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Abstract For a truncated exponential family of distributions with a natural parameter
6 and a truncation parameter y as a nuisance parameter, it is known that the maxi-
mum likelihood estimators (MLEs) 6, yL and Oy of 0 for known y and unknown y,
respectively, and the maximum conditional likelihood estlmator QMCL of 6 are asymp-
totically equivalent. In this paper, the stochastic expansions of OML, 6ur, and Oyicr are
derived, and their second-order asymptotic variances are obtained. The second-order
asymptotic loss of a bias-adjusted MLE GAI\’jIL relative to GA{,[L is also given, and GAK‘,IL and
fumcr are shown to be second-order asymptotically equivalent. Further, some examples
are given.

Keywords Truncated exponential family - Natural parameter - Truncation
parameter - Maximum likelihood estimator - Maximum conditional likelihood
estimator - Stochastic expansion - Asymptotic variance - Second-order asymptotic
loss

1 Introduction

The first-order asymptotic theory in regular parametric models with nuisance parame-
ters was discussed by Barndorff-Nielsen and Cox (1994). In higher order asymptotics,
under suitable regularity conditions, the concept of asymptotic deficiency discussed
by Hodges and Lehmann (1970) is useful in comparing asymptotically efficient esti-
mators in the presence of nuisance parameters. Indeed, the asymptotic deficiencies of
some asymptotically efficient estimators relative to the maximum likelihood estimator
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470 M. Akahira

(MLE) based on the pooled sample were obtained in the presence of nuisance parame-
ters [see, e.g. Akahira and Takeuchi (1982) and Akahira (1986)]. On the other hand,
in statistical estimation in multiparameter cases, the conditional likelihood method is
well known as a way of eliminating nuisance parameters [see, e.g. Basu (1977)]. The
consistency, asymptotic normality and asymptotic efficiency of the maximum condi-
tional likelihood estimator (MCLE) were discussed by Andersen (1970), Huque and
Katti (1976), Bar-Lev and Reiser (1983), Bar-Lev (1984), Liang (1984) and others.
Further, in higher order asymptotics, asymptotic properties of the MCLE of an inter-
est parameter in the presence of nuisance parameters were also discussed by Cox and
Reid (1987) and Ferguson (1992) in the regular case. However, in the non-regular case
when the regularity conditions do not necessarily hold, the asymptotic comparison of
asymptotically efficient estimators has not been discussed enough in the presence of
nuisance parameters in higher order asymptotics yet.

For a truncated exponential family of distributions which is regarded as a typical
non-regular case, we consider a problem of estimating a natural parameter 6 in the
presence of a truncation parameter y as a nuisance parameter. Let HA{,IL and Oy be
the MLEs of 6 based on a sample of size n when y is known and y is unknown,
respectively. Let 6ucr be the MCLE of 6. Then it was shown by Bar-Lev (1984) that the
MLEs QAK/,[L, éML and the MCLE éMCL have the same asymptotic normal distribution,
hence they are shown to be asymptotically equivalent in the sense of having the same
asymptotic variance. A similar result can be derived from the stochastic expansions of
the MLEs él\’;lL and éML in Akahira and Ohyauchi (2012). But, él\J;lL for known y may
be asymptotically better than fpe for unknown y in the higher order, because éﬁ;,L
has the full information on y. Otherwise, the existence of a truncation parameter y as
a nuisance parameter is meaningless. So, it is a quite interesting problem to compare
asymptotically them up to the higher order.

In this paper, we compare them up to the second order, i.e. the order n~!, in the
asymptotic variance. We show that a bias-adjusted MLE é,ij[L and Oyicr, are second-
order asymptotically equivalent, but they are asymptotically worse than é{,[L in the
second order. We thus calculate the second-order asymptotic losses on the asymptotic
variance among them.

