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Abstract In this paper, we study the uniform tail-probability estimates of a regu-
larized least-squares estimator for the linear regression model. We make use of the
polynomial type large deviation inequality for the associated statistical random fields,
which may not be locally asymptotically quadratic. Our results enable us to verify
various arguments requiring convergence of moments of estimator-dependent statis-
tics, such as the mean squared prediction error and the bias correction for AIC-type
information criterion.

Keywords Moment convergence - Regularized least-squares estimation - Sparse
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1 Introduction

Assume that we have a sample {(X;, Y[)};'zl,where Y e Rand X; = (X; 1, ..., X,~,,,)T
€ RP, obeying the linear regression model:

Yi=0, Xi+e, i=1,...,n, 1)

where 6y is a p-dimensional true value of parameter contained in the interior of a
compact parameter space ® C R” and (¢;)}_, represent noises. Through this paper,
the number of variables p is fixed. Though not essential, we suppose that the covariate
X is non-random; usually, {(X;, ¥;)}?_, are standardized from the beginning such a
way that
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n n n
1 5 ,
ZY,-:O, ZX,-,,:O and;ZXi’jzl, je{l,....p}

i=1 i=1 i=1

For brevity, we omit the dependence of X; and Y; on n from the notation so long as
there is no confusion (we use the notation X;, when we emphasize the dependence of
X; on n). In this paper, we deal with the situation

B0 = (20, p0) = (20,1, - - -+ 20, pgs PO, 15 - - - 5 PO, p1 )

where zox = 0and pp; # O forany k € {1,..., po}and! € {1, ..., p1}; divide the
compact parameter space ® = ®¢ x ®; C R x R”! such that zo = 0 € ®¢ and
po € ©1. We can rewrite the linear regression model (1) to

V=20 X7 +p0 X +e, i=1.....n )

where Xl.(Z) = (Xi1, ..., Xip,) | and Xi(p) = (Xipo+1s s Xi potpi) |+ TEpTE-
senting irrelevant and relevant covariate vectors, respectively. Then, we define the
regularized least-squares estimator (regularized-LSE) 6, = (2, 0) as the minimizer
of the contrast function

n p
Zy(0) = Zn(z. p) = 2 (Vi — 2 XD = p X+ D pa0) ()
i=1 j=1

over ®, where p,, (-) is a non-random and non-negative function such that p, (0) = 0.
Further conditions on p, will be imposed later on. There is a huge literature on the
sparse linear regression via regularization, where the estimator z,, of zop = 0 satis-
fies the sparse consistency P(z, = 0) — 1 as n — oo, while /n(p, — po) has
a non-trivial asymptotic law. The sparse consistency implies that R,z, = o0,(1) for
arbitrary R, — oo, for example, sparse-bridge (Radchenko 2005), the smoothly
clipped absolute deviation (SCAD; Fan and Li 2001) and the Seamless- L regulariza-
tion (Dicker et al 2012). In Sect. 3, we will refer some asymptotic behaviors of these
regularized estimators.

Let us mention some basic facts concerning the parametric M-estimation. Given a
statistical model indexed by a finite-dimensional parameter 0 € ® C R?”, we typically
estimate a true parameter value 6y € ® by a minimum point 6, of an appropriate
continuous contrast function Z, : ® — R. To assess the asymptotic performance of
6, quantitatively, when +/n-consistency is concerned, we look at the statistical random
fields

M, (w; 60) = Zn (90 + %) — Zu(0). )

where w € R”. As is well known, the weak convergence of M, to some M over
compact sets, the identifiability condition on M, and the tightness of the scaled
estimator W, := /n(6, — 6p) make the “argmin” functional continuous for M,:
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W, € argmin M, £> argmin M. See, e.g., van der Vaart (1998). Further, when
concerned with moments of w,-dependent statistics such as the mean square error,
more than the weak convergence is required. Then, the polynomial type large deviation
inequality (PLDI) of Yoshida (2011), which estimates the tail of £(i,) in such a way
that

supsup rX P(Ji,| = r) < 0o (5)
r>0n>0

for a given L > 0, plays an important role. Assume that there exists a random variable

