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Abstract In this paper, we establish the limit of empirical spectral distributions
of quaternion sample covariance matrices. Motivated by Bai and Silverstein (Spec-
tral analysis of large dimensional random matrices, Springer, New York, 2010) and
Marcenko and Pastur (Matematicheskii Sb, 114:507-536, 1967), we can extend the
results of the real or complex sample covariance matrix to the quaternion case. Sup-
pose X, = (x;',?) pxn 18 a quaternion random matrix. For each n, the entries {xi(jﬂ)}
are independent random quaternion variables with a common mean p and variance
o2 > 0. It is shown that the empirical spectral distribution of the quaternion sample
covariance matrix S, = n~'X,, X’ converges to the Mar¢enko—Pastur law as p — oo,
n—ooand p/n — y € (0, +00).
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1 Introduction

In 1843, Hamilton described the hyper-complex number of rank 4, to which he gave
the name of quaternion (see Kuipers 1999). Research on the quaternion matrices can
be traced back to Wolf (1936). After a long blank period, people gradually discovered
that quaternions and quaternion matrices play important roles in quantum physics,
robot technology and artificial satellite attitude control, among other applications, see
Adler (1995) and Finkelstein et al. (1962). Consequently, studies on quaternions have
attracted considerable attention in recent years, see So et al. (1994), Zhang (1995),
Kanzieper (2002), Akemann (2005), and Akemann and Phillips (2013), among others.
In the following, we introduce the quaternion notation. A quaternion can be represented
as a2 x 2 complex matrix

a—+ bi c+di

xza'e+b'l+c.J+d'k=(—c+di a— bi

), a,b,c,d e R (1)

where i denotes the imaginary unit and the quaternion units can be represented as

(1) =Gy () ()

The conjugate of x is defined as

- . . _f(a—bi —c—di
x_a-e—b~l—c~J—d-k_(c_dl, a+bi)

and its norm as

Ix]| = Va2 + b2 + 2 + d2.

More details can be found in Kuipers (1999), Zhang (1997), and Mehta (2004). Using
the matrix representation (1) of quaternions, an n X n quaternion matrix X can be rewrit-
ten as a 2n x 2n complex matrix 1 (X), and so we can deal with quaternion matrices
as complex matrices for convenience. Denote S = %XX* and ¥ (S) = %w(X)I//(X)*.
It is known (see Zhang 1997) that the multiplicities of all the eigenvalues (obviously
they are all real) of 1 (S) are even. Taking one from each of the n pairs of eigenvalues
of ¥ (S), the n values are defined to be the eigenvalues of S.

In addition, wide application of computer science has increased a thousand fold
in terms of computing speed and storage capability in the recent decades. Due to
the failure of the applications of many classical conclusions, we need a new the-
ory to analyze very large data sets with high dimensions. Luckily, the theory of
random matrices (RMT) might be a possible route for dealing with these prob-
lems. The sample covariance matrix is one of the most important random matri-
ces in RMT, which can be traced back to Wishart (1928). Marenko and Pastur
(1967) proved that the empirical spectral distribution (ESD) of a large dimensional
complex sample covariance matrix tends to the Marcenko—Pastur (M-P) law. Since
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Convergence of ESD 767

then, several successive studies on large dimensional complex or real sample covari-
ance matrices have been completed. Here, the readers are referred to three books
Anderson et al. (2010), Bai and Silverstein (2010), and Mehta (2004) for more
details.

Under the normality assumption, there are three classic random matrix models:
Gaussian orthogonal ensemble (GOE), for which all entries of the matrix are real
normal random variables, Gaussian unitary ensemble (GUE), for which all entries of
the matrix are complex normal random variables, and Gaussian symplectic ensemble
(GSE), for which all entries of the matrix are normal quaternion random variables.
Benefiting from the density function of the ensemble and the joint density of the eigen-
values, the results have gotten their own style. If we remove the normality assumption,
the corresponding first two models have already had satisfactory results. For quater-
nion matrices, there are only a few references (see Yin and Bai 2014; Yin et al. 2013,
2014).

