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Abstract We consider Bayesian estimation of the location parameter 6 of a random
vector X having a unimodal spherically symmetric density f(||x — @]%) for a spher-
ically symmetric prior density 7 (||0]|?). In particular, we consider minimaxity of the
Bayes estimator 8, (X) under quadratic loss. When the distribution belongs to the
Berger class, we show that minimaxity of §; (X) is linked to the superharmonicity
of a power of a marginal associated to a primitive of f. This leads to proper Bayes
minimax estimators for certain densities f(|jx — 6 ||2).
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544 D. Fourdrinier et al.

1 Introduction

Let X be a random vector in R? with spherically symmetric density

Flx —61% )

around an unknown location parameter 6 that we wish to estimate. Any estimator § is
evaluated under the squared error loss

I8 — 6117, 2)

through the corresponding quadratic risk Eg[||§(X) — 0||2], where Ey denotes the
expectation with respect to the density in (1). As soon as Ep[|| X || 2] < oo, the standard
estimator X is minimax, and has constant risk (actually, equal to Eg[|| X 1121), which
entails that minimaxity of § will be obtained by proving that the risk of § is less than
or equal to the risk of X, that is, if Eg[[|8(X) — 0>1 < Eol|| X||*] for any 6 € R?
(domination of  over X being obtained if, furthermore, this inequality is strict for some
0). Note that, as X is admissible for p < 2, we will assume, in the following, that
p > 3. For a proof of the minimaxity of X in that spherical context, see e.g., Ralescu
(2002). For a general discussion of Bayes, minimaxity and admissibility issues, see,
e.g., Lehmann and Casella (1998).

In this paper, we consider generalized Bayes estimators of 6 for a spherically
symmetric prior density, that is, of the form

z(11%). (©)

As recalled in Fourdrinier and Strawderman (2008), denoting by V the gradient oper-
ator, the generalized Bayes estimator is the posterior mean and can be written as

5.(X) =X+ w “4)
" m(||X|2)
where
m(||lx|?) = /]R Fllx —01H 7 (161%) do Q)
is the marginal density and
M(|x|I*) = /]R F(llx —01*) 7 (1611*) d8 (©6)
with L oo
F@oy =3 / fu)du (7
t
fort > 0.

It is shown in Fourdrinier et al. (2013) that the finiteness risk condition of X, that
is, uo = Eo[IX[?] < oo, is equivalent to y = fR,, F(|Ix]?) dx < oo (actually,
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A Bayes minimax result for spherical distributions 545

¥y = ua/p). It is also worth noting that, when the prior density 7 (||6%) in (3) is
superharmonic, this condition is sufficient to guarantee the finiteness of the risk of the
generalized Bayes estimator §,; (X) in (4) (see Fourdrinier et al. 2012). We will see, in
Sect. 2, that this superharmonicity condition can be weakened to include all unimodal
prior densities.

Here, we are interested in minimaxity of generalized Bayes estimators in (4) when
the sampling density in (1) belongs to the Berger class, that is, when there exists a
positive constant ¢ such that

F(t)
Vi>0 —=>c¢ (8)
@)
(see Berger 1975). Fourdrinier and Strawderman (2008) proved, provided that
VM| X|?
H MUK T )
m(||X1]9)
the risk difference between 6, (X) and X is bounded above by
AM(|X | YMAXID) - Vm(XI1D)  [VMAXID|
By |20 AMUXIE) _ ) FMAXID VmGXD) | [VMAXDP]
m(||X19) m=(||X1]%) m=(||X[]%)

where - denotes the inner product in R”. Thus, the generalized Bayes estimator in (4)
will be minimax as soon as, for all x € R”,

AM(IxID VMl - V(D) | VM)

Oc(lx)?) =2 X
(el m(||x||2) ‘ m2(||x||2) m2(|| ||2)
(11)

Then, thanks to the superharmonicity of 7 (||@||>), superharmonicity of M was guar-
anteed as well and, getting rid of the Laplacian term in (11), they were led to prove
that

YM(IxI?) - V(x> [ VM|

Vx e R? — 2¢ <
m?(||x|?) m?(||x|?)

to demonstrate the above risk difference is nonpositive. Doing that, the scope of Bayes
minimax estimators is reduced; for instance, proper Bayes minimax estimators are
excluded. Our goal, here, is to provide a different expression for (11) which allows to
preserve the Laplacian term and to not impose superharmonicity of the prior.

Throughout this paper we will assume that the functions f and 7 in (1) and (3) are
absolutely continuous. In addition, we will typically assume that 7 is non constant
to avoid the undetermined form 0/0. Note that when 7 is constant, the generalized
Bayes estimator §; (X) in (4) corresponds to the usual estimator X which is already
minimax.

In Sect. 2, we show that unimodality of the sampling and prior densities in (1) and
(3) is the basic condition for the generalized Bayes estimator 8, (X) in (4) to be a
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shrinkage estimator (i.e., || (X)|| < || X||), which guarantees that it has finite risk as
soon as E0[||X||2] < 00. In Sect. 3, we propose an upper bound for (11) in terms of
the marginal M only, which allows to derive sufficient conditions for minimaxity of
8z (X). In Sect. 4, we show that, if there exists 8 < 1 such that M Bis superharmonic,
then the generalized Bayes estimator in (4) is minimax, retrieving the result of Stein
(1981) in the normal case for which M = m and 8 = 1/2. For 8 < 1, we demonstrate
that the generalized Bayes estimator may in fact be proper Bayes. Examples illustrate
the theory. Finally, we give technical results in an Appendix.

2 Conditions for Bayes estimators to be shrinkage estimators

In this section, we show that the generalized Bayes estimator §; (X) in (4) is a shrinkage
estimator as soon as the sampling and prior densities are unimodal and Eg[|| X|| 2] < o0,
which guarantees its risk finiteness.

Theorem 1 Let f(||x —0|?) be a sampling density as in (1) such that Eo[|| X ||*] < oo
and 7 (||0|%) a generalized prior density as in (3). Assume that, for any x € RP,

/R 1012 f(llx — 1% 7 (1011*) d6 < oo (12)
4
so that the posterior expected value

Jro 0 FUlx =01 7 (161%) do

(13)
Jro FUlx = 01%) (11611 d6
exists and the posterior risk is finite. We have the following results.
(a) The generalized Bayes estimator 5, (X) in (4) can be written as
82(X) = (1 —a(|X[|») X, (14)

for some function a from R into R.

(b) If the sampling density f(||x — 9||2) is unimodal then a(|| X %) < 1.