2 Formulation and assumptions

In a similar way to Bar-Lev (1984), we have the formulation as follows. Suppose that
X1, Xo,...,X,, ... 1s a sequence of independent and identically distributed (i.i.d.)
random variables according to Py, having a density

a(x)eﬁu(x)

fx;0,y) = [Ob‘("y)

forc <y <x <d,
v= (M

otherwise

with respect to the Lebesgue measure, where —oo < ¢ < d < 00, a(+) is non-negative
and continuous almost surely, and u(-) is absolutely continuous with du(x)/dx # 0
over the interval (y, d). Let
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d
Oy) = [9 ‘ 0 <b,7) :=/ a(x)e?@dx < oo]
14

for y € (c, d). Then, it is shown that for any y1, y» € (¢, d) with y; < y», O(y;) C
®(y2). Assume that for any y € (c,d), ® = ©(y) is a non-empty open interval. A
family P := {Py,, | 6 € O,y € (c,d)} of distributions Py, [see (1)] with a natural
parameter 6 and a truncation parameter y is called a truncated exponential family of
distributions.

In Bar-Lev (1984), the asymptotic behavior of the MLE éML and MCLE éMCL of
a parameter 6 in the presence of y as a nuisance parameter was compared and also
done with that of the MLE él\);IL of 6 when y is known. As the result, it was shown
there that, for a sample of size n(> 2), the éML and éMCL of 0 exist with probability
1 and are given as the unique roots of the appropriate maximum likelihood equations.
These two estimators were also shown to be strongly consistent for & with the limiting
distribution coinciding with that of the MLE é{,[L of 6 when y is known.

In the subsequent sections, we obtain the stochastic expansions of él\’;[L, éML and
éMCL up to the second order, i.e. the order 0, (n™ 1y, We get their second-order asymp-
totic variances, and derive the second-order asymptotic losses on the asymptotic vari-
ance among them. The proofs of theorems are located in appendixes.

3 The MLE 67}, of § when y is known

Denote a random vector (Xy,...,X,) by X, and let X1y < --- < X(,) be the
corresponding order statistics of a random vector X. Here, we consider the case when
y is known. Then, the density (1) is considered to belong to a regular exponential
family of distributions with a natural parameter 6, hence log b(6, y) is strictly convex
and infinitely differentiable in # € ® and

kY
Ai(0, = —logh(0, 2
j0.y) = ang()/) (2)
is the jth cumulant corresponding to (1) for j = 1,2, .... For given x = (x1, ..., Xp)
satisfying y < x(1) := minj<;j<, X; and Xx(,) := mMaxi<;<, X; < d, the likelihood

function of 6 is given by

n
LY(9;x) := b”(@ [Ha(x, }exp[@lzllu(xi)}.
Then, the likelihood equation is

1 n
=D ulxi) =m0, y) =0. 3)

i=1
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Since there exists a unique solution on 6 of (3), we denote it by él\};ud which is the MLE
of 0 [see, e.g. Barndorff-Nielsen (1978) and Bar-Lev (1984)]. Let A; = A;(0, ) (i =
2,3,4) and put

Z) = ﬁ;{u(&) — i), Uy = Ao (8, - 6).

Then, we have the following.

Theorem 1 For the truncated exponential family ‘P of distributions with a density (1)
with a natural parameter 0 and a truncation parameter y, let Qh};[L be the MLE of 0
when y is known. Then, the stochastic expansion of U, is given by

U, =2 b gy (A AZ3+0(1)
e w8 33 nyn)’

and the second-order asymptotic mean and variance are given by

i ()

5)»2 A 1
V(Uy)—1+ 213—)\2 +0 win)

Since U, = Z| + op(1), it is seen that U, is asymptotically normal mean with
mean 0 and variance 1, which coincides with the result of Bar-Lev (1984).

respectively.

4 The MLE éML of § when y is unknown

For given x = (x1, ..., x,) satisfying y < x(1) and x(,) < d, the likelihood function
of 6 and y is given by

L, y;x) = bn(@ {Ha(xl}exp{ezbt(xi)]. )
i=1

Let éML and Py be the MLEs of 6 and y, respectively. From (4) it is seen that
mL = X(1) and L (éML, X1y; X) = supgep L (0, X(1); X), hence Ovy. satisfies the
likelihood equation

= %ZM(X,) — Al (éML, X(l)), (5)

i=1
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where X = (X1,..., X,). Let 2> = X2(0, ) and put U = «/kzn(éML — 0) and
T :=n(X1) — y). Then, we have the following.
Theorem 2 For the truncated exponential family ‘P of distributions with a density (1)

with a natural parameter 6 and a truncation parameter y, let QAMLA be the MLE of 0
when y is unknown, and 0%y, be a bias-adjusted MLE such that O\ has the same

asymptotic bias as that of éf\/,[L i.e.