Wo such that ), £> wo. Then, the moment convergence
E[|,|7] — E[|wol?], q >0, (6)

holds if there exists a ¢’ > ¢ such that sup,,. o E[| Wy |q/] < 00. Suppose that the PLDI
(5) holds for some L > ¢’. Then, we obtain

o0
sup E[|w, |1 ] = sup/ P(w,|? > s)ds < oo.

n>0 n>0J0

As the results, we get the moment convergence (6) if we ensure the PLDI (5) for
some L > ¢q. Hence, the main purpose of this paper is to derive the PLDI (5) with
Wy = (\/Ezna \/ﬁ(/sn = p0))-

We should mention the importance of convergence of moments: asymptotic behav-
ior of expected values of statistics depending on estimators. It especially serves as a
critical tool when, for example, analyzing the mean squared prediction error and the
bias correction for information criteria; see Chen and Ing (2011), Afendras and Marka-
tou (2015a,b), Findley and Wei (2002), Uchida and Yoshida (2001, 2006), Sakamoto
and Yoshida (2004), as well as Yoshida (2011). Let us consider a typical scenario. If
(6) holds with ¢ = 2 and W ~ N, (0, V) where V is a p x p-diagonal matrix, the
mean squared error of 6, can be expressed as:

R 21 w(V) 1
E (16, — 00| = — +op(;),

from which the mean squared prediction error can be established with its theoretical
justification. Also, the moment convergence provides benefits to AIC type information
criteria, which is widely used as a simple and practical estimate of the best model,
and is derived from the bias correction procedures. From the point of view of regular-
ized estimation, AIC is used to select tuning parameters contained in regularization
terms. Recently, Umezu et al (2015) proposed the bias-corrected AIC for non-concave
regularized likelihood estimator of generalized linear model by verifying its moment
convergence, and concluded that the proposed AIC performs well through simulation
studies. In particular, they studied asymptotic behaviors of the estimator including
E[|/nZ,]*]1 = 0 which cannot be deduced from the sparse consistency, and is needed
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to derive AIC for sparse-type estimations. Convergence of moments for regularized
estimators gives us the validity of AIC for selecting tuning parameters.

This paper is organized as follows. In Sect. 2, we will derive the PLDI (5) for the
regularized-LSE of the linear regression model (2). We will give some examples of
the regularization term in the contrast function (3) in Sect. 3.

For convenience of reference, we end this section with stating Theorem 1 and
Theorem 3(a) of Yoshida (2011), which will play an essential role in our study. We
need to introduce some notation. For any fixed 6y € ®, we define a random function

1
Y, (0; 6o) = _’_l(Zn(Q) — Zn(00)).

Also, let 6 — Y(0; 6p) be a random function. We consider the PLAQ representation
of Mi,,:

1
M, (w; 6) = Ay (6o)[w] + EFO(QO)[w’ w] + rp(w; Bp) @)

forw € {w € R? : 6y +w//n € O}, where A, () € R”, Ty(fy) € R” x R” and
rn(w; 69) € R are random variables. ! Finally, let @ € (0, 1), U, (r,0p) :={w € R? :
r < |w| < n9=9/2}, We now introduce some conditions:

(A1l)3v; >0, VL > 0, 3¢z > 0 : constant, Vr > 0,

r(w; O _ c
sup P( s Iruw: G0)] 02)| > Ul) < —ﬁ
n>0 weU, (r,00) 1+ |w] r

(A2) I'g(6p) is deterministic and positive-definite.
(A3)Ix = x(6p) > 0 :non-random, Jv = v(fy) > 0, VO € O,

Yo(8; 6o) < —x16 — 6ol”.

Ad)ae (0,1, vy €(0,1), av <, Be[0,00), 1 =28 —1v > 0.
(A5)VL >0, Ny :=L(1 —v))~ ', No:=L(1—=28—v)"!,

sup,-g E[|A,,(90)|Nl] < 00;
1/2 N2
U, E[ (suppeo 1"/ Y (6: 60) = Yo(®: 60)]) | < oo.

Theorem 1 [Yoshida (2011), Theorems 1 and 3(a)] Assume [A1]-[AS5]. Then, the
estimate (5) holds.”