In this paper, we prove that the ESD of the quaternion sample covariance matrix
also converges to the M—P law. However, due to the multiplication of quaternions
is not commutative, when the entries of X,, are quaternion random variables, few
works on the spectral properties are found in the literature unless the random vari-
ables are normality distributed, because in this case the joint density of the eigen-
values is available. Thanks to the tool provided by Yin et al. (2013), it makes the
quaternion case possible. For the proof of this result, we first introduce two def-
initions about ESD and Stieltjes transform. Let A be a p x p Hermitian matrix
and denote its eigenvalues by s;,j = 1,2,..., p. The ESD of A is defined
by

p
FAG) = — > IGsj <),
Pio

where I (D) is the indicator function of an event D and the Stieltjes transform of
FA(x) is given by

+o00 1 A
m(z)=/ ——arAw),

—00

where z = u + vi € C*. Let g(x) and my (x) denote the density function and the
Stieltjes transform of the M—P law, which are

2 xyo? )
, otherwise,

L _Jb=—x)(x—-a), a<x<b;
g(x) =

and

021 = y) — 2+ (2 — 0% — yo2)? — dyo?
2yzo?

. 3

mg(Z) =
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768 H.Lietal

respectively, where a = o2(1— ﬁ)z, b=0c%1+ ﬁ)z. Here, the constant y is the
limit of dimension p to sample size n ratio and o is the scale parameter. If y > 1,
G (x), the distribution function of g(x), has a point mass 1 — 1/y at the origin.

Now, our main theorem can be described as follows.

Theorem 1 Let X, = (x;r,é)) j=1,....,p,k =1,...,n. Suppose for each n,

{x;-',?} are independent quaternion random variables with a common mean y and

variance o2, Assume that y, = p/n — y € (0, 00) and for any constant n > 0,

1 2
EZ El 11 (151 = nv/n) = 0. @)
Jjk

Then, with probability one, the ESD of the sample covariance matrix S, = %X,IX:
converges to the M—P law in distribution which has density function (2) and a point
mass 1 — 1/y at the origin when y > 1. Here, superscript * stands for the complex
conjugate transpose.

Remark 2 Without loss of generality, in the proof of Theorem 1, we assume that
o2 = 1. Furthermore, one can see that removing the common mean of the entries of
X, does not alter the LSD of sample covariance matrices. In fact, let

1
Tn = ;(Xn - EXn)(Xn - EXn)*
By Lemma 17, we have, for all large p,
|F>" — F "|lgs < z—rank(EX,) < — — 0
2p p

where || f| ks = sup, | f(x)|. Consequently, we assume that ;1 = 0.

The paper is organized as follows. In Sect. 2, the structure of the inverse of some
matrices about quaternions is established which is the key tool of proving Theorem 1.
Section 3 demonstrates the proof of the main theorem by two steps and in Sect. 4, we
outline some auxiliary lemmas that can be used in last section.

2 Preliminaries

We shall use Lemma 2.5 of Yin et al. (2013) to prove our main result in next section.
To keep this work self-contained, the lemma is now stated as follows.
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Convergence of ESD 769

Definition 3 A matrix is of Type-1, if it has the following structure:

H 0 an by - ai b
0 H c12 dip -+ cip dig
do —bpn b 0 oo agy boy
—c12  ap 0 th - cp dy
dln _bln d2n _b2n e Iy 0
—Cin  Qln —Cy Aoy ... 0 th

Here, all the entries are complex.

Definition 4 A matrix is of Type-I1, if it has the following structure:

n 0 aiptecpi bitdoi o aptci by +dini
0 1 —bip —dpi  app+cpi o —=byy —di ag +cipl
ap +cpi —bip —dpi n 0 o ot Coni bog +doni
b +dpi ap +cpi 0 153 <o =byy —doyi agy + Copi
C:lln + C_;lni _bln - dlni 5:12/1 + CiZni _b2n - d2ni Tt In 0
by, + diyi aip, + cinl by + doyi ar, + copl ... 0 th

Here, i = +/—1 denotes the usual imaginary unit and all the other entries are complex
numbers.

Definition 5§ A matrix is of Type-II, if it has the following structure:

i} 0 ap b - aim b
0 4 b1y aip - —biy an
anp —bn n 0 - awm Dbu
by ap 0 1) oo —=byy any
éln _bln 52211 _bZn T In 0
b1y Adln by, azp . 0 In

Here, all the entries are complex.

Lemma 6 For all n > 1, if a complex matrix 2, is invertible and of Type-II, then
Qn_l is a Type-1 matrix.

The following corollary is immediate.

