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Abstract A test procedure based on continuous observation to detect a change in drift
parameters of an ergodic diffusion process is proposed. The asymptotic behavior of a
random field relating to an estimating equation under the null hypothesis is established
using weak convergence theory in separable Hilbert spaces. This result is applied to a
change point detection test.

Keywords Change point problems - Diffusion processes - Weak convergences in
L2(0, 1)

1 Introduction and notation
1.1 Introduction
Diffusion processes play important roles in several fields, including economics, finan-

cial mathematics and population genetics. Many statistical problems corresponding
to classical i.i.d. settings can also be considered for diffusion processes (see, e.g.,
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the book Kutoyants (2004)). In particular, tests to detect changes in drift parame-
ters of diffusion processes are considered in the studies by Lee et al. (2006), Negri
and Nishiyama (2012), and Dehling et al. (2014). De Gregorio and lacus (2008) and
Song and Lee (2009) consider testing for changes in diffusion coefficients using dis-
crete observations and Negri and Nishiyama (2014) considers a way to detect changes
in drift and diffusion coefficients at the same time. See also Mihalache (2012) for
a sequential change detection for ergodic diffusion processes. These are all change
point problems, a topic on which there has been much research: see studies by Csorgd
and Horviath (1997), Brodsky and Darkhovsky (2000), and Chen and Gupta (2012)
for general surveys.

Let us now roughly explain the problem setting and our approach, leaving the
precise description to Sect. 4. Consider an ergodic diffusion process

t t
X, =X0+/ S(XS,G)ds—i—/ o (X,)dW, 1
0 0

for t € [0, co) with the state space I = (I, r) for —oo <[ < r < oo, where W. is a
standard Brownian motion and X is a random variable that is independent of W. and
satisfies E[(X()?] < oo. The problem is to test the following pair of hypotheses:

Ho : 3600 € O such that Oy = 0 Vt € [0, T']
Hy : 30y, 61 € Oand Ju, € (0, 1) such thatdyy = 0p Vt € [0, Tuy) and
Oy =01 #0600Vt € [Tuy, T]

Based on the continuous time observations { X;; ¢ € [0, T]} with the asymptotic setting
T — oo, we propose a consistent procedure to test these hypotheses. Similar problem
settings have been considered by some previous works, such as Lee et al. (2006) and
Negri and Nishiyama (2012). For estimating the drift parameter in (1), the likelihood
equation

S(X. 6) dX; — S(X,,0)ds) =0
_/ O_(X)z( (Sv )S)—

is considered. Define the random field

W, 0) ~ Zr(u, 0) = — /T 3% 4y s e, @
u, ~ u, = —F= w S S),
! VT Jo T 0(X,)?
where
I{s < Tu}—u
0,1 Ty = “"=——~—
wy 1 (0,1) 3 u > wg (u) P

and s € [0, T']. We shall see that, under H, the random field u ~~ Zr (u, 6p) converges
weakly to a Gaussian field in L?(0, 1) as T tends to infinity. The denominator of wsT )
converges to 0 as u — 0 oru — 1; so, under H, Z7 becomes large when u, is close
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A change detection procedure 835

to 0 or 1 and then the test is expected to have a high power if we use the function of
Zt as a test statistic. This is the main motivation of the work.

The idea of using the partial sum of the estimating equation basically comes from
the study by Horvéth and Parzen (1994). This work examined the asymptotic behavior
of a Fisher score change process, which is a stochastic process relating to the likelihood
equation, for general independent observations under the null hypothesis. Negri and
Nishiyama (2012) refines the idea and applies it to the detection of changes of drift
parameters in an ergodic diffusion process. The proof of the limit theorem of Negri
and Nishiyama (2012), especially the proof of asymptotic tightness, is based on the
tightness criterion for martingales taking values in £°° spaces, which is the set of all
bounded real functions endowed with the uniform metric. However, we cannot apply
this kind of weak convergence theorem to the current problem because the random
field Z (-, ) is not bounded owing to the denominator of w YT (-). Hence, we regard the
random field (2) as an element of L2(0, 1) and prove the limit theorems in L2(0, 1).
Generally speaking, weak convergences in L? are weaker than other often-used results
in the Skorokhod topology or the uniform topology. But, for some tests, weak conver-
gences in L2 are enough: for goodness-of-fit tests see studies by Khmaladze (1979),
Mason (1984), and LaRiccia and Mason (1986) and for change point detection tests
see studies by Suquet and Viano (1998) and Tsukuda and Nishiyama (2014).

Note that Mihalache (2012) and Dehling et al. (2014) also consider weighted test
statistics for the detection of changes of a drift parameter in a diffusion processes.
In particular, Mihalache (2012) considers a sequential change detection problem and
proposes a weighted CUSUM test statistic. Their result is strong convergence and the
limitis ¢t ~ B(t)/tY, y € [0, 1/4) in the sense of the supremum metric, whereas ours
ist ~ B°(t)/{t(1 — 1)}, y = 1/2 in the sense of the L2(0, 1) metric, where B is
a standard Brownian motion and B° is a standard Brownian bridge with dimensions
depending on the dimension of the parameter of interest. We believe that using the
weight function corresponding to y = 1/2 is important even though our result is one
of the weak convergences in L0, 1). Dehling et al. (2014) consider another model
and propose test statistics using the log likelihood ratio with two results: one is weak
convergence with a fixed interval that does not contain 0 and 1, and the other is a
Darling-Erdds type result which has the same limit as a result in the study by Horvath
(1993). In contrast, our result is convergence in L2(0, 1) and the interval contains 0
and 1.

To close this subsection, let us describe the organization of this paper. Section 2
introduces the preliminary results that will be used in the following sections. Section
3 includes the limit theorem of a stochastic integral taking values in L>(0, 1). This
result is applied to a change point detection test in Sect. 4. The proofs of the results
are in Sect. 5.

1.2 Notation
Let us explain some notations. We shall consider asymptotic behaviors as T tends to

infinity and the notations —” and —¢ denote convergence in probability and con-
vergence in distribution, respectively. The notation l.i.m. means the limit in mean
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836 K. Tsukuda

square, where “mean” indicates the expectation. The notation 1{-} denotes the indica-
tor function. The binary relation a Ab for a, b € R means min(a, b). Let us denote the
transpose of a vector or matrix by the superscript T. The finite-dimensional Euclidean
norm of a vector x is denoted by ||x|| = (x Tx)Y/2. The (i, j) element of matrix A is
denoted by (A)(;, jy and the operator norm of matrix A is denoted by [|Al|o p, that is,

| Ax |l
|Allop = sup [|Ax|| = )
xeR, |x||=1 xeRd x>0 [1XIl

Moreover, the Frobenius norm of matrix A is denoted by ||A||, that is,

1/2

1Al = AT A2 = [ 33 [y
i
Note that

172
|Alop = maxo () < (Z(a(A)V) =11l

where o (A) denotes the singular value of the matrix A. The expectation of a random
variable X is denoted by E[X]. In particular, for a random vector or a random matrix
X, E[X] denotes the vector or the matrix in which each element is the expectation of
the corresponding element of X.