! The sign in front of the quadratic term (1/2)I"g(6p)[w, w] is different from the original PLAQ of Yoshida
(2011) since we consider minimization of (4).

2 The uniform (w.r.t. 6p) evaluation is not in our scope here.
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2 Moment convergence

In this section, we discuss the moment convergence of w,, by checking the conditions of

. . ~ L.
Theorem 1. In particular, if we have the weak convergence w;,, — w for some random
vector wo, then the moment convergence (6) holds. Let C,, := n1 Zf: 1 Xi X lT .

Theorem 2 Assume that the linear regression model is (2) and the contrast function
is (3). Suppose the following conditions:

€1,€2,... arei.i.d. with E[¢,] =0 and Yk > 0, E[|e,~|k] < o0; (8)

35 > 0, 3Cy > 0, sup(n‘s|Cn — C0|) < 00; )
n>0
sup sup [Xi,| < 00; (10)
n>0i<n
B € (0, 1), VK C R : compact, sup sup % < 00; (11)
2 n>0ack N

dx € (0,2), Ya #0, Jc, > 0: constant, Vb € R,

lim sup
n—o00

pafa+ %) —pa(@)] = calbl”. (12)

Then, the PLDI (5) holds with W, = (/NZuy, /0(Pn — po)). Additionally, if we

~ L . N
have the weak convergence w, — W for some random vector W, then the moment
convergence (6) holds.

Proof We will check the conditions of Theorem 1 to conclude (5). Set w = (u, v) €
RP0 x RP!, We have the statistical random fields

M (s 0) = Za (00 + =) = Zu(60)
zg{(ﬂ k) e épn(;_;)
+ g{”"(“” +7m) — paoun|
= - Zl %axi [l + 3 CCo)w, wl+ (€ — Colw, v]

Po Pi
+ gpn (%) + ; {Pn (,001 + %) - pn(POl)}~
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1146 Y. Shimizu

Since w,, is a minimum point of M, (w; 6y) and p,, is a non-negative function, we
have

P(lib,| > r) < P[‘st‘lp { = ML, (w; 60)} = =1, 0; ) = 0]

n

2 1
=7 lzr [Zl JreiXitwl = 3 CCtw, wl = (€ = Colw, w]

- g (p,, ('001 + %) - Pn(pm))} > O].

Hence, we will establish the PLDI

n

2 1
supsuprP| sup { > —=aXilw] - 3 Co)lw. w] = (C, = Co)lw, v]

r>0n>0 lw|>r i=1 \/_
=3 (onlw+ 22) w20 < oo a3
=1

for any L > 0 to ensure the PLDI (5). We have the PLAQ-like expression which
corresponds to (7) with

22
An(B0) =D —=€iXi: (14)
i=1 ﬁ
To(60) = 2Co; (15)
P1 v
1w ) = ~(C = Codlw, wl =3 {pu(po + =) —pap) . 16)
=1

According to (8)—(11), we obtain for any 0 € ®
1
Y, (0; 6) = —;(Zn(Q) — Zu(00))
L S a0 Tx - ] S e, 0o;
——;;}[{el—( —00)" Xi} —e,-]—;jzz;{m ) = P60}

2 < 1<
=;g;e,-xi[e—eo]—cn[e—eo,e—eo]—;;{pn(ej)—pn(eoj)}

L _Colo — 60,6 — 6] =: Yo(6: 6).
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We get Yo(0; 6p) < —Amin(Co)|0 — 90|2 where Anmin (Co) denotes the minimal eigen-

value of the matrix Co. Apparently, [A2] holds from (9) and (15), and also [A3] holds

with x = Anin(Co) and v = 2. Hence, it remains to verify [A1], [A4] and [AS5].
First, we will verify [A1]. From (16), we have

raCw; 00)_ JwP? L .
<ot el Sl ) mo)
1+ w2 — 1+|w|2| " ol + 1+ |w|? ; pn(,OOI-i-\/ﬁ) pn(por)

a7

Letusfix B, v, € (0, 1) and € suchthatOVv (1/2—46) < B < 1/2,1-28 > v, > 2«
and0 < § < (2o/(1—a)) A1. Note that these parameters meet —1/2+(1—a)§/2 <
0. Then for the first term of the right-hand side of (17), we get from (9)

( lw|? C,—C |)
sup (———1Cn — Co
wel, (rop) N1+ [w? "

 1/2-B—=8(.8
—n n8|Cy — Col)  sup (—
(1, ) wely (rop) N1+ w?