(c) If the prior density 7(||0|%) is unimodal then a(]|X||*) > 0.

) If f(lx — 01> and 7 (||0]1?) are unimodal then 0 < 1 — a(|| X||?) < 1, so that
6z (X) is a shrinkage estimator, i.e.,

18- (O < 1.X1l, 15)

and §; (X) has finite risk.

Proof (a) Asd;(X) isthe posterior expected value expressed in (13) and as, according
to part (a) of Lemma 4,

/Rpe fUx —0IH) (161> do = d(IX|1*) X
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for some function ®, it follows from (5) that 8, (X) = © (| X [|>)/m (| X ||*) X, so
that (14) is satisfied with a(| X ||?)) = 1 — (| X |>)/m (|1 X ||?).

(b) It also follows from Lemma 4 and from (13) that, as the denominator of (13) is
positive, 1 — a(]|x||?) has the sign of 7 (|0 ]|%), that is, a(||x[?) < 1.

(c) Applying Lemma 3 with g(8) = (]|0|| 2, part (c) follows from the representation

Jro© = %) fUlx =01 2 (16]%) do _5 Jro @ F(lx =017 7' (16]°) d6
Jre fUlx = 01P) 7 (11011 d6 Jre FUlx =012 7 (101> do

and part (b) of Lemma 4, since F is nonincreasing and since 7/ (||0]|?) < 0 by
unimodality of 77 (]|0]|?).
(d) Part (d) follows from (b) and (c).

3 Risk difference upper bounds and minimaxity

Note that, from the definition of the marginals in (5) and (6), we have
Vm(||x||*) = /Rpw — ) (=2 Nlx = o1») 7w ((I01*) do (16)
and
VM(|x]?) = /Rpw —x) f(lx = 01> (101> do (17)

so that Lemma 4 clearly applies and there exist two functions y (|| x||?) and I'(]|x||?)
such that
Vm([x[I?) = y(lx[I») x and VM(||x||*) = T(|lx]*) x. (18)

In the following lemma, we give an expression for the functions y (|lx||?) and
I'(||x||?). This is essentially Lemma 3.1 of Fourdrinier and Strawderman (2008) where
the function H in (17) of Fourdrinier and Strawderman (2008) is H (r2, ||x||2) =
Ix11? ier(lx11%) /2 7P+, where 1, (|| x]1%) is given in Formula (21).

Lemma 1 For any x € RP?,

y(x|?) = /O e (Ix11%) (=2 £ dr (19)

and ~
C(lx|?) = /0 (X 11%) £ () dr (20)
where

1 2
1 (x11%) = W/s x- (0 —x)7(|10]*) doy . (0) = ﬁ/ x-07'(10]1%) do,
@1

(=3
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where o, x is the uniform measure on the sphere S, of radius r and centered at x (see
the reminder before Lemma 4 in the Appendix).

In addition, 1, (]| x ||2) < 0 as soon as the prior 7 (||0 ||2) in (3) is unimodal, so that
I'(||x]|?) < 0 and, when the density in (1) is unimodal, y (||x||?) < 0. Furthermore,
when the Laplacian Aw(||0|?) is a nondecreasing function of ||0|2, for any x # 0,
wr(Ix]12)/rP* is a nondecreasing function of r.

We give now an upper bound for O, (||x %) in (11), provided that y (|| x||*)/ T'(||x %)
is appropriately bounded from below. Note that, from (8), it follows that

M 2
Vx € R? L'L) > 22)
m(|lx|%)
Theorem 2 Assume that (8) is satisfied and that, for any x € RP?,
1
P L o3
Clxl?) — 2¢

where the functions y (||x||?) and T'(||x||?) are defined through (18). Then, for any
x € R?, an upper bound for O.(||x|1?) in (11) is given by
2]

(24)

2
} . (25

Oc(llx|1*) <2

(x| Maxd T2 TP

M(Jlx[1%) AM<||x||2>+[1 y(||x||2>”
M(|x]?)

Furthermore we have

AM(JIx]1%) n [1 y (x|l )] H

M(x? |2

2 2
Oc(llx[I7) = 2¢ [ 2 TP

M(|lx11?)

as soon as the bracketed term in (24) is nonpositive.

Proof Factorizing Oc(lx]1?) in (11) as

M(||x||2)[AM<||x||2> VM(x|?) - Vm(x|?) 1 ||VM(||x||2>||2}

Cmx? LMD T MAx ) m(x ) 2¢ M(IIxI12) m(lx]?)
and using

2 _ rUxl?) 22

VM(||x|) - Vim(lx|1*) = T(x 1) y (lx)1?) lx | = T IVMlx 191,

thanks to (18), we have

Oc(lIx)1?) =

M(lx11%) [AM(IIxIIZ)Jr[ I V(lellz)] IV M (llxlP)1IP }

“mi?) [ MR 2¢ T(IxI) | M(x]?) m(lx]?)
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A Bayes minimax result for spherical distributions 549

Then Inequality (24) immediately follows from (22) and (23).
In the same way, Inequality (25) follows from (22) as soon as the bracketed term
in (24) is nonpositive. O

Condition (23) is a condition on the model. Note that, in the normal case with
f(1) o exp(—t/20?), we have ¢ = o2 and y(||x|?)/T(|x]?) = 1/0? so that
Condition (23) is clearly satisfied.

The main interest of Inequalities (24) and (29) is that their common bracketed term
depends only on the marginal M. Thus, when Condition (23) is satisfied and this
bracketed term is nonpositive, the Bayes estimator §, (X) is minimax as soon as the
marginal M is superharmonic. More precisely, we have the following corollary.

Corollary 1 Assume that the sampling density f(|lx — 0% in (1) and the prior
density (||0]1%) in (3) are unimodal. Under the conditions of Theorem 2, if M is
superharmonic, then

AM(IxI?) _

O(Ix1?) <22
(Ix]7) <2c¢ B

so that the Bayes estimator 55 (X) in (4) is minimax. In particular, if the prior 7 (]|0 ||2)
in (3) is superharmonic, then §; (X) is minimax.

