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Abstract In this paper, we propose a flexible generalized semiparametric model for
repeated measurements by combining generalized partially linear single-index mod-
els with varying coefficient models. The proposed model is a useful analytic tool to
explore dynamic patterns which naturally exist in longitudinal data and also study pos-
sible nonlinear relationships between the response and covariates. We then employ
the quadratic inference function and develop an estimation procedure to estimate
unknown regression parameters and nonparametric functions. To select variables and
estimate parameters simultaneously, we further obtain penalized estimators. More-
over, we establish theoretical properties of the parametric and nonparametric estima-
tors. Both simulations and an empirical example are presented to illustrate the use of
the proposed model.
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1 Introduction

In the last three decades, advanced computing and telecommunication technologies
have enabled researchers to collect data effectively and accurately. Hence, it is not
surprising that the collected data can be complex and the analysis of such data is chal-
lenging. For example, in the regression context, the response variable can be discrete
with repeated measurements, the relationship between the mean of the response vari-
able and covariates can be nonlinear, and the coefficients of explanatory variables can
be dynamic. This motivates us to propose a model that can simultaneously account
for these characteristics.

To take into account discrete responses and nonlinearity, Carroll et al. (1997)
proposed generalized partially linear single-index models (GPLSIM). These mod-
els encompass several important models, e.g., single-index models (Brillinger 1983;
Horowitz 1998; Cui et al. 2011), generalized linear models (McCullagh and Nelder
1989), partially linear models (Speckman 1998; Hirdle et al. 2000), generalized par-
tially linear models (Boente et al. 2006), and partially linear single-index models (Yu
and Ruppert 2002; Xia and Hérdle 2006; Ma and Zhu 2013). The above references
mainly focus on parameter estimation. Recently, researchers have employed penalized
procedures (e.g., LASSO, Tibshirani 1996; SCAD, Fan and Li 2001) to simultane-
ously select variables and estimate parameters for those models (e.g., Xie and Huang
2009; Liang et al. 2010; Zhang et al. 2010; Zeng et al. 2012).

Although the GPLSIM has played an important role in data analysis, it does not
allow regression coefficients to be dynamic. To this end, Cleveland et al. (1991) and
Hastie and Tibshirani (1993) proposed varying coefficient models, which have been
applied in diverse fields, such as biological science, economics, finance, medicine, and
social science. Further extensions to broad models are developed; see, for example,
generalized varying coefficient models (Cai et al. 2000a), semi-varying coefficient
models (Zhang et al. 2002), survival models (Fan et al. 2006) and the newly proposed
varying index coefficient model (Ma and Song 2014). It is also noteworthy that an
analog to the varying coefficient structure has been studied in the field of time series
(e.g., see Chen and Tsay 1993; Cai et al. 2000b). An excellent review paper on varying
coefficient models can be found in Fan and Zhang (2008).

To better understand the performance of a response variable for each individual sub-
ject, a number of GPLSIMs as well as varying coefficient models have been extended
to take into account repeated measurements (or longitudinal data or clustered data).
Accordingly, various parameter estimation and model selection procedures are pro-
posed (e.g., see Lin and Ying 2001; Davis 2002; Diggle et al. 2002; Huang et al. 2002;
Wang 2003; Fan and Li 2004; Fan and Huang 2005; Lin and Carroll 2006; Wang
et al. 2008; Ma 2012; Xu and Zhu 2012). To obtain parameter estimation in repeated
measurements, one needs to incorporate the correlation structure. Among available
approaches, Qu and Li (2006) employed quadratic inference function (QIF) in Qu et al.
(2000) to directly incorporate correlations into their varying coefficient models with-
out estimating nuisance parameters associated with correlations. Recently, Zhou and
Qu (2012) adopted the QIF approach to obtain estimation and selection of correlation
structure.
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In this paper, we introduce a generalized semiparametric model for repeated mea-
surements by combining the GPLSIM with varying coefficient models. The proposed
model is a useful analytic tool to investigate dynamic patterns of slope functions
with some covariates such as time which naturally exist in longitudinal data as well
as to capture possible nonlinear relationships between the response and covariates.
Moreover, it contains many existing known parametric and nonparametric models
as special cases, and thus it can be used for different types of data. Since each of
GPLSIM and varying coefficient models has its own special feature, it is not sur-
prising that obtaining parameter estimators and their theoretical properties becomes
more challenging. For the sake of estimation, we first approximate the nonpara-
metric function and coefficient functions by their corresponding linear combina-
tions of spline basis functions. We then propose a profile QIF procedure to obtain
parameter estimates. It is worth noting that the profile procedure induces a sin-
gle objective function of the parameters, which allows us to consider the penaliza-
tion method for variable estimations and selections. The resulting penalized esti-
mators of the nonzero coefficients are asymptotically normal and have the oracle
property.

The rest of this paper is organized as follows. Section 2 introduces the model
structure and notation. Section 3 presents the estimation procedure and demonstrates
the consistency and asymptotic normality of parametric estimators as well as the
consistency of nonparametric estimators. Section 4 proposes penalized estimators
and shows their oracle properties. Simulation studies and an empirical example are
presented in Sect. 5. We conclude this article with discussions in Sect. 6, and technical
proofs are relegated in the Appendix.

2 A generalized semiparametric model

To introduce the generalized semiparametric model by unifying partially linear
single-index and varying coefficient models with repeated measurements, we denote
(Yij, Xij, Zij, Tij) asthe j-threpeated observation for the i-th subject (or experimental
unit) for 1 <7 <nand1 < j < m;, where Y;; is the response variable and it is inde-
pendent of other subjects, X;j = (Xij1,..., Xl-j,p)T and Z;j = (Zij1, ..., Z,-j,d)T
are p-dimensional and d-dimensional vectors of covariates, respectively, and T;; rep-

T
resents a single predictor. Let C;; = (X iTj, ZiTj, T; ) be the collection of covariates
for the j-th observation of the i-th subject. We then consider the marginal model and
assume that £ (Y,-j |C,-j ) = [4;j, where the marginal mean p;; depends on C;; through
aknown monotonic and differentiable link function © . This leads to the predictor func-
tion

d d
nij =0 (wij) =g (X,T]ﬂ) + Zl:l a (Tij) Zijia + ZlZle Zij1,

j=1....,mji=1,...,n, (1)
where 8 = (ﬂl, el ﬂp)T is a p-dimensional index parameter, o (-), [ = 1,...,d,
are unknown smooth functions, oy, [ = dj + 1, ..., d, are coefficients, and g (-) is
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an unknown differentiable function of U;; (B) = X 5 B. For identifiability, we assume
that B belongs to the parameter space:

©={B:1BI=1,p>0¢cR"}, @)

where ||-|| denotes the Euclidean norm of any vector { = (¢q, ..., {S)T € R’ such

that S]] = (161> + -+ + 1&:D)2.
Model (1) contains many existing models as special cases. When «; (Ti j) = o for
1 <1 < d;, o are unknown constants, and m; = 1 fori = 1,...,n, it leads to a

generalized partially linear single-index model (Carroll et al. 1997); when g (X ITJ ﬂ) =
0, it yields a semiparametric varying coefficient partially linear model (Fan and Huang
2005); when p = 1 and o (T,,) = o for 1 <[ < dj, it results to a generalized
partially linear model (Hirdle et al. 2000); when g (X 5 ﬁ) =0and oy =0 forl =

di+1,...,d,it gives a generalized varying coefficient model (Hastie and Tibshirani
1993; Cai et al. 2000a). It is worth noting that model (1) is different from the varying
index coefficient model proposed by Ma and Song (2014), since the latter aims to
assess nonlinear interaction effects of index variables with other covariates on the
response in the cross-sectional data setting.

3 Parameter estimates
3.1 The approximation of predictor function

In this subsection, we approximate the unknown functions g (-) and ¢4 () in (1) by
B-splines described as follows. Based on the given knots, we define the sets of g-th
order B-spline basis functions B (1) = {BLJ u):1<J<N+gqg)Tand B> (r) =
{BzJ M:1<J<N+ q}T (see de Boor 2001), where N is the number of interior
knots with the distance between neighboring knots satisfying the conditions given in
Zhou et al. (1998). Then, the unknown function g in (1) can be approximated by a

. . . . . N

linear combination of the B-spline functions such that g (u) ~ > J;L]q vioB1,y () =
B, (14)T Yo With a set of coefficients y, = (J/l,o, - yN+q’0)T. Analogously, oy ()
in (1) can be approximated by oy (f) = levilq viiB2y(t) = By (t)T Y, where
V= (yl,l, ceey yNJrq,[)T. Accordingly, we obtain an approximation of the predictor
function n;;, which is

~ N+ N+q
mjzzj : VJOBll(X,],B)-FZ z v1.1B2. 5 (Tij) Ziji
+ Zl=d1 1 W2 G)

From the above equation, we propose a two-step estimation procedure to estimate
parametric and nonparametric components in the following two subsections, respec-
tively.
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3.2 The profile QIF estimators of parametric vectors

T T

LetYiz(Y“?"'?Yimi) and“i(yvﬁra)=(/~’l/il (Y7ﬂs“)a"'7ﬂimi (Y7ﬁ’“)) N
~ ~ ~ T ~

Then, denote w; (y,B,a) = (,uil ¥.B.a), ..., Rim; ()’,ﬂ,a)) , where ;;

T

1 (~ T.
y,a,p) =70 1 (nij),ot = (Old1+1, ...,(xd) isady x 1 vector,y = (yg, e, 731)
isa (1 +dy) J, x 1 vector, and J, = N + ¢q. For given 8 and «, the quasi-likelihood
estimator of p is the solution of the following estimating equations,

> @BV (¥~ (. B.@) =0, )

where i1} (y, B, a) = [(/“‘;17 ey Mg’"l’)](wdlwnxm,-’ ugj = op;j/dy for j =
1,...,m;,and V; is the m; x m; covariance matrix of Y;. Since V; is often unknown
in practice, we adopt the approach in Liang and Zeger (1986) and assume that
Vi = Ail/zR,- (9] Ail/z/d), where R; (¢) is the working correlation matrix of Y;, ¢
is a vector of nuisance parameters, and A; is an m; x m; diagonal matrix with the
marginal variance of Y;; as its j-th diagonal element. However, the working correla-
tion structure may be misspecified. Hence, we further apply the quadratic inference
function (QIF) in Qu et al. (2000) to efficiently incorporate the within-cluster corre-
lation structure. For the sake of simplicity, we assume that cluster sizes are equal, i.e.,
m; = m < 00, and let R be a common working correlation matrix. When the cluster
sizes are unequal, our estimation procedure given below can be modified via the same
technique proposed by Xue et al. (2010). Following the QIF approach, the inverse of
R can be approximated by a linear combination of « basis matrices, i.e.,

R~ aM; + -+ aM,, )

where M| = I (the identity matrix) and My are known symmetric basis matrices for
1 <k <«k.