Corollary 7 For all n > 1, if a complex matrix 2, is invertible and of Type-III, then

Q, Uis a Type-I matrix.
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770 H.Lietal

3 Proof of Theorem 1

In this section, we present the proof in two steps. The first one is to truncate, centralize

and rescale the random variables {xl.(J’.l) }, then we may assume the additional conditions
which are given in Remark 12. The other is the proof of the Theorem 1 under the
additional conditions. Throughout the remainder of this paper, a local constant C may
take different value at different place.

3.1 Truncation, centralization and rescaling
3.1.1 Truncation

Note that, condition (4) is equivalent to: for any 1 > 0,

lim
n—>00 7 n

ZEM I (11> nva) =0 s)

Applying Lemma 15, one can select a sequence 7,, | 0 such that (5) remains true
when 7 is replaced by n,,.

Lemma 8 Suppose that the assumptions of Theorem refth:1 hold. Truncate the

(k) at nu~/n, and denote the resulting variables by X A( ), ie., 3352) =

TSN < nav/m). Also denote

variables x

Then, with probability 1,
|FS — FS|xs — 0.

Proof Using Lemma 17, one has

Sh S,
| F> — F™ ||k s

I /\

1 1
s (7% )
5 ,-Zk] (11> nav/n). ©)

IA

Taking condition (5) into consideration, we get

1
E{ 5, 21 (11> mva) | <

Jjk

(ﬂ)” I (”x(n)” > nn\/_)—o(l)
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Convergence of ESD 771

and

1
Var | == 3" 1 (1§01 > nuv/n)
p jk
1
FrEym ZEH @I (1 >nnf)=o(;).

Then, by Bernstein’s inequality (see Lemma 18), for all small ¢ > 0 and large n, we
obtain

1 p—
P 521 (le;.’,“()” > Unx/ﬁ) >¢ | <2eP/2

ik

which is summable. Combining (6), the above inequality with the Borel-Cantelli
lemma, it follows that

| FS = F s = 0.
This completes the proof of the lemma. O

3.1.2 Centralization

Lemma 9 Suppose that the assumptions of Lemma 8 hold. Denote
~ < ~ =< s o
¥ =30 - EXY) X, =) and S, = XX,
Then, we obtain

L(FS", FS) = o(1),

where L(-, -) denotes the Lévy distance.

Proof Using Lemma 16 and condition (5), we have

s 3 1 ~ o~ | PN 1 1 <\
L4(an’ an) < ﬁ (tl‘(sn ~|—Sn)) (tl' (ﬁxn — n — - _Xn) )

1

_ ~(n) 2 ~(n) A(") 2 A(n)

= 5t > (IRG I + 1% — B2 ||ExJk
IT:

Jk jk

1
_ A(n) ~(n) ,\(n) ~(n) 2
= an(n IP+IRS - EXG12) LSy )
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772 H.Lietal

To complete the proof of this lemma, we need to show that the first parentheses of the
right-hand side of (7) is almost surely bounded. Applying Lemma 22, one has

4 2

1
E an(n“”)nz EIF;I1P)| = e ZEIIA(”)IIS > EIRG
J.k

jk

IA

Cn~ ('75 T ).

This indicates by the Borel-Cantelli lemma
a.s.
Moreover, we can similarly obtain

1
oo 2 (I — B P — ENE — ERIP) < ®)

Now, turning to (7), for all large n,

L4(F§", F's“,l)
< ipzkl(E 6017 + ENE — EXI) + ous (1) —Z||EA<">
J
< Z IEZ1?
= —ZEII IR (I > m/) — 0.
The proof of the lemma is complete. O

3.1.3 Rescaling

Define

~2
~my2 . _ ) Sk T <1/2 b 2 _ 2
jk_EHx ” ";:jk— [55;7{),5]2,{2 1/2 , A__\/ﬁ(%-]k)’ O'jk_E”%-jk” s

where ¢ is a bounded quaternion random variable with E¢j; = 0, VarZ;; = 1 and
independent with all other variables.
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Convergence of ESD 773

Lemma 10 Write

Under the conditions assumed in Lemma 9, we have
L (FS an) = o(1).
Proof (a): Our first goal is to show that
L(FS, FAA*) 23 .