N 1 (s
Oy, = oML + —— - ™ (QMLs X(l)) (6)
k (9Mu X(l)) A2 (QMLa X(l)) n

where k(6,y) = a(y)e?™ ) /b9, y). Then, the stochastic expansion of U* =
VA0 — 0) is given by

o ] axl Lofs L(okomy], o (]
7 koon kion k\aoay )| ' T TP \udn )
where k = k(0, y),
8_)\3 oA oAy
o\ Ay ay’
. Mo, 1 (an 8 123 ).
U=7 —5—2Z] T ZiT+—\\=—-—=—= 14
1= 3/2\/_ /—( ) +)»2 1 +2 (/\3 3)3
0,
" (nf)

and the second-order asymptotic mean and variance are given by

E )/(0 ) = — 3 =+ o ( : )
0, kY ,
2)\‘3/2\/_ I’lﬁ

Vo, (0%) = 1+ S5 + L ()}2+0( ! )
fr— — — — — —u — s
by 23 12) T non

respectively.

Since U = U* = Z; +o p(1), itis seen that U and U* are asymptotically normal
with mean O and variance 1, which coincides with the result of Bar-Lev (1984). But,
it is noted from Theorems 1 and 2 that there is a difference between Vy (U, ) and

Va,y (0 *) in the second order, i.e. the order n~!, which is discussed in Sect. 6.

5 The MCLE éMCL of # when y is unknown

First, it is seen from (1) that there exists a random permutation, say Y», ..., Y, of the
(n — 1)! permutations of (X(z), AU X(n)) such that conditionally on X1y = x(1), the
Y>,...,Y, are i.i.d. random variables with a density
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a(y)egu(y)

—— forxqy <y<d
b6, x1)) M

g(y:0.xm) =

[see Quesenberry (1975) and Bar-Lev (1984)]. For given X (1) = x(1), the conditional
likelihood function of 6 for y = (y2, ..., y,) satisfyingx(1y < y;i <d (i =2,...,n)
is

] n n
L©; ylxq)) = m[ a(y,-)]exp[@Zu(y,-)].
’ =2 =2

1

Then, the likelihood equation is
1 n
—— D uln) = (0, x0)) =0. (7
i=2

Since there exists a unique solution on 6 of (7), we 51en0te it by éMCL, i.e. the value
of 6 for which L (9; y x(l)) attains supremum. Let A; := X;(0,x1)) (i = 1,2,3,4)
and put

Zy = S i {M(Yi) - 5»1}, Uy = M(éMCL - 9)~

Vio(n —1) i=2

Then, we have the following.

Theorem 3 For the truncated exponential family ‘P of distributions with a density (1)
with a natural parameter 6 and a truncation parameter y, let Oncr, be the MCLE of
0 when y is unknown. Then, the stochastic expansion of Uy is given by

Go=2- 37+ 1= L (22)r]2
0=21———=» — — 1\ l——\\— 1
25 m A\ Ay

123 X4\ as 1
+—\=—-—=\14+0 ,
2n ()% 3)% ! p(n\/ﬁ)
and the second-order asymptotic mean and variance are given by
Eoy (00) 3 +0( ! )
0, 0)=— B
’ NG ny/n

oy (00o) TR 5 S IR ()}2+0( : )
0, o) = N33 — A —u —
4 n\2:3 3] on Y nyn

Remark 1 From Theorems 2 and 3, it is seen that the second-order asymptotic mean
and variance of Uy are the same as those of U* = /An (6 — 6). It is noted that

éMCL has an advantage over éML in the sense of no need of the bias adjustment.
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Second-order asymptotic comparison 475

Remark 2 As is seen from Theorems 1, 2 and 3, the first term of order 1/n in
Vo (Uy), Vg)y([j*) and Vg,y([]o) results from the regular part of the density (1),
which coincides with the fact that the distribution with (1) is considered to belong
to a regular exponential family of distributions when y is known. The second
term of order 1/n in Vg,y(lj *) and Vg’y(ffo) follows from the non-regular (i.e.
truncation) part of (1) when y is unknown, which means a ratio of the variance
22 = Vo, (X)) = Eg,[{iu(X) — 11}?] to the distance {%; — u(y)}’ from the
mean Ay of u(X) tou(x) atx = y.

