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Abstract Estimation of the integrated volatility is an important problem in high-
frequency financial data analysis. In this study, we propose a quadratic unbiased esti-
mator of the integrated volatility for stochastic volatility models with microstructure
noise. The proposed estimator minimizes the finite sample variance in the class of
quadratic estimators based on symmetric Toeplitz matrices. We show the proposed
estimator has an asymptotic mixed normal distribution with optimal convergence rate
n~1/4 and achieves the maximum likelihood estimator efficiency for constant volatility
case. Simulation results show that our proposed estimator attains better finite sample
efficiency than state-of-the-art methods. Finally, a real data analysis is conducted for
illustration.

Keywords High-frequency data - Integrated volatility - Microstructure noise -
Signal-to-noise ratio - Stochastic volatility model

1 Introduction

In security markets, financial data taken at a finer time scale such as tick-by-tick data
have become readily available due to advances in data acquisition and processing
techniques. These high-frequency data provide a rich source for volatility analysis,
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which plays an important role in derivative pricing, portfolio allocation, and risk
management. It is usually assumed that the high-frequency efficient log price process
{p:} satisfies the following continuous-time stochastic volatility model (SVM),

dp[ = M[dt + UtdW[ (l)

where u; is the drift term, o; (the spot volatility at time ) is a continuous-time stochastic
process and W; is a Brownian motion. See for instance, Andersen et al. (2001), Ait-
Sahalia et al. (2005), Zhang (2006), Barndorff-Nielsen et al. (2009), Reiss (2011),
Lee and Guo (2012) and Lin et al. (2013). A leverage effect between the return and
conditional volatility, see for example Model (21) in Sect. 4.1, may be considered in
the models. The integrated volatility of {p;} in the unit interval [0, 1] is defined as the
cumulated volatility in the interval, fol afds, which under Model (1) is equal to the
quadratic variation of {p,}, i.e.,

n 1
. 2 2
= 1 = Dy = d 2
yyat . Y (P = Piii) /0 oy ds, 2
1=
where (11, #, -+ - , t,) denotes a partition of [0, 1] and A, = #; — t;_1. By (2), the

sum of the squared efficient returns converges to the integrated volatility as the par-
tition length A, shrinks to zero. However, empirical evidence shows that sum of the
observed high-frequency squared returns shoots up as the sampling time decreases
to zero, see for example Fan and Wang (2007). To accommodate this empirical fact,
microstructure noise component is encompassed in the price model of high-frequency
data. Specifically, the true (efficient) price is usually assumed to be contaminated by
the market microstructure effects, see for example, Ait-Sahalia et al. (2005) and Bandi
and Russell (2006). Accordingly, in this paper, we assume that the observed log price
process {p;} satisfies the following model,

Pt = pi + 11, 3)

where p; is the efficient log price at time ¢ satisfying Model (1), the instantaneous
volatility process o; satisfies

Elos — o[ < Cylt — 5|9, q <2, )

where C,; > 0 are constants and {7, } is a white noise process independent of {p,} with
E(n;) =0, Var(n,) = anz, E(nf)/(E (77,2))2 = Aand E(n?) < 00. Barndorff-Nielsen
et al. (2008) gave further discussion on the independence assumption between {p;}
and {n,} and the white noise assumption of {#,;}. The microstructure noise results
from either the information or the non-information-related factors, which include the
bid-ask spread, the differences in trade sizes, informational asymmetries of traders,
inventory control effects, the discreteness of price changes, and others.

Assume p;s are observed at the equispaced time points (¢1, t, - - - , t,) where t; =
i/n. For the sake of simplicity, in the sequel we denote p, = p;, p, = p; and
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n;, = n;. Hence, the observed log return at time #; is
Fi = pi — pi-1 =ri &,

where r; = p; — pi—1 denotes the nominal return and ¢; = n; — n;_ is regarded
as the microstructure noise at f;, respectively. Since {#,} is a white noise process, the
microstructure noise process {¢;} is an MA(1) process with variance

Var(e;) = o = 20, 5)

Define the realized volatility,

RV = i?f
j=1

which represents the aggregate squared observed returns. Under the assumption of
Model (3), the realized volatility

n n n 1
RV = 2 r?—l— E 854—2 E rjsjz/ afds—l—nE(ez)—i—op(n) (6)
- N ; 0
J=1 j=1 j=1

increases with the sample size (hence also with the sampling frequency), which echoes
the aforementioned empirical fact. In view of (6), the RV of high-frequency data is
mostly composed of the latent market microstructure noise, which hinders the estima-
tion of the integrated volatility in practice.

In the literature, a lot of effort has been devoted to improve the estimation of
integrated volatility. Some of the important contributions include but are not limited
to Barndorff-Nielsen and Shephard (2002), Ait-Sahalia et al. (2005), Zhang et al.
(2005), Zhang (2006), Bandi and Russell (2006), Fan and Wang (2007), Bandi and
Russell (2008), Barndorff-Nielsen et al. (2008), Barndorff-Nielsen et al. (2009), and
Reiss (2011). See also Zhou (1996), Andersen et al. (2000), Hansen and Lunde (2006),
Kalnina and Linton (2008), Jacod et al. (2009), Sun (2006) and Xiu (2010) for related
research in integrated volatility. Bibinger and Mykland (2013) discuss some relation of
the aforementioned methods and show their asymptotic equivalence. In these studies,
quadratic estimators of the form R'WRis a popular choice, where R = (71, ..., 7))
and W = (wj;)1<i,j<n i a symmetric matrix. Examples include Zhang et al. (2005),
Zhang (2006), Barndorff-Nielsen et al. (2008) and Jacod et al. (2009) which will be
introduced below.

Zhang et al. (2005) proposed a “two-scale estimator” defined as

—K+1
uR

1
& _ VN s = o
g _Kz(p’ Pj-K) K

j>K

which is a bias-corrected average of the squared K-period returns and the RV is the
realized volatility based on all the observed returns. The optimal period K is obtained
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by minimizing the asymptotic variance of the estimator TZ(K). Zhang et al. (2005)
proved that the two-scale estimator has the convergence rate n~'/¢. The two-scale
estimator is a quadratic type estimator and the weights matrix is W = W* — (n —
K + 1)/(nK)I, where I, is an n x n identity matrix and W* = (wfj)lfi,jg,, isa
symmetric matrix. When j —i =d > K wl?*j =0andfor0<j—i=d<K-1

L i=1,....K—1—d,
K
K —d
Wij = i i=K—d,...,n—K+1,
n+1—d—i
K 9

i=n—K+2,...,n—d.

Zhang (2006) generalized the two-scale estimator to the following multi-scale realized
volatility using m multiple sampling frequencies (K1, ..., Ky,),

m? 1 —1/m?2

m
_ Li/m—1/2—1/Q
T =3 a1, 4= 1o M= V2= G

The multi-scale estimator has a weak convergence rate n~ /%, Barndorff-Nielsen et al.
(2008) proposed the following realized kernel estimator

h
Ty = Z k(H——H) Ly,

h=—H
where the kernel function k(x) is a weight function defined on [0, 1], and

n—h
Ly=L_= z7j7j+h, (7)
i=1

is the lag A(> 0) sample autocovariance. Barndorff-Nielsen et al. (2008) showed
that the optimal kernel function minimizing the asymptotic variance is k(x) =
(1 + |x]e ™! (see Proposition 1 of page 1498 in Barndorff-Nielsen et al. 2008)

with H = £n'/? where £2 = 0,72/,/ fol olds. The realized kernel estimator has a

weak convergence rate n~ /4. Jacod et al. (2009) presented the following generalized
pre-averaging approach

n—k,+1

n)2 kzw Z"'Z (8)
where k, = c\/n+o0 (n_1/4),
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kn—1
=" g/ kn)Fisj,

j=1

Y = fol (g/(u))2 du and ¥, = fol g% (u)du for a given function g. The function g
defined on [0, 1] is continuous, piecewise C' with a piecewise Lipschitz derivative
g’ and satisfies g(0) = g(1) = 0 and fol g(s)?ds > 0. A simple choice is g(x) =
min{x, 1 —x} whichimplies ¥y = 1and ¢, = 1/12. Koike (2014) proposed an optimal
weight function for pre-averaging covariance estimation. The pre-averaging estimator
has a weak convergence rate n~1/4. Since the multi-scale estimator T,, the realized
kernel estimator 7} and the pre-averaging estimator 7), all are linear combinations of
Fi7j, by appropriately rearranging the coefficients, we can show that they are also a
type of quadratic estimators. Moreover, the quasi-maximum likelihood estimation of
Xiu (2010) also behaves like an iterative exponential realized kernel asymptotically
in light of quadratic representation.

