2.3077 and f 1εpεq{fεpεq � 11
?

26{p2?26ε� 26q � ?
26{2 into

the efficient score function.

• Simulation 3

We used the chisquared distribution ε with degree of freedom as q � 21. We plug
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Epε3q � 0.6172, Ept2q � 2.1905 and f 1εpεq{fεpεq � 19
?

42{p2?42ε� 42q � ?
42{2 into

the efficient score function.

• Simulation 4

We used the chisquared distribution ε with degree of freedom as q � 180. We plug

Epε3q � 0.2108, Ept2q � 2.0222 and f 1εpεq{fεpεq � 89
?

10{p?10ε� 30q� 3
?

10 into the

efficient score function.

S.11.3 Case 3 Method

The efficient score function of Case 3 method is given in (5). To solve the efficient score

function (5), we should calculate Ept2|Xq and f 1ε|Xpε,Xq{fε|Xpε,Xq in (5). Case 3 method is

based on the symmetric fε|Xpε,Xq conditional on X. For estimation, we chose a generalized

normal distribution with scale parameter s � a
Γp1{upXqq{Γp3{upXqq and shape parameter

k � upXq which is given by

fε|Xpε,Xq � upXq
2Γp1{upXqqaΓp1{upXqq{Γp3{upXqq exp

���#
|ε|a

Γp1{upXqq{Γp3{upXqq

+upXq
�� .

From the above distribution, we obtain

Epε4|Xq � Γp5{upXqqΓp1{upXqq
Γp3{upXqq2 , (S.2)

Ept2|Xq � Epε4|Xq � 1, (S.3)

Bfε|Xpε,Xq{Bε
fε|Xpε,Xq � p�1q�sgnpεq|ε|upXq�1upXq

"
Γp3{upXqq
Γp1{upXqq

*upXq{2

, (S.4)

where sgn(ε) is a signum function of ε. Note that upXq determines both the scale parameter

and the shape parameter of a generalized normal distribution. Also, note that ε was not

generated from the generalized normal distribution in Simulation 1, 2, and 4.

Because each simulation generates different data according to its assumption, we use

different parameter for estimation of each simulation as follows.

• Simulation 1, 2 and 4

We choose upXq � 0.06pX1 � X2q � 1.5 which varies in [1.5,3]. According to upXq,
the calculated Ept2|Xq and f 1ε|Xpε,Xq{fε|Xpε,Xq are plugged into the efficient score

function.
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• Simulation 3

We choose upXq � 20IpX P Aq � 1.7IpX P Acq where A � tp0, 5q � p0, 7.5q, p5, 10q �
p7.5, 15qu and Ip�q is an indicator function. Using (S.2), (S.3) and (S.4), we can cal-

culate Ept2|Xq and f 1ε|Xpε,Xq{fε|Xpε,Xq conditional on X for the above distributions

and plug them into the efficient score functions.

S.11.4 Case 4 Method

The efficient score function of Case 3 method is given in (6). To construct the efficient score

function, we should calculate Ept2q and f 1εpεq{fεpεq.

• Simulation 1, 2 and 4

We use Logisticp0,?3{πq distribution for symmetric fεpεq. Then we obtained

Epε4q � 4.2,
f 1εpεq
fεpεq � � π?

3
� 2 exp

��επ{?3
�

?
3t1 � expp�επ{?3qu{π .

We plug the above terms in the efficient score function.

• Simulation 3

For Simulation 3, we choose a GNp0, s, kq for a symmetric fεpεq, where s � a
Γp1{kq{Γp3{kq

and k � 5.4. We calculate

Epε4q � Γp5{kqΓp1{kq
Γp3{kq2 ,

Ept2q � Epε4q � 1,

f 1εpεq
fεpεq � p�1q�sgnpεq|ε|k�1k

"
Γp3{kq
Γp1{kq

*k{2
.

The above terms are plugged in the efficient score function.
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