Let &, be the set of pairs (j, k) : EJ.Zk < % and N, = Z(j,k)e&, 1 (5}%{ < 1/2) be the

number of such pairs. Due to % > ik 5,21( — 1, we conclude that N,, = o(np). Owing
to Lemma 16 and (8), we get

L4FS, Ay < L@, 1AM (tr (Lf( —A) (Li —A)*)
£ — 2[)2 n \/ﬁ n ﬁ n

=_2n; 2 Z(|I~<n>|l +||$]k||) ZHEJk—x]k

p 7

1

= 50 ZE(H”(’”H 15112+ 0. (1) Zns,k )2

% D NEjk =T = Zuh ®
jk

S}

IA

where K = N, and uj, = [|&;x — X ||2. Using the fact that for all [ > 1,11 > (I/3)’,
we have

K m
1 1 m! " mi

my!...
mi+---+mg=m

1 m l K
n™ pm Z Z Nl om) my! H(Z E”Zh)
PTD m1+--~-i;nl11:m I r=1
my=

IA

m
Z —m —mlm (l') 1(277 n)m llel

m 2 m—I 2 m
() CF) =e(5-)
P p np p

@ Springer
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774 H.Lietal.

6K

By selecting m = [log p]
for any fixed ¢, ¢ > 0,

() =0

From the inequality above with t = 2 and (9), it follows that
L (F, FAY) 250,

(b): Our next goal is to show that
L (FS FAA*) 500,

Applying Lemma 16, we have

4 Sn AA* 1 Q L" _ LV _ *
A (tr Sn+AA))(tr(ﬁX,, A)(ﬁxn A))

=2n§ 2< (12 + 1w l?) Z||s,k—x<">

(1 +o3; ) El&jl? + 0as.(1)

Using the fact

< o Ve ) = £ _.2£(_2)
2 (1) vl ) = 2 21—’ = 3 (1 o

np jk
Cn, A (n) (n) (n) 2
<0 >0 Bl 1P (15 1z na/n) + (BN (1512 00/
TP jloge,
-0

@ Springer



Convergence of ESD 775

and Lemma 22, one gets

4
C 2
E|= > (1-05") (NenlP~Elgil?)
np “
jk
2
C
< > E I < navm 3 BN (1551 < nv/n)
Jik J.k
<Cn? [n_lnﬁ’yf + nﬁyn_z]
which is summable. Together with the Borel-Cantelli lemma, it follows that
L (FS FAA*) 2500,
(c): Finally, from (a) and (b), we can easily get the lemma. O

Combining the results of Lemmas 8, 9, and 10, we have the following remarks.

Remark 11 For brevity, we shall drop the superscript (n) from the variables. Also the
truncated and renormalized variables are still denoted by x j«.

Remark 12 Under the conditions assumed in Theorem 1, we can further assume that

() Nxjxll < nav/n,
(2) E(xjr) =0and Var(x;;) = 1.

3.2 Completion of the proof

Denote

1 _
() = 5t (S = 7lay) h (10)

where z = u +vi € C*.
3.2.1 Random part
First, we should show that
ma(2) = Emy(z) = 0. (1)

Let 7; denote the jth column of X, Sﬁ =S, — %nknz and E(-) denote the
conditional expectation given {& 1, k42, ..., T2, }. Then,

2n
1
(@) = Emn(2) =5 ; Vis

@ Springer



776 H.Lietal

where
-1

Vk = Ek_ltr(Sn — zIzp)_l—Ektr(Sn — ZIzp)
1 P’ -1
= (Ei1 = B0 |0(S, —2h,) ' —u(Sh -2, ) |

1. Whenk =2t —1(t =1,2,...,n), due to (k + 1)th column is a function of the
kth column, we obtain

e =B tr(S, — 2lbp)  —Extr(S, — 2la,) ' = 0.

2. Whenk =2¢(t =0, 1, ..., n), together with the formula

A_lotﬂ*A_l
A xy—1 — A—l _ ,
(A+af?) 1+ B*Ala

one finds
~1
Yk = (Ex—1 — Ek) [tr(Sn —zhp) ! - tr<S',‘, - zlzp) ]
72(5'2 —z2h,) il

1
n .
+ ( - ZIZp) Tk

=(Ex-1 — Ek)

Since
Lux(Sk - ehp) mi
1+ Lax(sk — zl,) 'my
-1
%n’ ((Sk uIzp)z +U212p) Tk

S (1+ 2mp(sh - 2l ')

|

we can easily get

\S]

Vel < —.