In this study, we proposed a quadratic estimator based on a symmetric Toeplitz
matrix, i.e., each descending diagonal from left to right is constant. The proposed
estimator is unbiased and minimizes the finite sample variance in the class of quadratic
estimators based on symmetric Toeplitz matrices. Define the signal-to-noise ratio as

E (fol aszds)

2
nog

Snr =

which represents the ratio of the integrated volatility to the n-folds variance of the
microstructure noise. The optimal weights are functions of S, solved from fifth order
difference equations. A recursive algorithm, using the Newton method and the Gauss—
Seidel method was developed to solve S, and the optimal weights. The proposed esti-
mator converges weakly to a mixed normal distribution at the rate n~'/% and achieves
the MLE efficiency in the constant volatility case. Note that n~1/4 is the optimal con-
vergence rate for integrated volatility estimators, see for example Ait-Sahalia et al.
(2005) and Reiss (2011).

The main differences between the proposed estimator and TZ(K), T, Ty and T), are
listed below.

(i) The optimal weights of the proposed estimator are only constrained by unbiased-
ness condition. These data-driven weights dynamically adjust with the size of S,
The weights of Tz(K), Tn, Tr and T), are constrained to be functions of parameters
or kernels, such as K, K1, ..., K, k(x) or g.

(i) The proposed estimator minimizes the finite sample variance in the class of
Toeplitz type quadratic estimators, while TZ(K), T,, and Ty aim to minimize the
asymptotic variances in the class of quadratic estimators with aforementioned
constraint weights. In view of the slow n~!/# convergence rate of these estima-
tors, we expect the proposed estimator attains better efficiency in practical appli-
cation with smallish sample size. Our simulation results in Sect. 4 also support
the advantage of the proposed estimator in both smallish and large samples.
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678 L.-C. Lin, M. Guo

Sun (2006) also considers the quadratic type estimator R'W R. The main differ-
ences between the estimators of ours and Sun (2006) are listed below.

(iii) Both Sun’s (2006) and our estimators are obtained to minimize the finite sample
variance based on unbiasedness condition. Sun (2006) derives the optimal weights
under the distributional assumptions that the volatility does not change much
within the sampling period, i.e., ftf’_l olds = fol olds/n,¥i = 1,...,n, and
the kurtosis of 1, is 3. Our optimal weights are obtained by assuming that the
weighting matrix is a symmetric Toeplitz matrix; no distributional assumptions
of Sun (2006) are required. Hence, our approach is suitable for estimating the
integrated volatility in either volatile or non-volatile market.

(iv) The optimal weights of Sun (2006) are functions of the ratio Agy, =
fol aszds / (no,%), which is estimated by a consistent estimator. And our optimal
weights are functions of S,,,-, which will be recursively estimated via an algorithm.

(v) Since Sun’s (2006) approach is based on a quadratic form of n(n + 1)/2 non-
zero weights, it requires O (n?) arithmetical operations to obtain the integrated
volatility estimator. However, our proposed estimator only depends on £(< n)
weights [cf. (9)], which requires only O (n) computational complexity.

The remainder of this paper is organized as follows. In Sect. 2, we describe our
estimator of the integrated volatility, based on a linear function of sample autocovari-
ances. The asymptotic distribution of the proposed estimator is derived. In Sect. 3, a
recursive algorithm is developed to compute the optimal weights. A simulation and an
empirical study are provided in Sect. 4. Finally, in Sect. 5, we draw our conclusions.
Part of the proofs is provided in Appendix A and the figures and the tables are shown
in Appendix B and Appendix C, respectively.

2 Optimal restricted quadratic estimator

Throughout, we assume the efficient log price process {p; : ¢t > 0} satisfies the SVM
(1) and the observed log price p, satisfies (3). The notations p;, p;, r; and r; are
defined as in the previous section. Consider the symmetric Toeplitz type quadratic
estimator Sz () = R'WR where W = (wij)1<i,j<n With w;; = 69,1 = 1,...,n,
wij =6—j/2if 1 < |i — j| < £and w;; = 0if [i — j| > £. Equivalently, we can
express the proposed estimator S, as a linear function of the sample autocovariances,

n+1 n n—1 n+1-—+¢
Sp(0) = 6o 2712 + 6 Z;”vi;;#l + 0> 2717142 +...+6 Z TiTite
i—1 i—1 i=1 i—1
=6gLo+601L1 +62Ly+...+6iLg, ©)]

where Ly, is the lag h sample autocovariance defined in (7), 71 = p; = p; + n; and
Fntl = —Pn = —Pn — Nn. We assume £/n — 0 as n — o0o. The optimal weights
0" = (65.07.05,...,0;) are chosen to satisfy the unbiasedness

1
E (SL(O*) —/ aszds) =0
0
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and the minimum variance condition

1 1
Var (SL(0*) —/ crszds) = moin Var (SL(O) —/ oszds) .
0 0

Throughout, we let G denote the o-field generated by {o;, t > 0} and Eg(-) =
E[-]G] denote the conditional expectation with respect to G. The conditional expec-
tation is defined up to almost-sure equivalence. In the following Lemma 1, we derive
the moments of the sample autocovariance function Ly and the estimator S;, when the
drift term u, = 0.

Lemma 1 (i) Eg(Lo) = [, o2ds 4+ no2, Eg(L1) = —%02, and Eg (Ly) =

0, Vh > 2, where 052 is defined in (5).
(i) If6p = 1 and 61 = 2, then Eg (SL — fol aszds) = 0 and hence Sy, is an unbiased

estimator offo1 o2ds, that is E (SL — fol oszds) =0.

Remark 1 When the drift term u; # 0, the nominal return

li

u

r; :ri—}—/ usds,
li-1

where r; denotes the nominal return when the drift term u;, = 0. Then, the observed log

return 7; = r}' +¢g; and Ly = Z?ill —h FiFivn, h =0, ..., £. The results of Lemma 1

are modified as follows:

() Eg (Lg) = fol ofds+no?+0(1/n), Eg (L)) = —%02+0(1/n), Eg(Ly) =
o(l/n),h=2,...,L

(i) 1f 60 = 1and 6 = 2, then Eg (S, — 5 o2ds) = O(¢/n) and hence S is
asymptotically unbiased.

