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Abstract This paper studies the strong consistency of some estimators for an errors-
in-variables regression model. We first provide an extension of Meister’s theorem.
Then, the same problem is dealt with under the Fourier-oscillating noises. Finally,
we prove two strong consistency theorems for wavelet estimators corresponding to
non-oscillating and Fourier-oscillating noises.
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1 Introduction

In this paper, we study the following errors-in-variables regression problem. Let
(W;,Y;) (j = 1,2,...,n) be independent and identically distributed (i.i.d.) data
valued in R? x R from the model

szm(Xj)+8j, Wj:Xj—}—Sj. @))
The errors ¢; and §; are independent of each other and independent of X ;. The

functions fx and fs denote the densities of X; and §;, respectively. The regression
errors ¢; satisfies E¢; = 0. The problem is to approximate the regression function
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m by some estimator 11,, (depending on (W;, Y, j=1, 2,...,n) in the sense of
strong convergence.

This above model has some practical applications in the field of medical statistics
(Carroll et al. 2006, 2007) and econometrics (Schennach 2004). For a special case
d; = 0, the Nadaraya—Watson estimator works well.

Fan and Truong (1993) apply a deconvolution technique to extend Nadaraya—
Watson estimator to the general case. More precisely, they provide optimal weak
convergence rates of their estimator to m for two types of noises 4 ;, when m has some
regularity, d = 1 and féf ! (t) has no zeros. Here and after, r - x := Z?zl t;x; for
t=(t1,...,t3), x =(x1,...,X4) € R4, and

i = /]R ) fx)e"*dx 2)

denotes the Fourier transform of f € L' (Rd). A standard method extends that defin-
ition to L2(R?) functions.

However, many noise densities have zeros in the Fourier transform domain. For
example, in the experiment of Sun et al., the measurement errors are assumed
to be uniformly distributed (Sun et al. 2002). Nonparametric function estimators
under Fourier-oscillating noises are investigated (Hall and Meister 2007; Meister
2008; Delaigle and Meister 2011; Guo and Liu 2014). To get some convergence
rates, they assume the estimated functions to be located in some Sobolev or Besov
spaces.

Because we do not know if the estimated functions are smooth or not in some
practical applications, it is more reasonable to consider the consistency for an estimator
(Shen and Xie 2013). For the model (1) with faf ! (t) # 0 and d = 1, Meister (2009)
shows a strong consistency theorem without assuming any regularity of the regression
and density functions m, fx. However, he requires the boundedness of fx and the
continuity of fy at x.

In this small work, we first remove those conditions and rewrite the theorem for d >
1. Then, we extend our result to the model with Fourier-oscillating noises by developing
Delaigle-Meister’s technique (Delaigle and Meister 2011) from one-dimensional to
multidimensional cases. Wavelet estimators are widely used in regression estimation
(Li et al. 2008; Chesneau 2010; Gencay and Gradojevic 2011; Chaubey et al. 2013).
We finally study the strong consistency of wavelet estimators.

The current paper is organized as follows: The first section gives an extension of
Meister’s theorem. We discuss the same problem with Fourier-oscillating noises using
a kernel method in the second part. The strong consistency of wavelet estimators is
proved in Sect. 4. More precisely, we use the Meyer’s scaling function to define our
estimator when faf ") # 0, and use the Daubechies’ to do for Fourier-oscillating
noises. The last part provides some concluding remarks.

For two variables A and B, A < B denotes A < C B for some positive constant C
in later discussions; A 2 B means B < A; we use A ~ B to stand for both A < B
and B < A.
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2 An extension of Meister’s Theorem

This section is devoted to generalizing the following theorem by Meister (2009). For
the model (1), define 71, (x) := p,(x)/fx.n(x) with

1< 1
fxn(x) = ;;E /R exp(—itx)K /! (ht) exp(itWy) / £ (1) 3)

and

1< 1 ) )
pn(x) = ;l:Z]Y% /R exp(—itx)K /! (ht) exp(it W) / £ (1)dr. 4)

Then, we state Meister’s theorem (Theorem 3.2, Meister 2009, page 114) as follows:

Theorem 1 Consider the errors-in-variables regression problem defined in (1) with
d = 1 under the conditions that fsft(t) # 0 for all t € R; the functions p = m - fx
and fx are bounded on the whole real line and continuous at some x € R; p € L'(R);
the continuous and bounded kernel function K € LY(R) satisfies fR K(z)dz = 1 and
K/ s supported on [—1, 1]. Furthermore, select the bandwidth h = h, — 0 such
that

h- mir} ’fgft(t)’ >n¢

[t<g

for some & € (0, %) and all n sufficiently large; assume that the (2s)th moment of Y1
exists for some s > 1/(1 — 2&), and that

m(x)| < C1 and fx(x) > C2
holds for some constants Cy, Co > 0. Then, the estimator m,, satisfies
lim 7, (x) = m(x).
n—oo

We aim to remove the boundedness assumption of both fy and p, to relax the
continuity of those functions to a Lebesgue point. Moreover, the above theorem will
be extended to multidimensional cases.