Proof Thanks to (d) in Theorem 1, §,; (X) has finite risk. From (24) and (23), it follows
that

M(|xI*) AM(|lx]|)
m(llx[1?) M (|lx]|?)
2> AM(|Ix|*)
C —
B M(||x]1%)

Oc(Ix?) < 2¢

according to (22) since, by superharmonicity assumption, AM (Ix1I*) < 0. Then the
corollary is immediate. O

As noted above, Fourdrinier and Strawderman (2008) studied minimaxity for esti-
mation of 6 for spherically symmetric distributions. In particular, their main result
(Theorem 3.1) implied minimaxity under the following conditions:

I) conditions on 77 (]|@]|?): the prior 7 (||0||?) is superharmonic (and hence unimodal)
and its Laplacian A (7 (]|6|%)) is nondecreasing in [|6|%;
II) conditions on f: f(|lx — 0]|?) is unimodal, f'(r)/f(t) is nondecreasing,
F(t)/f(t) = ¢ > 0 and (with a change of variable r2=1)

Jo =2 £y rrthdr 1 26)
oS Fyrrtidr T 2¢
In the course of the proof (after Eq. 22), they essentially demonstrate that
yUal®) _ Jo (2 £/ @) rtdr 1 o
r(|x]?) — fooo faHretldr T 2c¢
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550 D. Fourdrinier et al.

Hence, it follows that Condition (23) of this paper is satisfied as soon as (26)
holds and that minimaxity follows from (27) and Theorem 2. However, Fourdrinier
and Strawderman (2008) require the above monotonicity conditions on 7 (||6 ||2), on
A@(|6]1)) and on f’(t)/f(t), and these are essential in establishing (27).

Theorem 2, in contrast, requires only F (¢)/f(t) > ¢ > Oand y(lx1®)/ T(lx|1?) >
1/2 ¢ along with superharmonicity of 77 (||6||?), and makes no monotonicity assump-
tion on F(¢)/f(¢) (and hence on f'(r)/f (¢)). Therefore, its potential applicability is
broader than Fourdrinier and Strawderman (2008).

The next corollary gives a class of examples where minimaxity follows from Theo-
rem 2, but where Fourdrinier and Strawderman (2008) is not applicable in those cases
where (1) = F(t)/f (¢) is not monotone.

Corollary 2 Let

— exp(-= 28
f)« wmep( /w(u) “) (28)

where, for a given ¢ > 0, Y (t) is a differentiable function such that 0 < ¢ < ¥ (t) <
2¢ < ocoand Y'(t) = —1/2 for all t > 0. Assume that the prior density 7 (||0]) is
superharmonic and that A(7(||0|1%)) is a nondecreasing function of ||0||>. Then the
Bayes estimator 67 (X) in (4) is minimax.

Proof From (28) we may assume, without loss of generality, fR,, fx—=0>)dx =1
since f(t) < K exp(—t/4c) for some constant K > 0. Note that the condition
V' (1) > —1/2 suffices toimply f’(r) < 0, so that the density £ (||x —6||?) is unimodal,

since
V() + l/2 ( u)
G w(u) '

Note also that, as f () = —2 F'(t) and, for any 79 > 0, lim;_, o0 j;f) 1/¥(u)du = oo
by the boundedness property of ¥ , we have

1 /1
F(t)ocexp(—z/ ]/f(u)du)

F(1)
IO =y >

Now, by construction, F(t)/f(t) > c and f(t)/F(t) > 1/2c which implies,
according to Corollary 4, ¥ (|x[1>)/ T'(|lx]|*) = 1/2 ¢ since unimodality of 7 (||0]?) is
guaranteed by its superharmonicity and since A (7 (]|6|%)) is a nondecreasing function
of [|6||>. Finally minimaxity of 8, (X) follows from Corollary 1. O

@) o —

so that

As noted above, when 1/ (¢) is chosen to be nonmonotone in Corollary 2, minimaxity
does not follow from Fourdrinier and Strawderman (2008). Here is an example of such
a function.
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Choose ¥ (1) = (t> —=2at+ B)~' +y witha > 0, 8 —a? > 3/2and y > 0.
As B — a? > 0, the polynomial in the expression of v/ (¢) is positive. It follows that
¥ (¢) is well defined and is positive for all # > 0 (note that y > 0). In addition v (¢) is
nondecreasing for 0 < t < « and nonincreasing for ¢ > «, and hence nonmonotone,
since /(1) = —2(t — ) (1> — 2a + B)~2. Furthermore, as ¥ (0) = 1/8 + y,
Y(w)=1/(8B— o?) + y and lim;_, o, ¥ (t) = y, Condition (8) is satisfied with ¢ > 0
such that ¢ < y and 1/(8 — a?) + y < 2¢ (which implies ¢ > 1/(8 — «?)). Finally,
we have unimodality of the density f(]lx — #]|%) since, considering the case where
t>a(whent <o, ¥'(t) >0)and settingu =t —a and § = B — a2, it can be seen
that ¥'(r) > —1/2 is equivalent to (M2 + 8)2 — 4u > 0, which is satisfied for u > 0
since 8 > 3/4. Indeed (u> +8)> —4u > 0 for 8§ > —u® +2 /u and —u” + 2 \/u has
a maximum at u = (1/2)%/3 which equals 3/2*3 which is smaller than 3/2.

Explicit examples of densities f(||x — 6]?) can also be directly derived (up to
proportionality) that satisfy the conditions of Corollary 2. Indeed, an alternative
expression for f(¢) is f (1) = ¢'(t) exp(—¢(1)/2) where (1) = f’ 1/v (1) du with
lim;_, oo (2) = 00, so that F(¢)/f (t) = 1/¢’(r). Then the requirements on ¢ are that
@' (1) is positive, but not monotone, and, more precisely, that 1/2¢ < ¢'(f) < 1/c. As
for unimodality of f(||x — 6]%), the condition is ¢ () — 1/2 {¢/(1)}* < 0.

As an example, consider

b
t)y=at+blog(l+1¢ —
p(t)y=at+ og(+)+1+t

where a and b are two positive constants. Then lim;_, o, ¢(¢) = 0o and

’(t)—a+—b R —a—i——b 1——1
L L DR T DI v 1+1¢)°

From the second expression of ¢’(¢) it is easily seen that ¢’ is not monotone and that
0<a<¢@t) <a+b/4=¢' (1), which implies that ¢(z) > ¢(0) = b > 0. Hence
we can form

o= o (Yo (a0 )
f0)=a 147 141 P\ 8 147

with the appropriate requirements on ¢ (also with 1/2¢ < a and a + b/4 < 1/c).
Finally, the unimodality condition is satisfied for b < a?/2 since

e b 20 b (1_ 2) ,
L S I N I R e 1+:)

implies ¢ (1) — {¢'(1)}*/2 < b —a*/2 < 0.