In view of Lemma 1, hereinafter we consider

L
SL(0) = Lo+2Li+ Y 6L,
i=2

i.e., ) = 1 and #; = 2, to insure the unbiasedness of S;. We have

1 1
Var (SL —/ oszds) =K |:Varg (SL—/ aszds):|
0 0
1
+Var |:Eg (SL— / aszds)i|
0

= E [Varg (S0)] (10)
e

=ZZ@,’91‘E[COVQ(L,', Lj)], (11)
i=0 j=0
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680 L.-C. Lin, M. Guo

where (10) is due to Lemma 1 (ii). Since the microstructure noise €; = n; — n;_1 iS a
zero-mean MA(1) process and is independent of {r;}, thus for k > 3 we have

Covg (L, Lp+i)
n—h+1 n—h—k+1

=Covg [ D rj+epjun+eipn). D, i+ ) Firhik + €irhik)
j=1 i=1

n—h+1 n—h—k+1

= Covg Z €j€jths Z €i€ith+k | =0. (12)
j=1 i=1

Therefore, given the sigma-field G, the conditional covariance matrix of the vector
variable

(Lo, 2Ly, 62La, ..., 600Ly)

isan (£ 4+ 1) x (£ + 1) symmetric pentadiagonal matrix, with only the main diagonal
and the first two diagonals above and below it are non-zero. To simplify the notation,
we set

wn = E [Varg (Lp)]. pn = E [Covg (Ly—1, Lp)]. vi = E [Covg (Ly—2, Lp)].

and ¥ = (0y;), where 0;; = 6;_10;_1 E [Covg(Li—1, L;j_1)]. By (12), we have for
i<

02 i1, i=j=1,
o = 0i—10; pi, i>1, j=i+1,
Y 0isiOiavipr, i>1, j=i+2,
0, Jj>i+3,
where 9y = 1 and 61 = 2. Thus, by (11)
1
Var (SL —/ ofds) =131, (13)
0
wherel = (1, ..., 1)/@ X1 In the following lemma, for simplicity of derivation, we

derive the expressions for {u; }fzo, {,z),-}f:l and {vi}f:2 when the drift term u; = 0.
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Lemma2 Let A = E(nf)/(E (17[2))2 denote the kurtosis of n;. Then,

2 1 1
o ;E (/ ofds) ~|—4a€2E (/ aszds) + (An — l)af + o(n_l),
0 0

1 ! ! A+4n—6
n=—-E (/ o;‘ds) +207E (/ ofds) +2A1 + %Gf +o(n™),
0 0

n
1
A+Dn—2
o1 = —202E (/ aszds) —2A) — %aﬁ,
0
1 s 2 ' 3n—3h 4 -1
up =—-F o, ds ) + 20, F oyds )+ Ap + By + 5 o, +o(n ),
n 0 0

1
1 1 2n —2h +1
,0;,:—082E /aszds ——Ah——Bh—uaf,Zghéﬁ
0 2 2 2
n—1 4 n—h+1
—0

4
UQZTﬁg,vhz ) e> IS h <!t

where Ay, = 02E (fll_h/n oszds) and By, = o2E ( Oh/" 03ds) ,1<h<e.

Remark 2 When the drift term u;, # 0, we can show that the expressions of

{,u,'}fzo, { pi}f:] and {vi}f:2 remain unchanged up to the order n~!, yet additional

terms of order n~! will be included.

Theorem 1 If{u; }fzo, {oi }le and {v,-}f:2 are known, then the proposed estimator of
¢

the integrated volatility is S; () = Lo+ 2Ly + Z Oy L, where 0 = (05, ...,0))

h=2
are the solutions to the normal equations

OVar (S.(0) — [, o2ds)
00,

=0, (14)

i=2,3,...,4 seealso (16). Then, we have

1
(SL(()*) - / afds) /./VSL 4 MN(, 1),
0
where MN is a mixed normal distribution and

Vs, = o + 41 + p1) + 65 (v2 + 2p2) + 26503, (15)

is the minimum variance of Sr.

Proof Since r; =r; + ¢,

n+1—h n+1—h n+1—h

Ly = Z Titith + Z (rigivn +rivnei) + Z Eibith-

i=1 i=1 i=1
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If we denote

n+1 n n+1—-¢ ¢
2 2 2 2

= ria riri+17"'9 rlrl+e )
i=1 i=1

i=1

n+1 n+1—¢ !
(zzrlsla Z(r181+1 +rig1&i), .. z (rigiye +V1+€81)) s

i=1

n+1 n n+1—¢ !
2
= Eei, E Ei€itls .-, E EiCite | »
i=l1 i=l1 i=1

then (Lo, ..., L¢) = R{ + Ry + R3. By Lemma I, we have

1 / n ’
E(R||G) = (/ o?ds,o,...,o) . E(R3) = (nof,——af,o,...,o) .
0 20

Also, by Lemma 2, we have

1 1
Covg(Ry) = M, / oltds, Covg(Ry) = M / o2ds and Cov(R3) = M3,
0 0

where M| = diag (%, %, cee, %) M, = (msz.))o2 isa (£ + 1) x (£ + 1) symmetric
matrix with upper triangular entries (i < j), mgzl) =4, 522) = —2and
) 2, i=j>2,
mP=1-1, i=22 j=i+]l,
0, j=i+2,

and M3 = (mg))af isa (£+1)x (£+1) symmetric matrix with upper triangular entries,

m) = Gn=1),m3) = —Gn+n=2)/2,m3 = (1= 1/2,m) = Gn+4n—6)/4
and

(Bn —3i)/2, i=j>3,
m® —Q2n-=2i—-1/2, i=2, j=i+1,
Mij n—i+1)/4, i>2, j=i+2,
0, j=i+3

Moreover, it is easy to show that Eg(R; R}) =0,Vi # jandi, j =1, 2, 3. Recall
that r;s are independent normal variables given the sigma-field G and {¢;} is a MA(1)
process with finite eighth moment. Hence, conditional on G, we have the following
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results by CLT as n — oo:

] 1/2
R -4 E(Rlyg) + (/ a;‘ds) Mz,
0

| 12
Ry -4 (/ Q?ds) M2y, Ry -5 E(Ry) + MY 25,
0

where Z1, Z, and Z3 are independent standard normal variables. Since the proposed
estimator is a linear combination of R} + R, + R3, i.e.,

SL6%) = (6) (Lo, L1+ . L) = (6%) (Ri + R> + R3),

we conclude that Sy (9*) follows a mixed normal distribution. The variance Vs, =
Var (SL 0" — ff ofds) is derived below.
By (13), the normal equations of (14) reduce to the following equations

1202 + 0363 + v464 =-n-2m
0362 + 1363 + p404 + v505 = —2u3 (16)
Vh420h + Ph420h+1 + h426h+2 + Ph436h+3 + Vitabhia = 0

where 2 < h < £ —2and vy = veip = pesr1 = 0. Hence, the optimal 8* satisfies
the equations of (16), which implies the ith row sum of X (8%),

0+1
Zaij 0%) =60 (vi167 3 + pi—16] 5 + wi16] ) + pi0; + vit167,) =0,
j=1

2 42

for i > 3. Consequently, together with (13), Vs, = 1'S(8%)1 = ZZOU (%) as
i=1 j=1

claimed in (15). O

It is difficult to obtain the optimal 8* directly from Eq. (16) since (uy,, op, vi)s are
unknown. In the next section, we obtain a simplified version of Eq. (16) by ignoring
small order terms in Lemma 2 to resolve this problem. The new system of equations
depends only on the signal-to-noise ratio S, and the ratio

S
(£ Jo o2as)

q:

where Q = E ( fol 054 ds) is called integrated quarticity.
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684 L.-C. Lin, M. Guo

3 A recursive algorithm for solving Sy (6*)

If we divide both sides of (16) by n<784 , plug in wy, pp and vy, of Lemma 2 and ignore
the O (h/n?) terms, then we have the following equations which only depend on S,,,
and ¢,

(262 + 365 + D464 + by ‘ =0
P302 + (1303 + 0404 + V505 + by =0 (17)
Vh420n + Ph20n+1 + fnt26h+2 + Pn436h+3 + Vnyabpia = 0

where 2 < h < { — 2 and

. . . . . . 2 3n —3h
by =V2+4+202, by=203, ppn=qS,, +28, + P
. g 2n —2h +1 . n—1 . n—h+1