We introduce a functional space L? (S, RY, ds), orin abbreviated form L? (S), where
S is a bounded subset of the Euclidean space. Consider the inner product

(z1,22) 125y =/Z1(S)T12(S)ds,
s

where z1 and z; are d-dimensional vector-valued functions on S and ds is the Lebesgue
measure. The functional space L2(S) is equivalence classes of square integrable real
vector functions on a bounded set S, that is, the set of all measurable functions z :
S — R that satisfy ”Z”iZ(S) = (2,2)12(5) < oo. This space is a separable Hilbert
space with respect to L? distance ||z; — 22llL2(s)-

The predictable quadratic variation process of a martingale ¢ ~» M, is denoted by
t~ (M)

The derivatives of f with respect to 6; and x, which will appear in Sects. 4 and 5,
are denoted by 9; f and f’, respectively. Moreover, the gradient vector with respect to
6 is denoted by f.
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A change detection procedure 837

2 Preliminary results
2.1 On tightness criteria in L2(0, 1)

Let H be a real separable Hilbert space with inner product (-, -)y and a complete
orthonormal system {e;}7°,. An H-valued random sequence {X,}7° , is said to be
asymptotically finite dimensional if for any 8, ¢ > 0, there exists a finite subset {¢; }ics

of the complete orthonormal system such that

limsupP Z(X,,,ej)IZHI>8 < e.

— 00 .
" Jél

This tightness criterion was established by Prokhorov (1956). The phrase “asymptot-
ically finite dimensional” seems to have been first used by van der Vaart and Wellner
(1996) and the following theorem is contained in Section 1.8 of this book.

Theorem 1 (van der Vaart and Wellner (1996), Theorem 1.8.4) A sequence of random
variables X,, : ,, — H converges in distribution to a tight random variable X if and
only if it is asymptotically finite dimensional and the sequence (X, h)y converges in
distribution to (X, h)y for every h € H.

It should be noted that the measurability of {X.} is not assumed in van der Vaart and
Wellner (1996), whereas it is assumed in this paper. A sufficient condition to verify
that a given sequence of random elements taking values in H is asymptotically finite
dimensional is given in the following proposition which is due to Prof. Nishiyama.

Proposition 1 A sequence of random variables X, : Q — H is asymptotically finite
dimensional if there exists the random variable X such that

E[I1X,11%] = E[I1X1F] < o0 )

and
E[(Xn, e)%] — E[(X,e))}], VJj e, )

asn — oo, where {e; : j € J} is a complete orthonormal system of H.

2.2 On limit theorems for stochastic processes

In this subsection, we introduce two theorems that can be used to prove the consis-
tency and asymptotic normality of Z-estimators, including the maximum likelihood
estimator, together with the general theory of Z-estimation. See Remark 2 in Sect. 4
for general results on the Z-estimator (see, for example, van der Vaart 1998).

The following theorem is a uniform law of large numbers for ergodic stochastic
processes. For one-dimensional ergodic diffusion processes, a corresponding result
with a more general envelope condition for a set of functions instead of (5) can be
found in van Zanten (2003).
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838 K. Tsukuda

Theorem 2 (Nishiyama (2011), Theorem 8.4.1(i)) Let (X, A) be a measurable space,
® be a bounded subset of RP. Consider a set of measurable function {f (-, 0); 0 € ®}
on X. Suppose that

Lf(x, 00) — f(x,02)] < K)o — 621" )

for V01,0, € O, a measurable function K and positive constant y. Consider an
ergodic stochastic process {X;}ie[0,00) Which takes its value in X and let p be the
invariant measure. If all f(-; 0) and K are integrable with respect to |, then it holds
that

sup —70

0e®

T
1 / F(X,, 0)dt - / £(x; B)pe(dx)
T Jo X

as T — oo.

The next theorem is a central limit theorem in £°° for martingales, where £°°(®)
is the set of all bounded real-valued functions on ®. This result is based on Theorems
3.1.1 and 3.4.2 of Nishiyama (2000).

Theorem 3 (Nishiyama (2011), Theorem 8.6.4(i)) Let (©, p) be a metric space satis-
fying the metric entropy condition, X% be a continuous time martingale, and T, be a
finite stopping time. Suppose that there exists a sequence of positive random variables
{Kn}o2 | satisfying

(Xnﬁl — XnﬂZ)Tn < K, p(01,62)

forvo,0, € © and K,, = Op(1). If for every 01,6, € O, (X" B xn 92)7 converges
to a constant C (91, 0>) in probability, then the random field 0 ~ X' T converges
weakly in £*°(®) to a Gaussian field 6 ~~ G (0) such that E[G (0)] = 0 and the covari-
anceisE[G (01, 02)] = C(01, 02). The limit6 ~~ G(0) is almost surely continuous with
respect to p and the semimetric pg defined by pg (01, 62) = (E[|G(61) — G (62)|*])'/2.

For other approaches to deriving asymptotic properties of the maximum likelihood

estimators of drift parameters of diffusion processes, see studies by Lanska (1979)
and by Kutoyants (2004).

3 A weak convergence theorem in L2(0, 1) for a stochastic integral

Choose a measurable space and introduce a filtration. Let us consider a locally square
integrable martingale M. whose predictable quadratic variation process is

(M), = /.)Lsds,
0
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A change detection procedure 839

where A. is a non-negative adapted process which satisfies

sup E[As] < oo.

s€[0,00)

It follows that M. is a martingale. Define the random field

T
Wﬁ%NWHWﬁ%=5%[;wﬂw%@NMM

where

s =Tu}—u

Tw) = v 1
w; (1) T ue0,1),

N

0 is an element of an open bounded subset ® of R? and H. (0) is a d-dimensional
predictable process such that

T
/ | Hy (0)]]%Asds < 00, a.s. VO € O.
0
Note that M7 (u, 0) is the terminal value of the martingale

iizdmmwwu

The following proposition gives a relation between moments.

Proposition 2 Fixa 6 € ©. (i) If

sup ]E[||Hs(9)||4/\§] <0 (6)
s€[0,00)
holds, then
sip [B[H@HO 3] <. )
SG[0,00) [ $ $ Y:I oP
(ii) If (6) and
sup E[I1H, 0] < o0 ®)
s€[0,00)
hold, then
sup E[[[H (@[ ] < . ©)
s€[0,00)
(iii) If (6) holds, then
sup B[ Hy (@)% ] < oo, (10)
s€[0,00)
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840 K. Tsukuda

Moreover, (10) implies that
E[IMrC. 012 )| < oo, (1n

and in particular, Mt (-, 0) almost surely takes its values in L%(0, 1).