We next construct the QIF to obtain parameter estimators. To this end, consider the
estimating function of y, for the given 8 and «:

an ()’a ﬂ!a) = n_l Z:L:l (ﬁn (}’7 ﬂva) = {an,l (y’ ﬂ’a)Tv s ’(;Vl,l( (y’ ﬂva)T}T

ST QBT Ay, By AT PMIAT P (Y — i (v, B @)
-1 .
=n . )

SILQ BT A (. B ) AT PMAT Y =T B @) ) i
(©)

where A; (y, B, @) = diag Bi1 (7, B, &), ..., Vim (¥, B, @), Vij (¥, B, &) = d[;;
(v, B, )/3n;j,
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QB =BT, ... Qm B, and

0i; B =[B1 (U B)". (B2 () zijs 1 <1 < )]

Jp(14+dpx1

Then, define the QIF to be
0y (. Ba)=0, (7, B. ) C (¥, B, 00" 60 (¥, B, ), (7

where 6,, (y,B,a) = n=2 zl'-’zl fﬁm (y,B,a) am (v, B, ot)T. Accordingly, the QIF
estimator of y is

T
V (B.a) = [{70 B 5y, B0 }

=arg min  0,(y.B, ).

},eR(Hdl)J,,
As a result, the QIF estimators of g (-), g’ () (the first derivative of g), and o; (-) are
g(u; B,a) = B )" ¥ (B, @), & (1; B,a) = B2 ()" ¥, (B, @), and g (u; B, @) =

B’ (u)T Yo (B, a),respectively, where B/ (u) is the first derivative of By (u). By replac-
ing g () and o7 (-) with g (-; 8, @) and &1 (-; B, &) in (3), we obtain

771] (B, “)—g(leﬂ B. “)+z leaﬂ “) ljl+zl d_Halszl (8)

Before estimating 8 and o, we use the assumptions of |||| = 1 and 8; > 0in (2)
to reform the space of B given below, which ensures identifiability.

[(( —>" B )1/2, ...,ﬁp)T:Zf:2ﬂ§< 1].

Denote 7; (B, @) = {1 (B, ), ..., Tim (B, a)}T and its gradient with respect to
T
T oD — v _ ] M. 3Mim (B.@)
ﬁz 7aT byD(ﬂ,“)—VU(ﬂ,“)—[nl—,v—] >
( ! ) l l B(ﬂjl’“T)T a('BIl‘aT)T mx(p—1+d)

where _; = (,32, . B p)T. Consider the profiled estimating function of (8, «),

n T
Vi B =n"' 30 i (Bee) = {Yn1 (BT e (B
> DT (B, ) A (B, oz)A‘”2 TP - (B, @)

’

N —l 2 —1/2 ~
S DT (B ) i (B, ) AT PMAATYE (V= (B, o0) ) (e

where 7Z; (B, 00) = {fli1 (B. ). .... Aim (B. o}, [ij (B.o) = 0~ {7 (B. )}
A; (B, o) = Diag(v;; (B, @)), and v;; (B, ) = 91 (B, &)/07;j. Then, the profiled
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QIF estimator of (ﬂzl, o T)T is

> T
/33 ,&') =arg min 0B, a),
(%) )

B 1.

where

0r By =y (B, )" W (B Yk (B, ), ©9)

and ¥ (B,@) = n 23" v (B, )T ¥} (B, ). Using the fact that p; =
Na H B_; 2, we also obtain the estimator B\l . The detailed procedure for computing

o~

B and @ is given in Sect. 4.2.
To study the asymptotic properties of the parametric estimators, we need to
introduce a few quantities evaluated at the true parameter values. To this end, let

T T
B° = (B, B)" and a® be the true parameter vectors, B | = (,33, el ﬂg) , and

220
Jo=2E_ given below be the Jacobian matrix of size p x (p — 1).

380
e z(—ﬁ“l/ - ||/3°1||2) .
-1 px(p—=1)

Forl <s <pand0 <1 < d, let ESJ = (53,1,1, ...,E‘Y,NH,;)T be a J, x 1 vector

{(E;F,o’ o Ez’dl)T}(Hdl)J " For 1 < s < p, we further

of parameters. Let &
define

Wn,s (BO’ aO’ 83)
Q; (ﬂO)TAi/hAi {Xij,s -Q (ﬂO)T 55}
=n"! Zj:l and

Qi (/30)T Aj A A; {Xij,s -Q; (ﬂO)T Es]

dy(14d))x 1

. [Qi (B Air A (B%) - Qi (B%) AiTeAiQi (B)
2. : - : :
Qi (B%)" AiTe14iQi B°) -+ Qi (B) ATk Qi (B%) Ly 1 va e ivay
(10)
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where Ay = A7 PMGAT? | Mp = AgVidy for 1 < k, k' <k, and A;, V;, and
Ay, are evaluated at (8 0 «9). Then, we obtain the estimate of &,

o~

T -1
&y =argming, _pava), ’wm (}30, ), gs) o (ﬂo, ao) On.s (ﬂo, o?, Es)] .
(11D

In addition, replace X;; and & in w, s (ﬂo, o, E‘Y) by Z;;, and 7, respectively,
which yields wj (ﬂo, ob, ‘[1) fordy + 1 <[ < d. Adapting (11), we obtain the
estimate T;.

Define 5(\,] s = X,J s Qij (ﬂO)TEX, 5(\1‘]' = (5(\1‘]',1, ey Yij’P)T, 2ij,l = Zij,l -
0:j (B° ) 77, and Z(z) = (/Z\ij,dlﬂ, ...,Zj,d)T. In Lemma 3 of Appendix, we
demonstrate that

ori; (B, @) :{g’(XiTj'BO;’BO, )XTJ0 (Z)T} {1+0, (O}

0 (.331’ “T)T
Accordingly,
b, (5".a°)

[{N’ (XTlﬂO B, ))?“,...,g’ (X,Tmﬂo; ﬂo,ao) )?im}T
@72 o
Define D;; (ﬁo, oto) = {g’ (XiTjﬂo) )?iTjJO,fg)T}T,
Dl 4; (% ) A14; (B°, «°) D;

Vn (ﬂo, 060) =E : and
D] 4; (B° ) Aca; (B, a®) D;

v, (ﬂo, ao)
D:-rAl‘ (ﬂo, 0(0) Fl,lAi (ﬁo, ao) Dl' s D:.rAl‘ (ﬂo, O(O) FI,KAi (ﬂo, 060) D
Dl 4; (B°, ) I, 1A (B%,a®)D; --- DI A; (B, &%) I (B, ") D
whereD; = D; (ﬂo, a’) = (D (ﬁo, a’) ..., Din (ﬁo, ao))T.Then,theasymptotic

properties of parametric estimators are given below.

Theorem 1 Assume that conditions (C1)—(C5) in the Appendix hold, Nn~! =
0o(1), and N~ *2n = o (1) with r > 3/2 in condition (C2). Then, we have
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o T
H (ﬂfl,&T) — (ﬂ(lT,OLOT)TH =0, (1), and, asn — oo,

«/E(E,ED)I/Z ((EL,&T)T B (ﬂOT’QOT)T) = N (0,Xp—14a) .

where 2’51) = Uy (ﬁo,dO)T v, (/30, oto) Vn ([30, oto) and 1, denotes the identity
matrix with dimension a X a.

Let ¥ = Ipx(p=1) Opxar . The above theorem, together with the multi-
00, (p—1) Lty xay

variate delta method, establishes the asymptotic normality of parametric estima-
~T 1\ T
tors, \/}72,1/2 ((ﬂ ,aT) — (ﬂOT,ocOT) ) — N (0, Ip+d2), as n — 00, where

X, =7TX ,51) YT. It is also worth noting that the resulting estimators are not semipara-
metric efficient since we assume that the true correlation structure is unknown and the
working correlation may be misspecified.

3.3 The QIF estimator of nonparametric functions

. . . ~T _1\T T
After obtaining the parametric estimators (ﬂ ,ocT) , we replace (ﬂT,oeT) by

o T -
(ﬁT, &T) in Q, (¥, a, B) of (7). This allows us to find the estimator

-~ T ~T T . ~ )
P L) e i, 00 B9

Accordingly, the estimators of nonparametric functions g (-) and a; () are g (u) =
By (u)T 9, and @; (t) = By (1)T ¥, respectively. Next, we present the L conver-
gence rates of g and @;. With a slight abuse of notation in using |-|, let ||¢] =
{ f s® (12 dt}l/ 2 be the L, norm of any square integrable real-valued function ¢ ()
on its support S.

Theorem 2 Assume that N*n=! = o (1) and N=22n = o) with r > 3/2
in condition (C2). Then, under conditions (C1)—~(C5), we have ||g(-) — g ()| =

0, (VN/n+N")and & (-) — oy ()| = O, (VNJ/n+N7").