6 The second-order asymptotic comparison among GAK',IL, OAR‘,IL and éMCL

From the results in the previous sections, we can asymptotically compare the estimators
GK/,IL, Oy and OyicL using their second-order asymptotic variances as follows.

Theorem 4 For the truncated exponential family P of distributions with the density
(1) with a natural parameter 6 and a truncation parameter vy, let GA{,IL, éf\k,IL and Ouicr,
be the MLE of 0 when y is known, the bias-adjusted MLE of 6 when y is unknown and
the MCLE of 0 when y is unknown, respectively. Then, the bias-adjusted MLE éﬂ‘/lL

and the MCLE Oyicy, are second-order asymptotically equivalent in the sense that
@ Buicr) = n Vi, (0%) = Vi, (G0)} = 0(1) ®)

asn — 00, and they are second-order asymptotically worse than él\’;lL with the second-
order asymptotic losses of 05y and OvcL relative to Qﬁ/,lL

A N Al — 2

i 0 = Vo, @ = vowp) = P o, o
~ ~ - A — 2

du(Buicr, 8) = n {Va, (Do) = Vo (U} = % +o(l)  (10)

as n — 00, respectively.

The proof is straightforward from Theorems 1, 2 and 3.

7 Examples

Some examples on the second-order asymptotic loss of the estimators are given for
a truncated exponential distribution, a truncated normal distribution and the Pareto
distribution.

Example 1 (Truncated exponential distribution) Let c = —00,d = 00, a(x) = 1

and u(x) = —x for —oo < y < x < oo in the density (1). Since b(0, y) = e‘eV/O,
it follows from (2) that ® = (0, c0),
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9 1
M= —logh®,y)=—-y ——,

a0 0
9? 1

From (3), (5), (6) and (7) we have
é\lil/IL = 1/()_( - )/), é\ML = 1/ (X - X(])) s

~ ~ 1A ~ 1 n
One = OmL — ~OmL. Ouvcr = 1/(n — ZX(i) - X(1>).
i=2

Note that éﬂ",IL = éMCL. In this case, the first part in Theorem 4 is trivial, since
d, (QR‘AL, OmcL) = 0. From Theorem 4, we obtain the second-order asymptotic loss

dn By, O3) = dnBncL, B3y ) = 1+ o(1)
asn — oQ.

Example 2 (Truncated normal distribution) Let c = —o0, d = 00, a(x) = e~ /2

and u(x) = x for —0o < y < x < o0 in the density (1). Since
b(6.y) = V2w P E — ),
it follows from (2) and Theorem 2 that ® = (—o0, c0),

oA
MO, y)=60+pO—y), a—yl(e, Y) =0 —y)p@ —y) + p20 — ),

2O, 7)=1—0 —y)p@—y)—p>@ — ),
k@,y)=p@O —y),

where p(t) := ¢ (t)/ P (z) with

* 1 2
@ (x) =/ p)dt, ¢(t) = ——e /> for —oo <1t < o0.
00 N2
Then, it follows from (3), (5) and (7) that the solutions of 6 of the following equations
O0+p0—y)=X, 0+p0—Xa) =X,

1 n
0+p0 = X)) =— Zz“x(i)
1=
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become éK//IL’ éML and éMCL, respectively, where X=0q /n) Z;’zl X;. From (6), the
bias-adjusted MLE is given by

Our. — Xy +p (éML - X(l))

1— (éML - X(l)) Jo (éML - X(l)) — p? (éML — X(l))

éﬁk/IL = éML +

From Theorem 4, we obtain the second-order asymptotic losses

dn (B, OncL) = o(1),

(0 —y+0p0-1)
L= —y)p®—y)—p206 —y)

dn O3 O31) = dnOmicL. By ) = +o(1)

asn — oQ.