The following theorem describes the asymptotic behavior of u ~» My (u, 6) in
L2(0, 1).

Theorem 4 Fix a6 € ©. Suppose that there exists the limit

T
C(®,n) =lim. (l/ HS(G)HS(n)TASds) (12)
T—oo \T Jo

for6,n € O.If (6) and (8) hold, then the random field M (-, 0) converges weakly to

C@®,0'2B(-
PR L HO
w(-)
in L2(0,1) as T — oo, where Bj(-) denotes a d-dimensional standard Brownian
bridge and w(u) = (u(1 — u))'/? foru € (0, 1).

The following proposition will be used in the proof of Theorem 4.

Proposition 3 Forany u,v € (0, 1), € ©® and h € L*(0, 1), (12) implies

UAVZW  hwyTC@. 0)hey)
Juv(d =) —v) ’ ’

where Jy = h(u) "E[H(0)Hs(0) T Ag1h (V).

1 T
?/0 w! wyw! (v)Jyds —

4 A change detection procedure for an ergodic diffusion process

Let us consider the stochastic differential equation given by (1). The parameter 6 is
an element of ©, an open bounded subset of R?. Suppose that there exists a strong
solution to this SDE and that

sup E[o (X;)*] < 00.

s€[0,00)

Further, suppose that X. is ergodic in mean square with respect to an invariant measure
e for some 6, that is, for any pg-integrable function f, it holds that

T

1 T
lim B {H; /O f(Xy)ds — /[ f o ()
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A change detection procedure 841

Remark 1 The previous work, Negri and Nishiyama (2012) assumes ergodicity which
guarantees the convergence in probability, so this assumption is stronger than theirs.

Let us denote the true value of 6 for X, by 6. For the model above, we wish to
test the hypotheses Hp and H; in Sect. 1.
To estimate the parameter 6, let us consider the estimating equation under Hy

1 /T S(Xs, 0)

TO=7 ) o2

(dXs — S(Xs, 0)ds) = 0. (13)
Suppose that there exists a unique solution Oz of this estimating equation. Let us
introduce the following conditions.

(I The function (x, 8) +— S(x, 6) is continuously differentiable with respect to x
and third-order continuously differentiable with respect to 6 and the order of
the derivatives is exchangeable. The function x — o (x) is continuously differ-
entiable with respect to x. The functions supgcg |S(x, 0)I, Supgce 10; S(x, 0)],
SUPyep 19iS(x, )], Supgeg 10k S(x; 0)], 0 (x) and o' (x) are bounded above by
polynomial growth functions of x: that is, for example, it holds that

sup |S(x,0)| < C(1+ |x|)?, VxeR
6e®

for some constants C, p > 1.
D) inf,cro(x) > 0.
(IIT) For arbitrary g > 1, sups¢jo o0y E [|Xs|q] < 00.
(IV) Forall 8,k € ©,

\II(G,K)z/ OG0 = Sx S, 0) | 4x) < oo, (14)
1

o(x)?

For all « € ® and any € > 0, infg.|g—x|>¢ |W(O, k)|l > 0 holds.
(V) Forall0,n,xk € ®

o
Ce(0,m) =/ww(dn < .
1 o (x)

The matrix C (0, 0) is positive definite for all 8, k € ©.
(VD) There exist positive functions x +— K (x), K4 (x) such as

H}E}X|3i3j5(~,91) —0;9;S(, )| < K()[61 — 621,

max 19;0;8'(-, 61) — 8;9;S'(-, )| < Ka()[161 — 62|

for V01,0, € N, where N is a neighborhood of any 6y. The function K (x) is
continuously differentiable with respect to x. The functions K (x) and K, (x) are
bounded above by polynomial growth functions of x.
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842 K. Tsukuda

Remark 2 From (13) and (14), under Hy, it holds that

W7 (©) — WO, 60l

1 [T S(Xy,600)S(X;, 0) S(x,00)S(x, 0)
= H_ (X2 ° _/1 e@e  He(d)
T 3(Xy,0)
G(X )
S(Xy,G)S(XY,O) S(x,O)S(x,O)
” T ey _/1 e (@)

Under Hy, the supremum of ||Wr(6) — W (O, Oy)|| with respect to 8 converges to 0 in
probability by Theorems 2 and 3. This leads to the consistency of fr: see Theorem
5.9 of van der Vaart (1998). Asymptotic normality, which is Lemma 1 (i) of Negri and
Nishiyama (2012) under stronger conditions, follows from the consistency, the Taylor
expansion and Theorems 2 and 3: see Theorem 5.21 of van der Vaart (1998) (although
Theorems 5.9 and 5.21 of van der Vaart (1998) deal with discrete observations, cor-
responding results are valid for continuous observations). Moreover, part (ii) of the
following lemma, which is Lemma 1 (ii) of Negri and Nishiyama (2012), also holds
from a similar argument involving only consistency.

Lemma 1 Assume conditions (1-V). (1) Under Hy, it holds that JT (éT —6y) —4
N(O, Coy(00.60)" D).

(ii) Under Hy, it holds that 67 —7P 6,, where 0, is a value that satisfies u,\V (6, 6p) +
(I —u )W (0, 6) = 0.

Proposition 4 Assume conditions (I-111). (i) Under Hy, it holds that

S(Xs, 00)|1*
sup E[u} (15)
5€[0,00) o(X;)
and . 5
S(Xs, 6
sup E[M} < co. (16)
s€[0,00) o (Xy)

(ii) Under 'Hj, (15) and (16) hold if we replace 0y with 6. Moreover, it holds that

sup
s€[0,00)

¢ 2
E[IIS(XS,Q*)II

s SXs. 9))2] <00

f()re € {007 0179*}'

Introduce the random field {Z7 (u, 0); (u,0) € (0, 1) x ®} given by

Zr(.0) = —= / T()S(X")? (X, — S(Xy, 0)ds),
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A change detection procedure 843

where

T I{s < Tu}—u

wy (1) = ﬁ,

Its “predictable projection” to the true model is

ue,1).

Zh (u,0) = J‘/ w! (u) ((;’)2)(5()(5,9(?)) S(Xy, 0))ds.

The difference between Z and Z7”, which is a martingale random field, is denoted by
{Mr(u, 0); (u,0) € (0,1) x O}

1 T S(ste)
Mr(u,9)=ZT(u,9)—Z’T’(“»9>=ﬁ/o wy () o(xy) W

foru € (0, 1) and 6 € ©. Its weak convergence follows from the limit theorem in the

preceding section.
Under Hy, it holds that

Z (-, 60) = 0,
SO
MT(" 90) = ZT('? 90)

This relationship motivates the use of functions of Zr as test statistics. Since we cannot
know 6, it is crucial that, under Hy,

|2, 0r) = 22, 00) ] 20,0y =" 0.

This will be established by the following two lemmas.