= — _——, = . V, = -,
Ph nr m V2 n h in

for 2 < h < ¢. To obtain the optimal 6, we replace E ( fol aszds) by the Sz (6), and

set S, = St (0)/(na€2) which is a function of 8 by (9). Integrating (9) and (17), we
have the following system of equations for @ and S,

A(Su) 0 0 b(S)
F@O,S)=\ L. ... Lo _ s )\ Lot =0 (18)
ncrg2 naaz nr nog

where A(S,,r) is the symmetric matrix with

f2 p3 v4 0 -+ 0 _
L. . b
M3 P4 Vs . ) B;
, S 03 0

A(Spr) = T : ;0= . ; b(Sur) =
. . . . \,}Z . E

. . 0
o fe—1 pe ¢ 0
)

It is difficult to solve the system of nonlinear Eq. (18) directly. We employ alternately
the Newton—Raphson method and the Gauss—Seidel method (the method of successive
displacement) to get a numerical solution for (18). The solution at the (k + 1)-th iter-

ate, (0 (et 1) S,EI;JFI)) of the Newton—Raphson method satisfies the following iterative

equation
g+ 9
Jr &+ | = Jk @ |— Fr (19)
Snr Snr
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where Jy = J(O®, S(k)) is the Jacobian matrix of F (@, S,.) with respect to

6h,...,0¢ and S, evaluated at (0(1‘), S,(,r)) where
AS) O
J(o,snn:(ﬂ )
nO’sz ’1082

T (8) = (5502 + 5563 + D404 + B, p400 + (1363 + p404 + 0L0s + By, -, )"
and Fy = FO®, s®).
— The Gauss—Seidel method:

We displace S,E’;“) on the LHS of (19) by 5,5’? and change (19) to the equation
LHS=RHS with

LHS = J, ok+D B A(S(k)) ) 7O g (k+D
S R AR
o(k) ﬁ(o(k))s(k) b(S(k))
RHS = J; (S(k) — F = _Lr;)+2LI
nr "052

— The Newton—Raphson method:
The parameter 0%+ is solved by the first (£ — 1) equations of the above LHS and
RHS.

The remainder question is how to estimate the integrated quarticity Q and the
microstructure noise variance 082. For the estimation of Q, we used the following
estimator of Jacod et al. (2009) (Remark 4 on p. 2256),

n—kp+1 n—2k,+1 i+2ky—1 n—2

. n\4 Z ny\2 Z ~2 Z~2 ~2

0-fm X g X @ N 4nc4w e
2 =0 2 =0 J=i+ky 2 =1

see (8) for definitions of the notations. There are various methods proposed to estimate
the microstructure noise variance 082. For example, the sample mean of squared returns
based on the highest frequency data, 612 = Lo/n has a biased term n~'E fol afds;
the negative twice lag-1 sample autocovariance divided by n, 622 = —2L/n which s
unbiased but may take negative values. Barndorff Nielsen et al. (2008) also propose
a bias-corrected nonnegatlve estimator 03 = expf{log(Lo/n) — Tx/Lo}. In this study,
we consider the estimator 04 = Lo /(n+nSy), Wthh by Lemma 1 (i) is an unbi-
ased nonnegative estimator of o . One advantage of 6 04 is that it can be recursively
updated with the S,,,, details are given in the following algorithm. We will compare
the performance of the four estimators a ,i = 1,...,4, in the simulation study of
Sect. 4.1.
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We summarize the proposed estimation procedure in the following. Set the initial

estimators of S,(B) and 0820 as

(K)
o _ D Tn T T
nr _n02 ’ n02 ’ I’lO'2 }’lO'2
e,0 e,0 £,0 £,0

. Lo
with 625 = —,
’ n

where TZ(K), Tin, Ty and T, are the two-scale, multi-scale, realized kernel and pre-
averaging estimators defined in Sect. 1. The algorithm consists of the following three
steps starting from i = 1.

(step 1) Solve 8 from the following equation
A(s™eW = —b(sih).

(step 2) Obtain the estimator Sz (8®)) = Zﬁ':o OJQ)L i

A

, (10 .
(step 3) Update S = L(2 ), 62, = Lo/(n +nSy) and g = L2 —. If
noS,_, " Y, (0(’))
, L
1SL.0D) — 5,07 )]

< 1078, then stop and 8* = 0¥ and S, (%) =

Spe)
Sz (0D) ; otherwise i =i + 1 and go to (step 1).
For the special constant volatility case, i.e., 0; = o, Ait-Sahalia et al. (2005)
proved that the maximum likelihood estimator (MLE) of o is n'/4_consistent and has
an asymptotically normal distribution with variance

202 o¥ 20%

~2 .
oM =4

n? n

In the following proposition, we derive an asymptotic expansion for Var (S (6*)). The
result shows that the leading order term of Var(Sy(6*)) is the same as 31\2/ILE which
indicates that Sz, (#™) is asymptotically efficient as the MLE for the constant volatility
model.

Proposition 1 [fo; = o Vt and u; = 0, then we have

20662 0¥  20* 4+ 60%0} Lo (n_3/2).

Var(S.,(0%)) = 4 + 5+
n

n n

Proof For the constant volatility model, the signal-to-noise ratio Sy, = 02/ (nogz).

By ignoring the O(h/n) term, we can further simplify (17) to the following linear
homogeneous difference equation

O — 48y +4) O + (452 + 851y +6) O — (@S, +4) 043 + Ohea =0,
20)
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forh =2, ..., £. The closed-form solution of (20) is

h
9;11 = (1 + Sur _\/2Snr +S1%r) (ci+hc), V2 <h<{,

see Kelley and Peterson (2000). The constants c¢1 and c; are obtained by plugging 6,/
into the first two equations of (17), which gives

c1=2+0 (n_z) . 2= 228, + 82, + 28, + O (n_z).

In particular,

09 =2 — 48y, + 48, v/Sur (2 + Spr) —4S% + O (n_z)
09 =2 — 128, + 2080v/Sur 2 + Spr) — 3682, + 1652 /Spr (2 + Spr)+ 0 (nfz).

When the volatility oy is a constant, the moments given in Lemma 2 have the following
expression,

2
Zot+ 405202 + (An — 1)054’
n

po =
= nn—2104+(2_%) 05202+)m+:1$0;’
P = — (2— %) 05202 — )\n—i—z—n—ZG;‘,

B

vy and v3 are the same as given in Lemma 2. Finally, by (15), we have
Var(Sp.(0%)) = wo +4(u1 + p1) + 65 (v2 +2p02) +265v3 + O (n—3/2)

=4 /—= 4+ =+

20002 0: 20% + 60%02 Lo (n_3/2),
n

n n

which completes the proof. O

Remark 3 When u, # 0, the leading term of Var(Sy(6*)) in Proposition 1,
4\/20,?7’32—+% , remains unchanged.
n

Although the weights ;s are derived for the constant volatility model, they also
provide good approximation to the optimal weights ;" of SVM obtained from (step 1)—
(step 3). We perform a simulation study to compare 6}’ with 6. Consider the Heston

SVM defined by (21) with parameters k = 10, o = v/kV and (V, 052) satisfying the
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six setting given in Table 1. The maximum of maxj<3s |6, —6;'[ /6, for the six Heston
models is only 0.12 % when the sample size n = 500 and the relative maximum errors
decrease as the sample size increases. In Fig. 1, we plot In6, and In 6}/ versus h for
the Heston model defined by the first column of Table 1. The result indicates, as &
increases, both 6;" and 6 decay exponentially fast to zero, and their differences are
negligible when / is small.