It is well known that f € L!'(R?) denotes an equivalence class of functions, which
means two functions different from a measure zero set belong to the same class. In
particular, f € Ll(Rd) is allowed to take value oo on a measure zero set. Hence, it
does not make sense to talk about a function value at a given point for f € L'(R?)
in general. However, to define a Lebesgue point x of f € L'(R?), we can choose
a representation element of f (still denoted by f) such that | f(x)| < +oo for each
x € R?, because the Lebesgue measure of the set {x, | f (x)| = +oo} must be zero for
f e LYRY).
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Let f € LY(R9) and B(x, r) denote the Euclidean ball centered at x € R? with
radius r > 0. If rlii%r_d fB(x.r) |f(y) — f(x)|dy = 0, then x is called a Lebesgue
point of f. Clearly, a continuous point of f must be a Lebesgue point. Although
f € L'(R?) may not have any continuous points, almost every x € R is a Lebesgue
point (Stein and Shakarchi 2005). The following lemma (Stein and Shakarchi 2005)
is needed in the proof of Theorem 2.

Lemmal If f € LY(RY) and {Ky}p=o satisfy (i) [ga Kn(x)dx = 1; (ii) |Kp(x)|
<h~@forallh > 0; (iii) |Kp(x)| < h/|x|?F forallh > 0 and x € RY, then

Jfim f o K (x) = f(x)

holds for each Lebesgue point x of f.

Example 1 Let K (x) = C []°_,[2x;" sin(2~"'x,)]%*! with C being the normalized
constant such that fRd K (x)dx = 1. Define K (x) = h~?K (h~'x). Then, K, satisfies
all conditions of Lemma 1.

Clearly, the function K € LY(RY) and | Ky, (x)] < h—d by the definitions of K and
K. For condition (iii), it suffices to check the boundedness of the function

d .
sin x 12
F(x1,x2,...,xd):=(l_[ S) (xf+x§+~"+)€§)

X
s=1 s

onRY,
When |xg| > 1 fors =1, 2,...,d, itis easy to see that

1
Fz(xl,...,xd)S(H;) (X%+x%+~~+x§)
S

s=1

Hence, F is bounded. In the other cases, we can assume that |x;| < 1 for 1 < s </,
and |xs| > 1 otherwise, where 1 < < d. By (la| + |b])? < |al® + |b|® (6 > 0),

1/2 1/2
)[(_x%.'--{_xlz) +(xl2+l++_x§) ]
sin 1/2

xs)(x12+l+..'+x5) .

The same arguments as in the first case conclude the boundedness of F.

sin xg

d
|F(x1,x2, ..., )] S(H

s=1

<i+( 11

s=I+1

Xs

N
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We shall use the kernel function K (x) = C [1%_,[2x;" sin(2~"x,)]%*" in Example
1 to define our estimator 1, (x) for m(x). More precisely,

My (x) = pp(x)/fx,n(x) )

with

1< 1
xn@) =22 osg /]R Jexp(=it - ) KT (hryexptit - Wi / £ ()de - (6)

n
=1

and
l - 1
Pulx) == ;ZY,W/W exp(—it - x)K ' (htyexp(it - W) / £ ()de.— (7)
=1

This above estimator 71, (x) is the multidimensional version of Meister’s except
for our choosing a special kernel function K for convenient discussions. Note that
Ko(x) := [2x ' sin(2~1x)19*! satisfies

K({t(t) =21 Ii—1p2, 121 % - - % Ii—12, 1/21(1),

d+1

where I[_1/2, 1/2)(¢) stands for the indicator function of the set [—1/2, 1/2]. Then,
supp K({'t C [—d%l, %] and the function K/*(r) = CH?=1 K(‘)ft(ts) so that
supp K /1 € [—4EL, 4HL1d This with £ (1) # 0 (¢ € RY) shows that fx ,(x) # 0
for almost every x € R?. Hence, 11, (x) is a.e. well defined.

To prove the consistency of 771, (x), we need a lemma, which comes from the proof
of Theorem 3.2 in Meister (2009). We rewrite it in a multidimensional version and
give a short proof.

Lemma 2 Let f € C(R?) (the continuous function set on R?) and f (1) # 0 for each
t € RY. Then, there exists a positive bandwidth sequence h, — 0 such that

1
he- min |f@)]=n"6
tel—=1/hy, 1/hp1?

holds for sufficiently large n.

Proof Forn € Z™ (the positive integer set), define

Q,:=1h>0:h" min |f(r)|=n"10}.
te[—1/h, 1/h}d

Since f € C(Rd) and f(t) # 0, Q, # ¢ and d, = inf 2, > 0. Moreover, there
exists i, € Q, such thatd, < h, <d, + % for each n € NT. Note that 2, C Q1.
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Then, d,+1 < d,. This with d,, > 0 shows {d,, },en+ convergent. It suffices to show

lim d,, = 0 to conclude Lemma 2.
n— oo

If lim d, = dy > 0, there would exist d,. € (0, dp) such that for each n € NT,
n—oo

. min  |f(r)] <ns. (8)
te[—1/dy, 1/d>s<]d

Let n in (8) tends to 400, one receives df . min |f(®)] = 0. By f €
te[—1/dy, 1/di]

C([—1/dx, 1/d*]d), f(to) = 0 for some ¢y € R?. This contradicts with f(t) # 0 for
t e RY. O

Remark 1 From the above proof, we find that Lemma 2 still holds, when n’% is
replaced by 0 < ¢, | 0. However, the current version is enough for our later discus-
sions.

Now, we are in the position to state the main result of this section:

Theorem 2 Consider the problem defined by (1) with faft (1) # O for eacht € Re. If
p:=mfx € L'RY), E|Y{|* < 400, x is a Lebesgue point of fx and p ( fx(x) # 0),
then with h = hy, for f = fafl in Lemma 2, m,, (x) defined by (5)—(7) satisfies

lim 7, (x) = m(x).
n—oo

Proof 1t is sufficient to prove lim_p, (x) = p(x) and lim fxn(x) = fx(x),
n— n—

since 7, (x) == pn(x)/fx.n(x), m(x) = p(x)/fx(x) with fx(x) # 0. One shows

lim p,(x) = p(x) only. The proof for lim fx ,(x) = fx (x) is similar and even

n— oo n— oo

simpler.