Here is another class of examples for which the generating function f is modified
so that y(¢) = F(t)/f(¢t) becomes nonmonotone, but where Theorem 2 implies
minimaxity. We note once more that, in each of the above examples (and the one which
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follows), minimaxity of the generalized Bayes estimator follows from Corollary 1 of

this paper, but does not follow from the results of Fourdrinier and Strawderman (2008).
We assume the pair (f, F') is such that ¢ (u) > ¢ and ¥ (u) is continuous, and is

strictly monotone increasing on the interval [a, b] where 0 < a < b < oco. Define

Vi) = Y(@) forO0<t<aandb <t < o0;
| yr@) fora <t <b,

where ¥ (¢) is continuous (so ¥ *(a) = ¥ (a) and Y¥*(b) = ¥ (b)) and so that *(¢) >

¢, but ¥*(¢) is not monotone (this can be done in infinitely many ways including a

linear decrease on Ja, d[ from ¥ *(a) = ¥ (a) to ¥*(d) = c and a linear increase on

1d, b[ from ¥*(d) = c to ¥*(b) = ¥ (b) for any d €]a, b[). Then define (for some
k > 0 chosen so that fR,, fi(lx — 0||2) dx=1)

1 /11
Ao =kew (_5/ 1@ d“)
( u) '
14 (u)

Hence Fi(t)/f1(t) = ¥1(t) > ¢, but Fi(¢)/f1(t) is not monotone increasing (since
Y1 (¢) is not monotone increasing).

Now note we may choose ¥/ (¢), foranye > Osuchthatl—e < f1(¢)/f(t) < 14€
and 1 —e < Fi(1)/F(t) < 1+ €. Hence, by Corollary 4, setting, with y = [|x||?,

L(ry) = ‘fsm x- V(6] dAa,,x(e)(, we have

and

i

NG _ [fl(R%}
Ti(y) Fi(R?)

_ o hED LGy dr

Jo° Fi(r?) L(r, y) dr

e B £ 02 L, yydr

S B P2 LG, y) dr

_l-e Joo FGH L(r, y)dr
T l4e [PFCH LG y)dr
1—¢ M
14+¢& ()

Hence, if y(y)/'(y) > 1/2c, it is possible to choose fi such that y;1(y)/T'1(y) >
1/2c. Therefore, if X ~ fi(||x —6|%), minimaxity of the generalized Bayes estimator
corresponding to 77 (]|@]|?) satisfying the conditions of Corollary 2 is guaranteed. Since
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Y1 is not monotone, minimaxity does not follow from Fourdrinier and Strawderman
(2008).

It is worth noticing that, if f(¢) is a variance mixture of normals, F (1) /f (t) = ¥ (¢)
is always strictly monotone increasing provided the mixing distribution is not degen-
erate at a point. In addition, we note that Theorem 3.1 of Fourdrinier and Strawderman
(2008) may be applied to f(¢) such that f(z)/(— f'(¢)) is monotone increasing, and
that this implies F () /f (¢) is monotone increasing. The results of this paper also apply
to f1(¢) constructed above, while the results of Fourdrinier and Strawderman (2008)
do not.

4 Superharmonicity of a power of M and minimaxity

The development in this section is in the spirit of Stein (1981) where he demonstrated,
in the normal case, that, if m'/2() is superharmonic, then the corresponding gener-
alized Bayes estimator is minimax. Our results center on proving minimaxity when
MP(]| - |?) is superharmonic for some 1/2 < 8 < 1.

It will be relevant to bound from above the bracketed terms in (24) and in (25) using
a lower bound « for y(||x||2)/ F(||x||2) greater than or equal to 1/2¢. Given such a
bound, an upper bound for O, (||x %) in (11) may involve the Laplacian of a certain
power of the marginal M (||x |12). This is specified in the following theorem.

Theorem 3 Assume that there exists o € Ry such that, for any x € R?,

y(Ix1?) 1
r(x? = %= 2¢ @)

Then, for any x € R?, an upper bound for O.(||x||?) in (11) is given by

2¢ MF(Ix)?)

O, AMB(|1x]1?), 30
(xl? < = 5 el (x119) (30)

where B =3/2 — ca.

Proof Thanks to (29), Inequality (23) is satisfied so that we are under the conditions
of Theorem 2 . Then it follows from (24) that

M) [ AmQs?) [ H'
Oc(Ix|?) <2
R = 2 [ M) |2

M(IIXIIZ)

MAxP) | AMAI®) oy H
m(||x1?) M(IIXIIZ) M(|lx ||2)
2¢ MIPIXID) Lo
=— " AM , 31
L (1x11%) (31)
according to the definition of 8 and to Lemma 6. O
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It follows from Theorem 3 that a sufficient condition for 6, (X) in (4) to be min-
imax is that M# is superharmonic. Note that, as Condition (29) implies that 8 < 1,
superharmonicity of M# is a weaker condition than superharmonicity of the marginal
M itself. When this is the case, the following corollary provides another upper bound
for Oc(llx|).

Corollary 3 Under the conditions of Theorem 3, if MP (|| - ||?) is superharmonic, then

o 2¢2 AMP(|x1?)
Oc(IxlI9) < 7 W <0 (32)

so that the Bayes estimator in (4) is minimax.
Proof The proof is similar to the proof of Corollary 1. O

In the normal case where f () = 1/(2 7)Y/ e 12 wehavec = 1 and M = m.
Then Inequalities (30) and (32) which give an upper bound for O, (||x||?) are in fact
equalities for 8 = 1/2, that is,

2 Am!2(x]?)
Oclllx|?) =4 = S
This is the result of Stein (1981).

Not only is superharmonicity of MB(| - ||2) weaker than that of M (]| - ||2) but,
for 1/2 < B < 1, there is another possible benefit; namely ME(| - 1% may be
superharmonic and simultaneously M (]| - %) (and hence 7 (|| - |*)) may be proper if
p is sufficiently large. This allows the possibility, which will be demonstrated in the
example below, that M (| - ||?), and hence 7 (|| - ||?), leads to a proper Bayes minimax
estimator which is automatically admissible.

In particular, if

)(p—2)/2/3

M(||x|1*) = (r”x”z

and 1/2 < B < 1, then, for p > 2/(1 — B), it is straightforward to demonstrate
that MP (|| - |?) is superharmonic and M (]| - ||?) is also integrable (proper). Note, for
B = 1/2, the above gives p > 4 and, for 8 = 3/4, p > 8, but, for B = 1, thereisno p
for which M (|- ||?) is integrable (as was pointed out more generally in Fourdrinier et al.
1998). This example is intended to be illustrative of the point that superharmonicity
of ME(|| - 1% may be useful. This particular M (]| - 1% may not correspond to any
choice of sampling density or generalized prior.