The proposed estimator Sy () and Theorem 1 are also applicable to the case when
the volatility o; is a deterministic function of the time ¢ € [0, 1]. However, in such
case, the quadratic type estimators based on global tuning parameters such as Sz (0%),
TZ(K), Ty, Ty and T, have larger asymptotic variances than the estimator of Reiss
(2011) (p.17 and Theorem 8.1) based on local tuning parameters.

4 Simulation and empirical studies

In Sect. 4.1, we perform a simulation to compare the root mean squared errors of
the five estimators: the proposed estimator Sy (6*), the two-scale estimator T;K),
the multi-scale estimator 7}, the realized kernel estimator 7} and the pre-averaging
estimator 7). In Sect. 4.2, the proposed method is applied to estimate the intradaily
integrated volatility of fifteen stocks listed on the NYSE.

4.1 Comparison of the five estimators
The Heston model Heston (1993) is a popular SVM for high frequency transaction
data, which assumes that the efficient log price process { p;} satisfies

dp; = o, dW;
, Corr(dW;,dB;) = ¢ 21

d0,2 =k(V — otz)dt +w G,ZdB,

where the instantaneous volatility o; is modeled as a mean-reverting square-root dif-
fusion process, also named the CIR process Cox et al. (1985). The parameter V corre-
sponds to the expected long-term volatility, k determines the convergence speed of the
adjustment, w is the volatility of oy, ¢ is the leverage parameter and {W;, B; : t > 0}
are scalar Brownian motions. In the simulation study, we consider a generalization
of (21) in which the volatility process satisfies the following constant elasticity of
variance (CEV) model Cox (1975); Chen et al. (2008),

dU,2 =Kk(V — a,z)dt + a)atzo‘dB,, 0<a<l. (22)

Model (22) is called the Vasicek model when o = 0 and reduces to the CIR process
when o = 0.5. The parameter settings are x = 1, o = «/W/AL whenao =0,0.2,0.4
and k = 10, v = JkV when a = 0.5,0.6, 0.8 and the values of (V, %2) are
given in Table 1. Since the long run mean of the volatility E (0,2) =V,nS, =
V/ 062 which are also given in Table 1. The cases for ¢ = 0 (without leverage effect)
and ¢ = —0.5 (the leverage effect model) are both considered. The sample sizes
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n = 500, 2000, 5000, 8000, 12000, 24000 are considered. All the results are based
on 1000 replications.

The tuning parameters of each estimators are set as follows. For the two-scaled
estimator TZ(K) , we set K = ¢*n?/3 with bias adjustment [see Eq. (64) in Zhang et al.
2005]. For the multi-scale estimator T,, we set K; = i, fori = 1,...,m with m
(5 < m < 10) chosen to minimize the MSE. For the realized kernel estimator 7}, we
choose the optimal kernel function k(x) = (1 + lx)e ! (see Proposition 1 of page
1498 in Barndorff-Nielsen et al. 2008) and H = £n'/? where £2 are chosen among
0.1,0.01 and &32 O~'/2 which minimizes the MSE. For the pre-averaging estimator
Ty, we set ¢ = 1/3. For the proposed estimator Sy, we choose £ = 15 for n = 500,
£ = 20 for n = 2000, 5000 and ¢ = 30 for n = 8000, 12000, 24000.

For the estimation of the microstructure noise variance, the relative errors (the root
MSE divided by the true value) of the four estimators &iz, i =1,...,4 are reported
in Table 2 for nS,,(x103) = 0.4, 1.2, 1.6, 3.2, 8, 12 and n = 500, 5000, 24000. The
results show that the proposed estimator 6} has the smallest relative root mean squared
errors for all cases.

For the estimation of the integrated volatility, the RMSE of an estimator T is defined
as

2
R 1 r R n )
RMSE() = | - Z(T - Zat’j) ,
=1

j=1

where {af j}:L:l denotes the volatility path of the j-th replication, j = 1,...,r.
Herein, we use the sum of the volatilities > /_, of ; to approximate the integrated
volatility of the jth simulated path. And the relative error (RE) of T is defined as
RE(T) = RMSE(F)/ (r—l PIID Y at%j).

In Fig. 2, we plot the RE of the five estimators versus the six nS,,, for the Heston
model with k = 10, v = +/«V, ¢ = 0 and (V, 052) given in Table 1. For each
nSyr, the REs are shown sequentially from left to right for the sample size n =
500, 2000, 5000, 8000, 12000, 24000. Similarly, in Fig. 3, we plot the RE for the
Heston model with leverage effect (¢ = —0.5). Both plots show that the proposed
estimator Sz (™) attains the smallest RE for all cases. The RE of the other CEV
models with o = 0, 0.2, 0.4, 0.6 and 0.8 is similar to the results of the Heston model
(¢ =0.5).

We also experiment on the case of deterministic volatility, which assumes

o = m(0.000035 +0.01(7 — 0.5)4). (23)

The settings of m and ‘752 are given in Table 3, which are chosen to produce n S, the
same as in Table 1. Figure 4 plots the RE of the five estimators versus the six nSy,.
The results show that the proposed estimator S7 (0*) attains the smallest RE for all
cases.
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We summarize the relative efficiencies of the four estimators with respect to Sy, by
the boxplots of the following RMSE ratios

RMSE(S.) ~ RMSE(S;) RMSE(Sy) .~ RMSE(Sy)
RMSE(7{X))” RMSE(T,)" RMSE(T})’ RMSE(T,)

in Fig. 5. Each boxplot consists of 468 relative efficiencies corresponding to (i) six «,
two ¢, six Sy, and six n for Model (22) and (ii) six S, and six n for Model (23). Since
the ranges of the boxplots are all less than or equal to one, the proposed estimator Sy,
attains a better efficiency than the other four estimators.

4.2 Empirical study

For the empirical application, we consider the ultra-high-frequency tick-by-tick data
of fifteen stocks listed on the NYSE (New York Stock Exchange): ABT, AMD, BAC,
C, GE, INJ, JPM, KO, MCD, MER, MRK, NOK, PEP, T, XOM. The normal trading
hours of the NYSE is 6.5 hours (23400 s) from 9:30 to 16:00.

Since the intradaily trading times are non-regular, we employ the previous-tick
interpolation scheme, see Dacorogna et al. (2001), to obtain equispaced data. Let
{tj,j = 1,2,...,n} denote the observed transaction times, where n stands for the
total number of transactions in a trading day. Define 7(0) = 0 and 7 (is) = max{z; :
tj<is, j=1,2,...,n},i=1,...,[23400/s], the closest transaction time before
and including time 7, and set the log return at time 7 to be 7; = Dr(is) — Dr((i—1)s)>
where s = 10, 5, 1 sec.

The integrated volatilities are estimated based on non-zero log return data. We use
RV (realized volatility), Tz(K), Tin, Tk, Tp and S, to estimate the daily integrated
volatilities for the fifteen stocks based on the intraday high-frequency transaction data
from 2002/01/02 ~ 2002/01/31. The tuning parameters of 7, and T} are set to be

M = 10and &2 = &32 / \/5 respectively. The monthly average of the six estimators
for each sampling frequencies (s = 10, 5, 1) is given in Table 4. As expected, the
realized volatility (RV) increases as the sampling frequency increases. Nevertheless,
the other five estimators of the integrated volatility remain steady when the sampling
frequency changes.