The optimal order requirements in the above theorem are achieved when the number
of interior knots N is chosen to be N = n!'/@"tD Ag a result, the estimators g

and @; of the nonparametric functions g and «; have the optimal convergence rate
0[7 (N—r/(2r+l)).
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4 Penalized QIF estimation
4.1 Penalized estimators

In data analysis, the true model is often unknown. Hence, researchers have employed
the penalized approach to simultaneously select relevant variables and estimate
unknown parameters for partially linear single-index models (see, e.g., Xie and Huang
2009; Liang et al. 2010) and varying coefficients models (see, e.g., Li and Liang 2008;
Wang et al. 2008; Wang and Xia 2009). This motivates us to propose a penalized QIF
method for the proposed generalized semiparametric model. Without loss of general-
ity, we assume that the correct model in (1) has the true regression coefficients ﬂo =

T
T T T
oT 0T 0 oT oT 0 0 0
(875, B%) anda® = (aff. %) ’Whereﬂ“):[ﬂl’[(ﬁﬂ»1)@11>x1] }

is the p; x 1 vector of non-zeros, ,B(()z) is the (p — p1) x 1 vector of zeros, ot(()l) is the
dro x 1 vector of non-zeros, and oc(()z) is the (dp — dyp) x 1 vector of zeros. Their cor-

T T
responding covariates are given as X;; = “ (Xi('}))Pl Xl] , [(Xl.(f))(p_pl)xl] :| ,

2) 2n ! (22) e
7® _ (z.. ) , (Z.. ) .
L [ U ) dyyx1 } [ U ) (dr—dag)x 1

To find the penalized parametric estimators, we propose the penalized QIF,

1
LrB.o) =301 B.a)+n D" puy (1D +an:d]+1 Pia (o), (12)

where Q7 (B, ) is the unpenalized objective function defined in (9) and p;,, (-) is a
penalty function with a regularization parameter X,. There are various penalty func-
tions available in the literature, such as the L; and L, penalties, which yield the
LASSO-type (Tibshirani 1996) and ridge-type estimators (Goldstein and Smith 1974),
respectively. Here, we consider the smoothly clipped absolute deviation (SCAD)
penalty proposed by Fan and Li (2001), whose first derivative is defined as

/(9)—A{1(9<,\)+M1(9>A)]
P = =T G = ’

where p; (0) = 0, a = 3.7, and (¢), = tI (t > 0). By minimizing £}, (8, ), we

- . T /. ™\ T
obtain the penalized QIF estimators E?IF = ((ﬂfgnil) , (,BESIF) ) of B_| =

T T\T poir _ [ (~PQF\T  (~PQiF\T T for — (o o7 T
((/3(1),_1) ,(/32)) anda" A = (oc(l) ) ,(oc(z) ) oa—(a(l),a(z)).

To study asymptotic properties of penalized estimators, we follow the same
approach for obtaining X ij and /Z\l(Jz) in Sect. 3 to get X l(Jl ) and /Z\i(fl). LetDy; (ﬁ(()l)) =
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Parameter estimation for a generalized semiparametric model 735

(D1t (8%) - Diim (,;gl)))T and Ay; (80 ) = Diag(@1,;; (8%, @),
where D ;; (ﬂ(()l)) = {g/ (ﬂ?;r)x(l)) "(l)TJ07 A(ZI)T} . Lij (ﬂ?]), Ot(()l))

o {ﬁw (ﬂ?w “?1))} 1ij (Bl @) = i (B, @ly) /07155 (B, e,
.ij By o) = g(ﬁ?lT)X(l)) + > @ (Ty) Zija + ol Z(ZD’ and Jy =

_@ROT _ |40 N )
By —1/y1 Hﬂ(l),—l” .Inaddition, let ¥/, (ﬁ?l),oc(()l)) and ¥, (/3?1), Ot(()l))
Idl()fl
be defined in the same manner as v, (8%, @®) and ¥, (B, ") in Sect. 3 by replacing
their D; (°) and A, (8%, a®) with Dy; (B0,)) and Ay; (B0,
Then, we establish the following oracle properties of the penalized estimators.

Theorem 3 Assume that N*n=™' = o (1), N~**+2n = o (1) with r > 3/2 in condi-
tion (C2), and the tuning parameters satisfy A1 — 0, Ay2 — 0, n2),1 — oo and
n/2),0 — oo. Then, under conditions (C1)~(C5), the penalized estimators satisfy:

T
(1) (sparsity) P(I(ﬂfgm) (AI(DSIF) ] =0) — 1; and (2) (asymptotic

normality)

ﬁ(zﬁi))l/zl[(ﬁfgﬁ)T’ (afgm) ] (/3(1) 1»“(1))T]_>N (0, X(pytar—1)>

oe‘()l)) , respectively.

T
W _ i (g0 o0 0 0 )i (g0 o
where X" = Y (ﬂm’“(l)) Yl (ﬂa)’“(l)) Vi ('Ba)""(l))-
0

J 0 . o

LetY; = ( Ipix(pi=1) “P1%40 ) The above theorem, together with the multivariate
o (p1—1) Ldagxdao ] ) ) ) )

delta method, leads to the asymptotic normahty of penalized parametric estimators,

\/—21/2([( I(DI?IF) ( (l;?IF) ] (ﬂ(l)’ (1))T)—> N (0,1 1ay), 281 —

00, where X, = T12(1)TT

We next study the asymptotic properties of the penalized nonparametric estimators.
To this end, assume that o; () = 0 for (djo + 1) <[/ < d in the true model. By the
density assumption of T;; in Condition (C1) of the Appendix, we obtain thata; (-) = 0
if and only if E {&1 (T,,)Z} = 0. In addition, a; (1) ~ @ (t) = B> (t)" y,. This

motivates us to consider the empirical Ly norm as a metric, that s, &l = |y, | Wn =

(y;rW,,yl) 172 ,where W, —nlel 121 132( ,,) B> (T ) andnt = nm. Using

this metric and replacing (8, a)in Q,, (¥, B, ) by its \/n consistent estimator (E*, o)
(e.g., (BPQIF , @ AF)) we adopt Wang et al.’s (2007) group-penalized approach and
propose the following penalized QIF for spline coefficients,

1 P d
En ()’) = EQVL (}”ﬂ , o ) +nzl;l Piuz (”)’[”Wn) : (13)
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The resulting penalized estimator of y is
T T
P = [(7?“) 0=z dl] = argmin (L, (7).
Y

Subsequently, we obtain the estimators of g (1) and oy (), which are g gPAF () =
By (u)T LA and APQIF =B 0"y APQIF . Then, we demonstrate the following
asymptotlc propertles of nonparametric est1mators.

Theorem 4 Assume that Ay3 — 0 and dyan’/ @) = 0o withr > 3/2 in condition
(C2). Then, under conditions (C1)—(CS5), y pPQIF satisfies (1) (sparsity) P(yPQIF =
0) = 1fordio+ 1 <1 < d; and (2) (L, rate of convergence) HE;\PQIF () —g( )|| =
0, (N~ D) and H&IPQIF () —a (.)H = 0, (N7 for 1 <1 < do, where
N = nl/@rh),

Theorem 4 indicates that, under some regularity conditions, the penalized QIF esti-
mator has the same optimal convergence rate as the unpenalized estimator. In addition,

the penalized procedure is able to correctly select relevant B-spline coefficients with
probability approaching 1.

4.2 Estimation algorithm

The algorithm for obtaining unpenalized estimators is a special case of the procedure
to calculate penalized estimators. Hence, we only focus on the penalized estimates.
To this end, we consider three possible scenarios: (i) 8 and « are penalized, while y
is unpenalized; (ii) B and « are unpenalized, but y is penalized; (iii) 8, &, and y are

penalized. In the first scenario, let (F , &i) and i?" be the i-th iterative estimators of

(B, @) and p, respectively. For given (ﬁl ,&i), we employ (7) to obtain the estimator
yi+1of y at the (i 4 1) th step. That is,

y =3 -0,(vBa) 0,(F.a) (14)

where 0, (y,B, @) = 00, (y,B, @) /3y and O, (y.B.@) = 30, (y,B, @)/
ayoyT.

Based on ?i+1, we next obtain the (i 4+ 1)-th iterative estimators of (8, «). To this
end, we use the fact that (8,«) is a function of y and then denote Q} (B, ) in (9) as

o (,Bl al, y’“) and its associated component ﬁi (B,a) results to
—~ AT T . . T
D (B.a,7*) = [[Bi (x18") 75" %, B (X1,8) yg“x,-m}

(22, 72) } |
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For the sake of simplicity, let 9=(ﬁzl,aT)T, and denote QZ B.a,y) =

905 (B, P) /90 and O3 (B, o, ¥) = 90} (B, o, ¥) /0636

To obtain the penalized estimate of #, we adopt the approach Qf Fan and Li (2001)
and obtain the locally quadratic approximation of 2L (/9"H ot ,57”‘1) in (12) as
follows:

0; (@ v*")+0; (B ?’“) (o1 -7")
w0 7) 5 (B ) (o -7
203" o ([B]) 40 (B5) @, (BL1) 8
w3 e (] o («41) 0 (@)

where

)T
. i T > —~
Hn(BL) @, (BL1) B
ot

AT N
n (a‘) Dy, (oc') o',

@, (B_1) = diag{p},, (BD /1Bl ... P, (1Bp]) /1Bo]}
Dy, (@) = diag {p; . (|ea+1]) voes P, (leal) /el

Minimizing the above function with respect to 9+ we obtain that

gy {Qn(ﬂ’ & V“)Jrznqb(?i)} {Qn(ﬂl,” ?’+‘)+2n¢(?)5"},
(15)

)] . -
where @ (0) = P (ﬂ ) Op-1yxaz .Subsequently, Bi+! = '+1
1

0d2><(17 1) qj)\nZ (a)
If the i-th iterative penalized estimate ,8’ is close to zero (i.e., | ,3 | < €} for a small
threshold value €}), we set ,6;“ = 0. The iteration is stopped at the (i + 1) step

if HO’H < 8% and [P’ — 97| < 8% for a small threshold value §}. Accord-

~PQIF 1 R ; .
Q }3'+ and aPQF = @' *1 1t is

ingly, the penalized estimates of B and « are B
noteworthy that unpenalized QIF estimators B, o, and ¥ can be obtained iteratively
from Eqs. (14) and (15) by setting 45(0 ) = 01in (15).

In the second scenario, we can show that the unpenahzed QIF estimators ﬂ and &
are /n-consistent. Hence, we use them to replace /3 and «* in Eq. (13), and then
employ the same techniques as those used for obtaining Eq. (15) to yield the penalized
estimator PPRIE+1 at the (i + 1) th step given below.