Lemma 2 Assume conditions (I-VI). Under H,

S(Xs, 0) / S(Xs, 60)
222 7 qw, ()= aw,
H JT / o (Xy) lo—ér — JT o (Xy)

converges to 0 in probability as T — oo.

L2(0,1)

Remark 3 Let us confirm the It6 formula, which will be frequently used in the proof.
Let s ~ X be a one-dimensional continuous semimartingale whose predictable
quadratic variation process is denoted by s ~» (X). Let the map x +— f(x) be
second-order continuously differentiable. Its first and second derivatives are denoted
by f/ and f”, respectively. It holds that

" podx = FO) — F(Xo) = / FIX)AX 4~ / F(Xo)d(X

Xo
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844 K. Tsukuda

In particular, when we consider the stochastic differential equation
t t
X: = Xo +/ S(Xy, 6o)ds +/ o (Xs)dWs,
0 0
by putting f’ = g(-)/az(-), it holds that
Xr
/ g()f)2 dx
x, 0(x)

_/ g(X; )dW +/ (g(XS)S(st o) + g/(Xx) _ 0/(XS)g(XS))ds.
0o 0(Xs) o (X)? 2 o (Xs)

We shall use S S‘, K as g in the proof.

Lemma 3 Assume conditions 1-V1). Under H,

)

12(0,1)
converges to 0 in probability as T — o0.

Next, we discuss the limit behavior of Mz (-, 6y), which almost surely takes values
in L2(0, 1) by Propositions 2 and 4. The following lemma follows from Theorem 4.

Lemma 4 Assume conditions (I-V1). Under Hy, the random field u ~» Mr (u, 6p)
converges weakly to u ~ Cg, (69, 90)1/282(14)/(14(1 —uNY2in 120, 1) as T — oo,
where By is a d-dimensional standard Brownian bridge.

Remark 4 Lemmas 2 and 4 above yield the weak convergence of u ~» Mz (u, 6r) to
u ~~ Cgy (60, 00)"/*BS(u)/(u(1 — u))!/? in L?(0, 1). This corresponds to Lemma 3
of Negri and Nishiyama (2012), which states the weak convergence of u ~» (u(1 —
u)'2Mr (u, Or) tou ~ Cgy (6o, 60)'/> BS(u) in £°([0, 1]) under Hy. Their Lemma 3
follows from their Lemmas 2 and 5. It seems that weak convergences in L? is too weak
to show the result corresponding to their Lemma 5, so we take a different approach.

The following proposition will be used in the proofs of Lemmas 2 and 4.

Proposition 5 Let x — f(x) be a function satisfying

sup E [f(Xx)Z] < 00

s€[0,00)

and
/If(x)ueo(dx) < o0.
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A change detection procedure 845

Under Hy, it holds that

Ly T 2
IE|:/ (—/ wsT(u)f(Xs)ds) dui| — 0.
o \T Jo

We now make some assertions that guarantee the consistency of the test.

Lemma 5 Assume conditions (I-V1). (i) Under H1,

| - S(XS,G) T S(Xs,e*)
H?/() () (X) Ws|9 9T__/ () (X) S

2

L2(0,1)

converges to 0 in probability as T — oo.
(i) Under H;,

1 N
FZ1 (. 0r) = Z1 (01172 1)

converges to 0 in probability as T — o0.
(iii) Under Hy, it holds that ||Mr (-, 0:)|[ 20,1y = Op(1).

Introduce the test statistic
1 ~ ~ ~
ADr = [ Zr(w.0r)7 ¢ 2w ryd
0

where

. 1 (T S(Xs, 0r)S(Xs, 60)7
CT——/ (X5, 0r)S(X5, 07) ds
T Jo

N o (X,)?
It follows from Theorem 2 that é‘T converges in probability to Cq, (0o, o) under Hy
and to uCgy (O, 0x) + (1 — uy)Co, (0%, 6x) under H; (see page 915 in the study

by Negri and Nishiyama 2012). The continuous mapping theorem and the Slutsky
theorem yield part (i) of the following theorem.

Theorem 5 Assume conditions (I-VI). (i) Under H, it holds that
1 B°(u 2
ADy 4 / | By (u)ll du
o u(l—u)

as T — oo.
(i1) Under 'H,, the test is consistent.

Remark 5 Theorem 1 (i) by Negri and Nishiyama (2012) shows the convergence in
distribution

sup (u(l —u)Zr (u, 0r) " C7' Zr (u, 67)) =<4 sup || BS(w))?
1]

uel0,1] uel0,
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846 K. Tsukuda

as T — oo under Hy. This result corresponds to a Kolmogorov—Smirnov type test in
goodness-of-fit testing in terms of its limit distribution. On the other hand, the result
in Theorem 5 (i) corresponds to an Anderson—Darling type test, which often has better
power than a Kolmogorov—Smirnov type test.

5 Proofs

Proof of Proposition 1. 1t is enough to show that Ve > 0, there exists a finite subset
{e; : i € I} of the complete orthonormal system such that

lim sup E Z<X”’ ej)%ﬂ <€

by the Markov inequality. The Parseval identity yields

IXIE =D (X e))fp + D _(X. ey
jel jél
so it holds that, for any € > 0, there exists a finite subset / C J such that
2 2
ZE[(X, e,-)H] > E[nan] —e.
jel

Hence, it follows from the assumptions that

E| D Xn ek | = E[1Xaly] —E| 2% e

jel jel
N IE[||X||%1] —E[D (Koeph | <e
jel
for a large enough finite set /. This completes the proof. O

Proof of Proposition 2. (i) It follows from the property of the operator norm and the
Jensen inequality that
T 2
sup HE [Hs () H, (6) ,\s] ‘
oP

s€[0,00)

d d
< sup DD [E[(H0)) ) (Hy(0))jy ][

s€l0.00) 127 521

@ Springer



A change detection procedure 847

d d
= swp > DTE[(HO)] (H 00,22 ]

sel0.00) 157 72

= sup E[||Hs(9)||4kf]<oo.

s€[0,00)

(ii) It follows from the Schwartz inequality that

1/2
sup E[IH, %] = sup (E[IH 12| E[IHP]) " < oo,

s€[0,00) s€[0,00)

(iii) As for the former assertion, (6) implies (10) because of the Schwartz inequality.
As for the latter assertion, the left-hand side of (11) is equal to

1 1 T 2
]E|:/0 ﬁ/o w! (u) Hy (9)d M du:|
1 T
= /0 E[% /0 (w! (u))2||11;<9>||2xsds}du
1 1 T 2
=/0 (?/0 (wST(u)) ]ET[HHS(@)HZAS]ds) du

= sup E[IHO)]] < oo

s€[0,00)

by the martingale property and the Fubini theorem. This completes the proof. O

Proof of Theorem 4. Let us use Proposition 1 to check the asymptotic tightness of
My (-, 0) in L0, 1). First, let us confirm criterion (3) as follows:

[ [ v
E —/ T Hy(6)dM,
|:x/7 0 v LZ(O,I)j|

:/(%/OT (wST(u))zE[||Hs(9)||2ks]ds) du

— trC(0,0) < oo.

