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We prove some lemmas appearing in Section 5.

Proof of Lemma 1. Let ¢ > 0 and take x¢ > 0 such that for any = > x,
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so that for x > 2§ /{(1 — €)infy Cix},
Oy (1= 2t/ < () < O3 (1+¢)/*2!/* for cach A € 7,
that is, as ¢ — o0,
ba(z) = C’i/o‘xl/aLA(x), where Ly(x) = 1+ o(1) uniformly in A € S%~1.

This in turn implies that, owing to the continuity of F), as  — oo,

1
1= Fa(ba(e))
= z{Lx(z)}* {1 - C}\"/QDA:U”’A/O‘ + o(x”‘/a)} uniformly in A € S41.
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uniformly in A € S%~1. This validates the lemma.



Proof of Lemma 2. Let
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La@) = 14 Daa™ + 2™ Ax(@),  Lay) = 2 gi(m(z:/(k)ék))

Then, we have that Ly(y) = 1 + o(1) uniformly in 0 < y < yo and X € S%!, and as = — oo,
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S ) - a1l < y <)+ (Balye) - M)ty 22}
~ 2 Dx(y"* —1) uniformly in y > 1 and X € S41,
where the mean value theorem is used with g € (1,y). Thus, we have
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and further,
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uniformly in 0 < y; < y2 < yo and X € S¢~1. Thus, since
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we have
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On the other hand, it can be easily seen that
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Hence, (19) is established.
Now, let p > 0 be an integer. Observe that
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Moreover,
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uniformly in 0 < u < 00, 0 <y1 <y < yo, and A € S9-1. Meanwhile, note that
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uniformly in 0 < y; < y2 < 1, so that (20) and (21) hold. This completes the proof.

Proof of Lemma 3. By using Holder’s inequality, we get
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where the last term converges to 0 as n — co. Since the others can be easily verified, we complete

the proof without detailing algebras. O

Proof of Lemma 4. Lemma 1 implies by(n/k)(k/n)"/® = C’;\/a(l + 0(1)) uniformly in A. Com-

bining this and Lemma 2, we establish the lemma. 0
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Proof of Lemma 5. Tt suffices to prove that provided |u| < A and u*") > w, * (n/k)é,
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and further, when |u| < A and u® > yféb)\(n/k:),
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Here, we only prove the first inequality since the second can be handled similarly.
Note that
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It can be seen that )
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Further,
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-1 1 _1
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These assert the lemma. 0

Proof of Lemma 6. We only provide the proof of (23) since (24) can be handled similarly.
According to Lemmas 1 and 4, we can find ng € N and Ky > 0, such that
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whenever € > 0, w < vy < vy < w, A € S41 and n > ng. For a given € > 0, we set
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and putting m = {‘W—‘, we denote
Sgil = {(1, —2, e ,d> :41,...,1q are nonnegative integers with iy +---+ig =m } .
m’ m m
For given n > ng, A = (A1,...,Aq) € S tandy € [y, 9], we choose w;, w3 and A* = (A],..., \j) €

S4=1, such that w;r% < y‘ébA(n/k)(k/n)i < w;rél and |A; —A7| < m~!foreach j =1,2,...,d—1.
Then, it can be seen that
Ln(w; X wi, b(nye) < fr(us A y) < sp(u; A%, wits, b(n,e))  for each u
(cf. Lemma 5) and
180 (U; A%, wig3, b(n, €)) = ln(U; X", wi, b, €)) |2 < e

Thus, if we put
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we can see that T C |JB,, and each member in B, is an e-bracket. Hence, for some K > 0,
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for sufficiently small 6 > 0. This validates the lemma. 0

Proof of Lemma 7. We only provide the proof of (25). Let ng € N and Ky > 0 be the constants

in the proof of Lemma 6. For given € > 0, assume that

e2+2/a €2 y1(n/k) . <i
6K2 * 6Ky ~ |[{ba,(n/k)}e Y| T 3K,

> A1 — Ao <
n>mng, |Ai 9| < 3K

Then, by Lemmas 4 and 5, we can have

| fn(Us A1, y1) — 50 (Uj A2, v1,b(n, €))[[2 < €.



Moreover, for y € [y, 7],

152 (U; A2y v1,b(n, €)) — fo(U; A2y 12) |5

: 622”{” T {bffE%}a = 22 i <‘{bﬁz§:§}a B {bfézfg}a * 3;>
62 y Y 62
s gtk < Cil - C’i + 3K0> +o(l)

uniformly in A1, Ay € ST and y1, 90 € [y, y]. Hence, we obtain (25) from the Lipschitz continuity
of A+ 1/Cy. This completes the proof. 0

Proof of Lemma 8. Observe that W,,(A,y) > ( if and only if
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>\/%{y—ye_3% —i—o(\}E)}—ayC—i-o(l)

uniformly in (A,y) € T and ¢ € [ K, K]. Further, the asymptotical uniform equicontinuity of M,
follows from Proposition 1, and thus, the left-hand side of (S.2) is asymptotically equal to M, (A, y)
owing to the fact that

</ VEpy (i) ~ y*ibA(n/k) uniformly in (A,y) € T and ¢ € [- K, K]
Y
as n — oo (cf. Lemma 1). This validates the lemma. 0O

Proof of Lemma 9. Let Ly(z) = 2%{1 — Fx(z)}. Then

n n (et Ebx (n/yk))
—E (logU™ —logh <) —> =e f/ A dx
vk ( : 82 \uk) T avE me/yk))
00 z+¢/avk
[ [ ()
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_1 ¢ ADAM y_wa+0<1>
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uniformly in ¢ € [-K, K] and (X, y) € T. This validates the lemma. 0