Example 3 (Pareto distribution) Letc = 0,d = 00,a(x) = 1/xandu(x) = —logx
for0 < y < x < oointhedensity (1). Then, b6, y) = 1/(0y?) for6 € ® = (0, 00).
Letting ¢+ = log x and yp = log y, we see that (1) becomes

0?70~ fort > yp,
0 fort < yy.

[0, y0) = [
Hence, the Pareto case is reduced to the truncated exponential one in Example 1.

8 Concluding remarks

In a truncated exponential family of distributions with a two-dimensional parameter
(0, ), we considered the estimation problem of a natural parameter 6 in the presence
of a truncation parameter y as a nuisance parameter. In the paper of Bar-Lev (1984),
it was shown that the MLE él\’;[L of 0 for known y, the MLE éML and the MCLE éMCL
of 6 for unknown y are asymptotically equivalent in the sense that they have the same
asymptotlc normal distribution. In this paper, we derived the stochastic expansions of
GML, GML and GMCL We also obtained the second-order asymptotic loss of the bias-
adjusted MLE QIQL relative to QML from their second-order asymptotic variances and
showed that éK‘/IL and Oycr, are second-order asymptotically equivalent in the sense
that their asymptotic variances are same up to the order o(1/n) as in (8). It seems to
be natural that éI\J;[L is second-order asymptotically better than éﬁ}L after adjusting the
bias of éML such that éML has the same as that of GAI\J;IL The values of the second-order
asymptotic losses of éf\k,IL and yicrL given by (9) and (10) are quite simple, which result
from the truncated exponential family P of distributions.

The results of Theorems 1, 2, 3 and 4 can be extended to the case of a two-sided
truncated exponential family of distributions with a natural parameter 6 and two trun-
cation parameters y and v as nuisance parameters, including an upper-truncated Pareto
distribution which is important in applications [see Akahira et al. (2014)]. Further, they
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478 M. Akahira

may be similarly extended to the case of a more general truncated family of distri-
butions from the truncated exponential family P. In relation to Theorem 2, if two
different bias adjustments are introduced, i.e. éML + (1/n)c; (éML) (i = 1,2), then
the problem whether or not the admissibility result holds may be interesting.

Appendix A

The proof of Theorem 1 Let A; = X; (0, y) (i =1, 2, 3,4). Since
1 n
7| = —— {fuX;) —r1}, U, = kgn(éy —9),
o Dt ) o= (i
by the Taylor expansion we obtain from (3)
[A [ A A A 1
n n 2hon 615 “ny/n n
which implies that the stochastic expansion of U, is given by
U, =7 A g 1 SR Z3+0( ! ) (11
=4l — —7— — = — — — .
v 2)3/2\/5 U7 on A3 33 ! P\nyn
Since

Eg(Z1) =0, Vo(Z)) = Eg(Z}) =1,

Eo(Z]) = e, Eo(Zh) =3+ 22, (12)
1 n Asn
it follows that
Eo(U,) A3 +0( ! ) (13)
0 - T~ a5n _ s
YN nyn
11123 2 1
EqUH=1+-(-2-2)+0 (14)
] n\ 43 A2 nyn)’
hence, by (13) and (14)
Vo(Uy) =1+ 5 +0( ! ) (15)
Oyl = n\2 23 nyn)
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From (11), (13) and (15) we have the conclusion of Theorem 1.
Before proving Theorem 2, we prepare three lemmas (the proofs are given in Appen-
dix B).

Lemma 1 The second-order asymptotic density of T is given by

k@, y) 200)01)
b [ BE ) + @@

) [t _ k(ez, V)IZ} e*k(@,}/)I +0 (iz) (16)

n

() = k@, y)e 7" +

fort > 0, where k(8, y) := a(y)e? ) /b9, y), and

1 AGy) 1 2 2 1
)
where
1 co(y)
AB,y) = ——— k(@,
V=== [ aty T V)]

with cg(y) = a'(y) + 0a(y)u'(y).

Lemma 2 It holds that

1 2 (0A 1
b= gz (3] (i) oo

where k = k(0,y) and »i = A;(0,y) (i = 1,2).