Clearly, [pn(x) — p(x)| < |pn(x) = Epp(x)| + [Epy(x) — p(x)| and P[|p,(x) —
P = €]l = Pllpa(x) — Epp(x)| = /2] 4+ P[|Epa(x) — p(x)| = &/2] for each
¢ > 0. By Markov’s inequality,

Plpa(x) — p(x)| = el S e E | pa(x) — Epn()* + L1 )2, 00)(IP(X) — Epu(x))).
)

To estimate the second term in (9), one observes first from (7) and & = h,, that
Epn,(x) = 2m)~¢ /Rd exp(—it - )K" (h,t) E [Yy exp(it - W)] /£ ()de. (10)
Since Wi = X1 + 61 and X is independent of &1,
E(ne™™) = E (nie™¥) B = £ (i) £ 0.
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Strong consistency of regression estimators 127

On the other hand, it follows from Ee¢; = 0, the independence between X and &
that

EM|X1 =x)=EmX) +¢&1|X1 =x) =mkx) + E(61]1X1 =x) =m(x).

Hence, E(Y1e'"X1) = E(E(Y1|X1)e""X1) = [pa mu)e'™™ fx(u)du = p/*(t). Then,
(10) reduces to

Epn(x) = (2n)_d/d exp(—it - x)K ' (hut) p!* (1)ds.
R

According to p, K € L'(RY), one finds that p % K;, € L'(RY) and
(p* Kn)''(t) = p/'(t) - K" (hyt). Moreover,

Ep,(x) = 2m)™ / L exp(—it - x)(p * Kp,)' " (t)dt.
R

Clearly, |(p * Kp,)/' ()] < |K/'(hyt)] € L'(R?). Then, by the inverse Fourier
transform theorem (Stein and Shakarchi 2005),

Epu(x) = (p * Kp,)(x)
holds at each Lebesgue point x of p. This with Lemma 1 and Example 1 shows that

lim (p * Kp,)(x) = p(x). Since lim h, = 0, the second term of (9) vanishes as
n— oo n—o0

n — oo and
PlIpn(x) — p(x)| = e] S e *E|py(x) — Epy(x)|*. (1)

The remaining proofs are completely same as those in Meister (2009), except for R?
data replacing R ones. One includes a proof for completeness. By (7),

Pu(x) — Epy(x) = (271)_dn_12/ exp(—it ~x)Kf’(h,,t)[Y1 exp(it - Wy)
=1 /R
_EY exp(it - Wl)]/f{’(r)dt.

With the notation W;(¢) := Y;exp(it - W;) — EY;exp(it - W;), this above identity
reduces to

Pa(x) = Epa(x) = @m) ™ n™"' > / Jexp(—it -0 K (w0 / £ (1)ds.
=17k
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128 H. Guo, Y. Liu

Furthermore,

Elpa(x) = Epa(0)[* S n 42 Z/d /Rd{Hexp( ity - %)

=1 I4=1
—1
exp(it2r ' x)Kft (hnIerl)Kft (=hnt2r) [fsft (t2r71)f5ft(_t2r):| ]
2
E[] Wi, (tar—1)Wp,, (—t2)dty ... dts. (12)
r=I1

Whenever the set {l1, ..., l4} contains more than 2 different elements, at least one of
the W, is stochastically independent of all other W; , with 7" # r, so that

2
E[] Wi, (tar—1)¥p,, (—12) = 0.

r=I1

For #{l1, ..., 14} < 2, Jensen’s inequality tells
2
E ] W, (tar— )W, (—120)| < 16E|Y1[*.
r=1
Note that #L, := #{(l1,1,13.1), #{l1,.... 14} < 2} < n? supp K/* C

[—‘1—;”1, %]d and |K /()| < 1. Then, (12) becomes

—4
E|pn(x)—Epn(x)|45n2[hd min | (r)” Eml. a3)
[~ 4 4]

Applying Lemma 2, one obtains that
E|pa(x) = Epy)* Sn72 0 =4, (14)

Finally, it follows from (11) and (14) that P[|p,(x) — p(x)| = €] < n™*/3 and

Zf,ozl Pllpn(x) — p(x)| 2 €] < oo for any ¢ > 0. This concludes lim p,(x) =
n—oo

p(x) thanks to Borel-Cantelli lemma in probability theory. O

3 Consistency with Fourier-oscillating noises

In this section, we consider the same problem as in Sect. 2, but allow for faf " having
some zeros. More precisely, we assume that for positive numbers g (as in Delaigle
and Meister 2011), v, € ZT U {0} (1 <5 < d), and
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Strong consistency of regression estimators 129

d — Vs
d ft (T ' d
C(R ) > f; (tl,...,td)l_ll(sm (T)) £ 0foreachr e RY.  (15)
S=

The price to pay requires fxy € L?(R?) compactly supported, say supp fx C Q :=
[a, b]d. In general, if the Fourier transform of a noise density contains the factor
Hle (sin ’;—’:)”S, we call that noise Fourier-oscillating. When f(;f ! (t) # 0 for each

t € RY, we say the noise non-oscillating.
_ Motivated by Delaigle and Meister (2011), we introduce an auxiliary function
fx € L*(R?) defined by

) = [H(exp(:

£y — 1)“] . (16)

Note that fx € L2(R?) implies f' € L2R?), | T]%_, (exp(i2mthy ) — )| < 1.
Then, fX in (16) exists uniquely in L2(RY).
Since [exp(i2t;a; 1) — 11% = ZA —0 (”S)(—l)”? ks exprikstsayh),

(t)—z Z[Hl( )( 1Y "‘ep(z”ifﬂs)] o).