R . R . - % . ~QIF R . -1
yPQIF,z-H _ yPQIF,z . [Qn (yPQIFJ’ﬁQ ’ aQIF) +ond; (yPQIF,z)}

% {Qn (7 PQIF,i ’ﬁQIFﬁ QIF) ok, (? PQIF,i) i;PQIF,i} . (16)
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where

@1, () = ding [}, (171 ) /11l 2 (17 ) /17l

SPQIF,

If the i-th iterative penalized estimator ¥ pPQIEi ||

is close to zero (i.e. || y
SPQIF,i+1

<€
for a small threshold value €3), we set ¥y = 0. The iteration stops when

|| pPQIEi+1 _ APQIF’ || < 85 for a small threshold value 63, which leads to yPQIF

»PQIF,i+1
yrQ

In the third scenario, we are able to demonstrate that the penalized estimators, E
and aPAF obtained from the first scenario are consistent. Thus, we substitute ,B and

* in Eq. (13) with these estimators. Afterwards, we adopt the same procedure as
given in Eq. (16) by replacing its EQIF and @QF with ﬁPQI and @QIF,
to obtain yFIF,

To facilitate computations, we recommend using the unpenalized estimators as
initial estimators in the iterative equations, (14), (15), and (16). It is worth noting
that the tuning parameters are unknown in those equations, and we adapt Wang et al.’s
(2007) BIC criterion to choose the tuning parameters 1,1, A,2 and 1,3 in the penalized
QIF procedure. They are

respectively,

BIC (hnt, n2) = L5 (B,&) +log (n) x (p1 — 1 +da1) and
BIC (n3) = L, (P) + log (n) x {J, (1 +dio)},

where 6721 and p) are the number of nonzero components in aPAF and ﬁPQIF, and 310
is the number of nonzero estimated functions aZPQIF (). Accordingly, ():,11,3:,,2) =
argming,,,; a,,)BIC(A,1, A,2) and /):n3 = arg min,,BIC(A,3). In our numerical stud-
ies given below, we use cubic splines with ¢ = 4 to estimate nonparametric functions.
In addition, the number of interior knots is set at N = [ 1/ (2‘“‘1)] + 1, which is of
the optimal order and [a] denotes the greatest integer less than or equal to a. In the
empirical implementations, we use the minimal and maximal values of X T8 B and T;;
as the two boundary points to generate B-spline basis functions By, ; () and By j (1),

respectively.

5 Numerical examples
5.1 Simulation studies

In this subsection, we conduct two Monte Carlo studies to evaluate the finite sample
performance of the proposed estimators. The first two example focus on scenario (i) 8
and « are penalized, while y used for computing nonparametric functions is unpenal-
ized. In contrast, the third example addresses scenario (ii) § and « are unpenalized,
but y is penalized.
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Example 1 Within each cluster, the correlated binary responses Y;; are generated from
a marginal logit model,

2 6
+Z,=10‘1 (Tij) Zija + 2123 o) Zij1. (17)

where g (U) = 0.5cos2nU), a1 (T) = 0.1cos2naT), ap (T) = 0.1sin2nT),
Bl = %2(3,3,2, 0,0,0,0)7, «® = (a3, 24,05, 06)" = (=0.5,0,0,0.4)7, j =
1,...,5,i=1,...,n,and n = 200 and 500. We then use the algorithm in Emrich
and Piedmonte (1991) to generate correlated binary responses with an exchange-
able correlation structure and the correlation parameter is 0.3 within each cluster.

. T .
Furthermore, covariates X;; = (X il Xi j,7) are independently generated from

uniform[0, 1], 7;; are randomly simulated from uniform[0, 1], and (Z,-j,] R Zij,G)T

are independently generated from N (0, 0.52). To assess the robustness of covariance
setting, we consider three different working correlation structures: independent (IND),
exchangeable (EX), and AR(1), although the data are simulated from the exchangeable
setting.

To examine the selection performance of parametric components, we conduct 200
realizations and report the proportions of parameters correctly fitted (C), overfitted (O),
and underfitted (U) as well as the average of true positives (TP), i.e., the average number
of covariates being correctly selected from all possible candidates, and the average
number of false positives (FP), i.e., the average number of covariates being incorrectly
selected from all possible candidates. To evaluate the estimation accuracy, we compare
the SCAD-penalized QIF (PQIF) estimate with the ORACLE estimate obtained by
assuming that we know the zero components in 8° and a®. The assessment measure is
the median of squared errors (MSE) defined as the median of Hﬁf}gm - ﬂo HZ and the

2 R
median of H&\(i?m —af H in 200 realizations, where ZSIF and &\ECQ)IF are the PQIF

estimates of B° and «” calculated in the k™ realization.

Tables 1 and 2 report variable selection and estimation results for ° and &,
respectively. Both tables show that the proportions of correctly fitted models increase
and the proportions of overfitted and underfitted models decrease when the sample
size becomes larger. In addition, the number of true positives is closer to the correct
number of nonzero parameters and the number of false positives decreases to zero, as
the sample size increases. Moreover, the difference between the PQIF and ORACLE
estimates measured by MSE becomes negligible as the sample size increases. The
above findings support the theoretical results. It is noteworthy that the three working
correlation structures yield similar performance, although EX is the correct structure.
This indicates that the PQIF estimators are robust even though the working correlation
is misspecified.

To evaluate the performance of the estimates of the nonparametric functions, we
next define the integrated squared error (ISE) of the estimated functions g, & and oy,
given as
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Table 1 Variable selection and estimation results for ﬂo with the exchangeable (EX), AR(1), and inde-
pendent (IND) working correlation structures in Example 1

n Variable selection and parameter estimation
C O U TP FP PQIF ORACLE
EX 0.800 0.120 0.080 2.920 0.190 0.0209 0.0184
200 AR(1) 0.745 0.140 0.115 2.885 0.190 0.0231 0.0184
IND 0.720 0.175 0.105 2.895 0.265 0.0302 0.0182
EX 1.000 0.000 0.000 3.000 0.000 0.0062 0.0062
500 AR(1) 1.000 0.000 0.000 3.000 0.000 0.0062 0.0062
IND 0.995 0.005 0.000 3.000 0.005 0.0063 0.0063

The symbols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting, respectively.
The TP and FP denote the average number of true positives and false positives, respectively. The columns
PQIF and ORACLE report the median of squared errors (MSEs) of the penalized and oracle estimates

Table 2 Variable selection and estimation results for o with the exchangeable (EX), AR(1), and indepen-

dent (IND) working correlation structures in Example 1

n Variable selection and parameter estimate
C (0) U TP FpP PQIF ORACLE
EX 0.805 0.055 0.140 1.895 0.095 0.0285 0.0228
200 AR(1) 0.795 0.050 0.155 1.895 0.105 0.0291 0.0224
IND 0.765 0.090 0.145 1.920 0.160 0.0274 0.0224
EX 0.980 0.014 0.006 1.990 0.014 0.0103 0.0103
500 AR(1) 0.970 0.020 0.010 1.995 0.025 0.0107 0.0101
IND 0.955 0.020 0.025 1.985 0.030 0.0108 0.0105

The symbols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting, respectively.
The TP and FP denote the average numbers of true positives and false positives, respectively. The columns
PQIF and ORACLE report the median of squared errors (MSEs) of the penalized and oracle estimates

SE@ = o Y 3" {2 (x1B™) -5 (1))
ISE@) = (i)' " Z']’;l (@ (1)) — o (1)) 1= 1,2.

When n = 200, the averages of the ISEs for g, &1, and @, across 200 realizations are
0.100, 0.207 and 0.215, respectively. As the sample size increases to 500, the corre-
sponding averages of the ISEs decrease to 0.02, 0.048 and 0.048, which corroborates

the theoretical results in Theorem 2.

Example 2 This example addresses the case where the covariates are correlated and
some are discrete. To this end, we generate the response observations using model (17)
with the same true parameters, nonparametric functions, and distribution of variable

. . .. . T .
T;; as those given in Example 1. In addition, the covariates (Zi e Z j,7) are sim-
ulated from a multivariate normal distribution with mean zero, marginal variance 0.52,
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Table 3 Variable selection and estimation results for ﬂo and oY with the exchangeable (EX), AR(1), and
independent (IND) working correlation structures in Example 2

Variable selection and parameter estimation

C (6] U TP FP PQIF ORACLE
EX 0.975 0.002 0.023 2.973 0.009 0.0108 0.0104
B0 AR(1) 0.970 0.005 0.025 2.973 0.015 0.0136 0.0128
IND 0.960 0.015 0.025 2.973 0.045 0.0170 0.0155
EX 0.910 0.080 0.010 1.991 0.109 0.0132 0.0126
o AR(1) 0.905 0.085 0.010 1.986 0.120 0.0145 0.0137
IND 0.900 0.085 0.015 1.982 0.127 0.0168 0.0141

The symbols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting, respectively.
The TP and FP denote the average number of true positives and false positives, respectively. The columns
PQIF and ORACLE report the median of squared errors (MSEs) of the penalized and oracle estimates

and AR(1) correlation matrix with autocorrelation coefficient 0.3, while the covariate
Zij g is generated from Bernoulli(0.5). Moreover, the covariates (Xij,l cel, X,-j,7)T

are simulated from the same distribution as that of (Z,-j,l e, Z,'j,7)T. To assess the
robustness of estimates against the working correlation, we consider three different
working correlation structures: independent (IND), exchangeable (EX), and AR(1),
whereas the data are simulated from the exchangeable setting.

Table 3 presents variable selection and estimation results for 8% and ° withn = 500
in 200 realizations. They indicate that the proportions of correctly fitted models are
closer to one and the proportions of overfitted and underfitted models are closer to zero.
In addition, the number of true positives is closer to the correct number of nonzero
parameters and the number of false positives is small. Moreover, the MSE values of
the PQIF and ORACLE estimates are similar, which confirms our theoretical results.

Example 3 In this example, within each cluster, the correlated binary responses Y;;
are generated from a marginal logit model,

5 7
logit P (Yij=1|Xij, Zi;. Tij ) =g (Xf,ﬁo) + lel ar (Tij) Zija + Zl:() @) Zij 1,

where g (U) = 0.5cos2nU), a1 (T) = 0.7cos(2nT), aa (T) = 0.7sin(2nT),
() =0fr3 <1 <5 %= %Tz (3,3,.2)7, o = (a6, 07)T = (=0.5,0.4)7,
j=1,...,5i=1,...,n,andn = 200 and 500. In addition, the binary responses are
generated from an exchangeable correlation structure with the correlation parameter
0.15. Moreover, covariates X, T;; and Z;; are independently simulated from the same
distributions as given in Example 1.

