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Abstract In this paper, we study periodical stochastic processes, and we define the
conditions that are needed by a model to be a good noise model on the circumference.
The classes of processes that fit the required conditions are studied together with
their expansion in random Fourier series to provide results about their path regularity.
Finally, we discuss a simple and flexible parametric model with prescribed regularity
that is used in applications, and we prove the asymptotic properties of the maximum
likelihood estimates of model parameters.

Keywords Fourier transform - Karhunen—Logve’s theorem - Gaussian processes -
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1 Introduction
1.1 Literature review

Modeling the random boundaries of star-shaped planar objects is a topic that is receiv-
ing an increasing interest in recent times. Some examples can be found in neurology
(see Hobolth 2003 and the references therein), geography (Burrough and Frank 1996),
stereology (see Hobolth et al. 2003; Hobolth and Vedel Jensen 2002 and the refer-
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ences therein), fractal geometry analysis (see Dioguardi et al. 2003 and the references
therein).

A common way to model such a phenomena is to model the radius-vector function
as a periodic stochastic process from an interval to R; a detailed geometric description
of this model is provided in van Lieshout (2013). In such a framework, the radius of
the star-shaped planar object is a periodic and continuous function, as a function of
the independent variable, representing the angle.

A very standard and well-known model that apparently suits these needs is the
Brownian bridge. The Brownian bridge is a universally known model, used in several
areas of applied mathematical science. As only an example, the recent publication of
Kroese et al (2011) and Manganaro (2011) and the reference therein provide a huge
relevant literature, while Bass (2011) provides a theoretical analysis of such a process.
The main aspect of the Brownian bridge is its periodicity that makes this process a
good model for a noise on the finite domain [0, 1]. On the other hand, a deficiency of
this model is its non-stationarity, which is almost a must when one models pure noise.
This is due to the fact that Brownian bridge is assumed to be 0 at r = 0.

A second approach that is being obtaining success in recent time is to exploit
the asymptotic results of the random Fourier series to provide general models for
the boundaries of star-shaped objects. In Hobolth et al. (2003), the authors propose a
parametric random Fourier series model (called generalized p-order model) to describe
the border of random planar star-shaped objects in terms of normalized radius-vector
function. Again, in Hobolth et al. (2003), the authors also provided results about sample
path regularity, and an expression for the maximum likelihood function for the model
parameters, even if there are not asymptotic results about these estimators.

1.2 Overview and insights of the paper

In this paper, we deal with the second approach, using random Fourier series as a
flexible modeling tool, finding interesting properties of the studied processes thanks
to the standard representation they provide.

First, we define the theoretical conditions that are needed by a process to be a good
noise model on the boundary of a circle, admitting models with a fixed zero value
in the origin only as the conditioning of such a process, as the result of a selective
sampling. More precisely, two classes of processes are considered:

— S, the set of Gaussian, stationary, [0, 1]-periodic processes;
— J%), the set of processes generated by a process in . conditioned to be 0 when
t=0.

Then, we remark that the Brownian bridge is not contained in .74). Furthermore, we
find a standard Fourier decomposition for a process {x;};¢[0,1] in ¢, by expressing
its covariance function C(s, t) as C(s,t) = 0(2) +2 Z}:ozl c,% cos(2km (s — t)). Thanks
to Karhunen—Loéve’s theorem, the process {x;};c[0,1] may be represented as:

o0

xi=co¥g+ D cx(Yasi(t) + Y{ex(t))
k=1
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Noise models on the circumference 391

where {Yj}x>1 and {Y,é}kzo are two independent sequences of independent standard
Gaussian variables.
As a consequence, we prove that:

— the random Fourier series expansion of a process in .7 shares the same asymptotic
behavior for the spectrum with its generator in J¢;

— the path regularity of a process in .77 depends on path regularity of its generator
in J7’; in particular, we show that the regularity properties of the trajectories of a
process in % and of its generated process in .4 have the same lower bound in
terms of Holder regularity;

— the path regularity of a process in .7 (and of its generated process in .74p) can be
deduced by the Fourier coefficients of the generator process covariance function,
looking at their decrease rate. In particular, we show that, forany 0 < o < 1,

¢ = Ok — (xeo.1y € C™P([0, 1), with B < /2,

where C™# ([0, 1]) is the Holder space of the functions on [0, 1] having continuous
derivatives up to order m and such that the mth-derivative is Holder continuous
with exponent .

Finally, as in Hobolth et al. (2003), we discuss a general and flexible parametric
model in JZ:

N a ' )
X = Z k—p(Yk sin(2krt) + Y| cos(2krnt)),
k=1

together with the generated model in 7). We underline that

— these models provide a very easy way to represent stochastic processes in computer
memory, where only a finite number of coefficient may be stored. In addition, the
representation of the first one is built on a finite dimensional subspace made by
only trigonometric functions;

— the path regularity of {x;};c[0,1] is determined by its parameters, see Figure 1;

— we provide maximum likelihood estimates for the first model, together with asymp-
totic properties of the estimators.

Summing up, these models can be very useful in the applications: on one hand,
they might shape particular characteristics of the observed phenomena, allowing on
the other hand properties similar to the Brownian bridge when these are needed, but
with a stronger theoretical support.

1.3 Structure of the paper

In Sect. 2, we define the two classes of interest, .7#” and the space of conditioned
processes .77, studying their properties and analyzing their random Fourier series
expansion. In Sect. 3, we show the connection between the spectrum of the processes
in 7% with respect to their generators in 7. In Sect. 4, it is proven that also the

@ Springer



392 G. Aletti et al.

Fig. 1 Parametric model in 7, p= p=1.5
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path regularity is maintained for such couples, as a consequence of Kolmogorov’s
continuity conditions and a result of Boas. In Sect. 5, simple parametric models in
H and 74 are presented, together with the properties of the maximum likelihood
estimators for the parameters.

Summary of notations

The variables s, ¢, ... relate to time variables, and will often belong to [0, 1]. We
denote by {x;};¢[0,1], {¥:}r€[0,1]. - - - stochastic adapted process defined on a given fil-
tered space (2, F, {Ft}ieq0,15, P), while { X1} =1, (Y }u=1,{Zn}n>1, . . . are sequences
of random variables. C(s, t) is a positive semidefinite function (it will be the corre-
lation function of a stochastic process). When a process has stationary increments,
its covariance function will often be replaced by the associated covariogram function
C(t—s) = C(s,t). The sequence {ex (t)}x>0 denotes a sequence of orthogonal func-
tion on LZ([O, 1]). Finally, we denote by [|#[|; the fractional part of the real number #
that is the sawtooth wave defined by the formula [[#[l; = ¢ — floor ().

2 Preliminaries and Karhunen-Loéve’s decomposition theorem

In this section, we recall some basic results from Gaussian processes theory. The first
theorem we need is the Karhunen-Loeve’s decomposition theorem (see Karhunen
1947) that states what follows.