<

Using Lemma 21, it follows that

Elmy (z) — Em, (2)|* <

(zw) W (1),

Combining the Borel-Cantelli lemma with the Chebyshev inequality, we conclude

mn(z) — Ema(z) =3 0.

@ Springer



Convergence of ESD 777

3.2.2 Mean convergence

When o2 = 1, (3) turns into

I—y—z4+(—z—y2—4yz

m(z) = (12)
2yz
Next, we show that
Em,(z2) — m(2).
By Lemma 20 and (10), one has
1 & (1, Y W -y
@) = 7 ;u ~bib — b — S H X XXy —2hpa ) Xy
(13)

where X, is the matrix resulting from deleting the kth quaternion row of X, and
@, is the vector obtained from the kth quaternion row of X,,. Here, superscript " only
stands for the transpose and ¢ is a 1 x n quaternion matrix. Write

1 ! 1 /7 * 1 * - o
k= 0pb — b — Xy | XXy — 2hop2 ) Xy

— (=2 =y = yuzEmy () (14)
and
8y = — :
20 (=2 = yu = yuzEm, ()
<> {ec@ =z = yu = yuzEm@) L +e0™'} a3
k=1

where y, = p/n. This implies that

1
+
I —z2—yp — ynzEm;(2)

Em,(z) = Sn-

Solving Em,, (z) from the equation above, we get

1

Em,(z) = e
n

(] — 22— Yn +yn28n :l:\/(l — 22— Yn —yn28n)2 —4ynZ) .

@ Springer



778 H.Lietal

As proved in the Eq. (3.17) of Bai (1993), we can assert that

l—z— 1) 1—z7— — $.)2 —4
Em,(z) = Z— Yn + Yn20n + \/(zy Zz Yu — YnZbn) ynz. 16)
n

Comparing (12) with (16), it suffices to show that
8, — 0.

For this purpose, we need the following two lemmas.

Lemma 13 Under the conditions of Remark 12, for any z = u + vi with v > 0 and
forany k=1,..., p, we have

|Etreg| — 0. (17)

Proof By calculation, we have

1 1 -
|Etreg| = ‘_;EtrX;:k (;Xnkxzk - ZI2p—2) Xk +2yn + 2ynzEmy (2)

1 1 -1
—;Etr( XX — ZIZp—z) ;X,,kXZk + 2y, + 2y, zEm,, (2)

n
n n

I - lo o -
E|tr ZXan -zl —tr r—anank —zlpp—
2 27|

<=-+—-0
n nv

2 |zl
_+_

where the last inequality has used Lemma 19 twice. Then, the proof is complete. O

Lemma 14 Under the conditions of Remark 12, for any z = u + vi with v > 0 and
any k=1,..., p, we have

E|tre%| — 0.

Proof Write the form of (S, — zIp)

h 0 ai b
0 o —bin an
ap —bnn n 0

biy an 0 153

By Corollary 7 and (13), we have %(b;{(ik -zl — nlz(b;{X:kRankébk is a scalar matrix.
LetRy = (%X,,kX:k — zIzp,z)fl. Denote by a the first column of ¢; and by §;, the
second column of ¢,, then combining (14) we have

@ Springer



Convergence of ESD 779

er =0l (18)

where

| 1 _
Or = ol — 2~ n—2a§(X;‘;kRkX,,kak — (1 =2 = Y0 — YuzEm,(2))

1, - 1 .
= ;ﬂkﬂk —z— ﬁﬂzXfikRankﬂk — (1 =2 — Yo — yazEmy(2)).

Let E(o) denote the conditional expectation given {x;,j = 1,...,p,[ =
1,...,n;1 # k}, then we get

1 ~ ~
E|tre,%| = §E|U€k|2 < 2 [E|trek — Etré‘kl2 + E|Etrey — Etre‘kl2 + |Etrek|2] .
(19)
According to the inequality above, we proceed to complete the estimation of £ |tr€%|
by the following three steps.
(a) For the first term of the right-hand side of (19), denote T = (¢t;;) =
I, — lX;kRank where 7j; = eji Jit . Then, rewrite
n hji gji
~ . 1 /7 1 ! % n 1 *
trey — Etrep, = tr ;¢k¢k — n_2¢ankRkX"k¢k —tr (I — n—ZXnkRank