0

Taking the inverse Fourier transform, we find that

fx@ . xg) = Z Z[H( )( 1)”“k“:|fx

0 Ls=1
Zn’kl 27de
x| — ey Xd —
Al Ad
holds almost everywhere on R4, With the notation § = (k—‘l, %, R I;—‘; s
v d
~ Vg ke 2k
e = —1)%s™Hs -—), 17
Fx(x. ... xa) Z[H (ks)( ) i|fx (x - ) (17)
k=0 Ls=1
where k = (ky, ..., kq),v=(v1,...,v9),0=(0,0,...,0) and
k=0 k=
Let J := (J1,..., Jq) and J; stand for the smallest integer larger than or equal

to % (denoted by (%1), 1 < s < d. Then, those terms for k; > J; do not
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contribute to the summation in (17), when x € Q := [a b]d It is important to note
that fy can be represented by linear combinations of f x(x — ) as in Delaigle and
Meister (2011) for one-dimensional case. In fact, there exist 77k1,...,kda 0O <ks < Jy)
such that for x € €,

k 2k
fr(n) = Z anl ,,,,, tfx (xl ,xd—%). (18)

k1=0 kq=0

For easily understanding, one proves (18) for d = 2 first. Define a vector F(x) of
dimension (J1 + 1)(J> + 1) by its transpose

- - - 2 ~ 2 J,
FT(x): = (.fx(m, x2), fx (Xl, X2 — TZ) ,,,,, Sfx (m, X2 — a 2),

Similarly, F(x) is defined by fx. According to (17), there exists an upper triangular
matrix I' of order (J; + 1)(J> + 1) such that

F(x) =TF(x)

with the diagonal component (—1)"1 72, Hence, I is invertible and F (x) = I'~! F(x).
Then, (18) follows from the definitions of F(x) and F (x).

To show (18) ford > 3, oneuses e, k,,..k;, = (0,...,0,1,0,...,0) todenote the
row vector of dimension (J1 +1)(J2+1) ... (Jg+1) with the Iy, t,, ... x,-th coordinate
being 1 and all others 0, where

d—1
by bk = D _ks(lsp1 + 1) (Ja+ 1)+ ka + 1.
s=1
Similar to the case d = 2, define two column vectors F (x) and F(x) by
F'(x) = Z Z Tt kg JX OV kg
s=1 ky=
and

Flx) = Z Z Ty oo ikg Sx (X)€ k.

s=1 k=0
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Strong consistency of regression estimators 131

where the translation operators

X2 — e Xg — —/——

2wk 2mky 2mky
A %) '

By (17), F(x) = ['F(x) for some upper triangular matrix I of order (J1 + 1)(J2 +
1)...(Jg + 1) with the diagonal component (—1)V1+v2+ -+ Therefore, (18) holds
ford > 3.

To introduce explicitly our estimators, we need to know the coefficients 1y, k,,....k,
in (18). It is easy to see

Z Z M koo ki €k kg = (1,0, 0T

s=1 k=

thanks to F(x) = I'"! F(x) and the definitions of F (x) and F (x). Clearly, all elements
of the matrix I' are provided by the coefficients in (17). On the other hand, we can
easily calculate I'"! because I' is upper triangular.

With the notation ng = nx,,... k,, (18) is rewritten as

.....

2wk
fx(x) = an fx( —i) (19)

Let K(x) = C ]_[le[sz_ Isin(27"x,)]1?*! be the kernel function in Example 1 of
Sect. 2, h;, be the bandwidth sequence for

— s

f@) = faf[(t) ﬁ (exp (Znits)»;l) — 1)

s=1

in Lemma 2. Define

n

1 1
an(x) Z (Zn)d/ exp(—it - xX)K T (hat)

d Vg
X |:H (exp (i 21”5) — 1) i| exp(it - W;)/fsft(t)dt.

s=1 $

Then, compared with (19), it is natural to define that for x € €2,

n

1 1
e = 0 3 / exp(—it - ) KT (hyn)& () explit - W)/ £ (e

(20)
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and

l — 1
Pa(x) 1= ZYIW /}R Lexp(=it - ) KT (hyt)(1) explit - Wi/ £ @,
=1
(1)

where

7 k. d Sxit, 0,
() = |:l§nkexp (i ”k t) slj[l[exp( T‘)—l} . (22)

Theorem 3 Consider the problem (1) with (15). If fx, p := mfx € LYRYHNL2(RY)
have compact support <2, f){t, pft e LY(RY), E|Y1|* < 400 and fx(x) # 0, then
the estimator my, (x) = pn(x)/fx.n(x) defined by (20)—(22) satisfies that for almost
all x € Q,

lim 77, (x) = m(x).
n—o0
Proof As in the proof of Theorem 2, it suffices to show
lim p,(x) = p(x).
n—oo

Since J is a fixed number (independent of 7), |£(¢)| < Hle | exp(zﬁ—’;ts) — 1]Y thanks
to (22). A careful inspection for the proof of (13) leads to ‘

E|pa(x) — Epp(x)[*

—4
d . —
. 2 t s
<n 2} h?  min [|f8f’(t)|H (exp( ””) —1) } Ev -
d+1 d+1 d )"S
te[fm, T s=1
Combining this with Lemma 2 and (15), one obtains
E|py(x) = Eps(0)[* Sn 2 0?7 =n=. (23)
The remaining and key work is to show that for almost all x € €2,
lim Ep,(x) = p(x). 24)
n—o0