Theorem 1 (Karhunen—Loeve) Let {x;};¢(0,1}, such that E[x;] = 0, and Cov(x;, x)
= C(t, s), continuous in both variables. Then, x; = Z,fil Zy ex(t), where

— the functions {ey(-)}x>1 are the eigenfunctions of the following integral operator
from L?[0, 1] in itself

1
feL*0,11 — g(©) =/O C(t,7) f(r)dr, )
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Noise models on the circumference 393

and {ex (-)}k>1 form an orthonormal basis for the space spanned by the eigenfunc-
tions corresponding to nonzero eigenvalues;

— the random variables 71, Z, . . . are given by Z = fol xsex (t)dt and form a zero-
mean orthogonal system (i.e., E(ZyZ;) = 0 for k # j) with variance A2, where
Ak IS the eigenvalue corresponding to the eigenfunction ey (-).

The series Z,?i 1| Zrex(t) converges in mean square to x;, uniformly in t:

00 2
sup E | |x; — ZZkek(t) — 0.
tef0.1] =1 n—00

Finally, x; is a Gaussian process if and only if {Z,},>1 is a sequence of independent
Gaussian random variables.

2.1 Representation of the set .77’ with respect to the Fourier basis
{sk(®), ci(®)} k=0

We deal in this paper with the following class 7 of processes, thought of as the set
of ‘pure Gaussian noises’ on the circumference.

Definition 1 Let {x;};¢[0,1] be a stochastic process with covariance function C(s, t) =
Cov(x;, x5). A is the set of real Gaussian stochastic processes {x;}:¢[o0,1] such that

zero-mean: E(x;) =0, vVt € [0, 1];

continuously stationary: there exists a continuous real function C such that C(s, 1) =
C(s—1),Vs,t €10, 1];

periodic: {x;};¢[0,1] admits a periodic extension to R (i.e., xo = x1, a.s.).

Remark 1 A necessary and sufficient condition for a continuously stationary process
to be periodic is that C (1) = C (0). This allows a continuous version of the process
with Var(x;4+1 — x;) = 0 for any r € R. We remark that if {x;},¢0,1] € 4 and if
C‘(s —1t) = C(s, t) is its covariogram function, then C’(t) = C’(t +1).

The set 77 is a Hilbert space, when it is equipped with the inner product given
by (x(-), y(-)) = fol E (x;y;)dt. Karhunen—Loeve’s decomposition theorem can be
specialized to 7, in order to show that a process is in 7 if and only if it can be written
as limit of a canonical trigonometric random series, namely the constant function
equal to 1 together with the sequence {si(t), ci(t)}x>1, Where si(t) = V2 sin(2krt)
and ¢cx(t) = /2 cos(2krnt).

Theorem 2 Let {x;};c[0,1] € € with covariance C(s,t) = C’(t — §), then in mean
square, uniformly in t,

o0

xi=co¥g+ D ck(Yasi(t) + Y{ex(t))
k=1
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394 G. Aletti et al.

where {Yi}k>1 and {Y, ;é}kzo are two independent sequences of independent standard
Gaussian variables, and {ci}r>0 € 02 is such that

1
cﬁ = / C(s)cos(2nms)ds, n=0,1,2,...
0

Proof See Appendix 1. O

Theorem 3 Let (Yi}i>1 and {Y}}i>0 be two independent sequences of independent
standard Gaussian variables, and {cy}k>0 € 02. Then, the sequence

n
W = co¥§+ D (Vi) + Yiewn))
k=1

converges in mean square, uniformly in t to {y;}ic[0,1] € F. Moreover, if C(s, t) is
the covariance function of y; , then uniformly, absolutely and in L?[0, 1] x [0, 1],

(0.¢] oo

C(s.1) = cf+ D cens)eut) + D cisu(s)su(r)
k=1 k=1

o o0
= c% +2 z c,% cos(2kms) cos(Rkmt) + 2 Z c,% sin(2kms) sin(2kmt)

k=1 k=1
oo
=c§+2 D cicos(2km(s —1)). 2)
k=1
Proof See Appendix 1. O

Remark 2 As a consequence of Theorems 2 and 3, we can observe that periodic
processes with period % have only terms of form mk in their expansion:

o
1 1
Xpp1 = co¥g+ D ek (YokSuklt + 30) + Yyt + 30)) = .
k=1
More fancy processes having only odd terms are antiperiodic with period %, ie.,
oo
X1 =D cmpt(Yoerisaurat + 3) + Yoy €orqat + 3)) = —x
t+1 + +182k+1 2 2k+1€2k+1 ) Iz
k=0
An immediate consequence of this remark is that when one needs to model a pure

noise on the boundary of a circle, then he must choose processes whose expansion has
both odd and even terms.
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Noise models on the circumference 395

2.2 The quotient set /77

It is easy to see that 7 can be seen as a Hilbert space, isometrically equivalent to the
space of the coefficients £2; let us consider two independent sequences {Y,},>1 and
{Y!},>0 of independent standard Gaussian variables. For each {z,},[0.1] € #, there
exists an {x;};¢[0,1] € €7 having the same law, where

o0
Hy = {{xt}te[o,l] e H :x; =ap¥'o+ Zak(yksk([) + Y'ker(D), {an}nz0 € 52}
k=1

and the limit is in mean square and uniformly in ¢. From Theorems 2 and 3, it is
naturally defined an isometry between the representative space .7#% and £

o0
x = aoY'o+ Zak(Y_'kSk(t) + Y_/kck(t)) <~ {ay, «/Eal, «/Eaz, \/Ea3, ...} € 0,
k=1

where ||x; ||y, = ,/aé +2>, 4l

2.3 The space 7% and its relation with /77

By Theorem 3 given {c;}i>0 € Ez, there exists a unique {x;};c[0,1] € F¢z, with
covariance function given by

Cls. 1) =c§+ D cieus)ex().
k=1

Let us define the set .7 of the process generated by those in 7#” conditioned to be
Oatr =0.

Definition 2 Let .74 be the following set:
H = ({yr}rer0.11: Hxr}rero.1) € A such that
L(tyseos ) = L((Xtys -5 Xx1,)|x0 =0), Vi e[0,1]",n € N}
We call:

Generator process: the process {x;},¢0,1] € J¢;
Generated process: the process {y:}sef0.1] € 74.