Lemma 3 It holds that

1 1
Eg,(ZIT) = L +o (;) (19)

where k = k(9, y).
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The proof of Theorem 2 Since, for (6, y) € ® x (¢, X(1)

Al (éML, X(1))

ad A ad
=1000,y)+ I@M(& J/)] (OmL — 0) + [51\1(9, V)} (Xay—v)

2 2
+% 25741, y)](eML—e>2 [393 Al(e,w](ém—e)(x(n—y)
1 82 2 1 0 3
+3 8—)/2?»1(971/)]()((1)—)/) +8[303?~1(9 J/)](HML—Q)
1[ a2 3 A 2
+§ 892?»1(9 J/)] [5)»1(9, )’)] O — )" (Xay—y) +--. (20)

noting U= VAxn (éML — 0) and T =n (X(l) — y), we have from (5) and (20)

3)»1 A3 Ao 1 oA\ ~
Zl U—— — )T - U — —\uT
2\on Aann \ 9y
)\. A3 1

where 1; = A;(0,y) (j = 1, 2,3, 4) are defined by (2), hence the stochastic expan-
sion of U is given by

21

It follows from (12) and (21) that

N 1 X A3 ) 1
Ey,U)=——= (—) Ey,(T) — —H—+ —Ey, (ZlT)-i—O(—).
Y ion \ 9y v 2)3/2\/5 don Y n/n

(22)
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Substituting (17) and (18) for (22), we obtain

o [ E o)
O T T Jaan [k Ny ) T 2 nn)

where k = k(0, y) is defined in Lemma 1. We have from (21)

1 A
E9 y(U ) = EG y(Z ) — —— Iz( )EG y(ZlT)+ E@ y(Z )]

Aon ay

1 for)? 5 1 28]

— (=) B, () + — 2 28t Eg (22T
+A2n(3y) 9’y< )+A2n Ay + oy (Z1T)
Y S5 SR PP (Z>+0( 1) 4

n\ 423 3A2 o nyn)

Substituting (12), (17), (18) and (19) for (24), we have

Ep (0% =1 2 (o ) — A+ (o] | 1123
= —_ _— u —_ - —_— =
by kxon \ 9y v Pk ay 4)%n

313 8)\1) 2 (8)»2) v ( 1 )
+ — - — - —4+0{—=). 25
k)»%n ( oy kian \ 0y A%n ny/n @5)

Since

«/M%(éML, X))
k(BnL, X 1)) 2(OmL, X (1)) v/n

_3*‘(9y)+1 LZY x3 Lok ()] 5y o (]
T kJan kaon | dy T ay P\nyn)

it follows from (6) that the stochastic expansion of U* is given by

R R VA 2L e, X 1)
= Sian@y, — ) = i@ — 6) +
k(BmL, X (1)) %2/n

0 ()l ) ) ()

(26)
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where U is given by (21), A; = A;(0,y) (. = 1,2,3) and k = k(@, y). From (12)

and (23), we have
A 1 1 [0A A3 1 oA 1
Eg,(UY=—-———1-—)+—1+ (—)—i—O(—)
0.y (U oo [k (ay) 2,\2] k/ran \ 3y nn

o ()
=——5—+0 . 27
VRPN
It follows from (23), (25) and (26) that
. 2 [on 3 (dx 1122
E l]>"<2 =1 - —A I Bt 3
9”( ) koan (ay)[”(”) iy (8y)]+4k%n

M4 2 oA ok o 1
An k2xon \ 9y ) \ 06 nyn)’

hence, by (27)

~ ~ ~ 2
Voo (0%) = Eo (0%) = {Eay (0]

1] 5x3 g 2 [n ) — M + 1 (dk
— - —2 - - { — u — —f —
n\2:3 12 foan oy ) 1" T e

S 2+0 ! (28)
kZxon \ 0y nyn)
Since, by (2)
MO, 7) = = logb(@. y) ! /d(><)9“<x>d
,Y) = —1lo , V) = a(x)u(x)e X,
10.7) = 55 loeb @) =365 ),

it follows that

M@, y)  a(y)e”)
dy  b@.y)