For a non-oscillating noise, Ep,(x) = p * Kj, (x) and (24) holds automatically due
to Lemma 1. Although Ep,(x) is no longer a convolution form in this current case,
one can still prove (24) as follows.
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Strong consistency of regression estimators 133

Similar to (16), one defines

d

ity vs
() = [1:[1 (exp( J;lt‘ ) _ 1) ]pft(;). 25)

Then, p(x) = ZZ:O[H?:I (Zz)(—l)”s_’“] plx — 2’;—1‘). These with the assumptions
p, p/t e L'(R?) show p, p/* e L'(R?). Hence,

1
~ _ P ~fl‘
px) = ) /]Rd exp(—it - x)p’ ' (t)dt (26)

holds almost everywhere on RY.
Since supp p C supp fx C €2, similar arguments to (18) lead to

J 2k
px) = ;Uk p (x - T) (27)

for x € Q. Furthermore, it follows from (26) and (27) that

! 1 2k
px) = ;nkW/Rd exp (—it . ( - T)) pl(n)dr.
This with (25) shows that
— / exp(—it - x)&(t) p!" (1)dt (28)
Rd

for almost all x € 2, where £(¢) is given by (22). It is important to note that (28) holds
only for x € , notforall x € R4, Otherwise, it would contradict with pf " being the
Fourier transform of p.

On the other hand, one observes from (21) that

Epn(x) = #/ exp(—it - x)K ' (h,)E() EYy exp(it - Wi) / £ (1)dr.
! Qm)d Jra ! ’

By the independent assumptions in model (1), EYie!'™W1 = Eyel! X1 Eelld =

E(EMie"X11x1)) £ (1) = ECE(n|X1)el ™) £ (1) = p/1(0) £ (¢). Hence,
Epn(x) = L / exp(—it - )K" (hut) £(t) p!" (1)dt. (29)
Qm)d Jpa

According to (28)~(29), Ep,(x) — p(x) = Q)™ [paexp(—it - x)(K ! (hut) —
D&M/ (dr and [, |Epa(x) — p)Pdx < [pa |21) ™ fpaexp(—it - x)
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(K/!(hnt) — DE(1) p/* (1)dt|*dx. Using the Parseval identity, the boundedness of
|E(t)| and | p/!(1)], one receives that

/ |Epn(x) — p(x)[*dx < / |KS " (hnt) — 11217 (1) 2.
Q R4

By the choice of K, hlimoKff(hnz) = 1 and |K/*(h,t) — 1) < 1. These with the
n—>

given assumption p/* € L'(R?) and the dominated convergence theorem show that
lim / |Epn(x) — p()Pdx = 0. (30)
n— 00 Q

Since Ep, depends on &, (see 29), one rewrites Ep,(x) := Fx(h,) and finds that

1 .
[Fy(hy) — Fy(hm)| < ‘W/exp(—it-x) (Kf’(h,,t) - Kf’(h,,,t))g(t)pf’(t)dz
S [ |x7 ) = K| [p 0] ar

When n, m — oo, |Fx(h,) — Fx(h,)| — 0. As a Cauchy sequence of R, F, (h,) =
Ep,(x) = g(x)(n — oo) pointwisely. By Fatou’s Lemma and (30),

[ 18 = poPar = [ tim 1Ep,c0) = pio P ax

< lim [ |Ep,(x) — p(x)]*dx =0,

n—o0 JQ

which means g = p and hence, lim Ep,(x) = p(x) for almost all x € Q. This
n— oo

completes the proof of (24). O

Remark 2 Compared with Theorem 2, Theorem 3 allows for f5f ! having some zeros.
The price to pay requires fy compactly supported, fy, p € L*(R?) as well as

){ " p/t e LY(R?). It should be pointed out that the compact supportedness of fy
cannot be easily removed. In fact, the inequality

lE@] =

€1y

s=1

plays a key role in our proof of Theorem 3. Recall that J := (J1, J2,..., Jg) and
Je = [852%0 (1 < k < d) with supp fx C [a, b]%. Then, > {_g n exp(i Zk2)
may become a summation of infinitely many terms, if fx is not compactly supported.
Hence, it seems hard for us to conclude (31) in that case.
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4 Consistency for wavelet estimators

This section aims to prove the strong consistency of wavelet regression estimators for
both Fourier-oscillating and non-oscillating noises. We begin with a classical notation
in wavelet analysis.

A Multiresolution Analysis (Meyer 1992) is a sequence of closed subspaces {V}
of the square integrable function space L*(R?) satisfying the following properties:
1. V; C Vjt1, j € Z (the integer set);
2. UjezVy = L2(R?) (the space Ujcz V; is dense in L2(R%));
3. f(2x) € Vi ifandonlyif f(x) € V; forall j € Z;
4. There exists ¢(x) € L2(RY) (scaling function) such that {¢(x — k)}; <z« forms

an orthonormal basis of Vy = span{o(x — k)};cza.

Many important wavelets are constructed by Multiresolution Analysis, which include
Meyer and Daubechies wavelets.

Let P; be the orthogonal projection operator from L>(R%) to the space V; with
the orthonormal basis {g; x(x), k € Z4} := {2/4/2p(2/x — k), k € Z4}. Then, for
feLP®) andaji = (f. ¢)i),

Pif=> ajipik (32)

keZd

holds in L2(R¢). Moreover, lim ||P;f — fll;2 = 0. When the scaling function ¢
J—>00
satisfies some additional conditions, P; f converges to f* pointwisely.