In other words, the process {x;};c[0,1] € -#¢Z, conditioned to be 0 at t = 0, is the
periodic zero-mean Gaussian process {y;}:¢[0,1] € %4 with covariance function

_ C(s,00C(,1)

R(s,t) =C(s,t) C0.0)

3
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It is easy to show that {y;},c[0,1] ¢ € because it is not stationary. However, the
function R(s, t) is symmetric, and hence it is the L2-limit of its 2-D Fourier series.
With the notation given above, with ¢o(f) = 1, we get the series expansion:

o0 oo o0
R(s.t) = > rifas)ei(t) + D risus)sit) + D rifsi(s)ej(t)
k,j=0 k,j=1 k=1,j=0
o0
+ > rda)si). &
k=0, j=1

The following theorem gives a necessary and sufficient condition for a process
{3t }:e[0,17 with covariance function R(s, t) to have a unique process {x;};c[0,1] € 7
which generates it. The trivial case when R(s, t) = 0 (generated by a constant process)
is omitted since it is the sole case when the solution is not unique. The proof may be
found in Appendix 1.

Theorem 4 For any Gaussian process {y:}ie(0,1] such that yo = 0, E(y;) = 0 and
continuous covariance function R(s,t) # 0, there exists a unique (in law) station-
ary process {x;}iec0.1] € 7 which generates {y:}ic0.1] if and only if the Fourier
coefficients of R(s, t) satisfy:

— the mixed matrices cos—sin and sin—cos are null:
cs sc .
{rit}jzo0u=1 = {rji}j=1.4=0 = 0;
— the sin—sin matrix is a nonnegative diagonal in £':

0 0 0
» 0 5 0 0
{’"j‘?c}j,kzlz 0 (2)2 o0 |

. Ss cc o SS .
with ry; > 0 and r6o < T =D kT < 00

06" o . . . . .
— defined ry; = z 0‘;(-(,, the cos—cos matrix is built from the sin—sin matrix and r§;:
700

S8 .58 55,58 S5 ..58

0 0 0 - Too"00  Too”11  To00"22

"y = ce 55 .58 55,585 S5 .55

Y o= O i 0 0 ... r=ro | Titoo Tt 1722
jkIJk=0— s e =2 55 .88 S8 .58 55 .58
0 0 r O r nloo 2211 22"

Remark 3 One of the models mainly used for periodic noise is the Brownian bridge,
i.e., the process {B;};¢[0,1] such that B; = W; —t W, where {W;};¢[0,1] is a Brownian
motion. This process is Gaussian, periodic and has the following standard represen-

@ Springer



Noise models on the circumference 397

tation in Fourier random series:

> ﬁsin(km)
b= 2 b

where Z1, Z,, ... are independent identically distributed standard normal random
variables. Starting from the results explained in this section, it is straightforward to
prove that {B;};c[0.1] ¢ #4); so we cannot consider it a “good” noise model on the
boundary of a circle.

3 A process in .77 shares the same asymptotic behavior for the spectrum
with its generator

We want to get information about Fourier coefficients of Karhunen-Loeve expansion
for processes in .79 with respect to the coefficients of their generators in 5. To do
this, as described in the Theorem 1, it is sufficient to study the spectrum of the integral
operator induced by the covariance function of the process {y;};c[0,1] € /) generated
by {x:}ie(0,1] € 7.

Theorem 5 Denote by {y;}:c[0,1] a process in 4 and by {x;}c[0,1] its generator in
JC. Let {chlns0 € 02 be the sequence of Fourier coefficients of Karhunen—Loéve
expansion of the process {x;}:c[0,1), such that, as in Theorems 2 and 3,

o0
X = co¥§+ D ck(Yise(t) + Yie(n)).
k=1
Then, the Karhunen—Loeéve expansion of the process {y;}:e[0,1] has the following form:
o0
o= D (exYisit) + &Y fi(t)
k=0

where fi(t) is the eigenfunction related to the eigenvalue a, = E,%, and, foralln € N,

akn = akn = akn+1 ZJC akn = akn-H

ag, > Gk, > ag,,, If ak, = g,
where {ay, }n>0 is a decreasing reordering of the sequence {a,}n>0.
Proof See Appendix 2. O
Remark 4 Theorems 4 and 5 give a theoretical approach to build the Karhunen-Logve

expansion of processes in .7Zj. A numerical example of such a procedure may be found
in the example of the Sect. 5.
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4 A process in 74 shares the same path regularity properties with its
generator

We showed in Theorem 5 that a process in 7 and its generator in .7 share the same
asymptotic behavior for the spectrum. In this section, we show that the regularity of
the paths is also maintained.

4.1 Holder regularity of the paths of processes in # and in

We first remind that the Holder space C™* ([0, 1]), where m > 0 is an integer and
0 < o < 1, consists of those functions on [0, 1] having continuous derivatives up to
order m and such that the mth-derivative is Holder continuous with exponent . We
recall a classic regularity theorem.

Theorem 6 (Kolmogorov—Centsov continuity criterion, Revuz and Yor 1999) Let

{xt}re[0,1] be a real stochastic process such that there exist three positive constants y,
c and € so that

E(lx; — x5|7) < clt — s|'™;

)

then there exists a modification {X;}:c[o,1] of {Xt}:e[0,1}, Such that

~ ~ 14
E supu < 00
s#t [t —s]¥

forall o € [0, 5); in particular, the trajectories of {X;};c[0,1) belong to CO*“([O, 1.

The following results are an immediate consequence of this last theorem (proofs
may be found in Appendix 3), where the processes {X; };<[0,1] and {y; };<[0,1] are thought
modified as in the Theorem 6.

Theorem 7 Let {x;}:c(0,1], a stationary stochastic process with null expectation, and
let R(s,t) be its covariance function; if R € CO’“([O, 1] x [0, 1]), with0 < o < 1,
then almost all trajectories of {x;}:c[0,1] belong to Co’ﬁ([O, 1) with B < %

It is simple to apply this last theorem to processes laying in 7’ and in .7): assume
that {x;};¢[0,17 € S and let C(s,t) = C(s — t) be its covariance function. If C €
coe ([0, 1]), then almost all trajectories of {X;};<[0,1] belong to Co'ﬂ([O, 1]), for any
B < 5. The same argument can be applied to .7#j processes.

In fact we can say something more.

Theorem 8 Let {x;};c[0,17 € 7€ andlet C(s, t) = C(s—1)beits covariance function.
Consider its generated process {yi}iej0.11 € F4, and let R(s,t) be its covariance
function. Then we have, for any B < %,

{Ft}rer0.1 € C*P (10, 1])

C e C*([0,11) = R € C**([0, 1] x [0, 1]) = [ 3 o .
{%e}rero,11 € COP (10, 1])
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Noise models on the circumference 399

This last result implies that regularity properties of almost all trajectories of
{X:}1e10,1] and of its generated process {y;};¢[0,1] have the same lower bound, obtained
by studying regularity of their covariance function.

4.2 Upper order regularity

In Sect. 2.2, a sequence in £ is uniquely associated with each stochastic process in
2. We are now showing how the decrease rate of such sequence is associated with
the regularity of the process trajectory path.

A very useful result for our analysis will be the following one, whose proof may
be found in Lorentz (1948).