1 -

n
=~ [ D (oI = Dejj + D ey
j=1 J#l
By elementary calculation, we obtain
E|trek — Etrsk|2
1 L 2 2 = * * *
= 5 2 Bl 12 = Ve + D7 E [ur () oy vuary)

n X X
j=1 J#l

+tr (x,flxkjtﬂ) tr (x,flxkjt;)] )

n
< n_lz ZE(”M;’”Z — 1)2|ejj +gjj|2 —i—ZZEltr(x;flxkjz‘ﬂ)|2
Jj=1 j#l
C 2 . 2 2 2 2 2 2
< | Do deii P 185 )+ D (len 4 £l + gl + lhal)

j=1 J#

@ Springer



780 H.Lietal

Cn? < C
= =2 D (el +1gii ) + = D eil® + 1 £l +1gil® + 1hjul)
j=I il
Cn? C
< ZgTT* + —«TT". (20)
n n?

For ﬁxnk, there exists a (2p — 2) x g orthonormal matrix U and a 2n x ¢

orthonormal matrix V such that

1
—X,ix = Udiag(sy, ..., s, V"

Jn

where s1, ..., s, are the singular values of %ﬁxnk and ¢ = min{(2p — 2), 2n}.
Then, we get

which implies that

T = Vdiag( 5——, -, 5— ) V*.
ST —2 Sg —<

Consequently, it follows that

q 2 2
|z] 2n|z|
trTT* = Z PEzmps == (21
j=1"]
By (20) and (21), we obtain
Eltrey — Etreg|> — 0. (22)

(b) Next, the second term of right-hand side of (19) is estimated. Note that
Etrsk — Etrep = z (EtrRy; — trRy) .
n

Using the martingale decomposition method, we have

z|? 4z|?

E|Etre; — Etreg|> = |—2E|EtrRk —uR|* < =5 —> 0. (23)
n nv

@ Springer



Convergence of ESD 781

(c) Finally, combining (17), (19), (22), and (23), we conclude that
E |tre%| — 0.
These indicate that we complete the proof of the lemma. O

Now, we are in a position to show that

8, — 0.
By (15) and (18), we can write
1 p
Oy = — Etrey
" 2p(1 =z = yu — yuzEm,(2))? ;
1 L tre?
+ 12 E - '
2p(I =z =yn = ynzEmy ()7 = (1 =2 = yn = yn2Emu(2)) + Ok
Note that

S =z = yn — ynzEmy,(2)) < —v,

which implies that

1 —2—yn — ynzEm,(2)| > v. (24)

By Lemma 13 and (24), we have

1 P
Z Etrey
k=1

2p(1 =z = yp — ynzEmn(2))? &

1 p
=< Etreg| — 0. (25)
2 Z' k
2pvu P

Together with Lemma 14, (24), and

SOk + (1 =2z — yn — yuzEm,(2)))

—1
=3 laz&k — 27— iOL;CX*I( ankX*k — ZIQ -2 Xnk&k
n n2 n n n P
1 2 B
=—v|l+ ot;( ;k (;Xnkxzk — ulzp_z) + Uzlzp_z X | < —v

@ Springer



782 H.Lietal

one finds that

1 P

ZE tre%
2p(1 =z = yn — yn2Emn(2))* &= (1 = 2 = yn — yuzEmn(2)) + 0k

1 4
0 > Elwef| — 0. (26)
k=1

=<

Combining (25) with (26), we get

| P
6n] < 7073 — B ) ; Etrey
1 ZP:E tre,%
2p (1 — 2 — y, — ypzEm, (2))? = (=2 =y = ynzEmy (2)) + 6k
— 0.

So far, we have completed the proof of the mean convergence
Em,(z2) — m(2).
3.2.3 Completion of the proof of Theorem 1
By Sects. 3.2.1 and 3.2.2, for any fixed z € C*, we have
My (2) =5 m (2).

To complete the proof Theorem 1, we need the last part of Chapter 2 of Bai and
Silverstein (2010). For the readers convenience, we repeat here. That is, for each
z € CT, there exists a null set N, (i.e., P (N;) = 0) such that

my (z,w) — m(z), forallw e N;.

Now, let (CbIr be a dense subset of C* (e.g., all z of rational real and imaginary parts)
andlet N = Uzecg N. Then,

my (z,w) = m(z), forallw € N¢ andze(Cg'.