The result of the limit operation above follows from the bounded convergence theorem
because the pointwise convergence

7 /OT (w! @) E[1H@ 172, ds

1—u Tu u T i
:< Tu /0 tTa—n TM)E[IIHX((%)n )»s]ds
— (1 —wtrC(9, 6) + utrC(6,0) = trC(6, 0)
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for all u € (0, 1) follows from assumption (12) and the fact that

%iAT(wZ“”)ZE[”HNQNVM]dSS sup E[IIH, @)% ]

s€[0,00)

Next we argue the convergence of the inner product

v )
— w; Hy(6)dM, h
<ﬁ o ’ L2(0,1)

for h € L?(0, 1) which also leads to (4). The preceding expression is equal to

1 T
—/ <wTHS(9),h> aM,
ST Jo V° L2(0,1)

by the Fubini theorem for stochastic integrals. We shall apply the central limit theorem
for martingales. The predictable quadratic variation of the inner product is

1 [T 2
- <wTH ®) h> Agds (17)
T Jo V5 7 2o

Define
1% El ' TH. (6 h2 Agd
r—[;A<% xx)UW)sﬁ,

then it holds that

T 1 1
Vi =E [%/ / / wsT(u)wST(v)h(u)THg(G)Hy(G)Th(v)dudv)»xdsi|
0 0o JO

1 1 T
=/ / %/ wST(u)wST(v)h(u)TE[HS(Q)HS(G)T)LS]h(v)dsdudv.
0 Jo 0

Thus, we see that

v—>/1/1 HAVTMY )T C®. 0)h(v)dud (18)
"7l Jo Vald=mpa=0 ) auer
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as T — oo. Pointwise convergence for any u, v follows from Proposition 3. Because
of the Schwartz inequality, it holds that

T
%/ w! @w! @hE [ H©)H,©0) i | hw)ds
0
< (L /T (wT(u)h(u)TE [H (Q)H‘(Q)TA‘] h(v))zds /T(wT(v))2ds)
=\72 0 s s g 5 i ;

’ 12
5(% | wlw? s (h(u)TIE[HV(Q)Hs(G)Tks]h(U))ZdS)

172

s€[0,00)
— sup ’h(u)TIE [H ©)Hy(0) A, ]h(v)’

s€[0,00)

The right-hand side is integrable by the Schwartz inequality for the Euclidean inner
product, which gives an upper bound for the right-hand side,

h(u) || E | Hy(0)H (0) " 2y
el sw [B[m@m©T]|

and by Proposition 2. Therefore, the dominated convergence theorem yields (18).
Though it is not obvious, it holds that (17) converges to the right-hand side of (18)
in probability because of assumptions (6), (8) and (12). Finally, let us confirm the
Lyapunov type condition

E T(2+50)/2/0 <ws H‘Y(9)5h>L2(0,1)Asds -0

for some §o > 0. The Schwartz inequality and the Jensen inequality give an upper
bound for the left-hand side

1

Ta [/ [t e
1

a0 [ /0 /0 ||wsT(“)Hs(9)||2+5°duksds] IR,

1 1 T s
= o /0 /0 [w! PR [ | Hy @)1, | dsdulinl 5l

L S A e o et b
= T/2

248
Asds} [l

d E[IH @17 | 101550,
(u(l_u))ao/z uées[(ligo) ” S( )” S ” ||L2(0,1)

Setting 5o = 1, the right-hand side converges to 0. Hence, the central limit theorem
for martingales yields the conclusion. O
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Proof of Proposition 3. It follows from

AL —1/T " ww! (v)d
Jind—md=v T J, s E

that

uANv—UuUv

Juv(l —u)(1 —v)
Lot T T
= 7/0 w, (Wwg (v)(Js(0) — C(6,0))ds

unv [TUA(J@6) —C@,0)) _K/TU (Js(0) —C(6,6))
Jnd-nd-v . TJ) JYna-ni=o_
__/T" (Js(0) — C(6,0)) ds+ /T (Js(0) — C(6,0)) ds

T Jo

Juv(d —w)d —v) w(d — ) —v)

1 T T T
—/ w? wyw! (v)J;(O)ds — C,0)
T Jo

All terms of the right-hand side converge to 0 by assumption (12). This completes the
proof. O

Proof of Proposition 4. (i) By the assumptions, there exist constants C, p > 1 such
that

. B d 5 2
13CXs. 00)1* (S, @iS(Xe 607)
sup E —— Vw1 | = sup E 3
s€l0,00) o (Xy) s€10,00) o (X;)
Pha . 4
se[0,00) | o(Xy)
[ 4 . 4
< sup E|d z Supe.eN |alS(Xs,49)|
sel0oo) | inf g 0 (x)
r d
C(1 + |X,])P
< sup E dZM
sel0,00) | 5 infyer 0(x)
ca?

=————7 Ssup E|1+ |X,]|?
inf,er 0 (x)* s€[0,00) [ ]

Hence, (15) holds. (16) follows from (15) and condition (II). This completes the proof.
(ii) The proof can be done in the same manner as for part (i). O

Proof of Lemma 2. 1t follows from the Itd formula that

Tu ¢
/ S(Xs, Q)dWx
0 o (Xy)

_ /X“ S0 /”(S<Xs,9>s<xs,eo) §'(X,.,0) _a’(xs>S<Xs,e>) .
"y o2 0 o (X,)? 2 o (X,) ’
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and that

.
/ S(Xs.0) 4y
Tu U(Xs)
/XT S(x,6) /T(Sm,e)S(Xs,eo) §'(Xs, 0) a’(xos(xs,e))
= dx — + - ds.
Xp, 0 (x)? Tu o (Xs)? 2 o (X;s)

Noting that

Tu T ¢
M(u, 0) = : ( )/ 5040 4 W —u/ —S(XS’Q)dWs),
Tu(l —u) o (X ) Tu 0(Xs)

a Taylor expansion around 6 yields

IM (i, 67) — Mi(u, 6) |

_ Wr =6l |, _ o[ X §(x, 0r) _M/XT $(x.0r)
= TVu(l—u) o (x)? Xp, 0()?
—d—w) /T" 'S(XS,GT)S<XX,90> § (X, 0r) o' X3, 0n)
o(Xg)? 2 o (Xs)

k]

N /T S(Xs, 008 X5, 00) | §'(Xs.0r) o' (X)S(X 0r)
“ o(X,)? 2 o (X,)

where 67 and 7 are elements between 67 and 6. The triangle inequality yields the
bound