Theorem 9 (Boas’ Theorem) Let f € L'[0, 1] be a function whose Fourier expansion
has only nonnegative cosine terms, and let {a,},>0 be the sequence of its cosine
coefficient. Then

1
0, —
f e €™ (10.1) = a = 0( 7).
Boas’ Theorem may be used in connection with Theorems 2 and 3 to deduce more
regularity properties of the processes in 7, since C is a function whose Fourier
expansion has only nonnegative cosine terms. In fact, take {c,},>0 as in Theorem 2

and Theorem 3. From Boas’ Theorem, we have that if kzc,% = 0(k11+w YforO <a <1,

then C € C2 ([0, 1]) . This link between the regularity of C and the paths of {x;};¢[0,1
is underlined in the following theorem. The proof is in the Appendix 3.

Theorem 10 With the notations of Theorem 3, if c,% = O(ﬁ), then there exists a

version of {x;}+e[0,1] whose trajectories belong to cLA ([0, 10), with B < Z.

p=1 =1.5 p=1 p=1.5
4 ; 4 4 o4
X W
2 N AR EE: WA 2 A -
N LA "IN N \ ( A S
a [V Ty o / N OO ) < T
2 "‘m‘(// 2 \ ’ 2 V \/ W \J‘,y 2 .‘_\ L /,/
-4 |V -4 -4 -4
0 0.5 10 0.5 1 0 0.5 1 0 0.5 1
p=2 p=3 p=2 p=3
4 4 4 4
0 ] o L o} /,‘/ Y ol /
-4 -4 -4 -4
0 0.5 10 0.5 1 0 0.5 1 0 0.5 1

Fig. 2 Change of path regularity: a comparison between trajectories of processes for fixed i.i.d. gaussian
{Yi, Ylé}kzo and varying the magnitude of {cy}x>0. Left parametric model in .7# given in (5), where
a = 1.5 (dilation coefficient, fixed) and varying p. Right parametric model in %) given in (6), obtained
by conditioning the model (5) to be 0 at # = 0. The coefficients {¢y }x>0 and the eigenbase { fi }x>0 of the
model are obtained as explained in Sect.5. As a consequence of the Corollary 1, each trajectory belongs to
Cm’ﬂ([O, 11), where m 4+ B < 2p — 1. The series are truncated at N = 40

@ Springer
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A natural generalization of this result is the following corollary, exemplified in
Fig. 2.
Corollary 1 With the notations of Theorem 3, if there exists an m € N such that
c,% = O(1/k"2m+2)  then there exists a version of {xt}ie10,1] whose trajectories

belong to C™P ([0, 11), with B < %.

5 A parametric model in /7 and in 7%

Results provided in this paper suggest to create a Gaussian parametric family of station-
ary and periodic processes of arbitrary regularity. In fact, let us consider the following
family of processes in .77

N a . /
X = Z k_P(Yk sin(2kxt) + Y, cos(2kmt)). o)
k=1

This family is the discrete approximation of the model given in Hobolth et al. (2003),
obtained when N goes to infinite. We note that for this limiting process, Theorem 7
states that the paths become more regular as p increases. This property is shown in
Fig. 2 (left), which suggests how to smooth a process by changing p.

By Theorem 4, it is possible to build a parametric model in %) of the form given
in the Theorem 5

N

N
n=> k"—pyk sin(kzt) + &Y, fi(0). (©)

k=1 k=0

The functions { fx (t)}x>0 are the eigenfunctions of the cos—cos part of the covariance
function R(s, t) given in (4). To find an approximation of these first eigenfunctions,
given

N
RC(s.1) = D Rise(s)e;n),

k,j=0

we may find the spectral representation of the cos—cos matrix R = UDUT, with D
diagonal and U unitary. Then, ¢y = /Dyt and fi (1) = Z;V:O Ujrej(t).

Model (5) gives a family of Gaussian processes. In application, maximum likelihood
estimates of @ and p are a straightforward consequence of a fast Fourier transform of
the observed discretized process {x;};e[0,i/n]» i = O, ..., n. The properties of these
estimators are studied in the following section.

5.1 Maximum likelihood estimators of (5)

Given (x4, Xz, . . ., X,) sampled from (5), we want to find the property of the maxi-
mum likelihood estimator (a, p) of the parameters (a, p).
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Noise models on the circumference 401

More precisely, with a equispaced or nonequispaced Fourier transform (see, e.g.,
Brigham 1982; Dutt and Rokhlin 1993), we first transform (x4, x,, ..., X;,) into
(yl(l), yél), e, y,gl)) and (yl(z), yéz), e, y,?)) (real and imaginary part). As a conse-
quence of Theorem 2 applied to (5), there exist two sequences {Yi}i>1 and {¥}}i>1

of independent Gaussian standard random variables such that

1 1 a a
yi ) =aYi, yé): —Yz,...,y(l> = —Y,,

2p n npb
2 2 a 2 a
W =ari, o = o = S

The log-likelihood function then reads

. oy )2
tu(a, p) =D log [ ——exp | —3-5
k=1 ZnIpr =n

2
1 (y;g ))2

n
1
+ Zlog T T g
k=1 27TkTp m

n

= —nlog(2m) — 2nlog(a) + 2p Z log(k)
k=1

1 n | )
— 5 RO + 0)
k=1

and hence, if oy = (y,il))2 + (y,iz))z, k=1,...,n,we get

3y 21—,
=4 =D
+ 3 ]; ok

da a
L, - 1 « 2 - k2P oy,
= 2];10g(k) - glog(k)k op = glog(k) (2 - ) 0

As expected, when p is a known parameter,
1 < 2
at = — Zkzl’ook, 2nd; ~ X22n7
2n = 4

where X22n is a chi-square distribution with 2n degree of freedom, while nothing is
known about the distribution of p, for small n, and for the distribution of the cou-
ple (a, p). We have the following asymptotic results, whose proof may be found in
Appendix 4.
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a=02,p=0.7 a=1,p=0.7 a=3,p=0.7
0.8 =l o8 seit L o8l e
06 A “os| A
0.4l 04"
1.2 1.2
@ 10 @ 10
0.8} 5" 08} .+
2 4 6
a
a=3,p=2
2.2 T . o] 22 e
@ 2 gt @ 2| @ 2| g
1.8 ﬁ» 1.8 18] 7
0.2 0.4 05 1 15 2 4 6
a a a

Fig. 3 Plot of 200 (a, p)-joint simulations (blue point) of data coming from (5) for different values of a
and p (red stars). In these pictures, n = 40 (see Sect. 5.1 for notations)

a=02,p=0.7 a=1,p=0.7 a=3,p=0.7

2 o0 2 2 0 2 4 6

Fig. 4 Theorem 11 predicts that the left-hand part of (8) transforms data from Fig. 3 into i.i.d. vectors
with a gaussian distribution concentrated on y = —x (red line)

Theorem 11 There exists an ML estimator {p, }n>1, zero of the Eq. (7), such that

A

by %5 P20 L N, ).