LetC) ={z € C": Iz > 1/m, |z| < m}. When z € C}, we have |m, (z) | < m.
Applying Lemma 23, we have

my (z,w) — m(z), forall we N®and z e C.
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Since the convergence above holds for every m, we conclude that
mp (z, w) = m(z), forall we N°andzeCT.

Applying Lemma 24, we conclude that

FS X F, a.s.

4 Appendix

In this section, some results are listed which are used in the proof of the main theorem.

Lemma 15 Suppose for any n > 0 02, f (1, n) < 0o, then we can select a slowly
decreasing sequence of constants n, — 0 such that

> f () < oo

n=1

where f is a nonnegative function.
Similarly, if f(n,n) — 0 for any fixed n > 0, then there exists a decreasing
sequence 0, — 0 such that f(n,,n) — 0.

Proof Lettingn = —-,onehas > oo | f ( n) < 00. Moreover, there exists a increas-

ing sequence N, such that >0 Ny (m ) < 2%,, Define a sequence n, = % when
Ny <n < Npyy1. We get

00 oo Npp1—1 0o 0
D fawnm=> > f(— n)izz ( )
n=1 m=1 n=N,, m=1n=N,

Ni—1

< Zf(l n)+Z—<oo

This completes the proof of this lemma. O

Lemma 16 (Corollary A.42 of Bai and Silverstein 2010) Let A and B be two p X n
matrices and denote the ESD of S = AA* and S = BB* by FS and FS, respectively.
Then,

L4(FS, FS) < 2 (r(AA* + BB")(tr[(A — B)(A — B)*])
b — p2 9

where L(-, -) denotes the Lévy distance, that is,

L(FS,FS) —inf{s: FS(x —g,y—6) —e < FS < FS (x +- &, y + &) + ¢}.
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Lemma 17 (Theorem A.44 of Bai and Silverstein 2010) Let A and B be p x n complex
matrices. Then,

* K 1
| FAA" — FBBY ks < —rank (A — B).
P

Lemma 18 (Bernstein’s inequality) If Ty, ..., T, are independent random variables
with means zero and uniformly bounded by b, then, for any ¢ > 0,

P i‘t’j >e | <2exp (—52/ [Z(B,f + bs)])

j=1
here B2 = E 2
where B = E(t1+---+ 1,)".

Lemma 19 (see (A.1.12) of Bai and Silverstein 2010) Let z = u +iv, v > 0, and A
be an n x n Hermitian matrix. Denote by Ay the kth major sub-matrix of A of order
(n — 1), to be the matrix resulting from deleting the kth row and column from A. Then,

1
[tr(A — zIn)f1 —tr(Ay — zIn_1)71| < o

Lemma 20 Suppose that the matrix X has the partition as given by (é 1 212). If
Y and X1 are nonsingular, then the inverse of X has the form A 2

-1 _ ():1_11 + 2 EpZy, Ty _21_11):12):2_21.1)
- —1 -1 —1
=X Xk Xy
where X0y 1 = X0y — 2212;11212.

Lemma 21 (Burkholder’s inequality) Let {Xk} be a complex martingale difference
sequence with respect to the increasing o-field. Then, for p > 1,

14 p/2
> X < K,,E(Z |xk|2) .
k k

Lemma 22 (Rosenthal’s inequality) Let X; be independent with zero means, then we
have, for some constant C,

E

2k
E

k
<G [ D EX* +(ZE |Xl-|2)
i i

Lemma 23 (Lemma 2.14 of Bai and Silverstein 2010) Let fi, f>, ... be analytic in
D, a connected open set of C, satisfying |f, (z)| < M for every n and z in D, and

2.
i
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fn (2) converges asn — oo for each z in a subset of D having a limit point in D. Then,
there exists a function f analytic in D for which f, (z) — f (z) and f;, — f' (2) for
all z € D. Moreover, on any set bounded by a contour interior to D, the convergence
is uniform and { f;, (z)} is uniformly bounded.

Lemma 24 (Theorem B.9 of Bai and Silverstein 2010) Assume that {G,} is a
sequence of functions of bounded variation and G,, (—o0) = 0 for all n. Then,

lim mg, (z) =m(z) VzeD
n—od

where D = {z € C : Iz > 0} if and only if there is a function of bounded variation G
with G (—oo) = 0 and Stieltjes transform m (z) and such that G,, — G vaguely.
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