To assess the selection performance for varying coefficient components, we conduct
200 realizations. Table 4 reports the selection and estimation results for the varying
coefficients with covariates (Zi il s Zij, 5)T. It shows that the proportions of correct
fittings are close to 1 (above 95 %) for all the three correlation structures for n = 500,
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Table 4 Variable selection and estimation results for the varying coefficient functions oy (7') with the
exchangeable (EX), AR(1), and independent (IND) working correlation structures in Example 3

n Variable selection and estimation
C (¢} U TP FP
EX 0.525 0.280 0.195 1.809 0.418
200 AR(1) 0.510 0.290 0.200 1.785 0.425
IND 0.495 0.290 0.215 1.755 0.427
EX 0.955 0.010 0.035 1.955 0.010
500 AR(1) 0.945 0.000 0.055 1.945 0.000
IND 0.955 0.015 0.030 1.955 0.015

The symbols C, O, and U denote the proportion of correct fitting, overfitting, and underfitting, respectively.
The TP and FP denote the average of true positives and the average of false positives

while they are relatively low for n = 200 . The high proportion of correct fitting in the
large sample size corroborates the model selection consistency established in Theorem
4. In addition, the number of true positives gets closer to 2, and the number of false
positives decreases to zero, as the sample size n increases.

In addition to varying coefficient components, we next study the performance of
parametric components. Table 5 shows the MSEs of the parameter estimates and the
empirical coverage probabilities of the 95 % confidence intervals for the parametric
components. All three working correlation structures result in similar average MSE
values for both parameter estimates of 8 and «. Furthermore, the MSE values decrease
as n increases, which confirms the consistency property of the parameter estimates.
Moreover, the empirical coverage probabilities get closer to the nominal coverage
level of 95 % as n increases, which corroborates the asymptotic normality of the
parameter estimators. Next, we assess the overall model fitting. To this end, we define
the model error (ME) as the average of the squared difference of the estimated and
true conditional means of Y;;. Figure 1 depicts the boxplots of the model errors by
comparing the PQIF and oracle (OR) estimates, where OR is computed by assuming
the true model is known a priori. It is not surprising that the model errors of the oracle
estimates are smaller than those of the PQIF estimates. As the sample size gets large,
however, the model errors of PQIF and OR are very similar. It is also noteworthy that
the model errors are small even though n = 200, which demonstrates the accuracy of
PQIF estimates.

Remark To study the performance of the proposed estimation and selection methods
in scenario (iii), we generate data from the following model:

5 9
logit P (Yij=1|Xij, Zij, Tij) =g (X,-Tjﬁo) + Zl:l ar (Tij) Ziji + 21:6 o« Zij1,

where B = —-(3.3,2,0,0,0.0)", a® = (a5, @7, 05, @9)T = (~0.5.0,0,0.4)T,
and o (T) are defined as Example 2 for 1 </ < 5. In addition, covariates X;;, T;; and
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Table 5 The average MSEs of the parameter estimates for 8 = (81, 2, £3)7 and @ = (g, @7)7 and
the empirical coverage probabilities (CP) of the 95 % confidence intervals for parameters (81, B2, $3) and
(g, 7) based on 200 realizations in Example 3

n MSE CP
B o Bi B2 B3 ag a7
EX 0.0168 0.0267 0.855 0.865 0.835 0.915 0.935
200 AR(1) 0.0170 0.0269 0.855 0.825 0.865 0.915 0.925
IND 0.0171 0.0271 0.865 0.865 0.860 0.910 0.940
EX 0.0047 0.0073 0.955 0.935 0.925 0.920 0.940
500 AR(1) 0.0050 0.0078 0.955 0.920 0.920 0.915 0.945
IND 0.0051 0.0078 0.960 0.935 0.925 0.920 0.950

Fig. 1 Boxplots of the model
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Z;j are independently simulated from the same distributions as given in Example 2,
and Y;; have the same correlation structure as given in Example 2. Since Monte Carlo
results show similar findings as those in Examples 1 and 2, we do not present them
here.

5.2 Empirical example

Following Klein et al. (1984), we consider a data set from the Wisconsin epidemiologic
study of diabetic retinopathy (WESDR). The aim of this study is to investigate the
risk factors for diabetic retinopathy. The response is a binary variable indicating the
presence of diabetic retinopathy in each of two eyes from 720 individuals in the study.
In addition, the data set contains 13 risk factors including: eye refractive error, eye
intraocular pressure, age at diabetes diagnosis (years), duration of diabetes (years),
glycosylated hemoglobin level, systolic blood pressure, diastolic blood pressure, body
mass index , pulse rate (beats/30s), sex (male=1, female=2), proteinuria (absent=0,
present=1), doses of insulin per day taken by the patient, and type of county of
residence (urban=1, rural =2).

Based on a preliminary fitting of the data to a logistic linear regression model, we
found that there exist significant interaction effects between the logarithm of diabetes’
duration, respectively, with glycosylated hemoglobin level, systolic blood pressure, and
diastolic blood pressure, where the logarithmic transformation of diabetes duration is
used to amend its right skewness. This motivates us to consider Z;; | = glycosylated
hemoglobinlevel, Z;; » = systolic blood pressure,and Z;; 3 = diastolic blood pressure
as the covariates associated with their corresponding varying coefficients «; (T,- j)
(I =1,2,3), where T;; = logarithm of diabetes duration. We then assign the rest
of the continuous variables to be index covariates such that X;; 1 = age at diagnosis
of diabetes , X;j» = body mass index , X;j3 = eye refractive error, X;j4 = eye
intraocular pressure , and X;j 5 = pulse rate. The remaining categorical variables,
Zij.4 = sex, Zjj 5 = proteinuria, Z;j ¢ = doses of insulin, and Z;; 7 = type of county
of residence, are used as the covariates in the linear part with constant coefficients. As
a result, we fit the data with the following equation,

nij = logit(uij) = g (Xij.1B1 + - - + Xij5B5)

3 7
+ 2 () Zin + > enZija, (18)

where j = 1,2,i = 1,...,720. It is worth noting that we only consider IND and
EX correlation structures since there are two repeated measurements for each subject
and the results are the same for EX and AR(1) structures. In addition, all continuous
variables are centered and standardized for parameter estimation.

By applying the penalized QIF method in Sect. 4.1, two index variables (X;; 1 =age
at diabetes diagnosis and X;;» = body mass index) and one linear variable (Z;; 5 =
proteinuria) are selected under the IND and EX working correlation structures. Table
6 presents the parameter estimates (EST) and their standard errors (SE) for the selected
variables. The resulting Wald test statistics show that these variables are significant
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Table 6 The PQIF estimates (EST) and their associated standard errors (SE) of regression coefficients for
the selected variables, respectively, under the IND and EX working correlation structures for the Wisconsin
epidemiologic study

Bi B2 o5
IND EST 0.303 0.953 0.307
SD 0.132 0.042 0.099
EX EST 0.447 0.894 0.311
SD 0.151 0.075 0.103

at the 5 % level. Furthermore, the estimated coefficient of proteinuria (0.307 in IND
and 0.311 in EX) indicates that the presence of diabetic retinopathy is approximately
exp (0.31) = 1.35 times as frequent among proteinuria than among no-proteinuria,
after adjusting for the other variables in the model.

Next, we plot the estimated index functions g (-) against the variables of age at
diabetes diagnosis and body mass index, respectively, by setting the rest of their cor-
responding index components to zero. Figure 2 depicts the estimated functions g (-)
under the IND and EX working correlation structures. The function g (-) displays a
quadratic pattern over the body mass index, which is consistent with the findings of
Barnhart and Williamson (1998) and Lian et al. (2013). For example, under the EX
structure, the value of g (-) above 0 indicates that the presence of diabetic retinopa-
thy is higher when body mass index lies between 2.854 and 6.397 than in the tail
regions (i.e., 2.042 to 2.854 and 6.397 to 7.228). It is interesting to note that g (-) also
exhibits a quadratic pattern across the variable of age at diabetes diagnosis, and the
value of g (-) above 0 shows that the presence of diabetic retinopathy is higher when
age ranges between 5.1 and 25.1 than in the tail regions (i.e., 0.4 to 5.1 and 25.1 to
29.9). Accordingly, it is not surprising that the plot of g (-) versus the index exhibits
a quadratic shape. In sum, the diabetic retinopathy risk is highest in this study among
people with middle values for body mass and middle values for age at diagnosis of
diabetes.

We finally present the graphs of the estimated varying coefficient functions @; (-)
(I = 1,2,3) against logarithm of diabetes duration under the EX structure. Since
the plots under the IND structure are similar to those under the EX structure, we omit
them. The varying coefficient functions in Fig. 3 exhibit strong nonlinear patterns.
Specifically, &) (-) and @, (-) indicate that coefficients are largest when the diabetes
duration is shortest, while @3 (-) has the largest coefficient around the middle values
of diabetes duration. Consequently, the associated coefficients for the variables gly-
cosylated hemoglobin level, systolic blood pressure, and diastolic blood pressure are
not constant across different durations.

6 Discussion

In this paper, we introduce a generalized semiparametric model emerging from gen-
eralized partially linear single-index models and varying coefficient models with
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Fig. 2 Plots of g(-) against the variables body mass index and age at diabetes diagnosis, respectively,
under the IND and EX working correlation structures using the Wisconsin epidemiologic study

repeated measurements. For model estimation, we propose the profile QIF estima-
tor for the regression parameters and the QIF spline estimators for the index function
and varying coefficient functions. For model selections, penalized and group-penalized
estimation procedures are employed, respectively, for parametric and nonparametric
functions. In addition, asymptotic consistency is studied for the resulting estimators,
and asymptotic normality is further established for the parametric estimators for con-
ducting statistical inference such as Wald test. Moreover, we demonstrate the oracle
properties of the penalized estimators. Monte Carlo studies indicate that the proposed
estimators perform well.