Pn —> po, —r/7/—m———
n— 00 ) /Z,I, logz(k) n— 00

Moreover,
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/o 3 log(k) 1 logth

—ag L 1
;cl 110g(k) /Zk . log (k) ( ) njo)o (—1) Z, ®)
ao/ iy log* (k)

where Z is a standard Gaussian variable.

As a corollary of Theorem 11, the joint perfect correlation between a, and p,
is asymptotically predicted. In Fig. 3, we show this fact by plotting the maximum
likelihood estimates of 200 simulated processes from model (5), where the correlation
coefficient p > 0.94 for n = 40 and different values of ap and po. In Fig. 4, we plot
the corresponding computed left-hand part of (8).

6 Conclusions and perspectives

The results we presented in this paper, together with the parametric models (5) and (6),
are useful to represent the border of circular objects where random noise is present.
The statistical results might help the practitioners to estimate the model parameters;
confidence intervals may be found when dealing with large populations of objects.

A practical advantage of this model is its computer usability: often stochastic
processes are represented in computers as discrete values, and only a subset of their
Fourier coefficients are available; these models overcome this issue, allowing to find
the parameters that best fit the represented process.

In conclusion, the parametric models might be considered in the applications more
appropriate alternative than the Brownian bridge. Both the models have a more solid
theoretical background, and they present more flexible in terms of path regularity.

A natural perspective would be to extend the presented results to model the shape
of the border of a generic d-dimensional star-shaped object, starting from the three
dimensional case, where the Fourier basis is more treatable, maintaining the usability
of the models.

Appendix 1: Proofs of results of Sect. 2

Proof of the Theorem 2 By Mercer Theorem (see, e.g., Ash 1990), we know that if
{en}n>0 is an orthonormal basis for the space spanned by the eigenfunctions corre-
sponding to nonzero eigenvalues of the integral operator (1) then, uniformly, absolutely
and in L2[0, 1] x [0, 1],

C(s,1) = D ex(Dex (), ©)
k=0

where A is the eigenvalue corresponding to ex. By hypothesis, since C (s, t) = C(t—

s|) = C(|t — s| + 1) by Remark 1, we get

1 1
/ C(s) cos(2nms)ds = ay, / C(s) sin(nms)ds = 0, (10)
0 0
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and hence

C‘(r) =a0+22an cos(2nm). (11)
n=0

It is simple to prove that the sequence {s,(t), ¢,(¢)},>0 contains all the eigenfunctions
of the operator (1). In fact,

1 1
/ C(t, t)ey(r)dr = \/5/ é(s) cos(nm(t + 5))dt
0 0

1 . 1/2 -
= cn(t)/ cos(2nms)C(s)ds — sn(t)/ sin(2nms)C (s)ds
0 —-1/2

= anCy(1), (12)

the same relation holding when ¢,(¢) is replaced by s,(7). By (11), we get

C(s,t) =C(s —1) = ag + Zak cos(2k (s — 1))
k=1

o o0
=ap+2 z ay cos(2kms) cos(2kmt) + 2 Z ay sin(2kms) sin(2kmt)
k=1 k=1

=ap+ Y arei(s)ex(t) + D arsi(s)si(t)

k=1 k=1

where this equality holds uniformly, absolutely and in L2[0, 1] x [0, 1] by Mercer
Theorem (cfr. (9)).

Now, since C (s, t) is a covariance function, it is positively definite, and hence a,, >
0, Vn. Moreover, since {a, },>0 € 2L, if we define ¢, = n, then {cp}n=0 € £2. From
Theorem 1, we deduce the existence of two independent sequences of independent
standard Gaussian variables {Y} };>1 and {Y,g}kzo such that in mean square, uniformly
in ¢

o0

X =co¥g+ D ck(Visu(t) + Y{ex(0)).
k=1

m}

Proof of the Theorem 3 The sequence of Gaussian processes y,(") converges to a peri-

odical {y;}s¢[0,1] in mean square uniformly in ¢, since it is a Cauchy sequence:

m
sup E[ly" —y"P1=2>" ¢ — 0.
1€[0,1] = m,n— 00
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Hence, E[y;] = 0, and

o0
Cov(yr, ys) = c(2) + Zc,% cos(2km (s — 1))
k=1

is a continuous function. Finally, {y;};c[0,1] is a Gaussian process, since the two
sequences {Yj}r>1 and {Y;é}kzo are formed by independent Gaussian variables. O

Proof of the Theorem 4 Necessity. Assume there exists a process {x;};c[0,1] € 7
which generates {y;};c0,17 € #%4. The covariance function C(s, t) of {x;};¢c[0,17 is
given as in (2):

C(s.0) =c§+ D cieus)en(t) + D cpsi(s)su(t).
k=1 k=1

If we define x = C(0,0) = >°° c,%, pi = cl.2/x, and

_ C(s,0)

D(s, 1) = = po+ D prer(s)ei(t) + D prs(s)si(t),

k=1 k=1

then, x > 0 and, by (3), we obtain
xR(s,t) = D(s,t) — D(0,t)D(s, 0)

= po+ D prer(s)ei(t) + D prs(s)si(t)

k=1 k=1
oo o
= (po+ X i) (po + X pre). (13)
k=1 k=1
(13) and (4) give
ifk=j>0
xris = P BE=S = (14)
/ 0 ifk # j
—p} ifk=j>0
g = | PR T P =2 (15)
T mekpy o ifk#E

r,ilc = r,,f/s =0.
Since > 0" pr = 1,if 7 = X2 ri, we obtain by (14)
xr =1— po.
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Assume 7 = 0, then pg = 1, which is absurd since R(s, ) # 0. Hence 7 > 0, and we

define

F -t

.

Thesis follows by combining (16) and (15).
Sufficiency. Given the matrices of the 2-D Fourier series as in the theorem assump-

tion, set x > 0 as in (16). Define

X =

(16)

- cc cc
pkzrssr_roo pozm
kk 2 ’ 7

Then, {pi}k>0 is a nonnegative sequence such that ", py = 1. Define

X = /XPoYg + D VAPK(Yisk(t) + Y{e(t)).

k=1

By Theorem 2, we have

Cs, 1) =x (po + > prer(s)e) + pksk<s>sk<z>).

k=1 k=1

It is straightforward to check that (14) and (15) hold. The fact that the solution is
unique follows immediately from the necessary condition. O

Appendix 2: Proof of the Theorem 5

The case x; = k is obvious. Let C(¢,s) = C(t — s) be the covariogram function of
{xt}1e10,1] [see (2) for its expansion]. Since x; = k <= C(0) = 0, we assume,
without loss of generalities, that C) =1.