< P12, (082 =8 <k (18)

L T —
n [wl* lw]|

where A, < B, means that sup, (A,/B,) < oo. Next, we will estimate the second
term of the right-hand side of (17). We obtain from (12) that there exists a k € (0, 2)
such that

1 < vl v
 E—— E +—)— H’S—S w|<=2, w € Uy (r, 6p);
1+ |w|2‘ = {Pn (/001 NG pn(po1) 5 |wp |w] n(r, 0o)

note that sup,,cy;, (.4, 1v11/+/n — 0. Since we can take & € (0, 1) such that2 —k > &
(note that 0 < & < (20(/(1 — Ot)) A1), we get

sup  |w|<72 <8, (19)
welU, (r,00)

Fix av; € (0, &). Then from (17)—(19), we have for any L > 0

a3 00)]

1
supP( sup > r‘”l) S =
r

n=0  wet, o) 1+ 1wl

This means that [A1] holds, and [A4] also holds with taking the parameters as above.

Second, we will verify [A5]. From (14), we define A, (6p) = > 1 (2//n)€i Xi =:
> xni- Then, using Burkholder’s inequality and Jensen’s inequality, we obtain for
Ni=L(1—-v)1>2
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1148 Y. Shimizu
J N
:E:AXni ]
i=1
n
r Ny/2
2
SsupE (Z Xm») ]
T =1

sup E[|An(90)‘Nl] < supE_ max

n>0 n>0 L Jj=n

n>0

n>0

~ n
<supE 12|eiXi|2'N1/2]
Ln &

1 n
SE[ler™]-sup (= D 1xiM) <00 (20)
i=1

n>0

The last boundedness of (20) follows from (8) and (10). Moreover, we get for any
0e®

n

2
D —iXil0 — o] = Cul0 — 60, 0 — o] L —Col6 — 6.6 — bol;
i=1

1 P
2 AP — paeo)} Lo.

Jj=1

Since (a +b)N2 < a™ + bM2 for anya,b>0and N, = L(1 —28 — 1)2)_1 > 2, we
have

n
2 Ny
supE[ sup(nl/z_ﬂ‘ >~ ~6Xil0 — bo] — Calo—60. 6 — 6ol+Col6 — 606 - 90]‘) ]
i=1

n>0 0e®
n
1 N> N>
< sup(n_ﬂNzEH —X; ]) + {sup nl/z_’s_‘sn‘5|C — Cy| } < Q. 20
n>0 ;ﬁ o n>0( " )

Note that the parameter space ® is a compact set. Further, we obtain

! P Ny
S s [

since we assume (11). From (20)—(22), we conclude that [A5] holds. Therefore, the
proof of (5) is complete because we established the PLDI (13). The latter claim of the
theorem is trivial. O

Remark 1 We could deal with random design (X;). Assume for simplicity that (X;)
and (¢;) are independent. Then, in order to conclude (5), we need to change (9) and
(10) into (23) and (24), respectively:

38 > 0, 3Cy > 0 : constant, Vk > 0, sup E[[n*(C, — Co)[ ] < 00.  (23)

n>0
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Moment convergence of regularized estimator 1149

Vk > 0, supsup E[| X |*] < cc. (24)

n>0i<n

The corresponding proofs are entirely analogous to the case of deterministic X. O

3 Examples

We will give some examples of the regularization term in (3) satisfying the conditions
(11) and (12) in Theorem 2: sparse-bridge (Radchenko 2005), the smoothly clipped
absolute deviation (SCAD; Fan and Li 2001) and the Seamless-L¢ regularization
(Dicker et al 2012). From the previous studies, it is known that these regularized esti-
mators én = (Zn, pn) have the sparse consistency P(Z, = 0) — 1, which concludes
the sparse estimation, and the asymptotic laws of v/ (0, — po) under some appropriate
regularity conditions. Also when the number of variables p = p, — oo asn — oo,
the asymptotic behavior of the SCAD and the Seamless-L estimators are known, but
once again note that we consider the case that p is fixed.