The following minimaxity result illustrates the applicability of Corollary 3 when the
sampling density in (1) and the prior density in (3) are variance mixtures of normals,

that is,
*° 1 t
10 = [7 G ow(-5) a6 (33)
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where G is the distribution of a random variable V on R, and when

n(||9||2)=/°° L (I PR (34)
o Qmit)r/? 2t

for a certain (possibly improper) mixing density 4.

Theorem 4 Assume that0 <a <V < b < oo such that

>

\SRNON]

—p (35)

SR

with 1/2 < B < 1 and that the distribution G of V has a density g such that g(u —t)
has nondecreasing monotone likelihood ratio in t with respect to the parameter u.
Assume also that, for any v € Ry,

Jim v+ NP ht)y=0 (36)

and that —(t +b) h' (t)/ h(t) can be decomposed as 11 (t) +1,(t) where 0 < 1;(t) < A
and is nondecreasing while 0 < [>(t) < B.
Then the Bayes estimator 8, (X) in (4) is minimax provided

-2
[1—(1—/3)%]A+Bs<1—ﬂ>”7. (37)

Proof First note that c in (8) can be expressed as

[P 1=P24G(v)
c="“4— =
[P v=r/2dG(v)

[see (33) in Fourdrinier and Strawderman 2008]. Hence Condition (35) implies 1/b >
(3/2 — B)/c so that, as according to Lemma 8, for any x € R?, y(|x||?)/ T (|lx]|?) is
an expectation of V! and as V is bounded from above by b,

y(xld 1 _32-8
N 38)

Therefore (29), is satisfied with o« = (3/2 — B)/c since B < 1 (see comment after the
proof of Theorem 3).

Now we will show that AMP(||x||?) < 0 so that, according to Corollary 3, the
Bayes estimator &, (X) in (4) is minimax. By Lemma 9, this is equivalent to

p—2
Q+R§(1—ﬁ)T, (39)

@ Springer



556 D. Fourdrinier et al.

where
0= —h©) Jo v TP/ exp (22 )dG(v) _p Jo v P2 exp (Z£) dG(v)
Jo% Niepp(0) vdG () Jo% Jpp ) vdG ()
(40)
and
h
N e -k exp(v_H) drvdG(v)
Jo% Trp2 () vdG ()
00 h (1)
_(1 B IB) fO fO W exp (v+t) dt UdG(U) (41)
fo Jpp()vdG(v)
with
Jr(v) = / (t+v)7* exp( Py ) h(t)dt.
Inequality (39) will follow from showing that
0=<0 (42)
and )
R=(-p = (43)
Using the expression of Q in (40), Inequality (42) can be written as
Joov' P2 exp (22)dG ) [y Jp2(v) vdG(v) 4

—p= foo 2— P/zexp(_TS)dG(v) fo Jitp2()vdG )

As B > 1/2sothat | — 8 < 1/2, we will show that the right-hand side of (44)
can be bounded from below by 1/2. Note first that, in the right-hand side of (44), as
a<V <b,

Joo o' P exp () dG )
=S
v

1
_ % —1 -
Jo v¥ P2 exp (22) dG(v) =Evlz b 45)

where E* is the expectation with respect to a density proportional to v>~7/% exp (—s/v)
with respect to G.
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Expressing the second ratio in the right-hand side of (44) as

Iy Jpp@vdG) [T 0P, ) 0P AG (v)
JoS It vdG) 5T v (0) vP2AG (V)
. JoZ vP2t g (0) V! P2 AG (v)
o PP T g (v) vP/2AG ()
= E¥[V] (46)

where E** is the expectation with respect to a density proportional to J,/241(v) v
with respect to G and where the above inequality follows from

ok Jr(v) > k! Jk41(v)
applied with k = p/2. As V > a, (45) and (46) give that the right-hand side of (42)
is bounded from below by a /b, and hence, by 1/2 since, by assumption 2a > b. Thus

(42), is obtained.
In terms of the density g we can see that N in (41) is expressed as

B(T) h(T)

R =E},, [—m vV + T):| — (1= BES, [_W (V + T)i| 47)

where Ej is the expectation with respect to the density

1 \F _
felt.v) o (m) exp (H—SU) h(t) v g(v). (48)

Using the decomposition in the statement of the theorem, Equality (47) becomes

V+T V+T
R =E* W(T)——+ (T
p/2+1|:1()b+T+2()b+T:|
V+T V+T
—(1=BE: | 1(T)—— + 1 (T) ——
1-5) p/z[l()b+T+2()b+T}

a
< Eppll(T) + B1= (1= ) Ej o[ 1117 ] (49)
since /1 and [/, are nonnegative and 0 <a <V <b < oo.

Now note that the density in (48) has nonincreasing monotone likelihood ratio in
v + t with respect to k since

Jepr(t,v) 1
fit,v) v+t

As [1 is nondecreasing and, according to Lemma 7 (note that v g(v) has the same
monotone likelihood property as g(v)), the density of 7 given T + V does not depend
on k and has monotone likelihood ratio in 7 + V. Hence (49) becomes
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R < Ej;[li(T)+ Bl — (1 —ﬁ)% 2 ()]

- E;/z[{l —q —,3)%} ll(T)] B

={1-a-p3}a+s (50)

since [1(T) < A, and therefore, according to (37), we obtain (43), which gives with
(42) the desired result. O

Theorem 4 is still valid for 8 = 1/2, the case where the distribution of V is
degenerate, and hence, has no density.

Here is an example illustrating Theorem 4. It gives generalized and proper Bayes
minimax estimators corresponding to Strawderman-type priors (see Fourdrinier et al.
1998) for the class of mixtures of normal sampling distributions of Theorem 4. The
dimension cut-off between proper Bayes minimax and generalized Bayes minimax
estimators depends on 8 > 3/2 — a/b and varies between p = 5, for § = 1/2, to oo,
for g = 1.

Example 1 Let the sampling mixing density g be any density on [a, b] such that
g(u — t) has nondecreasing monotone likelihood ratio as in Theorem 4 (e.g., the
uniform distribution on [a, b]). Let the prior mixing density & be

h(r) (5D

1
a ——
(b+n4
with A > 0 so that —(¢ + b) h'(r)/ h(t) = A. Choosing [; (1) = Aand (1) = B =0
in Theorem 4 implies minimaxity for the corresponding generalized (or proper) Bayes

estimator provided 8 > 3/2 —a/b,1/2 < B < 1 and, by (37),

[—a-pflaza-pl2

or, taking 8 = 3/2 — a/b,

4= a/b—1/2 p—2
= 1—(a/b—1/2)(a/b) 2

(52)

Note that the mixing density (51) is proper as soon as A > 1. By (52), this is possible
provided 1/2 <a/b < 1 and

1—(a/b—1/2)(a/b)
p>2+4+2 a/b—1)2 . (53)

For a/b = 1, which corresponds to § = 1/2, minimaxity follows for p > 4. Since,
in this case, the mixing distribution is degenerate, this corresponds to Strawderman’s
result Strawderman (1971) for the normal distribution. It also corresponds to Stein’s
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result (1981) that implies minimaxity in the normal case provided m'/? is superhar-
monic (recall that m = M in the normal case).