For each stock, per day we obtain the estimates TZ(K), Ty, Ty, Ty and Sp for
each sampling frequency. And (T\%) — S1)/S¢, (T, — S1)/S1, (Tk — S1)/Sr. and
(Tp — S1)/SL denote the daily relative differences of Tz(K), T, Ty, Tp with respect
to Sy.. Figure 6 shows the boxplots of the four daily relative differences. Each boxplot
contains approximately 900-945 daily relative differences of an estimator obtained
from fifteen stocks and three sampling frequencies (s = 10, 5, 1 s) during the
period 2002/01/02 to 2002/01/31. As shown, the two-scaled estimator Tz(K) and pre-
averaging estimator T}, are close to Sz, while the multi-scale estimator 7, and the
kernel estimator 7y tend to be larger than S;. We also found that 7, and 7} can
be closer to Sy, if we choose different tuning parameters (other than the preset values
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M = 10and£? = 832 / \/5 ) every day for each company. Nevertheless, the advantages
and disadvantages of adjusting the tuning parameters are not clear which need further
investigation.

5 Conclusion

Stochastic volatility models (SVM) with microstructure noise are prevailing for
ultra-high-frequency data modeling. In this study, we proposed an optimal restricted
quadratic estimators of integrated volatility for SVM with microstructure noise. The
proposed estimator has an asymptotic mixed normal distribution and has the same effi-
ciency as the MLE for the constant volatility model. A practical recursive algorithm
is proposed to obtain the estimate. Both theoretical and simulation results strongly
support the efficiency advantage of the proposed method compared with state-of-the-
art methods including the two-scale estimator, the multi-scale estimator, the realized
kernel estimator and the pre-averaging estimator. In future study, it is worthwhile
to investigate the effects of using different integrated volatility estimates on statis-
tical inference such as hypothesis testing, parameter estimation and portfolio selec-
tion.

Appendix A: Proofs
Proof of Lemma 1

First, we derive some relevant expectations needed in the proof.

%Eg( ) ’gE (/(] 1)/nUYdWS) ZEQ (/(, 1)/n €2ds)

1
= / o2ds, (24)
0

where the second equation is by the Itd isometry (Theorem 4.3.1 of Shreve 2004).
Recall ¢; = nj — nj_1, we have

n+l1

1 1
ZE(SZ)_E(81)+ZE(£2)+E(8n+1)_ —02+ (n— o2 +2082 no?,
Jj=1 Jj=2

1 .
E(gjejr1) = Emj —nj-D)j+1 —nj) = —E (n?) = —5682, j=1

E(ejejn) = EMmj —nj—1)jgn —njrn-1) =0, h =2, j > 1.
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Thus, the expectations of Ljs are

n+1 n+1 n+1 1
Eg(Lo) = Eg | D> (rj+¢)) | =D Egr)+ D E(ed) = / o2ds + no?,
j=1 j=1 j=1 0
n n n
2
Eg(Ly) = ZEg(rj +e)(rjp1 +Ejq1) = ZE (8j8j+1) = —508
j=1 j=1
n—h+1
Eg(Ly) = D EgUrj+e)rjsn+ej+n) =0, h =2,
j=1

Consequently, by setting 6y = 1 and 6; = 2, we have

1 1
Eg(SL) =60 (/ olds + nog) + 0 (—gasz) =/ olds,
0 0

which implies the unbiasness of Sy . O

Proof of Lemma 2

First, for the variance of microstructure noise, we have Var(ntz) = - 1)0,‘,‘ since
E(n;‘) = )»cr,;‘ and then

Al 4
P =0, j=2,...,n,
Var(gj) = Azlo.a =1 1
o, Jj=lorn+1
Next, let t; = i/n,i = 1,2,...,n be an equispaced partition of the unit interval

[0, 1], and let b; = n'/0y, | (W, = Wi,_,) and A,y = n'/2 [ (05 — 0y, )dW,, then
n'2r; =n'2(p, — pi,_) =n'/? :_I o,dWs = b; + A,i. Due to (4), we have
E|A;i1Y = 0@ forqg =1,2. (25)

For instance, see Lee (2010). Recall from (25), the fourth moment of the nominal
return 7 is

n+l n+l 4 n+1
4 -2 1/2 -2 4 222 4
Eg E ril=n E Eg (n / rj) =n E Eg (b‘/+6bjAnj+Anj)
=1 j=1 j=l

n+1 n+1 n+1
-2 4 -2 2 2 -2 4
n E 30, +6n E o/ E(Ay) +n E E(A7)
j=1 j=1 j=1

n

1
3 / ods + 0(n?) (26)
0
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where the last equality is by Riemann sum approximation to integral and (25). By (24)
and (26), we have

n+1 n+l1 2 n+1

Varg er = Eg gr} - gEgr}
zgg(r¢)+zgg( ) g (1 )_(/Olagds)z

i#]
3 1 n+l 2 n+l 2
== /O olas + (S Egrt| 3 (£0)
j=1 j=1

1 2
— /03ds) +0mn?)
0

1 n+1
/ 4ds——20tjl+0(n )

3
=),
2 'y -1
= - o ds +o(n ). 27
nJo
Also, forh > 1,
n+1 n+1 2
Varg Do rirjan | = Eg | Dorirjan | =2 Eq (r}r}n)
j=1 j=1 Jj=1

n+1

1 1
= 220,] [+ 0% = /0 afds +o(n™"), (28)

where EQ(Vj+h) =n lat Jhot +0mn 2 =n" Gt Tt O (hn=3/?%) using (4).
Next, we consider the variance of Ly, h > 0. By (27)

n+l n+1
Varg 27]2 = Varg Z(rjz—i—ersj—l—S?)
j=1 j=1
n+1 n+1 n+1
= Varg erz + 4Varg erej + Var Ze?
Jj=1 j=1 j=I1

2 1 1
= ;/0 afds+0(n_1)—|—4082/0 o2ds 4+ (n — Do,
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where
n+1 n+1 n
Var Za? = ZVar (sf) + ZZ Cov(sjz, 8?+1)
j=I j=1 j=I
A—1 A+ A—1
=2 7 or -1 > of +2n 2 ot = (n— ot
and

Cov(e7, £7,1) = Cov(n; — 2nmj—1 + 01, 0741 — 20j11n; + n7) = Var(n))
YRRLE

Thus, wg is as claimed. Next, by (28),

n n

Varg Z7j7j+1 = Varg Z(rjrj+1 +rjgjy1 +rjv1€j +€jgj41)

Jj=1 Jj=1
n n
= Varg erer + 2Varg erst
Jj=1 Jj=1

n
+Var 28j8j+1

j=1
1 /! ! r+dn —6
= _/ a;‘ds+o(n*‘)+2o§/ crfds—i—Al_}-%G;"
nJo 0
where A = 207 fll_l/n olds,
n n n—1
Var Z£j8j+1 = ZVar (8j8j+1) + 22COV(8j8j+1, €j+18j+2)
j=1 j=I j=I
A, =242 , ot (A +dn—-6 ,
= ZZqs + fog —|—2nZE = Tog,
304 4+ Var(n?) = 2264 j=2,...,n—1
V Lo — n 4 £ 9 ’ ’ 29
ar(ejejq1) { o,‘;—i—Var(nz) = ko i=1lorn (29)

and

1
Cov (gjej41,6j+16j42) = E (sjs?HeHz) —[E (ej6j+1)] = 1084. (30)
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For h > 2,
n—h+1 n—h+1
Varg Z 7i7jyn | = Varg Z (rjrjon +rj€jvn +rjvn€j +€j&j1n)
j=1 j=1

1 1 1
:;/0 afds+o(n71)+2682/0 o2ds + A + By,
3n—-3h 4
+TG€’

h/n

where Ay, = 2%2 f ll—h /n 05 2ds, By = 202 2ds and by similar derivation as in

(29) and (30), we have

n—h+1 n—h+1 n—h

Var Z gj€jyn | = Z Var (8j8j+h) ~|—22C0V(8j8j+h,Sj+18j+h+1)
j j=1 j=I

Gf 3n—3h 4,

= 2S—{—(n—h—l)o +2(n — h)TZT%'