Lemma 3 (Kelly et al. 1994) Let a scaling function ¢ be bounded by an L' radially
decreasing function. Then, for f € LP(R)(1 < p < o0), P; f converges to f
pointwise almost everywhere on RY.

Example 2 If ¢ is an orthonormal scaling function of dimension one, and |¢@p(x)| <
(1 + |xD~?"!, then p(x) = Hle @o(xs) is bounded by an L! radially decreasing
function.

In fact, it is easy to see that Hle A+xD 2 < +x12 —i—x% +-e —|—x§)’1 , which
implies that

d _dt1
ool < [T+ ™ = (1+1x) 7 = ().

s=1

Clearly, @ (]x]) is a radially decreasing function and fRd @ (|x])dx < +oo.
To consider first the strong consistency of a wavelet regression estimator when

5] ! (1) # 0 (r € RY), we choose the one-dimensional Meyer scaling function ¢y
with supp (p)(;t(t) C [—4?”, “T”] and (p)(j € C*. Then,

d
o) = [ Jlomlxs)

s=1
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satisfies the requirement of Lemma 3. Let P; denote the corresponding projection
operator in (32). Then, P; fx = D 1 c74 @jk@jk> Pip = D xepd Vjk@jk Withaj j =
(fx,¢jk)and yjx = (p, k). The estimators for fx and p are defined, respectively,
by

Sxa() =D &jrpjxx) and py(x) = D Pjxgjx(x)

kezd kezd
with
R O HW T AT o g oSt
654 = 3 2 Gy L e Ted” o/ 5w (33)
s S 1 QWL VSt o ) oSt
Vik = ;;Yl o /R R M) SOV RO 2 (34)

Note that [¢;, 17" is compactly supported and bounded, as well as faf " has no zeros.
Then, &; x and p; x are well defined. In fact, E&jx = o and EPjx = y; i, which
can be easily proved. Moreover, the strong consistency holds for the wavelet estimator
p(x) := pp(x)/fx.n(x) under the same assumptions as in Theorem 2.

Theorem 4 Consider the problem (1) with féf'(t) # 0 foreacht € R If p :=
mfyx € L(R%), E|Y1|4 < oo and x is a Lebesgue point of both p and fx ( fx(x) # 0),
then

lim 7, (x) = m(x).
n—oo

Proof Similar to Theorem 2, it is sufficient to prove lim p,(x) = p(x). By the
n— o0

definition of p, (x),

Pu(x) — Epp(x)
lw— 1 , , FPEEEYTIN
== o /R ) (Yze”'Wl - EYze”'Wl) > e’ 0/ £ 0.
=1

keZd

With the notation W;(¢) := ;¢! — EY;e!""Wi | this above identity reduces to

n n 2
E|pa(x) = Epa(0)|* Sn™* Z--‘Z/M--/Rd [1] > et

L1=1 I4=1 r=1 | kezd

- _— -1
[(ﬂj,k]f’(tzrq)] Z(ﬂj,k(x)[wj,k]ft(—tzr) [fgf[(fzrq)faﬂ(—tzr)]

kezZd
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2
E ] Wi, (1) Wy, (—t2)dty .. dty. (35)
r=1

Note that [} 17 (1) = 2= F [T, lom) @7 1)e™R27 ) 4 (x) = 27412 (i x —
k) and sup D |p(x —k)| < 1. Then,
xeR4 kezd

> i [en]” 0] £

keZd

li[ lou )" (2%)‘ .

s=1

Combining this with supp (p M C [——” 47”], one knows that

-1

ft —d
t 4 .
/ Z @jr(x )M dr < (_712]) ‘ (t)‘
R f ( 3 te 47121 47‘[2]

keZd t)
(36)

By faf "(#) # 0 and Lemma 2, there exists a positive sequence h,, — 0 such that

Since h,, — 0, W > 1 for large n and

3
j= \‘]og2 (47Th )J >0 (37)

( |x] denotes the largest integer less than or equal to x). Clearly, j < logz(ﬁ) and

%”21 < t Furthermore, (36) becomes

—1

=
/ > 0jx) (p’]}t ® dr < hd m ‘ (t)‘ <ns.
kezd fs (@)

4

This with (35) leads to E|p,(x) — Ep, (x)l4 < n~3, as in the proof of Theorem 2.
Hence, P (| pn(x) — Epp(x)| = £/2) < (¢/2) *E|pp(x) — Epp(x)|* < n~3. Because

Pllpn(x) —p(x)| = €] < P[Ipn(x) — Epu(x)| > €/2]+ P[|Epn(x) — p(x)| > &/2],
it remains to show

Jim | Epy (x) — p(x)| = 0. (38)
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By the definition of p; x in (34), one finds easily
Eji = m) ™ /R POl 0.
If p € L>(R?), then the Plancherel formula would imply
EPjk = Vijk (39)
and Ep,(x) = P;p(x). According to (37), j goes to +00 as n — oo. Then, (38)

follows from Lemma 3 and Example 2. However, one assumes p € L!(R¢) only in
Theorem 4. Fortunately,