Ifa/b =3/4, then B = 3/4 and (53) holds for p > 8.5 so that proper Bayes mini-
maxity results by a choice of A > 1 for p > 9. This corresponds to superharmonicity
of M3/* If a/b = 1/2, the right-hand side of (53) is infinite and Theorem 4 does not
lead to proper Bayes minimaxity for any dimension. Note, however, that (52) gives
generalized Bayes minimax estimators for all p > 3 provided 1/2 <a/b < 1.

As a last remark, note that, for A = 0, the mixing density in (51) is constant, which
corresponds to 7 (||0 12) = 1//16]|”~2 the fundamental harmonic function.

5 Concluding remarks

We have studied Bayes minimax estimators for the case of a spherically symmetric uni-
modal distribution under squared error loss. A main result is that spherically symmetric
superharmonic priors with nondecreasing Laplacian lead to minimaxity for unimodal
densities which satisfy 0 < ¢ < F/f < 2¢ < oo. This paper also implies the main
result in Fourdrinier and Strawderman (2008) as well, but goes well beyond that paper
in terms of generality as indicated by the above result when () = F(¢)/f(¢) is
nonmonotone. We also extend the scope of Fourdrinier and Strawderman (2008) in
that proper Bayes minimax estimators are produced for certain variance mixtures of
normal densities. This possibility arises when M# is superharmonic for some f in the
interval (1/2, 1), and when the dimension, p, is larger than 2/(1 — B).

In the process of proving the minimaxity findings, we develop some technical
results which may be of independent interest. In particular, Lemmas 3, 4, 5 and 8 may
have useful applications in shrinkage estimation problems for spherically symmetric
distributions.

Acknowledgements The authors would like to thank the associate editor and the two referees for their
careful reading and for their useful comments.

6 Appendix

We recall below a Stein-type lemma in the framework of spherically symmetric dis-
tributions whose proof can be found in Fourdrinier and Strawderman (2008).

Lemma 2 Let X be a random vector in RP with density as in (1) and let h be a weakly

differentiable function from R? into R?. Then

(54)

_[FUX =01 .
Eg[(X —0) - h(X)] = Eqg ,

— — divh(X
Fax —gpp) WV

where F is defined in (7), provided these expectations exist.

Lemma 2 leads directly to the following result.
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Lemma 3 Let g be a weakly differentiable function from R? into R. Then, for f in
(1) and F in (7), we have

/ <e—x)f<||x—9||2>g(e>d0=/ Vog(©®) F(lx — 6] do
Rpr Rr

= —/Rp VoF(Ilx —01) g(6) o, (55)

provided that one of these integrals exists. In addition, when the function f is absolutely
continuous, we have

/R O —x) (=2 /) (llx — 611> g(6) b =/R Vog(®) f(lx —6]*)do

= —/Rp Vo f(lx —601*) g@®)do.  (56)

Proof We will only prove (55) since this result only relies on the absolute continuity
of F.Letx = (x1,...,xp) € R, 0 = (01,...,0,) e RP and 1 <i < p. Note that

O —xi) g(0) = (0 —x) - h(®)

where 1D () = (0, ..., 0, £(),0,...,0) is the vector in R” whose all components
are equal to 0 with the exception of the ith component which is equal to g(6). Then
we have

/RP@ — ) F(lx = 612 g(Io1) 46 = E.[ 6 —x) - hV )]

o Fllx —9||2>}
= E,|divgh V() ——— 7
(VO e

_ . [%® F(||x—e||2>]
"Loag £l =017

=/ ag—g))F(nx — 0> do (57)
RP i

where, for the second equality, Lemma 2 is applied with 4 = h'?) (the role of x and 6
being interchanged) and, for the third equality, the fact that divgh¥) (9) = dg(0)/d6;
is used. This gives the first equality in (55). Finally, the second equality in (55) is
derived noticing that (9 — x) f(|lx — 0% = =Vo F(|lx — 0%). o

A main feature of Lemma 3 is that the second equality in (55) is valid under weak
assumptions on g and F while, in the literature, stronger assumptions are needed.
Thus, in Fourdrinier et al. (2012), the function & > F (|lx — @]|?) belongs to a
functional space close to the Schwarz space. Here, only the weak differentiability of
g is needed.
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The next two results are used in Sects. 2 and 3. We use the following notation.
For x € R? and r > 0, U, , and o, are, respectively, the uniform distribution and
the uniform measure on the sphere S,y = {# € R? /||0 — x|| = r} of radius r and
centered at x. They are related by the following property. If y is a Lebesgue integrable

function then
o0
/V(é’)dé’:/ / y(0) doy, dr
RP 0 Js..

o0
_ / orx(Sn) | y(©) AU dr (58)
0 Six
with
2 P/2
Srx) = p-l
Gr,x( r,x) F(p/Z) r

It follows from (58) that, if V., is the uniform distribution on the ball B, = {0 €
R? /|16 — x| < r} of radius r and centered at x and if A is the Lebesgue measure on
R?, we have

1 r
0)dV, . (0) = 0)do. (0)d
/Bmy() x(0) A(Br’x)/o/&’xy()a,()t

ﬁ/r/ v (0) dUy 1 (6) TP~ dr. (59)
r? Jo Js.,

Lemma 4 Let x € R? be fixed and let ® be a random vector in RP with a spherically
symmetric distribution around x. Let g be a function from R into R. Denote by E
the expectation with respect to the distribution of ©.

(a) 1If, for r = 0, © has the uniform distribution U, x on the sphere Sy of radius r
and centered at x, then there exists a function G from Ry into R such that

E: g0 0] = G(lx) x, (60)

provided this expectation exists. Therefore (60), is valid for any spherically sym-
metric distribution.

(b) If © has a unimodal spherically symmetric density f(||6 —x||?) (f is nonincreas-
ing) and if the function g is nonnegative then the function G in (60) is nonnegative.