In practice, there are a few possible approaches to fit the data with model (1). Based
on our limited experience, we propose the following procedures. First, place contin-
uous variables into the single-index component and put discrete variables into either
the varying coefficient component or the linear component. Second, for continuous
variables, plot the estimated mean of the response variable (or the estimated single-
index function) against each of them. If the plots of those variables do not depict
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Fig. 3 Plots of @; (-), I = 1,2, 3, against the logarithm of diabetes duration under the EX working
correlation structure using the Wisconsin epidemiologic study

the nonlinear pattern, one can put them into either the varying coefficient component
or the linear component. Third, choose the varying coefficient index, which exhibits
possible interaction effects with those variables assigned in the varying coefficient
component.

To extend applications of the proposed generalized semiparametric model, we iden-
tify five future research topics. The first is to generalize the penalized quadratic infer-
ence function so that one is able to estimate and select the mean components and
correlation components, simultaneously. The second is to make inferences by testing
the parametric and nonparametric components. The third is to adapt the approach of
Stute and Zhu (2005) and then develop a test for assessing the appropriateness of model
(1). The fourth is to allow the nonparametric component to be a non-smooth function.
Finally, we propose applying the proposed model to the areas of quantile regression
and survival analysis. We believe that these efforts would broaden the usefulness of
the proposed model.
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Appendix

We begin this appendix by introducing necessary notations used in the following
proofs of theorems. For any positive numbers a, and b, let a, =< b, denote that
lim,_ o an/b, = c, where c is a positive constant, and let a, ~ b, denote that
limy— o0 @ /by = 1. In addition, let C* (S) = {¢ | € C (S) } be the set of the r-
th order smooth functions ¢ on the support S. For any vector { = (¢, ..., )T e RS,
denote |||l = max (|&1] + -+ |&]), and for any symmetric matrix A, denote
its L, norm as [|A|l, = maXgegs 0 AL, ||§||r_1. Moreover, for any matrix A =

(Aij)fil’jzl,denote Al = maxj<j<s 23:1 |A,-j‘ and A®% = AAT. To develop the
theoretical results of the proposed estimators, we next present the following technical

conditions.

Regularity conditions

(C1) The density function fgry (BTx;;) of random variable BT X;; is bounded away

from 0 on the support of 8T X; ; for B in a neighborhood of B, and the density
function f7;; (#) of random variable 7;; is bounded away from 0 on the support
of T,'j .

(C2) The true functions g (x) and o (¢) satisfy g (u) € C") (Sy) and o (t)
e CO(Sp) forl =1,...,d, and given integer r > 3/2, where Sy and St
are the compact support sets of Uj; (ﬁo) and T;;, respectively. In addition, the
order of spline functions satisfies g > r.

(C3) The eigenvalues of My, 1 < k < « are bounded away from 0 and infinity. Let
I = (Fk»k’);k/:l = (Fj,j/,k,k’)?ff:Lk,k/ﬁ~For any 1 < j <m, and any given
vector a = (ax);_; € R”, there exist constants 0 < ¢y < C < 00, such that
er 2horaf = 2jw=t wkak Ty jan < Cr 2y 63

(C4) The eigenvalues of E ((1, Zl.(;)T)T(l, Z;;)T) Uij(B%) = u, T;j = t) are uni-
formly bounded away from O and oo for all ueSy and ¢t € Sr, where

T

(1)
Zij = (Zi/‘,l’ SRR Z.U’dl) :
(C5) The eigenvalues of ¥, (/30, oeo) and ¥, (ﬁo, oeo) are bounded away from 0 and
infinity.

Conditions (C1) and (C2), which are given in Zhou et al. (1998), are typical assump-
tions in the nonparametric smoothing literature. Conditions (C3)—(C5) are needed for
the convergence rates of the parametric and nonparametric estimators as well as the
existence of asymptotic variances of the parametric estimators. It is worth noting that
Condition (C1) ensures that the density functions are bounded away from 0 in their
supports. In practice, we do not know the true support, and we may use minimum and
maximum as the bounded values of the support. In addition, the parameter estimators
and their asymptotic properties may not be valid in the case that Conditions (C2)—(C5)
are not satisfied.
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Proofs of Theorems 1 and 2
Before proving both theorems, we demonstrate the three lemmas given below.

Lemma 1 Under Conditions (C1) and (C4), for any a € R’ | there exist constants
0 < c1 < Cy < 0o such that for VB € © and for sufficiently large n,

N~ al? <a"E {Qi (B Q (B)fa = CiNTfal, (19)
and
-1\ T
a3 By U (B By (Ui (B)
—E{B1s (U (BN Bry W B

= Ous. {Vlogm / M)},

xS By () By (1) — E{Bay (T Bap (T

= Ous. {Vlogm / M)}, (20)
where

By (U; (ﬂ)) = [{BLJ (Ui (ﬂ)) sy Bl,] WUim (ﬁ))}T]mxl ’

By j (Ti) = [{BZ,J (Ti) s ... B2y (Tim)}T]

mx1

Proof By Theorem 5.4.2 of DeVore and Lorentz (1993) and Condition (C1), we have
that, for sufficiently large n and for any o = (aq, ...y, )TeR Ju | there exist constants
0<cf <Cf <o0and0 < ¢ < C5 < oo such that

I /\

2
Jn 1 N
B\ By @| =N Y e
(21)

2
N~ IZ [Zj":laJBzJ(T } < CiN Z : (22)

In addition, Condition (C4) implies that, for any & = (Jo, ¥, ... Uy, YTe RN+ there
exist constants 0 < ¢3 < C3 < oo such that

DI

I /\

d
CD I = {(ﬂwzl  01Zij.)* Ui (B ) ,,] Sye D I )
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Leta=(ay;:1<J <J,,0<I<d). After algebraic simplification, we have
a'E {Qi (ﬂO)T Qi (ﬂo)} a
= zm a'E [Ql/ % 0 (ﬂO)T] a
m In 0 dy Jn 2
= ijl E [[ijl ajoB1s (Ui ()| + lel ijl as 1By (Tij) | Ziji
m Jn 0 2 @ I 2
< zj:l C3|E [21:1 ajoBi,s(Uij (B ))] + 21:1 E [21:1 ay By (Tij)]
m _ Jn T d Ty
S NCT I SRSRECTIED 3ib ST AR

where the first inequality of the above equation follows from (23) and the second
inequality follows from (21) and (22). By letting C; = mC3Cy, we then obtain that

T
a"E {Q,- (6°) @ (/30)} a<CN fal?.
Applying a similar approach, we can show that
T 0\* 0 —1 (a2
a"E1Qi (%) Qi (8°)faz N al?,

This completes the proof of (19), and the result of (20 ) can be obtained by Bernstein’s
inequality from Bosq (1998). O
Lemma 2 Under Conditions (C1)—(C4), we have (1) |§(u,ﬂ0,oc0) —g(u)‘ =
0, (VN/n+N") and |g (u, ﬂo,ao) —g'w| = 0, (\/m—i— N’r“) uni-
formly in u € Sy; and (2) | (t,,BO,oco) —o )] = 0p (\/N_/n—i-N_’) and
|&l/ (1, ﬂo,cxo) —a (t)| = 0, (\/NT/n—i—N*rH) uniformly int € St, for 1 <
[ <d.

Proof For the sake of simplicity and with a slight abuse of notations, we denote y =
T T T
~ ~ ~ (00 ~ ~0 \T ~ 0
(78 78) =7 (a8 = | (#,) oo @] =5 00800

and C° = C, (yo, B, oco). According to the result on page 149 of de Boor (2001),
for g and oy satisfying Condition (C2), there exists y? € R’" such that

sup
ueSy

g ) — g° (u)‘ —O(N”") and sup

teSt

ar () — o (r)‘ —O0(N7). @4

T
where g° (u) = By (u)T y and Ollo ) =B, ()" }’?- Let y0 = ()’8Tv e }’2,T) ’

and we then show that ||7 — ),0 ||OO = 0,5 (1). By the same arguments as given in
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Qu and Li (2006), we know that the global minimum for Q,, (7, BY, ) given in (7)
exists. As a result, we only need to demonstrate that the minimizer ¥ remains inside
of f},o, where S0 is any neighborhood of P

et

On (}', ﬂo,ao) = n7! {EC’n (7, B° ,uo)}il/z {Ean (y,ﬁo,ao)}

)

it is noteworthy that g, (y, B, oco) is a continuous function in y. By (19) and (24),

[E {Qi (8) @i (8) H

and |E¢, (v, 8% «°) |, = O(N="~1/%). Therefore,

1/2
172 / _ N

=K

HEC" (yo’ B’ ’ao)
2

2

on (y, B°. ao)

IA

172!
EC 0 g0 o0 HE B0, a0 H
H n(r B oc) ”2 ¢n(}'ﬂ a)2
=OW'"AN"T12) =0(1).

Assume that y € Sfo, where Sfo is complement of S,0. Then, there exists a constant
0 < C < 00, such that

_ ~ [ Ll s
e 00| (65 (.90,

On (7, B° ,ao) = >~ C. (25)

Since ¥ is the minimizer of Q,, (v, B°, ao), we have that

G (7 %a) (780 00)]

~ —1/2 -
n~'C, (yo, ﬂo ’ao) B ( 0 ,/30, ao)

=<

By the strong law of large numbers, we further obtain

—1/2 _

n1C (10 8% ) G (v 80 0°)
n (£€) ’ (£3))

n1C, ()7 BY, a0)71/2 b ()7 B°, ao) H = 0 (1). Recall that

—

‘=0(1),

almost surely. Thus,

(80 ) =1 S (v 80
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as given in (6). It is also worth noting that bin ( Y, ,80, oco) is a continuous function of
y,and, for all y € Sfo, there exists 0 < C* < oo such that

o 0|

= N B . B0 @ i (v, B, a2
< C*'n Y J,(1 +dy)V?.

Then, by the uniform law of large numbers, we have

sup 119, (7. 8% @) = Eg, (. 8% ) Il = 0as. (1)

yeSfO
This, together with the continuous mapping theorem, leads to
5 (= 172 ~ (=~
n lcﬂ(yvﬁoia) ¢n(y ﬂ a)_Qn(y’ﬂo’ao)

which contradicts with (25). Consequently, ¥ remains inside of S .0
Using the above result and the Taylor expansion, we have

= 045 (1),

7 —y'=— (020, (. 8.a") joyay™) " (0D, (v.8°. ) jay] (140, ().