A straightforward computation gives that, if {y;};c[0,17 € % is generated by
{x:}1e0.1] € €, then {y:}ief0,1] is a Gaussian process with null expectation and
continuous covariance function

B CH)C(s)

R(t,s)=C(t —
(t,s) (t—ys) &0

=C@t—s)—C@)C(s). (17)

Hence, given the covariogram function C (s, t) = C (t —s) of the generating process
{xt}re[0,17, we need to study the spectrum of the operator (1), where C is replaced by
R given in (17).

As in (11) and (2), we write C(t) = ap + 22;’;1 a, cos2nmt) with 1 = ag +
23°%, ay, since C(0) = 1.
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Let f(¢) be an eigenfunction of (17); from the expansion theorem (see Ash 1990),
we have in L2[0, 1],

F@) = fot+ D fead) + fsa(o). (18)

n=1

where fo = [} f(0)dz, £ = [} ex(v) f()dT and f§ = [} s,(v) f(r)dz. Let’s look
for the eigenvalue related to f:

1 1 1
/R(s,t)f(t)dt:/ é(z—s)f(z)dt—é(s)/ C)f(dt =af(s). (19)
0 0 0

Substituting (18) into (19), and integrating with the results in (10) and (12), yields

aofo+ D an(fiels) + fisu(s)) — C(s) (aofo +v2 Zanf,:') =af(s). (20)

n=1 n=1

su(s) eigenfunctions

For any a, # 0, it is straightforward to see that f(s) = s,(s) is an eigenfunction, by
a direct substitution in (20), and that a = a,,. Moreover, we are going to state more:
the only eigenfunctions which contain some f;’ # 0 are indeed s,(s) (when a, # 0).
Assume that 3k: f;’ # 0 and, by contradiction, f(¢) 7# si(t).
By multiplying both members of (20) by sx(s) and integrating, we obtain a f;} =
afy,ie., ay = a. Since g # 0, then si(¢) is an eigenfunction. This eigenfunction is
orthogonal to f(s) by Mercer Theorem, and hence

1
oz/o si(s) f(s)ds = f7.

Summing up, for any a,, # 0, s,(¢) is an eigenfunction associated with a = a,,, and the
other eigenfunctions do not contain the terms in {s,(¢)},>1 (they are even function).

The other eigenfunctions of (20)

To conclude the proof, we should find another sequence of eigenfunctions with eigen-
values {a, }n>1 < {an}n>1. We will first obtain a simple result on the coefficients of the
eigenfunctions. Then, we will introduce the multiplicity of the eigenvectors {a,},>1
to conclude the proof accordingly.

The other eigenfunction takes the form f (1) = fo+ > ey f¢ ex(t). By multiplying
both members of (20) by c¢,(s) and integrating, we obtain

ao fo — ao(ao fo + 2 200 ak f£) = afo, n=0:

1)
an £ — N2an(ao fo + V2 302 an fO) = aff, n>0.
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As an immediate consequence, (a, = 0) = (f;y = 0).
Lemma 1 {f{},=0 € ¢!, and fo+~23 02, f¥ =0.

Proof Recall that @, > 0, and that ag + 2 ZZOII a, = C~‘(0) = 1.Forn > 0, by (21),
we have

anl £ — v 2an(aol fol + 2202, akl £€1)

a

Ifl <

and since {ax| £ |}k=0 € €' (as a product of two ¢2 sequences), and {a,},>1 € £!, we
obtain the first part of the thesis. By (21) and ag + 2 Z,‘Zo:] a, = C‘(O) =1, we get

(o]
fo+ \/EZ £o= aofb—ao(aofbt_lﬁz;’il @l | Ne) ol anf,f'—ﬁan(aoﬁyﬁz;i] ar ff)

n=1

— aO.fh*ﬁ&Zﬁl anfy aof0+ﬁ§k:] i (ao + 222":1 an) =0.

m}

Definition 3 (Multiplicity and support) Given {a,},>1, we define the support S; of
a:

S; ={k: ar = a}.
The multiplicity mz of a number a > 0 is the cardinality of S;:
m; = #{k: ap = aj.
It is clear that m; < oo because {a,},>1 € oL

Lemma 2 [fm; = k > 0, then there are exactly k — 1 orthogonal eigenfunctions of
R related to a. Moreover for anyone of these k — 1 eigenfunctions,

n¢5a:f,zc=0.

Proof Leta > 0 be such that mz > 1.
Itis simple to prove that there always exist mg; — 1 orthogonal eigenfunctions related
to a with f¢ = 0if a, ¢ S;z. We have two possibilities:

— 0 € §; or, equivalently, ag = a. In this case, (21) is equivalent to the following
system:

Jan =0, n¢S;
a(fo+ ﬁznesa\m} fi)=0.
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— 0 ¢ S;. In this case, (21) is equivalent to the following system:

fi =0, n¢S;
d(anSé f}:) =0.

In both cases, there exist a k — 1-dimensional orthogonal basis for the solution system.

We now need to prove that there are not other eigenfunctions related to a. Assume

that f5 # 0. We recall that this fact implies a; # 0. If 7 = 0, from (21) we have that

(ap—a) fo — aOfO + ﬁz[fil akka’

ao

% = ao fo ~|—\/§Z,filakfkc, nes;.

The second equation shows that ag fo + V2 Z,fozl ay fi =0, since a, = a, and hence
ap = a, which means that n € S;. Analogously, if n # 0, from (21) we can prove that
n € S; that completes the proof. O

Let {a(;)}n>1 be the decreasing reordering of the sequence {a;},>1, positive and
without repetition: a1y > ap) > --- > a@) > --- and Va, > 0, exists k such that
a, = ag). To conclude the proof, we must find a sequence of eigenvalues {d,},>1
such that awp) > a, > A(n+1)-

Lemma 3 Foreachn € N, there exists a unique eigenvalue a, such that agy > an >
A(u+1)- Moreover, mg, = 1.

Proof We have already observed that ag fo + V2 > e ak fi = 0 implies, for
any n, a, = a or fi = 0. Hence, without loss of generalities, we assume
ao fo + ﬁz,‘j‘;l ay fkc = ¢ # 0 and we continue the proof. From (21), we obtain

ap \/ian

fo=c —, fi=c —. (22)
ap — a an —
These relations with, again, ag fo + /2 > an ff = c, imply
2 00 2
ay a,
-+ 2 — = 1. 23
ag —a Z a, —a 23)

We are going to show that there exists a unique solution a, of (23) such thata,) > a, >
a+1)- This solution is the searched eigenvalue, whose corresponding eigenfunction’
expansion is given in (22).