@m) / 0[] )de = / P(x)@j(x)dx
R4 R4

still holds in the current case, which can be checked by the following arguments.
For p € LY(R?), there exists p, € L'(RY) N L?(R?) such that lim ||p, —
n— 00

pllLiway = 0. Since pp, @)k € L2(RY),

o T A g :
2m)d /Rd Ph (t)[‘PJ,k] (t)dt _/]Rd Pn(X)@j k(x)dx. (40)
Clearly, | Jra P;{"(t)[%',k]—ﬂ(l)dt—fRd pf’(t)w—ﬂ(t)d” < ch{ P - pT 0|
llg;x17"(t)|dt. Because lim | p, —plLiway =0, lim (p, —p)/'(t) = 0 uniformly
n—00 n—oo
and for fixed j, &,

n—oo

lim /R pi Olei]” 0di = /]R T 0leja] 0ar (41)

thanks to [@;(]/" € L'(RY). On the other hand, | [ga pu(¥)@jr(x)dx — [ra

P @jx(x)dx| S fra |pa(x) = p(x)|dx = | pp — plip1ray — O due to the bound-

edness of ¢; x(x), which means lim [py pa(X)@j x (X)dx = [pa p(x)@j i (x)dx for
n—od

fixed j, k. This with (40) and (41) concludes the desired identity

o) /Rd P! [ejx]" (1)dr =/de(x)¢j,k(x)dx.

The proof of Theorem 4 is finished. O

Remark 3 Chesneau (2010) provides a nice convergence rate of some wavelet esti-
mators over L2 risk for the same model, when the estimated regression function m is
smooth. In fact, his estimators do not depend on the smoothness index (so adaptive).
Our Theorem 4 shows the strong consistency of a wavelet estimator in the pointwise
sense. Since we do not assume any regularity of the function m, our estimator can be
considered adaptive as well in some sense.

@ Springer



Strong consistency of regression estimators 139

Remark 4 Compared with model (1), Gencay and Gradojevic (2011) study a linear
regression model in which both the regressor and regressand have measurement errors.
Using the discrete wavelet transformation, they employ extensive simulations and
demonstrate their approach better than the traditional methods. It is interesting to do
further theoretic research in that area.

To extend Theorem 4 from a non-oscillating to a Fourier-oscillating case whose
density function f;s satisfies
. Tl
sin [ —
As

with Ay > 0, oy > 0 and vy € Z* U {0}, we need to assume fy € L?(R9) and
supp fx C Q :=[a, b]? as in Sect. 3.

Recall that the Meyer scaling function is used in Theorem 4. However, we need the
Daubechies scaling function ¢y = D;n (for large N ) to define our estimator in the
current case, because it seems hard to get the asymptotic unbiased property using the
Meyer function (see the discussions below). It is well known that the support length
of gy is 2N — 1. We define Q := [a — 2N + 1, b + 2N — 1]%. With

d Vs
}{t(t) = |:H (exp (i Z;US) - 1) :| ;{t(t), (43)

s=1

d

fafl(lhm,td)‘zl_[

Us

(L4l h™ (42)

similar arguments to (19) show that

wk .
fx@) = an fx (x——), Vx € Q, (44)
where nx = gy, kw% = (k—l,k—;,...,kd) J = (Ji,Jr..., Jg) with J; =

Al
(b= D%sYandd:=a—2N +1,b:=b+2N — 1.
Let o(x) = [1%, on(xy), @ja(x) = 2/929@2ix — k) and K; = {k =
(ky, ko, ..., kg) € Y/ supp (¢n)jx, Nla,b] # ¥,s = 1,2,...,d}. Define an
estimator for fy by

fxa(x) =D @jxpjx(x), (45)

kGKj

where

T o i,.W[go]k]fm
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with

J d
£ = | D nne [H (ezw B ) ] (46)
m=0

s=1

Then, E@j i = Q) fpa £0) £ (lg; 417 (1)dt, thanksto el Wi= ] () £ ().
This with (43) and (46) leads to

~ ft
1 2wm —ft
Ed - — le; t)dr. 47
&k = Gova /]R %Umfx (x - ) Olejx] © (47)
By Plancherel’s formula, (47) reduces to
J
o ~ 2mm

Edj = /R | 2o mix (x - T) @k (x)dx (48)

k=0

because of fx € L*(R?) (and therefore fX e L2(R%)). Note that Q := [a, b]¢,Q =
[a—2N+1,b+2N — 119 and K := {k = (k1 ka, ..., kqa) € Z¢ : supp (gn) jk, N
l[a,b] # W, s =1,2,...,d}. Then, supp ¢; s C 2 for k € K; with j > 0. This with

(48) and (44) leads to Edj ; = fs’z fx e r@)dx = (fx, 0jr) = ajk.
Similarly, the estimator p, (x) of p(x) is defined by

Pa(®) = D Pjagja(x) (49)

kekK;

with

A th1 jk] (f)
Vik = Z " )d/ §(ne fgft(l)

Then, fork € Kjand j > 0, Ep; x = y;« and Ep,(x) = P; p(x). Finally, define

1 (x) := pn(x)/fx,n(x). (50)

The same arguments as (35) show that

2
E|pa(x) = Epa(0)[* S n™ 42 Z/ /Rd{HS(tz,_oa—tm
r=1

I1=1 I4=1

X Z‘ﬂj,k(x)[‘Pj,k]ft(Qrfl) ij,k(X)[sﬁj,k]ft(—tzr) Iifaf[(terl)

keZd keZd
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2
. —1
J ’(—m)] ] E[] Wi, (1) Wy, (—t2)dty ... dts, (51)
r=1

where ¢(x) = Hle ¢n(xs) and &(¢) is defined in (46). As in Theorem 2,

ETTP, Y, (2 1)Wh, (—12r) < 1, and E P2, Wi, (t2r—1)Wpy, (—t2,) = 0
when #{l1, ..., I4} > 2. These with (51) show that

E|pa(x) — Epp(x)[*

5”_4 Z /Rd / Hé(fzr DE(— tzr)[Z%k(X) [@j.x ]/ (t2r— 1)]