21 Qi (ﬂO)T AiA1A:Q; (B°)
2u=| : |=n"! Z,’;l : and

Qi (ﬂO)T Ai A Ai Qi (30) i Ty (14dy) x J, (14dy)
Q; (ﬂO)T Al 14:Q; (B°) -+ Qi (ﬂO)T AiT1 e 4:Q; (B)

Q (8)" AT 8iQi (B°) -+ Qi (B°)" AT iQi (B°) Lyt sapyesmirian

By (24) and the weak law of large numbers, we have C, (y°, 8°, &%) = 2, (1+0, (1)).
Thus,

90 (70, B°, ao) /3y =2 [Bcbn (yo, B, o ) /8)'] B bn (yo, B°, oco)
x (1+0, (1) =-2215,"'¢Y (140, (1)) and
920, (yo, B8°, ao) JoyayT =22787'2, (140, (1)). (26)
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As a result,
—1
7-r"=(n'el512,) (n'els1e) (140,(D). 27)

By (19), (20) and Condition (C3), it can be shown that, with probability approaching
o1

1, [nE,ll, < N~! and SUP| <k <« ||.an||2 = N7!, and thus |n7'5; H2 = N.
Moreover, by (19),

|E@)TE @]

-z o () s ()]
elo(5) @ ()] 2

2

2

= N2

N~2. Accordingly, with probability approaching 1,

= N.

-1
1T =—1
(n o .Qn)
2

—1 T =—1
[n'er s 12,

T
szHsann

= N~ and
2
(28)

Next, let u; = (i1, ..., ,u,m) .By (6), ¢0  can be decomposed into ¢>0 ke —i—d)
where

Pore = 7121 le(O) (J’ B, o )Ak(Yi_Mi)»
nku 712 Qz(o) ()’ B, ) {Mi—ﬁi(}'o,ﬂo,ao)}.

e o, = ()Tt s = ()7

T
(#9.c,)"} - Accordingly, 7 — = (?e +7,) (140, (1), where 7, = (n~' 2]
12,) 7 (2l E 0 ) andF, = (n T E 2,) T (n 2T E 10 ). Let

n

n,k,

M

T
((CT 1<j<m,1<i <n) . Then, for any vector a e R+ with la]l =1,

( ) = 0, and (28) leads to

2 -1
E {(aTﬂ) I(C] =a' (.Q,TE;I.Q,,) ax= Nn~!

y | = 0, (Nl/zn_l/z). Furthermore,
with probability approaching 1, there exists a constant 0 < C < oo, such that

C
E

-1
(aizta) | e, sl |2 o (87))]
2

‘aTil'M‘ <C
2 1<k=<k

ONT)=0(NT").
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The above results imply [a” (¥ — »°)| = 0, (N'/2n='/2 4+ N="). This, in conjunc-
tion with (24), ensures that |g (u, B°, a) —g )| = 0, (N'2n=12+ N~") uni-
formly for every u € Sy and \&1 (t, /30, oco) — o (t)| = 0p (Nl/zn_l/2 + N")
uniformly for every ¢t € St .

To show the second part of the lemma, we employ the results on page 116 of de Boor
(2001) and obtain that g’ (u, B°, @) = B} ()" D%, (8%, «°) and @, (z, B, &) =

T
B (07 D17, (8%, o), where B ) = {Bf ; )1 1= J = N+g—1] isthe(g—
1)-th order B-spline basis, and D| = [(q —1) {(—D, 0(1”_1)) + (O(Jn_l), D)}](Jn—l)xln’

D :diag(dl, ---de+q—l)’ d;y = (éjq_1+j —é'])_l forl <J < N+g—1,
and 0,1y is the (N — 1) dimensional vector with “0 ” elements, and Bj (1) is
defined in the same way. It is easy to prove that ||Dq|l, = O (N). Applying sim-
ilar techniques to those used in the proofs for g (u, BY, ) and & (1, BY, a®), we

have that [¢' (u, 8° . @®) — ¢’ )] = 0, (VN¥/n+ N~"*") uniformly in u € Sy

and |a] (r, ﬂo,ao) —a/ ()| = 0, (\/N3/n + N”“) uniformly in ¢ € Sr, for
1 <1 < dj, which completes the proof. O

Lemma 3 Under Conditions (C1)—(C4), we have that

i (ﬂo’“o) ~1 (T a0 Q0 T 0 (2)T —r+1 32 —1)2
ST T =7 (xT8° 8° . 0*) XT2°, Z }+0,,(N + N1,
Proof By (8), we obtain

oy (8%.a®) _ [& (X588 00) K10+ {05 B (57 8. /987,))
NG T

26T, am)" | ZF+{0s BT (57 B @ /0]

From (27), it can be shown that

0, (8)' (57 (5".") /26"
—-0, () (atsi) " (=)
xn~! Z:lzl Qi (ﬁo)T Ai Ak Ai {gO/ (Uij (30)) Xijp =7 = m}TJO

+0, (N'2n712 4 N77)
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where g% (Uy; (8°)) = Bj (Us; (8°))" ¥§ and
&= (n'elg ') (nels")
T
TRDIIN (ﬂO) Ai A {go/ (U,-- (ﬂo)) Xijg 1< j< m}

Furthermore, by Lemma 2, we have that

T

0ij (ﬁO)TES =7 (XiTj.BO’ B°, “0) 0i; (ﬂO)TEY +o0, (N—r—H T N3/2n_1/2) ’
where

o~ —1 n T
By = (n—lgjsn—lszn) (n—‘Q,TE,;l)n‘l > Qi (ﬂo) A Ak AiXis,
(29)

and X;. s = {Xiqu, 1<j< m}T. Thus,
0i (8°) (97 (8°.0) 108",
=-g (XiTjﬂOa ﬂo,ao) [Qij (ﬂo)Tﬁs i1<s< p] J°
+0, (N—r+1 + N3/2n—1/2) _
Analogously, we can demonstrate that
Qij (ﬂO)T (8)7 (,BO, ao) /8ocT)
E— ’Qij (ﬂo)T,ﬁl dit1<l< d] +0, (N—r+l +N3/2n_1/2).

Accordingly,
7. (RO o°
o () 7 (xT8% 80 a®) XT3, 2] 4 0, (N + N2 1)
T 77 ij ij ij p
0 (ﬂ—l’“ )
which completes the proof. O

o~ P T
Proof of Theorem 1 Let § = (ﬁfl,aT) and 00 = (8%, a"T)". Let S(8°) be any

open set that includes 6°. We use the same technique given in the proofs of Lemma A.2
to show that # remains inside of S(67), so that |[§ — 6°|| = 045.(1). In the following,
we demonstrate the asymptotic normality of 6. By the Taylor expansion, we have

9—00 = — {aZQ; (ﬂo, oco) /aaaoT}_1 {aQ; (/30, ao) /ao} {140, (D).
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. . . T
Define ¢, (B, a) = {W;,l B.a),.... ¥, (ﬂ,oc)} , where

Ui B,y =n"">"" DI (Ba) 4 (B,0) At (B, ) D; (B, ).

By the definition of Q; (B°, a) given in (9), it can be shown that

90" (/30, ao) /00 = —29* (ﬂo, aO)T w (ﬂo, ao)fl v (ﬂ‘), oco) +0, (n—l)
S

and 92Q* (ﬂO, ao) /00907 =2y (/30, ozo) Ty (,30, oco) it (ﬂo, oco) +o,(1).
By Lemmas 2 and 3, we have that

U (B%.0°) = v (B°.0°) + 0 (N0 712 4 N7F) and  (30)

nw* (ﬂo’ ao) —y, (ﬂo’ ao) +0, (N3/2n71/2 i N7r+l) . 31

The above results imply that

205 (8. ) /00307 = 2, (8°.°) 0 (8%,0%) " G (8% ) +0p (.
(32

We next define v, (8, @) = {lﬂn,l B, oc)T, coos Y (B, a)T}T, where
Yk By =n"' D" D (B@) A (B.e) AcAi (Boa) (Vi — ).

Then, for N*n=! = 0 (1), N™**2n = o (1) withr > 3/2,and 1 < k < «, we employ
Lemma 2 and obtain

Vi (B @) = v (8. )
=n7' > {DF B @) D] (B.o)} A (B.0) A (¥ i (B,
+nt 3 DI (Boa) A (Boa) Ak (i (B, @) — i (B, @)
=0, (N3/2n—1/2 + N—r—H) 0, (n—1/2 L NV212 4 N—r)
+0, (n_l/z) 0, (Nl/zn_l/z + N—’)

=0y (nil/z) . (33)
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By (30), (31) and (33),

905 (8%.0) /90 = 20, (B%,0") i, (%) " v (8% %) 0, ().
(34)

This, together with (32), leads to

70 = {7, (80.0) 7 (800") 1T, (80 0)]
[1’/;” (ﬂo,ao)T 7 (ﬂo’ o‘o)*l 7, (ﬂo,ao)] +op (n—l/Z) .

By the Lindeberg—Feller Central Limit Theorem and Condition (C5), we then obtain

the asymptotic normality of 9—0° presented in Theorem 1. O
T

Proof of Theorem 2 Applying Lemma 2 and the fact that || (ﬂ , EZT) - (ﬂOT, aOT)T ||

=0, (n_l/ 2), we are able to prove this theorem straightforwardly. O

Proof of Theorem 3

We consider the three steps given below to show the oracle properties of the PQIF
estimators.

- T T ~
Step I Find the convergence rate of [( E?IF) , (&PQIF)T] cLet By = B°, +
2 = ~ =T \T ~
, B = (ﬂl,ﬂfl) , and o

— ~\T T
o + 072w = (@g41,....04) , where v = (v,v1)) = (ui,...,vpT,
w = (wd,+1,...,wd)T, and |lv|, = |lw|, = C for some positive constant C.