Then, @y and wp, h > 2 are as claimed.
In the following, we consider the function p, = E [Covg(Ly—1, Lp)]. Note that

n+1 n n—1
Covg Z?;,Z?k7k+1 ZCOVg(rj,r]rH])-i-ZCon(v,r]+]rj+2)
j= = Jj=1 Jj=1
n—1
+ZC0VQ(']+1,rJr,+1)+ZC0Vg(r]+2,r]r]+1),
Jj=1 j=1

where COVg(I"J+2, 7;7j41) = 0 and
Covg (72, Fj417j42)
= COVg (rj2 + 2rj8j + 8?, Fit1rj+2 + Ej41Fj42 +Fj+1€j42 + 8j+]€j+2)
= Cov (775 — 20t G M2 — Mg — N2 77j’7j+1) =0.
Similarly,

9 ~~ 2 2
COVg(rj,rjrj+1) = Covg (rj —2rjg; +Ej rirjer —€jrjp1 —Tj€jyl +8j8j+1)
2
= 2Covg (rjej, rj8j+1) + Cov (Sj, 8j8j+1)

—Eg(r}ol — Gt j=2,...,n,
~EgHa? - 02053, j=1,

£
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where

Cov (e?J2 8j8j+1) = Cov (713 - 277;'7,'—1—1-775_1, 77j77j+1_ﬂ?_nj—lnj—t—l‘i‘njnj—l)

—(A+D/jdot, j=2,...,n,

= —Var(n}) — 2Var(n;n, 1) = [_(A — /4o, j=1
g :

The result of Con(f?

1 7j7j+1) can be obtained similarly as above. Thus,

4

1
A+Dn—2
= —20°E (/ aszds) —2A1 — %oﬁ.
0

n
A—1 —DHA+1
o= 2k | 3 Eg ()2 4 STV DO
j=1

For h > 2,

n—h+2 n—h+1

Covg Z TiFith-1 Z TkTk+h

j=1 k=1

n—h+2 n—h+1
= Eg Z FiTj+h—1 ( Z 7k7k+h)

j=1 k=1
n—h+1
= > EGFDE(Ejth1j4n)
j=I
n—h+1
+ D Elejej)EgWyy)
j=1
n—h+1

Jjln 1
= Z (/ aszds + E(E?)) (——082)
: (=D/n 2

j=l1
n—h+1 i+h)/n
1 2) /(]+ 2 2
+ (——o ofds + E(e5,)
Z‘, 9 e ( Gth—1)/n s Jj+h
1 1 1
= _052/ aszds — _‘732/ aszds
0 2 I—h/n
Ly [, 1\ 4
—505/0 oyds — n—h+§ o, .

1
1 1 2n —2h + 1
Ioh:—UEZE(/ oszds)——Ah——Bh—uaf,
0

Thus,

2 2 2
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for h > 2. Finally, we consider the function v, = E [Con(Lh,z, Lh)].

n+1 n—1 n+1 n—1
v =E|Covg [ X7 > FFjua | | =E| Eg [ X7 | | D7
=1 =1 j=1 j=1
n—1 n—1 n 1
_ o2 . _ 2.2 _ _ 4 _ — 4
=D E(ejes, 8j42) = D EQniniy) =2 — Do, = — o
j=1 j=1
For h > 3,
B n—h+3 n—h+1
v, = E | Covg Z 7jf/+h—27 FiTkth
]:1 k=1
n—h+3 n—h+1
=FE|Eg Z 7j7j+h—2 Z FiTk+h
j=1 k=1
n—h+1 n—h+1
=L Z Ejr1€jvn—18j€j4n | = z E(ejejr1)E(€jrh—18j+h)
j=1 j=1
n—h+1 4
=%
[}
Appendix B: Figures

See Figs. 1,2, 3,4, 5 and 6.
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Fig.1 In 6;: (red circle) and In 9;1’ (blue cross) v.s. h
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Fig. 2 The relative root mean squared errors (RE) of the five estimators (in percentage) for the Heston
model: two-scaled (inverted triangle); multi-scale (square); kernel estimator (cross); pre-averaging
estimator (diamond); Sy (circle). For each nSy,, the RE are shown sequentially from left to right for the
sample size n = 500, 2000, 5000, 8000, 12000, 24000
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two-scaled (inverted triangle); multi-scale (square); kernel estimator (cross); pre-averaging estimator
(diamond); Sy, (circle). For each nSy,, the RE are shown sequentially from left to right for the sample
size n = 500, 2000, 5000, 8000, 12000, 24000
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Fig. 5 The boxplots of the relative efficiencies of TZ(K), Tim, Ty, and T, with respect to Sy, based on 468

cases
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Fig. 6 The boxplots of the daily relative differences of Tz(K), Tin, Ty, and Tp, with respect to Sz, based on

fifteen companies and three sampling frequencies

Appendix C: Table

See Tables 1, 2, 3 and 4.

Table 1 The setting of (V, ‘752) and nS,,

V (x107%) 1.6 48 1.6 32 3.2 48
02 (x1077) 4 4 1 1 0.4 0.4
nSur (x103) 0.4 1.2 1.6 32 8 12
Table2 TheREof 67, i=1,....4

nSpr (x103) 0.4 1.2 1.6 3.2 8 12

n =500

62 0.4356 1.2409 1.6833 3.3540 8.2776 12.6152
62 0.1483 0.2254 0.2609 0.4437 0.9782 1.4006
62 0.1263 0.3340 0.4751 1.0692 2.8833 45186
62 0.1199 0.2099 0.2499 0.4233 0.8161 1.0886
n = 5000

62 0.0474 0.1274 0.1661 0.3328 0.8208 1.2607
62 0.0386 0.0401 0.0395 0.0442 0.0576 0.0704
63 0.0273 0.0290 0.0297 0.0517 0.1705 0.3074
&} 0.0258 0.0281 0.0282 0.0342 0.0504 0.0652
n = 24000

6} 0.0141 0.0287 0.0363 0.0697 0.1701 0.2595
62 0.0175 0.0179 0.0168 0.0183 0.0191 0.0198
62 0.0124 0.0125 0.0121 0.0134 0.0187 0.0301
&} 0.0115 0.0117 0.0111 0.0126 0.0138 0.0155
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Table 3 The setting of (1, 02)

m 1 3 1 2 2 3
62 (x1077) 4 4 1 1 0.4 0.4
nSpr (x103) 0.4 12 1.6 3.2 8 12

Table 4 The monthly averages (x 10~%) of RV and the other five estimators based on fifteen stocks and
three sampling frequencies (s) from 2002/01/02 ~ 2002/01/31

RV 2.638 2.520 2.397 12.47 11.61 10.94 3.279 3.094 2.825
T 1.629 1.640 1.688 9.423 9.679 9.621 2.016 2.023 2.066
m 1.651 1.638 1.601 10.51 10.54 10.54 2.182 2.191 2.192
Ty 1.681 1.696 1.719 9.982 10.22 10.16 2.108 2.123 2.166

Tp 1.564 1.547 1.553 9.716 9.774 9.394 2.092 2.085 2.072
St 1.630 1.641 1.678 9.174 9.471 9.427 2.033 2.010 2.041

RV 4.378 4.022 3.657 7.441 5.745 5.140 3.309 2.985 2.579
T 3.365 3.411 3.503 2.118 2.712 2.840 1.283 1.324 1.405
Tin 3.529 3.566 3.513 3.175 3.261 3.404 1.458 1.463 1.461
Tk 3.499 3.546 3.602 2.692 2.941 3.110 1.386 1.419 1.476
Tp 3.384 3.405 3.376 3.130 3.102 3.107 1.391 1.388 1.401
St 3.292 3.337 3.448 2.658 2.704 2.798 1.318 1.333 1.390