Let us consider the series
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and the derivative series

2 0 2

/ _ aO a,
S = (ap — x)? 22 (an — x)%’

n=1

then they converge absolutely in each compact set not containing {a,},>1. We have
that

dom(S) = dom(s) = U, (@m+1), An))s S'(x) = s(x), Vx € dom(S).
Moreover for each n,

lim S(x) = —oo, lim S(x) =+o0, S'(x)>0,Vx € (am+1), dm))-

x—)a(;“) x—>a(;)

Hence, there exists a unique d, € (au+1), ) such that S(a,) = 1, i.e., for which
(23) holds. The unique corresponding eigenfunction is given by (22) that implies also
meg, = l:

oo
fy=—2_ 423 ¢,
ap — dp ne1 n — dn
To complete the proof, we show that there are not eigenvalues greater than a(j) =
max, a, or smaller than any a, > 0.

In fact, if we assume that there exists an eigenvalue @ > max aj, then (22) shows
that the sequence { f;’}x>0 is made of either nonnegative or nonpositive numbers that
together with Lemma 1 implies f = 0, for any f.

In the same way, it can be shown that there are no eigenvalues smaller than any

a, > 0. O

Appendix 3: Proofs of results of Sect. 4

We simply deduce the results based on the fact that if ¥ &~ N (0, 02), then E(|Y|?) =
P
27 (2tL
p%, (see, e.g., Patel and Read 1982).

Proof of the Theorem 7 Observe that

o

E(Ixe4n — i) = EG] 4 x7y — 2X04%) = R(t + h,t + h)
+ R(t,t) —2R(t + h, ).

Since there exists an M such that |R(s + 81, ¢ + 82) — R(s, t)| < M| (81, 82)||%, then
there exists a D such that

E(|xi4n — x;[*) < D|h|*.
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The thesis follows. 0O

Proof of the Theorem 8 The first part of the theorem is a simple calculation. The sec-
ond holds is a consequence of Theorem 6, since

E(x+h — %1% = E(E(X4h — %:121%0)) = E(E((Xr4 — X0) — (x¢ — x0))*1x0))
=R({+h,t+h)+ R(t,t) —2R(t + h, t) < D|h|°.

Proof of the Theorem 10 1t is clear that
o o
02C(8) = 20> D cf cos(2km (8) = =2 > (2m)*k>cj cos(2km (8))
k=1 k=1

and that 92C € C%@ ([0, 1), for some 0 < a < 1. Moreover, we have that uniformly
in ¢ and in mean square
o0
xe = co¥g+ D ce(YVis(t) + Yieu(®).

k=1

and, from Theorem 2, there also exists a stochastic process in 7# such that uniformly
in ¢ and in mean square

oo
Fo=2m D ker(Yeer(r) — Yisu(n),
k=1

which has covariogram function belonging to C%%([0, 1]) given by

C©) =2 @n)%kc} cos(2kn (3)).

k=1
If we define
n
" = co¥g + > (Visut) + Y{ex(t))
k=1
n
FO) =21 D ker (Yee(t) — Yisi(0)).
k=1
(m) _ () t ~(n) . .
than y,"" =y, + fo y¢ “dr, a.s. for any n, while for each fixed ¢, in mean square we

have fot 5Wdr — fot X.dt. Since
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t
—x0— | %dr]? — ymn2
\/E([xt %0 /Oxfdr])s E (1 - 5"'P)
t t
+ E([y(g"u/ yi’”dz—xo—/ irdr]z) —0,
0 0 n—o00

it follows thata.s. x; = xo+ fot Xzdt. By Theorem 7, we know that almost all trajectory
path of X; belongs to Co*ﬁ([O, 1]), with 8 < %, and thesis follows. 0O

Appendix 4: Proofs of results of Sect. 5

Proof of Theorem 11 Assume pg be the true parameter, we may define a sequence of
i.i.d. random variables {Z; };>0 in the following way:

kZPOOk
Ze~ =~ x3 ~exp (1) (24)
0

Equation (7), as a function of (p, po) and {Z }x>1, becomes

L - _
8—; — lélog(k) (2 el l’o)zk).

With the notation of (Hall and Heyde 1980, pp. 155-161), we have
n
In(p) = Y logE (@ = K222, Z41)
1

n
= > log?(k)2(1 + (1 — 2k>P~P0)2),
1

2 n n
Ju(p) = —3 Zlogz(k)kzl’ok = —2Zlog2(k)k2(/""0)zk
0 k=1 k=1

and, in particular,
n
ILi(po) =4 ) log*(k), (25)
1

Jn(po) = =2 log? (k) Zs. (26)
1

The thesis is a consequence of (Hall and Heyde 1980, pp. 155-161), where the
Assumption 1 and Assumption 2 on page 160 guarantee the existence of an ML
estimator {p,},>1 such that
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~  a.s. Pn — PO _L) N, 1).

Pn njo)o po- /1, (PO) n— 00

Check of (Hall and Heyde 1980, Assumption 1, p. 160). The fact that I, (pg) —> oo
n—0o0o

is a consequence of (25). As I,,(po) = E(1,(po)), then I,,(po)/E(I,(po)) — 1
uniformly on compacts. By (25) and (26), we have

In(po) _ =23 log? () Z
In(po) 4> log? (k)

and hence, by (24), we have

E(Jn(po)) 1 Var(fn<po>) __>log'k) 5
I (po) I, (po) (Z? logz(k))

Since, forn > 4,

log®(n) 1 1 8
S log?(m) S e\ S wn 2=, @7
1108 2o Tog(n) ) > (3)

2
then 0%, ( %)2 < 00, and hence Var(%) — 0 by Kronecker’s Lemma,

which ensures that 1, (po)/E (I,(po)) — —1 in probability uniformly on compacts.
Check of (Hall and Heyde 1980, Assumption 2, p. 160). Since, for any p, E,(1,(p))

does not change, then Assumption 2.i) is automatically satisfied.
Now, if [pn — pol = 6/+/In(po), we get

n )
a(pa) = Ja(po)] =2 Tog? (k) (k JEeEw _ 1) Z (28)

k=1

! 29 )
11 (pn) = In(po)| < D log” (k)8k” ~/1ro) (k™ /o) — 1),

k=1

Note that, since k < n, we have

28 2L
1 <k Vo < ¢ VIn(po) og(n) < exp(26)

and hence, for sufficient large n and k < n, since

28 1)
k VIO — 1 < Cp2————log(k), (29)
V1 (po)
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we obtain
CIM " 5 3
Ln(pa) = In(po) | _ — /3 log®) =CzZ( log” (k) )
L(po) T4 log? (k) >ilog*(m))

2 3

By (27), then > "0, (%) 2 < oo, and hence, by Kronecker’s Lemma, we get
n= 21 log~(m)

Assumption (2.ii), namely

I (pn) — In(po) 0
Iy (PO) '
The last Assumption (2.iii) requires that
Ju(pn) — Ju(po) 0. as

I, (170)

To check this, we first note that

3
S log? (k) (k VT E ) — 1)
> log? (k)

— 0,

as a consequence of Kronecker’s Lemma, (29) and (27). Then,

)E(]n(pn) — Jn(pO))‘ - E(Ju(pn) — Jn(po)))