Denote § = (EII’&T)T’ 6 = (B7.a™)". 0} (B.a) = 00 (B.) /06, and
O (B.a) = 92Q* (B. o) /3030™. Then,

0; (B.3)— 0; (8" a) = (7-0°) 0 (8%.) + 5 (7 0°)"
x 05 (8% a") (9 - 6°). (35)

}’l_l/zvfl = (Ez, ceey Ep)T7 B] = 1 - "B_l

—1)2

for some (ﬂ*T, a*T)T that lies between (BOT, otOT) and (ﬂ T) .By (32) and (34),
we have, with probability approaching 1,

-0 2 5=
(50 ) 5-) 0 ()
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= 2n (?9' - 0°)T Vn (ﬂ", aO)T , (30, a")_l Vn (ﬂ", a") (b’ - 00)
to (Cz) +o (C3n*1/2)

=C*+0 (CSn_l/z)

and (6 —0°) " 07 (8%, a°) = 0, (C).

Next, let a, = maxa<s<) {‘pllnl (187)

B # 0} by = maxacec { [, (89)]
pY # 0},Cn = maxq,+1</<d {‘P’m (|°‘?|)) o # O}’andd" = MaXd,+1<i<d lek/ﬂz

0
o
(le’])
ap = 0 and ¢, = 0. From the Taylor expansion and the Cauchy—Schwarz inequality,
as n — oo, we further have that
X )}

, a? * O}. Under the assumptions that 1,1 — 0 and A,» — 0, we have that

S

p p
. {nzmm (B 1S o (
s=2 s=2

n i P () —n Zd: P (‘0‘?))
I=d1+1 I=d+1
di+dao
—nZ{pxnl (1) Pm( Bs )}—n > {Pxnz(l&'ll)—mnz ((a?))}
=di+

< n (072 Bran Iv-1llyn ™ by V-1 B2 oy Wl + 0" d [ wI)
< C* (b +dy). (36)

When b,, — 0,d,, — 0, and C is sufficiently large, the second term on the right-hand
side of (35) dominates its first term and (36). Accordingly, for any give v > 0, there
exists a large constant C such that,

P [i‘glfﬁf; (}30 +n 2y, 0% + n_l/zw) > Ly (}30, oco)] >1—v,
12

as n — oo, where Vi, = {(VT, w ) vl = C and ||w| = } Consequently, the

rate of convergence of I (ﬂ QIF) (&PQIF)T ] is 0, (n=1/2).
—~PQIF )"
Step Il Demonstrate the sparsity of [(ﬂ ) ) , (&PQIF) ] . Assume that B;, =

{.317 (ﬂ(l),fl)T}T and or(1) satisfy Hﬂ(n - :B(()l)H = 0p (n~/?) and H“(l) - “(()1) H =
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0, (n_l/ 2), respectively. We then show, with probability tending to 1, that

|C)- ()=o) G)] o
" [( 0 0 Bo) \ee &7
as n — oo, where C = {( ﬁ(Tz), a(Tz))T Bl = C*'n™ 12 and || < C*n_l/z}
and C* is a positive constant.

When B # 0, one has 0.L5 (B, &) /9fs = 90}, (/3 a) /0Bs+np;  (1Bs]) sgn (By).
By (34), it can be shown thataQ; (B, ) /3ps = O, (n'/?). Thus,

0L; (B.a) /0By = it [ n ™2 0 bl (B sen (B)]

nl

Using the fact that lim inf,, _, oo liminf g o+ A, p} (IBs)) > 0 and n=1/20 1 — 0,
we further obtain 9L (B, &) /9Bs > O for Bg > 0 and 3L} (B, @) /3B < O for
Bs < 0. Analogously, we can demonstrate that 9L (8, &) /9oy > 0 for oy > 0 and
9L (B, a) /0oy < O for oy < 0. Consequently, the minimum of £ (B, a) is attained
at By = 0 and a2y = 0, which proves (37). This together with the result of Step

I, implies that, with probability tending to 1, [3 (2) = 0 and Al:glp =0,asn — o0.

This completes the proof of part (i) in Theorem 3.

Step 11l Demonstrate the asymptotic normality of BI(DSIE , and &(li()?IF Define

T
Rany = {1 ([82]) sen (88) oo s (180, ]) sen (83,)}
Ziy = ding {7, (|81]) - s ([80])]}
I 0 / 0 0 T
R)tn2 = {p)\.n2 (‘ad1+l’) sgn (Oldl-l—l) [ p)»nz (‘adl-i-dz() ) sgn (Oldl-l—dzo)} ’ and
%, = diag {pé{nz (‘a21+1 D oo Dy (‘a21+d20 )} . (38)

By (37), with probability tending to 1, E)Sni 1 and &fgm are obtained by minimizing

1
Ly (Bay- ) = EQ; (Bays ) +”ZA P UBsD -le Pm (loul),

where O (/3(1), oz(l)) is defined similar to O} (B, a) using their nonzero components.
We then have

PQIF APQIF
L (/3(1) 01 )/313(1),—1

0=
PQIF APQIF
L, (/3<1> ) )/a"‘U)
~PQIF
B POIF _pOIF Ry, Bi—1 =Bl
= (ﬂ(n LI )+n(Rm +n; SPOIE_ 0 +0,(D),

%oy T
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E Anl 0
OT E)LHZ
the proof of Theorem 1, we obtain that

where X = . Subsequently, applying similar techniques to those used

~PQIF 0

—1/2 Bu),—1 _:3(1) —1 —1( Ry,
(€] (e)) , (1) n
(=) (e + =) oo T (=0 + =)

“ay T %

- N (0’ I(P|+dzo)) :

Finally, under the assumptions that A,,; — 0 and A,,» — 0, and the fact that \/n X =
VnR;,, = /nRy,, =0, we complete the proof of part (ii) in Theorem 3. i

Proof of Theorem 4

Assume that the true parameters (/30, ao) in model (1) are known. Then, the resulting
T

T
penalized estimator of y, y PQIF = [(?fQIF) ,0<l<d + 1] , is obtained by

minimizing the following penalized QIF:

1 d
L:n ()’) = EQn (yv ﬂ()"xo) +n21;1 p)wB (”yl”) :

Define g7 (1) = By ()T 7gQIF and &IPQIF (1) = By ()T )7})QIF. In the following,

we will show the convergence rate for g'" QIF (.) and &IPQIF (+) as well as demonstrate
the sparsity of yFQIF,

~ 0 ~ ~\T T T T
Lety =y +QnV={(}’1) ,Oflgdl—i—l} ,where v={(vp",0=<l<d;+1} ",

T .. -
\= (vl,l, A vN+q,1) , and ||v|] = C for some positive constant C. In addition,

let 0, (y,8° %) = 30% (B, @) /3y and O, (v, B°, a®) = 320 (B, o) /oydyT.
Then, we obtain

0. (7.8 ) = 0. (. B°.0°)

= (? — )’O)T On (70, B°. aO) + % ('}7 — yo)T o} (V*, B°. ao) (}7 — yo) :
(39)

where y* lies between p and °. By ( 26) and (28), with probability approaching 1,
(7 - YO)T 0, (v*. 8. ao) (7-»°) =2(¥ - }'O)T 278, 2 (7 =)
+0 (nc3@,3)
= 232 (nN"") +nC5}.
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Furthermore, by the weak law of large numbers and (24), there exist constants 0 <
C| < ooand 0 < Cy < oo such that

(? — rO)T On (70, B°, ao) < Cén

= 2CClnén

00 (.9

#°| <2ccicang, (n‘1/2+N"‘1/2).

Accordingly, by the assumption N = n!'/@"*+1D and taking &, = vNn~"/@+D we
obtain, with probability approaching 1, that

() 00 () <o

and (7 —y°)" 0, (»°, 8% «®) = O (CN).
Next, let a, = maxi</<d, {)p;\”} ”yl ||)

L (172D

By the Taylor expansion and the Cauchy—Schwarz inequality, as n — oo, we further
have that

,y?;éO} and I;n = maxi</<d,

y? * 0}. Under the assumptions that 1,3 — 0, we have thata, = 0.

S ) 2 s (2]
<-n Zdlo [P)»nz ||y1”Wn) P (H}’l HWn)}

S TS e R

When b, — 0 and C is sufficiently large, the second term on the right-hand side of
(39) dominates its first term and (40). Thus, for any given v > 0, there exists a large
constant C such that,

P [il‘]/fﬁn (yo —i—énv) > L, (},0)] >1—v,

asn — 0o, where V = {v: ||[v| = C}. As aresult, | yPF — »°|| = 0, (5,), which
leads to

~] — ~PQIF —
HgPQIF () ()H N 1/2 Hyo },OH 0 (N r/(2r+1))
i ~PQIF —1/2 || =PQIF 0 —r/Q2r+
an ” () (%7] ()H =N 1/ Hyl - Vl H == ()n (N r/@r 1))

. _ T T .
Finally, let y = [(y(l))(d10+1)xl , ()1(2))(‘11 dm)xl] . We then show that, with
probability tending to 1,
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Ly [(}’F(rl)» }’(Tz))T] = mcin Ly [ (}’(Tl), OT)T] ,

asn — oo, whereC ={| | < C*on}and C*isapositive constant. When |y, | #
0, there exists a constant 0 < ¢ < oo such that, with probability approaching 1,

0Ly () /371 = 00u (v. 8% o°) foys+ 10}, (171l w,) |71y, War,
=< 00, (v.8%a®) /oy, +eN~'npl,, ([¥iyw,) 7:

=004 (r.8%.0°) fay, + /20 p (71|, 71

By (26), it can be shown that dQ,, (¥, B°, @®) /dy; = O, (n"/¥*V). As aresult,
D0 1) 1971 = 1 Vs [ O ot ()]

Using the fact that k;3ln_’/(2’+l) — 0 and liminf,, _, oo liminf ), 4 = o+ )»;31 Pis

(Hm”wn) > 0, we further obtain 9L, (y)/dys; > 0 for y;; > 0 and
9L, (y)/oys1 < 0 for y;; < 0. Consequently, the minimum of 9L, () is

attained at y; = 0 for (dijp+ 1) < [ < d;. This implies, with probability tend-

ing to 1, ’foIF = 0 for (dip+ 1) < [ < dj. Subsequently, using the fact that

oY T T
H{ (ﬂPQIF) , (&PQIF)T} - (ﬂOT, otOT)T ” = 0, (n_l/z) and those assumptions

given in Theorem 4, the above results of convergence rate and sparsity can be applied
to the penalized estimators T, gPQAF (1) "and &‘ZPQIF (-). This completes the proof.
O
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