IM(ut, 67) — M(u, 6) |

VTG bl | [ Sebn) /XT St 0m)
Tu(l —u) xo  o)? Xp, o002
LIVTGr =60
TVu(l —u)
_(1_u)/” $Xs, 008Xy, 00) | §'(Xs,0r) o' (X)SXs, 01) )
o (X;)? 2 o (Xy)

(19)

/T(S(Xs,éT)S(Xs,Qo) 5 (X, 0r) a’(xgﬁ(xs,én)
+u - ds
- o (X,)2 2 o(Xy)
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For the second factor of the first term of (19), the triangle inequality gives

X0 §(x, 0 X1 §(x,
(1 — u) x g)dx—u/ 0,00 g
xo o) X7, O (X)
Xru §(x, 6 X1 S(x, 0
%) g x—u/ x g)dx' (20)
X, 0X) Xr, o)
X7, e Xr 6o A @
N (S(x.,0r) i(xﬁo))dx _ u/ (S(x,0r) f(x, 90))dx
Xo O'(.X) XTu O‘(-x)
By the It6 formula, the first term is equal to
Tw $(Xy, 6
H(l —u) |:/ des
0 o (Xs)
+/T” (S(XSvOO)S(XSvGO) S'(Xs5.00) G/(XS)S(XSvGO))dS:|
0 U(Xs)z 2 o(Xs)
T §(x
B [/ X, 00) 4
Tu U(XS)
+/T (S(Xs,Oo)S(Xs,@o) S'(Xs, 60) 0/(Xs)S(Xs,90))ds} H
Tu G(Xs)z 2 o (Xs)
and the second term on the right-hand side of (20) is bounded above by
Xr 18 (x, 0r) = S(x, 60) Xr |8 (x, 0r) — S(x, o)
(1 —u o )2 dx + u/ o ()2 dx| .
Xo Xr1u
Therefore, the right-hand side of (20) is bounded by
S(X;, 0
/ (15 = Tu) =0 = aw,
S(Xs,00)S(Xs,00)  §'(Xy. 6 "(X,)S(X;, 0
0(l{szu}—u)( ( a(()ng v (2 0 ol G)(X) O))dsH
N N
XT1u K X K ~
+d’(1 ) - [
x, o) Xr, 0(X)

because of condition (VI). The second term of (19) is equal to

H 1T, (S(Xs,éT)S(Xx,QO) §'(Xs. 0r) o/(xs)§<xs,én) H
——/ wy (1) — ds
T o(X,)? 2 o(Xy)

INT (67 — 60)|l.
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Since ||\/T (ér — 6p)|ll = Op(1), let us confirm that the first factor converges in
probability to 0. The triangle inequality yields an upper bound for the first factor of

T o(X,)? 2 o(Xy)
1T, (S(Xs, 67) — S(Xy,60))S(Xs, 60)
F 0 Wy (u)

Hl /T r (S'(Xs,@o)S(Xs,@o) S'(Xy, 60) 0/(Xs)§(Xs,90)) ”
— w; (1) — ds

+

U(Xs)z

ds

LK 0 = X 00) o' X)Xy, Or) = $(Xs, 60))
2 o(Xy)

The first term will be considered in (22). The absolute value of each element in the
norm of the second term is bounded above by

1/T|wT(u)| 18, S(Xs, ) — 3:9;S (X5, 60)S(Xs, 60)|
T ' o (Xs)?

+|3i3j5/(Xs, 0r)—8;0;5'(Xs, 60)| n lo”(Xs)118;0;S(Xs, O7)—3;0; S (X, 90)|)d9

2 o (X;)
1T, K(X9IS(X5,00)]  Ka(Xs) o/ (X;)|K(Xs)
5?/ |w*‘(”)‘( (X, )2 2 T e )ds

167 — 6oll.

The Schwartz inequality yields the following bound for the left-hand factor of the
right-hand side:

(1 /T(K<Xs)|5(xs,eo)| Ka(Xy) |o/(xs)|1<<xs>)2 )”2
— + + ds .
T Jo o(Xy)? 2 o (Xy)

Its L2(0, 1) norm is asymptotically tight in R because of ergodicity. Therefore, it
suffices to prove that

T 2
Hlf T () S Kse80) gy ~70, @b
T Jo o (Xs) L2((0,1)
H - / L ) (S(xs, 60)S(Xs,60) | §'(Xs, 60)
7)™ o (X;)? 2
_M)d o @2)
o(Xy) L%(0,1) ’
Xr. K(x) ’ p
0, 23
'T3/2\/(1——/ o2 N -
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Xr
K(x) 24)

H T3/2«/ (I— / U(x)

for the limit in (21) follows from

and

L2(0,1)

—70.
B,BJS(XS, 00)

U/ = }d”

2 (8iajS(XS790))2dsi| du

:_/ [/ @) o (X,)?

(39, S(X;, 60))* 0
[ o (X,)? }*

< — sup
s€[0,00)

for any 7, j. To show (22), it is enough to prove the convergence of the expectation to
0. This follows from Proposition 5 and condition (I). For (23), since the 1t6 formula

yields
Xr1u K
[,
Xo O'()C)
_ /T“ LC.ONEN /T“ (K(XS)S(XZS,GO) RESCON o’(Xs)K(Xs)) o,
0o 0o(Xs) o (Xs) 2 o (Xs)
it suffices to prove that
TRX )
dWg) du | -0 (25)

! 1—u
E[/o (T3/2¢u(—1—u) 0 o(X)

and that

. Pu —w (L Tu (K (X5)S(X5, 60)
[/0 T Tu/o ( o (X;)?
’ ’ 2
K'X) o (XS)K(XQ) ds) du} o 6
2 o (Xs)

Limit (25) holds because the left-hand side is equal to

Tu (K (X4))?

11_“1{«: 2 sl d
/0 Tou [/o o (X,)? S} !

< /1(1 ydu s E[(K(X“‘))z]ao
— —u)au u E——— .
T T2 o selo,lzo) o (X;)?
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Limit (26) holds because the Jensen inequality gives an upper bound for the left-hand
side:

/1 1—u /Tu (K(XX)S(XS,GO) RESCON o’(XsJK(Xs))zdsdu
O'(Xs)2 2 O'(Xs)

(K(XS)S(XS,GO) " K'(Xs) U’(XS)K(XS))2
o (X,)? 2 o (Xy)

1 1
S*/ u(l —u)du sup E
T Jo

s€[0,00)

which converges to 0. Limit (24) is also valid for the same reason as (23). This com-
pletes the proof of Lemma 2. O

Proof of Lemma 3. A Taylor expansion yields

S XS,Q
5 (u, br) = f/ w! () ((X )§)<S<x3,eo> S(Xy. fr))ds

1T 5
== /0 wZ(u)ﬁS(Xs,eT)Tdsf @1 — o).