— 0,
I (po) I, (po)

and hence, a sufficient condition for %}M — 0 to hold, is that

v (M) =0 (30)

In(pO)

By (28), since Var(Xy) = 4, we obtain

n 3 2
Var(Ju(pn) — Ju(po)) <8 Y log*(k) (M'f gt m) _ 1) .

k=1

Again, by (29), we obtain

C, Py 110g (k) n 3
Var (Jn(pn) - Jn (PO)) Zn log (k) _ Z ( log (k) )
I, (po) (4> 1og? (k) — > log?(m)

As above, by (27) and Kronecker’s Lemma, we obtain (30).
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We sketch the second part of the proof, with the notation of (Heyde 1997, pag. 191).
If we define

1 <& k2P 1 < k2 p=po) g2
(1) [ o —2)=— 0z _
6w =13 (a2 =13 (H 0 a-2)

G, (0) = B -

G2, p) = Zlog(k)(z——Ok) Zlog(k)(

k=1

k2(p— po)a
Zk)

and

0
nl(ao,Po)Z( " 1 )
2/ 20— llog (k)

it is simple to state that

_ L 1
H,, ! (a0, po) - Gu(a, po) —> (_1) Z. (31)

In fact, since {Z }x>0 is ai.i.d. sequence of random variables with mean 2 and variance
4 (see (24)), we get

4 n
E(GY (a0, po)G P (a0, po)) = —E ( Zlog(k)(z zk>2) - > log(k)
k=

0 k=1
and hence
G (ao, po) — > log(k)
Corr 2\/—G(l)(flo P0), —= = = =
2300 i ny S0 log? (k)
Now, since
G(ag. po)
320 1(Zl< 2) 433 log(k) i log(k)(Zk—2)
B (” ) W (1 237 10g(0) )
- 42;;=110g(k) S log(k)(Zx—2) i~ 2 S log? (k) (Zx—2)
(14 S e ) i1+ 237 l0g2(k)
_4n 42y log(k)
= ay a0
%(:Og(k) —4 zz:l 1Og2(k)

then, by (31) (see Heyde 1997, pag.191), we get

H;, (a0, po) - (=G(ao. po)) - (pn _‘;’)) égo (_11) z,
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which is the thesis, once the conditions of uniformly boundedness are checked as for
the previous case. O

References

Ash, R. B. (1990). Information theory. New York: Dover Publications Inc. (corrected reprint of the 1965
original).

Bass, R. F. (2011). Stochastic processes. Cambridge series in statistical and probabilistic mathematics (Vol.
33). Cambridge: Cambridge University Press.

Brigham, E. O. (1982) FFT: schnelle Fourier-Transformation. Einfiihrung in die Nachrichtentechnik. [Intro-
duction to Information Technology]. Munich: R. Oldenbourg Verlag (translated from the English by
Seyed Ali Azizi).

Burrough, P. A., Frank, A. (1996). Geographic objects with indeterminate boundaries: GISDATA 2 (GIS-
DATA Series). Great Britain: Taylor & Francis.

Dioguardi, N., Franceschini, B., Aletti, G., Russo, C., Grizzi, F. (2003). Fractal dimension rectified meter
for quantification of liver fibrosis and other irregular microscopic objects. Analytical and Quantitative
Cytology and Histology, 25(6), 312-320.

Dutt, A., Rokhlin, V. (1993). Fast Fourier transforms for nonequispaced data. SIAM Journal on Scientific
Computing, 14(6), 1368—1393. doi:10.1137/0914081.

Hall, P,, Heyde. C. C. (1980). Martingale limit theory and its application. New York: Academic Press Inc.
[Harcourt Brace Jovanovich Publishers].

Heyde, C. C. (1997). Quasi-likelihood and its application. A general approach to optimal parameter esti-
mation: Springer series in statistics. New York: Springer. doi:10.1007/b98823.

Hobolth, A. (2003). The spherical deformation model. Biostatistics, 4(4), 583-595.

Hobolth, A., Vedel Jensen, E. (2002). A note on design-based versus model-based estimation in stereology.
Advances in Applied Probability, 34(1), 484-490.

Hobolth, A., Pedersen, J., Vedel Jensen, E. (2003). A continuous parametric shape model. Annals of the
Institute of Statistical Mathematics, 55(2), 227-242.

Karhunen, K. (1947). Uber lineare Methoden in der Wahrscheinlichkeitsrechnung. Annales Academice
Scientiarum Fennicee. Series A 1, Mathematica Physica, 1947(37), 79.

Kroese, D. P., Taimre, T., Botev, Z. 1. (2011). Handbook of Monte Carlo methods. New Jersey: Wiley.

van Lieshout, M. N. M. (2013). A spectral mean for point sampled closed curves. arXiv:1310.7838 (arXiv
preprint).

Lorentz, G. G. (1948). Fourier-Koeffizienten und Funktionenklassen. Mathematische Zeitschrift, 51, 135—
149.

Manganaro, G. (2011). Advanced Data Converters. Cambridge: Cambridge University Press.

Patel, J. K., Read, C. B. (1982). Handbook of the normal distribution, statistics: textbooks and monographs
(Vol. 40). New York: Marcel Dekker Inc.

Revuz, D., Yor, M. (1999). Continuous martingales and Brownian motion, Grundlehren der Mathematis-
chen Wissenschaften [ Fundamental Principles of Mathematical Sciences], (3rd ed., Vol. 293). Berlin:
Springer.

@ Springer


http://dx.doi.org/10.1137/0914081
http://dx.doi.org/10.1007/b98823
http://arxiv.org/abs/1310.7838

	Is the Brownian bridge a good noise model on the boundary of a circle?
	Abstract
	1 Introduction
	1.1 Literature review
	1.2 Overview and insights of the paper
	1.3 Structure of the paper
	Summary of notations

	2 Preliminaries and Karhunen--Loève's decomposition theorem
	2.1 Representation of the set mathscrH with respect to the Fourier basis {sk(t), ck(t)}k0
	2.2 The quotient set mathscrHZ
	2.3 The space mathscrH0 and its relation with mathscrHZ

	3 A process in mathscrH0 shares the same asymptotic behavior for the spectrum with its generator
	4 A process in mathscrH0 shares the same path regularity properties with its generator
	4.1 Hölder regularity of the paths of processes in mathscrH and in mathscrH0
	4.2 Upper order regularity

	5 A parametric model in mathscrH and in mathscrH0
	5.1 Maximum likelihood estimators of (5)

	6 Conclusions and perspectives
	Appendix 1: Proofs of results of Sect. 2
	Appendix 2: Proof of the Theorem 5
	sn(s) eigenfunctions
	The other eigenfunctions of (20)

	Appendix 3: Proofs of results of Sect. 4
	Appendix 4: Proofs of results of Sect. 5
	References