3.1 Sparse-bridge

In this section, we will focus on the sparse-bridge LSE defined the contrast function
to be

n p
Zu(0) = Zu(z.p)i= D (Vi — 2 XP = p XV 40, D 10,17, (25)
i=1 j=1

where A, > 0 denotes the tuning parameter controlling the degree of regularization
together with the bridge index y € (0, 1). This means p,(-) = A,| - |”. Denote by
én = (Zn, Pn) a minimizer of Z, over a compact parameter space ® = @y x O C
RP0 xRP!. The asymptotic behavior of 6, is studied by Radchenko (2005). He assumed
regularity conditions including that the noises €1, €3, . .. are i.i.d. with E[¢;] = 0 and
E[€?] =: 02 > 0, C, — C for some Cy > 0 and that n~! max; <, |X;|> — 0. Note
that these conditions are satisfied with (8)—(10). Then, he proved the following results:
— The sparse consistency of Z,:

PG, =0)— 1if A,/n”’*> > 00 and A,/n — 0.

— The asymptotic laws of p,:

) (B — po) S Np (=20By 'Y, 02By ") if An/n?/? — 00 and A,/ /n —
A0 = 0;

(i) 1A By — po) S =BG if duy/ /i1 — 00 and A, /1 — 0,
where

4 _ _
T .= E{Sgn(PO,1)|PO,1|y L sgn(po.p)lpo.p 1Y)
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1150 Y. Shimizu

and By is the p; x p; submatrix located in the bottom right corner of the matrix
Co. We are concerned here with the moment convergence of w,,. With regard to the
asymptotic law of the non-zero parameter p, we only consider the case (i), where the
asymptotic distribution is non-degenerate. The following Corollary 1 is derived from
Theorem 2.

Corollary 1 Assume that the linear regression model is (2) and the contrast function
is (25), where A, /n?!?> — 00 and i, //n — Lo = 0 for y € (0, 1). Suppose that we
have (8)—(10). Then, the PLDI (5) holds. In particular, the moment convergence (6)
holds with i = (0, 9o), where L(00) = Np, (—hoBy ' Y, 02By ).

Proof Apparently, we only need to check the conditions (11) and (12) in Theorem 2
for p,(-) = A,| - |¥. (11) follows easily since for any a € R, we have

pu(a) _ )\_n|a|y S,l
NN

from A, /s/n — Ao > 0. We will show (12). When 7 is large enough, we have for any
a#0andb e R

pn(a+%) —pa@| = |a+%|y ~ lal?|

An
< —1b| S 1b).
Nﬁl | < 16l

This shows that (12) holds for x = 1, hence we obtain the PLDI (5). The latter

claim is trivial since we have (/nZ,, v/n(0n — 00)) £> (0, vg), where L(vg) =
Np (=20By 'Y, 2By h. O

Remark 2 Here, we briefly mention the case of the bridge-LSE én defined as the
minimal point of the contrast function

n

P
Zu(0) =D (Y; =0T X)* + 1 D 16,17, (26)

i=1 j=1

where A, > 0 and y > 0 satisfy that )\,,/n(l/\)’)/2 — Ao > 0; then, we do not have
the sparse consistency. Note that, different from (25), in (26) we do not divide the true
value of parameter 6y into the zero part and the non-zero part: jointly estimate all the
components. We assume (8)—(10). Then, Knight and Fu (2000) proved the following
asymptotic behavior of 6.

— Consistency:

by 5 00 if An/n — 0.
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Moment convergence of regularized estimator 1151

— Asymptotic laws:
Bo = /16y — 60) S argmin (Vo) if An/n1M2 S5 30 > 0,

where for W ~ N, (0, a2 C),

—2W([w] + Colw, w] + V)»oiwj sen(6o)leo; "~ (v > D,
—2Wlw] + Colw, w] =
Vow) =1 15, i{w,- sen(@o))1 (Bo; # 0) + w11 (Bo; =0} (v =1),
j=1 )
—2W([w] + Colw, wl+ Ao Y |w;|" I(6o; = 0) (v <.
j=1

Let wo = argmin(Vjp). We can derive the PLDI for the bridge-LSE by making use of
the argument similar to the proof of Theorem 2. In particular, for every continuous
f : R” — R of at most polynomial growth, E[ f ()] — E[f(g)]. See (Masuda
and Shimizu 2014, Section 2) for details. O

3.2 SCAD

The SCAD-LSE (Fan and Li 2001) is defined as the minimum point of the contrast
function (3), where

ninl0;] 10;] < An),
—n(ef —2T0,|0;] +22)

pn(ej) = 2(%, -1 A < |‘9]| <1hy),
n(t + DA
— " (101 > Thn).