JPM KO MCD

RV 8.605 7.936 7.192 2.388 2216 2.014 6.149 5.685 5.144
T 4.581 4.629 4.750 1.306 1.349 1.391 2.418 2511 2.531
T 4.780 4.832 4.840 1.432 1.421 1.428 2.722 2.716 2.718

Tk 4.821 4.871 4.951 1.416 1.436 1.469 2.621 2.667 2.700
Tp 4.487 4.431 4.422 1.333 1.283 1.329 2.558 2.547 2.525
St 4.648 4.695 4.793 1.329 1.355 1.381 2.504 2.554 2.559
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Table 4 continued

RV 6.016 5.693 5.282 2.368 2.235 2.084 9.011 8.342 7.453
T 4.353 4.454 4.501 1.568 1.603 1.654 4.337 4.486 4.646
T 4.862 4918 4.898 1.693 1.683 1.676 4.949 5.072 5.087
Tk 4.604 4.707 4.739 1.652 1.673 1.705 4.637 4.772 4.923
Tp 4.535 4.574 4.426 1.593 1.586 1.570 4.632 4.709 4.638
St 4312 4.380 4.369 1.586 1.614 1.651 4.349 4.460 4.598

PEP T XOM

RV 2.206 2.110 1.984 5.488 5.075 4.640 4.725 4.247 3.694
T 1.357 1.359 1.396 3.044 3.122 3.213 2.132 2.185 2.270
m 1.417 1.409 1.407 3.516 3514 3.468 2.268 2.247 2.203
Tk 1.435 1.440 1.477 3.468 3.519 3.506 2.258 2.292 2.365
Ty 1.343 1.321 1.327 3.149 3.168 3.093 2.181 2.156 2.157
St 1.354 1.355 1.387 3.001 3.049 3.089 2.144 2.174 2.242

Acknowledgments We are grateful to Kerby Shedden for suggesting the title of our paper. This research
was supported in part by the Grants NSC 98-2118-M-110-001-MY?2, NSC 100-2118-M-110-003 and NSC
102-2118-M-110-002-MY?2 from the National Science Council of Taiwan and MOST 103-2811-M-110-003
from Ministry of Science and Technology.

References

Ait-Sahalia, Y., Mykland, P. A., Zhang, L. (2005). How often to sample a continuous-time process in the
presence of market microstructure noise. Review of Financial Studies, 18, 351-416.

Andersen, T. G., Bollerslev, T., Diebold, F. X., Labys, P. (2000). Great realizations. Risk, 13, 105-108.

Andersen, T. G., Bollerslev, T., Diebold, F. X., Ebens, H. (2001). The distribution of realized stock return
volatility. Journal of Financial Economics, 61, 43-76.

Bandi, F. M., Russell, J. R. (2006). Separating microstructure noise from volatility. Journal of Financial
Economics, 79, 655-692.

Bandi, F. M., Russell, J. R. (2008). Microstructure noise, realized variance, and optimal sampling. Review
of Economic Studies, 75, 339-369.

Barndorff-Nielsen, O. E., Shephard, N. (2002). Econometric analysis of realized volatility and its use in
estimating stochastic volatility models. Journal of the Royal Statistical Society, Series B, 64,253-280.

Barndorff-Nielsen, O. E., Hansen, P. R., Lunde, A., Shephard, N. (2008). Designing realized kernels to
measure the ex post variation of equity prices in the presence of noise. Econometrica, 76, 1481-1536.

Barndorff-Nielsen, O. E., Hansen, P. R., Lunde, A., Shephard, N. (2009). Realized kernels in practice: trades
and quotes. Econometrics Journal, 12, C1-C32.

Bibinger, M., Mykland, P.A. (2013). Inference for multi-dimensional high-frequency data: equivalence of
methods, central limit theorems, and an application to conditional independence testing. Technical
Report: University of Chicago.

@ Springer



Optimal restricted QE of IV 703

Chen, S. X., Gao, J., Tang, C. (2008). A test for model specification of diffusion processes. Annals of
Statistics, 36, 167-198.

Cox, J. (1975). Notes on option pricing I: constant elasticity of diffusions. Discussion paper: Stanford
University.

Cox, J. C., Ingersoll, J. E., Ross, S. A. (1985). A theory of the term structure of interest rates. Econometrica,
53, 385-408.

Dacorogna, M. M., Gencay, R., Miiller, U. A., Olsen, R. B., Pictet, O. V. (2001). An introduction to high-
[frequency finance. San Diego: Academic Press.

Fan, J., Wang, Y. (2007). Multi-scale jump and volatility analysis for high-frequency financial data. Journal
of the American Statistical Association, 102, 1349-1362.

Hansen, P. R., Lunde, A. (2006). Realized variance and market microstructure noise. Journal of Business
and Economic Statistics, 24, 127-218.

Heston, S. L. (1993). A closed-form solution for options with stochastic volatility with applications to bond
and currency options. Review of Financial Studies, 6, 327-343.
Jacod, J., Li, Y., Mykland, P. A., Podolskij, M., Vetter, M. (2009). Microstructure noise in the continuous
case: the pre-averaging approach. Stochastic Processes and their Applications, 119, 2249-2276.
Kalnina, I., Linton, O. (2008). Estimating quadratic variation consistently in the presence of endogenous
and diurnal measurement error. Journal of Econometrics, 147(1), 47-59.

Kelley, W. G., Peterson, A. C. (2000). Difference equations: an introduction with applications(2nd ed.).
New York: Academic Press.

Koike, Y. (2014). Time endogeneity and an optimal weight function in pre-averaging covariance estimation
(preprint). http://arxiv.org/abs/1403.7889

Lee, S. (2010). On the goodness of fit test for discretely observed sample from diffusion processes: diver-
gence measure approach. Journal of the Korean Mathematical Society, 47, 1137-1146.

Lee, S., Guo, M. (2012). Test for dispersion constancy in SDE models. Applied Stochastic Models in
Business and Industry, 28, 342-353.

Lin, L. C., Lee, S., Guo, M. (2013). Goodness-of-fit test for stochastic volatility models. Journal of Multi-
variate Analysis, 116, 473—498.

Reiss, M. (2011). Asymptotic equivalence for inference in the volatility from noisy observations. Annals of
Statistics, 39(2), 772-802.

Shreve, S.E. (2004). Stochastic calculus for finance II: continuous-time models(2nd ed.). New York:
Springer.

Sun, Y. (2006). Best quadratic unbiased estimators of integrated variance in the presence of market
microstructure noise. Working paper, University of California at San Diego.

Xiu, D. (2010). Quasi-maximum likelihood estimation of volatility with high frequency data. Journal of
Econometrics, 159, 235-250.

Zhang, L. (2006). Efficient estimation of stochastic volatility using noisy observations: a multi-scale
approach. Bernoulli, 12, 1019-1043.

Zhang, L., Mykland, P. A., Ait-Sahalia, Y. (2005). A tale of two time scales: determining integrated volatility
with noisy high-frequency data. Journal of the American Statistical Association, 100, 1394-1411.

Zhou, B. (1996). High-frequency data and volatility in foreign-exchange rates. Journal of Business and
Economic Statistics, 14, 45-52.

@ Springer


http://arxiv.org/abs/1403.7889

	Optimal restricted quadratic estimator of integrated volatility
	Abstract
	1 Introduction
	2 Optimal restricted quadratic estimator
	3 A recursive algorithm for solving SL(θ*)
	4 Simulation and empirical studies
	4.1 Comparison of the five estimators
	4.2 Empirical study

	5 Conclusion
	Appendix A: Proofs
	Proof of Lemma 1
	Proof of Lemma 2

	Appendix B: Figures
	Appendix C: Table
	Acknowledgments
	References