Proof We will use the orthogonal decomposition ® = x +U = x + o« + B with U
spherically symmetric around 0, « € A, and 8 € Ai where A, denotes the linear
space spanned by x and Ai is its orthogonal subspace in R”. We have

E[©3(101%)] = AG) + Bx) (61)
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where
A(x) = Eol(x + ) g(lx + alI* + 1B11)]
and
B(x) = Eo[EolB g(llx + [ + [ BII*)]a]] =0,
since B« is spherically symmetric around 0. Setting @« = Z x /|| x||, we have
A@) = x G(|lx]?)

where

Gl IP) = E{E{(l T ”TZ”) g(nxn2 (1 " ﬁ)z " ||ﬁ||2) ‘ﬂﬂ .

This proves the first part.
Now assume that the density f(||0 — x||?) is unimodal and consider

rof (1 ) (12 (1 1)+ 0607 [ (1 ) =7
B, (1+ﬁ)2 =y2i|.

To finish the proof it suffices to show that the above conditional expectation is non-
negative which can be seen noticing that

()l ) =]

FE=1+ 20X 12+ 181D — FAT=1 = [y Ix1%} + 11B1I%)
FU=1+ [y 02+ 18112 + FAT=1 = Iy Ix12} + 118112)

= g(lIx1?y* + 1817) Eo[(l + ﬁ)

= |yl >0,

by monotonicity of f. O

Versions of Lemma 4 have been often used in the literature (for instance, in Cellier
et al. 1995 and in Fourdrinier et al. 2012) when dealing with spherical densities. Here,
we provide an extension to the entire class of spherically symmetric distributions.

Lemma 5 Ifthe prior w(||0||%) in (3) is unimodal and if its Laplacian Az (||0|%)) is
a nondecreasing function of |0 then, for any r > 0 and for any x € RP,

2 P/?
/ x -V (1012) doy.1 (8) =

p—1 . 2
Srx r(p/2)" /sx Vr(16]1*) AU (8) < 0. (62)
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Proof Under the conditions of the lemma, Fourdrinier and Strawderman (2008)
showed that the sphere mean f 5% VJT(||9||2) dU, x(0) is a nondecreasing func-

tion of r and that the ball mean f B, X" v (]6]%) dV, x (0) is nonpositive (which may
also be derived from Lemma 4). Therefore for any r > 0,

2% 17 (Ix 1% = x - Vr(llx|?) < / x - Vr(l|0]?) dU, ()

Sr,x

and, as 7/(||x]|?) < O by unimodality of 7 (||0]%), fs x - Vr(]0]? )dU, . (0) is
nonpositive in a neighborhood of 0. If there exists rg > 0 such that

5= [ 3 VA1) 4V 6) > 0,

Sron

then, using (59), we have

Oz/ x - V(161 dVy. (9)
Br,x

P 0 1 2
= / P~ / x - Vr(||6]7) dU; x(0) dt
r 0 Seox

+/ rl’*l/ x-Vn(||9||2)dUr,x(9)dr)
ro Seox
ro r
> 2 (2 ||x||27'r/(||x||2)/ -l dr+5/ -l dt)
rp 0 ro
1

=— (2 1P AP + 807 = 1))
P
As this last quantity goes to § when r goes to infinity, the nonpositivity of the ball
mean fBH x-Va(o)® dV, x(0) is contradicted and (62) follows. O

The sphere mean in (62) occurs in Bayesian analysis such as in Fourdrinier and
Strawderman (2008). The interest of Lemma 5 is that its sign may be controled although
the integrand term changes sign.

Corollary 4 Under the conditions of Lemma 5, for any y € Ry, the ratio of the
functions defined in (19) and (20) equals, for any x € R? and for y = ||x||?,

2
r0) g [LR)] )

I'(y) F(R?)

where E7 is the expectation with respect to a density proportional to

F(r?)

/ x - Vr(|]?) do, . (8)],
Sr,x
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provided the function 1 is not constant.

Proof According to (18), we can write, for any x € R?,
x - Vm(Ix %) = [lx ]I y (lx[1?)

and
x-VM(IxI?) = IxIP D))

so that 5 5
yUlxl?)  x-Vm(|x|7)

= . 64
C(llxlI)  x- VM(lx]?) 9

Now, by absolute continuity of f and F, interchange of the gradient and the integral
sign is valid so that, according to the expressions of m and M in (5) and (6), (64)
becomes

y(IxI>)  x- fgp VFUx =011 7(116]%) d6)
LI x - Jgp VF(lx = 017 7 (1011%) d6)
_x- fgp fUlx =017 V([16]1%) d6)
~x- fgp F(lx —612) Ve (1612) d6)”

(65)

by Lemma 3. Hence, by linearity of the inner product and integrating over the sphere,
it follows from (65) that

y(xl® S0 £ [s, x - V(O] doy. (9)dr

CAXID ~ [T FCD) [y x - V(1912 doy,(0)dr
52 £e |fs,, x - Vo1 do, )| ar
IS D[, x - V(012 dor @) dr

(66)

since, according to (62), f s X V(|0 ||2) doy x(0) has constant sign. Hence the result
follows. , m]

The next lemma is used in the proof of Theorem 3.

Lemma 6 Let ¢ be a function from R? into R such that its Laplacian exists on R?
and let B € R. Then, for any x € R?, we have

2

:| . (67)

Ag(x)
@(x)

Vo(x)

-]

ApP(x) = B P (x) [
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Proof For any x € R”, we have
AP (x) = div(VePf (x))
= div( "' (1) Vo ()
= B¢ ) div(Ve) + Ve~ () - V(o) |
= {07 @) Ap) + (B = D ¢"2(x) Vo) - Vo)

Ap(x) Vo) |2 ]
= BoP — 1) ——1.
pe (x)[ o TG

The next lemma is used in the proof of Theorem 4.

Lemma 7 Let V and T two random variables such that (V, T) has density fv, 1) of
the form
Jfovn(, 1) =q@ +v)h() gv) (68)

for some functions q, h and g.

Let U =V + T. Then the density of T given U does not depend on q.

If g(u — t) has nondecreasing monotone likelihood ratio in t with respect to u and
if A is a nondecreasing function then the conditional expectation E[A(T) |U = u] is
nondecreasing in u.

Proof Clearly (U, T) has density f(y,1) given by
fonw,t)= fovru—tr1t)
so that the conditional density of T given U = u can be expressed as

fonwt  funw—1t1)

T = = &~ T fw— 0, iy’

Using (68) this becomes

o qwhgw—1 g —1)
ST = = o b g = dr ~ Th) glu—thdr”

Hence the first result follows.
Now, according to the monotone likelihood property of g, for fixed u; < us,

Srt1U = uz) o gluz — 1)
fr@lU=uy) g —1)

is nondecreasing in z. Hence, as A is a nondecreasing function, E[A(T) |U = u] is
nondecreasing in u. O
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The two following lemmas are used in the proof of Theorem 4.