where éT is a value between 6y and éT. Because it holds that ~/7' (éT —6p) = Op(1),
it suffices to show the convergence to 0 in probability in L>(0, 1) of the all elements
in the matrix

l/T T()S(Xs,é]‘)

. - T
§ (XS, eT) ds

T o(Xy)?
- _/ T()S(();’)QS)S(XS,OO) ds
+% /OT w‘{(.)% (3 (x5.0r) - $(x,, 00))Tds
o [Turo (5. HQX_;(X Y sares. @

It is sufficient to prove each term in the right-hand side converges to 0 in L2(0, 1).
The L?(0, 1)-norm of each element of the first term converges to 0 in mean square
by Proposition 5. As for the second term, by the Schwartz inequality and the Taylor
expansion, the absolute value of the (i, j)-element for any i, j is bounded above by

172

%/OT (wsT(u>)2ds/0T (25 (xo.6r) 05 (.61 —315(Xs,90))2ds

o (Xs)*

1/2

- (5T — 90>T : /OT (aiS (XS’ éT))z 8j$ (XS’éT) ajS (XS’ éT)Tds(éT —6o)

o (Xs)*
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for any u € (0, 1), where éT is a value between ér and 6y. Now it holds that

N 2 . N . <N T
LT (81-S(XS,0T)) a,-s(xs,eT) ajs(xs,eT)
_/ ds = 0,(1)
0

T o(Xy)*

because the absolute value of the (i, j’) element of its expectation is bounded above

by
A 2 N N
(a0 (X, 6r)) 10,005 (X, 07) 050508 (X, 6r) |

sup E

s€[0,00) o (X)*
1
<——— sup E[(sup|8 S(X, 0)])? sup|88 'S(Xs, 0)]
mfxe]RU(x) s€[0,00) 0e®

sup |90, S(Xs,e>)|]
0e®

whereas (67 — 6g) converges to 0 in probability. Since the bound does not depend on
u, the L2(0, 1)-norm of the second term in (27) converges to 0 in probability because
each element converges to 0 in probability. The L?(0, 1)-norm of the third term in
(27) also converges to 0 in probability for the same reason. This completes the proof.

O

Proof of Proposition 5. 1t follows from the Schwartz inequality that

1 g T ? 1 T T 2 r 2
E (?/0 w! (u)f(XS)ds) sE[ﬁ/o (ws (u)) ds/o (X)) ds]

= swp B[/,

s€[0,00)

The right-hand side is integrable with respect to u. Moreover, it holds that

1 [T 2
E [(—/ wsT(u)f(Xs)ds) } -0
T Jo

for any u € (0, 1) because

Lt Xd—lTuXleXd
7/0 w ) £ S“—”E/O £ s>u—u7/0 F(X,)du

COnVergeS to
u /I F ey (@) — u /1 F (g (dx) = 0
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in mean square for any u# € (0, 1). Therefore, the Fubini theorem and the dominated
convergence theorem yield the conclusion. This completes the proof. O

Proof of Lemma 5. (i) It follows from the It6 formula that

T
1/ w” W) S(X;, 0) 94 AWyl,_; __/ S(XS,G*)dWS
T Jo o(Xy) r o (X;)
_ 1 L—w X1u S(x,GT)—S(x,O*)d
_T«/u(l—u) ! Xo o(x)? !
xr S (x,éT) — S'(x,é?*)
—u/ dx
Xru U(x)z

XY, or) — S(X;, 6,)
_ / T(u) T) (S(XS’Q(S)) —0/(Xs))
o (X;s) o (Xs)

§ (X.br) = $'Xs.00)
+ 5 ds, (28)

for any u € (0, 1). By the Taylor expansion, the first term on the right-hand side of
(28) is equal to

X7u X7 ¢ o — O
((1 —u) S, 9*) u/ S(x’e*)dx) ( ! )

X, 0x)? Xra ()2 T/u(l—u)
g [T 8GO~ 806 (0r —2.)
Xo o (x)? TVu(l—u)
Xp (@ s 6 —0,
—u/ (S(x, 0r) S(x,Q*))dx (T ) (29)
X714 o(x)2 Tu(l —u)

where 7 lies between éT and 6,. The first term of (29) is

T G Or — 04
/ w () XX 0 gy, ( ! )
o(X,)?2 T

T g ¢ (é —9 )
+/ wz-(u) (S(XS,O*) (S(Xs,e(x)) —(T/(XS)) n S(Xsye*))ds T %
0 o (Xs) o(Xy) 2 T
because of the Itd6 formula. Both terms converge in probability to O uniformly in
u € (0, 1) because O — 0, converges in probability to 0 and the expectation of the
square of the remainders are O (1) uniformly in # € (0, 1). As for the second term of
(29), it is enough to prove that
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(1 —u) Xru K (x)
TVul—u) Jx, ox)?

(30)

is 0,(1) in L?(0, 1) because

l—u Xru (3;9;8(x, Or) — 39, S(x, 9*))
Tu(T=u) Jx, o (x)?
__1-u X1 19;0;8(x, Or) — 89S (x, 9*)|
- T\/m Xo a(x)2
_ = wllfr — 6] (¥ K(x)
TVul=u) Jx, o)’

holds for any # € (0, 1) and for all i, j € {1...,d}, and Or converges in probability
to 6. Since the Itd formula yields

/XTu K(x)
—dx
Xo U(X)z

B /T" K (Xy) K& /”(K(XS)&XS,G(S)) +K/(xs) EEACOLCOAP
o o(Xy) o (Xy)? 2 o(Xy) ’

it suffices to prove that

1 Tu 2
(I —uw K(Xs)
E[/o (T«/u(l—u) 0 a(xs)dw“) d”}
_ Tu 2
_['a g [/ (@) ds:| du (31)
o T?u 0 o (Xy)
converges to zero and that
! 1 Tu K(X)S(Xy, e(s))
Tes[‘é,poo>E[/o ”(1_”)(Tu/ ( o (X,

K'(X,) o' (X)K(X;) 2
T T T ey )ds) du} oY

is finite. (31) is bounded above by

K(X0)\*
_/ “ _”)d”sfg‘io)]E[(o(xo) }
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and it converges to zero. (32) is bounded above by

1
/u(l—u)du sup E
0 s€[0,00)

K(X)S(Xs.0)  K'(Xy) o' (X)K (X))
( cX)r T2 T ey )

which is finite. For the third term of (29), it suffices to prove that

Xr K o

T«/u(l ) / a(x)2

is Op(1) in L?(0, 1), which we can see in the same way we see that (30) is O, (1) in
L2(0, 1). For the second term in the right-hand side of (28), because of the Schwartz
inequality and the Taylor expansion, it suffices to prove that

7| S (X5, 0r) = S(Xs, 65)
l/ ( T) (S(XS’Q(S)) —O'/(XS))
T Jo o(Xy) o (Xy)