T > 2 is an additional tuning parameter. Let the minimizer be 6, = (Zn, Pn), and
(8)—(10) hold. Then, under some conditions including

dn — 0, /1A, — 00, 27
they proved the sparse consistency and the asymptotic law of p,:

~ L _
Vn(pn = po) = Np, (0, L, (p0)),

where 7, (po) = Z,,(0, po) denotes the p; x p; Fisher information matrix knowing
zo = 0.
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1152 Y. Shimizu

Let us take A,, ~ nP=1/2 where B is the same as in the proof of Theorem 2. This
meets (27). Now, we will show (11) and (12). First, we establish (11). Obviously, we
only need to consider the case A, < |6;| < TA,. When n is large enough, we have
m9]2/n/3+1/2 < nA2 P2~ g1 F26=1=F=1/2 — pf=1/2 < | hence (11) holds. To
ensure (12), we use

(Thn — 9j)+

(60)) = k{105 = ) + =

16; > )}, 6;>0,

where (x)4+ = max(0, x). When n is large enough, foranya > Oand b € R

pufat 2) = pu] < 2 [ (a+ o)
~ )\,,«/E|b|/01 I(a n %z < An)dt

Uen, — fa+B/mnly (b
+ﬁ|b|/0 — 1(a+ﬁt>kn)dt

S 1b].

Similarly, we get the same estimate for a < 0. As the results, it is possible to take A,
ensuring (6), where wo = (0, Up) and L(t) = N, (0, I;ll (00)).

3.3 Seamless-L

The Seamless-L regularization (Dicker et al 2012), which approximates the (techni-
cally unpleasant due to its discontinuity at the origin) Lg-loss, is given by

p

n
2 16|
Z,0) = Zn(z. p) i= > (Vi =2 X — pTX)2 4 TN ( J 1),
n(0) n(z, p) ¥ =2 X7 =P X7 +log2 = o8 |0j|—i-rn+

i=1

where 1, > 0 is an additional tuning parameter. Let the minimizer be én = (Zn, Pn)
and (8)—(10) hold. Then, under some conditions including

hn = O(1), Ay/nt = 00, T = O(n™?), (28)
Dicker et al (2012) proved the sparse consistency and the asymptotic law of p,:
A £ 2 p—1
\/E(lon —p0) = Np (0,078, ),

where By is the same as in Sect. 3.1.
Let us take A, ~ nP~12 and 7, ~ n=3/2, where B is the same as in the proof
of Theorem 2. This meets (28). Now, we will show (11) and (12) for p,(-) =
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Moment convergence of regularized estimator 1153

(2ni, /log2) log{| - /(] - | + ) + 1}. (11) follows easily since p,/n'/>*F <
n!TA=1/2=1/2=F — 1 To ensure (12), we make use of the equation

1 d
|Tog(1 4 x) —log(1 +x")| = 1/0 1+x,+fx_x,)s(x—x/)

where x, x’ > 0. When n is large enough, forany a > O and b € R

log( la+ b/l + 1) - log(ﬂ + 1)‘

|a+b/\/ﬁ|+1’n la|+Tn
a—+3d a
na+8+rn_a+rn (8=b/ﬁ)
[(a+3d8)(a+ 1) —ala+d+ 1)
(@a+38+t)(a+1)
Tn 4|
"a+8+1t)a+1)
~nP321| < 1.

pn(“‘*‘%) pn(a )‘_

<

~

:nn

Similarly, we get the same estimate for a < 0. As the results, it is possible to take the
tuning parameters ensuring (6), where wo = (0, vp) and L(9) = N, (0, UZBO_ b.
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