Lemma 8 Assume that the sampling density in (1) is a variance mixture of normals
as in (33), that is,

© 1 t
f@) = /0 T CXP(—E) dG(v), (69)

where G is the distribution of a randomvariable V on R ;.. Denote by E the expectation
with respect to G. Assume also that the prior density is as in (3) and is unimodal, that
is, 7' (|0 ||2) < 0. For & > 0 and for a random variable W having a noncentral chi-
squared distribution )(,%()») with p degrees of freedom and noncentral parameter A,
let

3
HO, V) = oy Ealr (VW] (70)

Then, for any y € Ry, the ratio of the functions defined in (19) and (20) equals

r _ Ely |H (3. V)]
Ty  E[IH (& V]

= E;"[V‘l] (71)

where E;" is the expectation defined through the second equality in (71).

Proof According to (18), we can write, for any x € R”,

20x 1 m (Ix1?) = x - Vm(Ix1*) = lIx]I* ¥ (1x1I1%)

and
2% M (JIx 1) = x - VM (JIx|I*) = x> T(llx %)
so that 5 5
yAxl®  m'(x)1?)
= . 72
C(xl® — M/ (Ix]?) 72)
Now, thanks to (5) and to (69), we have
5 © 1 Ix — 62 )
m(]lx|] )I/RP/O Gnori exp ST dG ) = ([|10]7)do
o 1 Ix — 6|2 5
:/O /R eEmTe exp(——zv )n(nen )d0 dG (v)
= E[E | 2oy (V W], (73)

by Fubini’s Theorem for the second equality and noticing, for the third equality, that
W = ||6]I*/ VIV ~ x;(A) with = ||x||*/2V. Similarly, thanks to (6) and to (69)
and by definition of F in (7), we have
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2) _ l/m /w; o 2
M(||x||)—/Rp o oo (- 5y) 4G dun (101 do

:/0 Qn v)p/z /Rp /|X 0”25 eXp ——) dum(01*) d6 dG (v)

= Ix — 0|2 )
_/0 /Rp W ‘”‘P(—T) 7 (l611%) d6 dG (v)

= E[V Ejepvln(V wl]. (74)

Therefore, setting y = ||x (RIS differentiating with respect to y, we have

b 1 y
m(y)_E[sz(zv V)} (75
and .
P R
M(y)—E[zH(ZV,V)} (76)

with H'(x, V) defined in (70). Note that, as 7/(||6]|*) < 0, we have H'(A, V) < 0,
for any A > 0, since XIZ,(A) has increasing monotone likelihood ratio in A. Therefore,
it follows from (72), (75) and (76) that

y() ElyHGy W1 Ely HGE VI
= ; v = ; y = Ey[V ]’
Fy) E[HGy. V)] E[IH Gy V]

which is the desired result. |

Lemma 9 Assume that the sampling density in (1) and the prior density in (3) are
variance mixtures of normals as in (33) and (34), respectively, that is,

ro=[" 5o ") aGw) (77
= — exp|—— v),
0o Qmuv)r/2 P\"2,
where G is the distribution of a random variable V on R, and
Ty ue—— L PP 78)
0 (2 T t)p/z

for a certain (possibly improper) mixing density h. Then the superharmonicity of MP
can be expressed as
p—2

O+R = (=P ——, (79)
where
0 = —h(0) Jo v' P2 exp (32)dG(v ) ﬂ)f v2p/? exp () dG(v)
1o~ Ipj2+1(v) vdG(v) 2 Jp2(v) vdG(v)

(80)
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and
[ 40)
fooo fo (u+z;1'/2 Y (UH) drvdG(v)
Io 4 p2(0) vdG(v)

Jo I5” —(Uf,)% exp (v+,) dt vdG(v)
Jo~ Ipp (@) vdG(v)

R =

-1-8) (81)

with
J(v) = / (t +v)* exp( _s )h(t)dt (82)
Proof By the last equality in (31), AMﬂ(||x||2) < 0 is equivalent to

AM(||x]?) [vM(lxI®|
— = (1-Bf)———— <0, 83
[vmix? | a=n Mx1®»  ~ (89

Now, for a sampling density (77) and a prior (78), it easy to derive

M) = —— [T [T v LI 4y ar dG )
x _(27T)P/2/0 /0 G+ P\ T2y v

so that

YM(|x|?) = ! o v LY 4y arac
(Il )——W 0 o WCXP it (t)drdG(v) x,

and

AM(uxnz)_;/“/” v Ixl®
“enrm )y Joo o vy TP

1 2
X exp (_Et”)—ck_”v) h(t)dt dG(v).

Hence, Inequality (83) becomes

2 2
oI5 e (BE — p)exp (<5 L) noydr aG )
x| fO fO m exp (—% I+ Xl ) h(t)dtdG(v)

1 bl 2) MO dAGE) .

= Yy

v
00 0O v
Il Jo° Jo* Gbrer exp (
Ll
2

fOoo f()oo ([+:;)p/2 exp (_

x| ) h(t)dt dG (v)

t+
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which is equivalent to

2
Joo I5” W exp (—% 'lﬂ' ) h(t)dtdG(v)

) h(t) dt 4G (v)

<

(S

00 00 1 x|
o~ Jo Gy €XP (_i o
0o oo 1 x)?
Jo~ Jo (z+u)vp/2+1 exXp (_5 t+v) h(®) dt dG(v) __P

1 Jx)? - 2
I I5° et op (—3 L) hy ardGy I

—1=5)

and can be conveniently expressed as

Jo° Ipj242(v) vdG (v)

15> Ip2+1 () vdG (v) -
Jo> Ipj2+1(0) vdG (v)

p
Jo Jpp()vdG) ~ 2s

—31-=5

(84)

where Ji (v) is in (82) and s = [|x||?/2. Setting dw = (v +1)"2 exp (—s/(t + v)) dt
andu = (v+1)"**2 h(r),sothatw = 1/s exp (—s/(t + v)) anddu = [(v+1)' 7% (2—
k)h(t) + (v + 1) b (1)] dr, we have

=1 oy s
Je() = —=v7 " h0) exp | —= | + Ji—1(v)

! / S exp (=) ar
1 ’ = Y ar,
s Jo P t+v

since
lim (v+6)> % h(r) = 0.
11— 00

Then using this representation of Ji (v) in (84) gives rise to (79) with Q in (80) and R
in (81). O
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