. A . 2
§ (Xorbr) = 3'Xc. 00
2

16 —6.]° /T
<
T 0

converges in probability to 0, where éT and éT lie between éT and 6,. It follows from
0r —7? 6,, ergodicity and conditions (I-III). This completes the proof of part (i).
(ii) Since it holds that

+ ds

ds

S0 0p) (Sabw) oY, S dn |
o (Xy) o (X;) ' 2

Zr(u, 0r) — Zr(u, 0y)

1T (S(Xy,0) — S(Xs, 64)) .
_ ﬁ/ w! (u S (ax, = 5 (Xo.6r) ds) l,s,
T 8000 (SX,. Br) - S(X,.00)
/ w, (u) o (X.)2 ds,

it suffices to confirm that

1T o (8(X,.0) — 5(X,. 60,)) A ?
Hf/o ws ) o (Xs)? (dXS _S(XS’QT) ds) o= L20,1) 9
and
T S(X;, 0,) (S (X5, 0r) — S(Xy, 64)
l/ wl' () ( ( T) )ds (34)
T 0'(Xs)2
L2(0,1)
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converge in probability to 0. The expression in (33) is bounded above by

2

1 T T (S(st 9) - S(X_S‘ae*))
’ H?/ O wy Wen

L2(0,1)
2

. %/OTwST(') (S (XMZT()X:;(X“Q*)) (s (xs,e(s))—S(Xs,éT)) ds .

The convergence in probability to O of the first term is due to Lemma 5 (i). As for the
second term, by a Taylor expansion, it is enough to see that

1 T (supgep 10:0;S(Xy, 0)])? 2 -
7/o o (Xs)* (;28 IS (X, 9)|) ds = 0,(1) (35)

for all i and j, where éT lies between éT and 6., since it holds that

A T 98X, 0r)
(0r-0.) = /0 w ()7 ST (S(X, 6) = S(Xs, 0)ds

. 2 T 300, S(Xs, 0r))? 2
EHGT_@*”(T /0 2=t G(’XS)4 4 ((S(Xs,e(s>>>2+<S<Xs,9*>>2>ds)

R 434 7 51810 S(Xy, 0)])?
§||9T—9*||( 2j=1 [T (supgee 19i9;S(Xs, 0)))

1/2
sup |S(Xs, 6 2ds

and Oy —P 0,. Equation (35) follows from ergodicity and conditions (I-III). The
convergence in probability of (34) to 0 also follows from the same argument using a
Taylor expansion and ergodicity. This completes the proof of part (ii).

(iii) The result follows from Propositions 2 and 4. This completes the whole proof.
(]

Proof of Theorem 5 (ii). In general, when M is a d x d non-negative definite matrix,
it holds that

20" M v+ w ™My =w4+w) M o+w) +—w) M v —w)
> (v — w)TM_l(v —w)

for any d-dimensional vectors v and w. Since
Ly (u, 6r) = Z7(u, 65) + Mr (u, 6) + (L (u, 1) — L1 (u, 6,)) ,
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the stated inequality yields
1 A A~ ~
ADr = / Zy(u,0r)" CrZy (u, Or)du
0
Lty TA b Lt TA
=7 Zr@.0y) Criyu.0)du—= | Mr(u, 0, CrMy(u, 0,)du
0 0
1

_/0 (Zr(u, Or) — Z7 (u, 0)) " Cr (Zr (u, Or) — L1 (u, 6,))du. (36)

Define
S(Xy, 05)
Ar(u) = / (s < Tu) —u) (;( );‘ (S(X;, b)) — S(Xy. 6,))ds,
and then
1/2
12
Z5(u, 0,) = (m) Ar(u) = T2 Ar ().
This shows that the first term of (36) is bounded below by
T (! T A
7 Ar(u,0s) CrAT(u,05)du. (37)
0

For u < u,, it follows from

0(X2)?

_ TM*S(XS’G*)SX 00) — S(X;, 05))d
?Tu W((mo (Xs, 04))ds

u T S(XS’O*)
—— —(S(X;, 0 S(Xy, 04))ds,
T Ta. U(X2)2 (§(X5,01) — S(X5, 04))ds

1—u [T* S(Xs,0s)
Ar(u) = T /0 (S(Xs, 00) — S(Xy, 05))ds

that

lT.i.m. Ar(u) = (u(l —u) —uuyx — u))W (0, o) — u(l — uy)W(0y, 61)
= u(l — uy) (W (O, 6p) — V(0 01)).
For u > uy, lim.7 o0 A7(u) = us(1 — u)(W (04, 6g) — W(bOy, 01)) for the same

reason. Let us denote 1.i.m.7_ oo A7 (1) by Aso(u) for all u € (0, 1). Now, we prove
that

E[IAr = Aol = 0. (38)
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It holds that, for Vu € (0, 1),
E[IA7w) = Ac@]?] < 2E[ 147 @0)12] + 20 Ass @)
and the first term in the right-hand side is bounded above by

T T ¢
2E [iz/ (s < Tu} — u)zds/ (X, 04)
T= Jo 0

X2 SXsbe) = S(Xs, 6.)

2
dsj|

1S(Xs, 6112 ) 2 }
4 o) RLSASSELCOL By R 75 'O S(X,. 6,
<4 s B[O (s0x 00 + 505.07)
54363[8,120>E[ o (X) ((S(XS’QO)) + (S(Xs. 00)2 + (S(Xs. 65)) )}

because of the Schwartz inequality and the bound is finite because of Proposition 4
(ii). Since the left-hand side of (38) is equal to

/01 E [(Ar(u) - Aoo(u))2] du

and (Aso(u))? is integrable with respect to u, the dominated convergence theorem
yields (38), and (38) gives A7 -7 A in L2(0, 1). This result, the Slutsky theorem
and the continuous mapping theorem yield

1 1
/ AT )C7 A (u)ydu —7P / AL ()CI Ao (u)du,
0 0

where Cy := u,Cg, (O, 0) + (1 — us)Co, (0, 05), which is the limit in probability of
Ct. By simple calculations, the right-hand side of the limit is equal to

uZ (1 —uy)?

3 (W (B, 00) — W (B, 01)) | C (W (Bs, Bp) — W (By, O1)).

Moreover, let us show that
W (O, o) — W(0s,01) #0 . (39

Now u, WOy, 6y) + (1 — uy)W(by,01) = 0 because of Lemma 1. If (6, 6y) —
W (O,, 01) were zero, then W (6, 61) and W (0., 6y) would be zero, but this contradicts
condition (IV) and the assumption 8y # 6;. Thus, (39) is valid. Hence, (37) and thus
the first term of (36) converge to positive infinity and the convergence is faster than
that of the third term of (36), which is 0, (T') because of Lemma 4 (ii). Note that the
second term of (36) is O, (1) because of Lemma 4 (iii). Therefore, it follows that A Dy
converges to positive infinity in probability, so the test is consistent. This completes
the proof. O
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