L uly)eL, keZd

x [ Z wj,ku)[wj,k]ff(—rzr)] [ v o] an . an 62)

keZd

where Ly = {{li..... la} © #{li..... la} = 2}. Using (42), ()| < [T,
|e2mitsk 1| and [ 11 (1) = 2742 [T, k27 oI! (27T 1), we obtain that

IE(I)I

‘ e ), k(x>[<p, UOLY y

0!

d
ag ft
/Rd [Ta+1sD> o
s=1

Note that for large N,

. d
/]Rd [Ta+ien™ ok (2‘-%)
s=1

Then, (52) reduces to

) dts < 22 (4ay))

: -'/R(1+|2-fzy) ’(p )

.14
Epa() = Epy@)|* S 072 [225m1re0i |1 < s (53)

d .
by choosing j such that 22 (42)j s The remaining proofs are the same as in
Theorem 4. We summarize our findings as follows:

Theorem 5 Consider the problem (1) with (42). If fx, p := mfx € L'(RY)NL*(RY)
have compact support Q, E|Y1|* < 0o, x € Q is a Lebesgue point of both fx and p
(fx(x) #0), then m,(x) defined by (45), (49) and (50) satisfies

lim 7, (x) = m(x).
n—oo

Remark 5 The noise condition (42) is a little stronger than (15). However, we do not

assume f){ " p/t e L'(RY) as in Theorem 3. This shows some differences between
kernel estimators and wavelet ones.
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5 Concluding remarks

In this paper, we study the strong consistency of an estimator 71,, of the functions m
(on R?) for the regression problem

Yi=m(Xj)+ej, Wy=X;+68 (=1 2,....,n),

where fx and f5 denote the densities of X; and §;, £; and §; are independent of each
other and independent of X ;, as well as E¢; = 0.

Theorem 2 extends Meister’s theorem from one-dimensional to multidimensional
setting. We remove the boundedness assumption of fx and p (p := mfy), relax the
continuity to a Lebesgue point of fy and p; Theorem 3 allows for the noise density
fs having Fourier-oscillating zeros, which produces a difficulty that Ep,, is no longer
a convolution form. However, we find a new proof for nl;rlgo Ep,(x) = p(x).

Theorems 4-5 deal with the strong consistency of wavelet estimators. We use the
Meyer wavelet for non-oscillating noises (Theorem 4). All conditions of Theorem 4
and Theorem 2 are exactly same. However, the proofs for nlin;o Ep,(x) = p(x) are
totally different. The Daubechies wavelet is chosen to study Fourier-oscillating noises
(Theorem 5). The key point is that we use compact supportedness of the Daubechies
function in the proof of Theorem 5.

We may ask if the strong consistency holds for a thresholding wavelet estimator.
The following discussions tell some difficulties, if we use the method in Sect. 4.

For simplicity, we assume the dimension d = 1 and consider only the non-
oscillating noise (i.e., fo ! (t) # 0). As usual, a thresholding wavelet estimator is
defined by

Ji—1
Pn) =D Qjpk@jo k) + D D Brviax).
k

j=jo k

Here, v is the wavelet function corresponding to the scaling one ¢ and
Qi = l i Yll/ zfj/ZeitWIefith’j(pft(z—jt)/fff(t)dt (54)
I n= 27 Jr 8 '

The coefficients ,3131{ are given by replacing ¢ by ¥ in (54), and B}"k = B\j’kl{‘ﬁj (=)

Similar to (39), E,éj,k = Bjx with B = (p, V¥jk).
As in the proof of Theorem 4, we need to estimate P{|p, (x) — p(x)| > ¢}. Clearly,

> 8/3)

P(Ipn(x) = p(x)| =€) = P(

Z (@jo.k — o k) @jo.k ()
k

J1i—1 00
+P ( > D (B = Bia) wiato| = 8/3) +P ( S Biatinto| = 8/3) :
J=io =ik
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The first and third terms of the above equality can be treated similarly as in the proof
of Theorem 4. However, the middle one is totally different, because it involves the
coefficients ,B;k’ k-

Let us look at

Ji—1
T =P\ 20 3 (B = Bin) a0l 1| = ¢
Jj=jo k
By Markov’s inequality,
Ji—1 4
T =& Gi—jo® D E D (Bik - Bix) Vi 1) (55)
j=io 1k ’

Similar to (35),

E

> (/éj,k - ,Bj,k) Wj,k(x)l{‘gj’kFx}

k

1 n n 2_2]
=7 — | E F(t,x)]G(t, x)dtq .. .dty, 56
TR Gy o+ JyB FIGC 00t

=1

where G(t, x) = [T7=; ¥/' @77t )Y/ (=27 )i (12— ) £ (—12)] " and

2 .
Ftx) =[] W, (r2r1) W, (120) ;e*"m-l"z” ik )

r=1

with W;(¢) := Y;e!™Wi — EY;eitWi,

Although G (¢, x) can be estimated by the same way as in (35), F (¢, x) is much
more complicated: In addition to ¥y, , (t2,—1)W¥y,, (—t2,), F(t, x) contains additional

stochastic terms related to / 1B >0 Therefore, the number of the summation terms
JoK

in (56) does not reduce to O (n?) in general. Thus, the Borel-Cantelli lemma cannot
be applied for our desired conclusion.

Finally, we want to point out that the current paper focuses only on theoretic inves-
tigations. There are existing references dealing with numerical experiments for kernel
estimators with both non-oscillating and oscillating noises. We shall try to do the same
things for our wavelet estimators in future.
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