[0, y) —u)}=k@O, {06, y) —u@)} 29
Since

ok

it is seen from (28), (29) and (30) that

Voy (0%) = 1 4 © S B L{M —u} +0 (L) 31)
' n\ 23 23 Aon nyn
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From (26), (27) and (31) we have the conclusion of Theorem 2.
The proof of Theorem 3 Since, from (7)

I < 1 X
0= p— E{M(Yi) — A0, x1))} — ﬁx\z(e, x(1))v/n(éucr, — 6)

1 ~
— — 300, Omcr, — 0)?
o 3(0, x(y)n(OmcL — 0)

1 A ; 1
6n\/ﬁk4(0’ xa)n/nOuvcr —0)° + 0, (ﬁ)

letting

7= —Z{M(Y) 2100, x)},
A2 —1) i=2

U =/ %n(@ucL — 0),

where ):i =Ai(0,xq)) (i =1,2,3,4), we have

0= Zl " 2)L TU + Op I’l_2 s
2” 6)1r nﬁ

hence the stochastic expansion of U is given by

~ n ~ ):3 ~0 ):4 ~3 1
U= 2= 5= U = —5U+0,
n—1 207y 60 n n/n
~ ~2
~ A3 ~ ~ 1 [ 23 Ag 3 1
=7 — — Zy +—Z1+—\ —= - Z1 + 0p (—)
25 2 2n (xf 3A22) v
(32)
Since

- 1 3)\2 1
A = A0, X1)) = A2(0, 7/)+; By T+ 0, pr)
we obtain

U =/ %2n(@mcL — 6)

— Vi — o) 114+ —— (92 T+0, I\ (33)
I’l

2nig 87/
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where T = n(X () — y) and A2 = A2(6, y). Then, it follows from (32) and (33) that

Uo = v/Aan(Ovcr — )
. X s 1 1 [ox -
207 2n A \ dy
~2 ~
1 (A A ~ 1
+—(~i3—+‘2)213+0,,(—). (34)
2n )\2 3)\2 niy/n

For given X (1) = x(1), i.e. T =t := n(x() — ), the conditional expectation of Z
~ 2 .
and Z; is

D {Eo, ()|l = 110, xa))} =0,

1
VAaan — 1) i=2

~2 1 i
E@,y(zl [t) = m[z Eg’y [{M(Y,) — )»1(9,)6(1))}2”]

Eg,(Zilt) =

=2
+ DD Egy [{u¥) = M@, xa) u(¥)) = 110, x1)} | r]}
i#j
2§i,jj§n
=1, 35)

hence the conditional variance of Z; is equal to 1, i.e. Vg,y(Z] |t) = 1. In a similar
way to the above, we have

~ 3 A3 ~ 4 ):4
Eq., (zl |t) =~ Eg,y(zl |t) 34— (36)
M A —1 A2 (n—1)
Since, by (34), (35) and (36)
~ ~ ):3 ~ 2
Eo,y (UolT) = Eo,y (Z1IT) — —=5—E0,y(Z1 |T)
207" /n
+ LB (AT + ~ (Xg M )E (Z|T)
S Lo,y 1 ~ \ == ——> 0,y 1
2n 2n X% 3)\22
L (%%2) 7 (Z)\|T) + 0 !
2niy \ 3y el P\nyn
N TP ( ! ) (37)
=2 +0,[—=).
25 nyn
0 ~ 2 ):3 ~3
Eg ., (UglT) = Eg,,(Z1 |T) — TEe,y(Zl IT)
YN
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-2 -
1 ~ 2 1f5x3 Ag ~ 4
+-Eoy(Z1 I T)+ -\ —5 — —=3 | Eo.y(Z1 |T)
n L\ 4x, 32
U (%2 7k, (22T + 0, !
Aon 8)/ o.yiol nﬁ
~2 -
1 1f11x A 1 oA
=1+-+-| = -= __(_2)T
noon\ 45, s Aon \ Ay
1
O, — ), 38
"o (nﬁ) e

where ):i =10, Xqy) (i =2,3,4). Since, fori =2,3,4

- 1 [/oA; 1
A =20, X)) = i (0, V)+; oy n(Xm —y)+ 0, 3
1 1
=X (0, )/)+0p (;) =)\.i+0p (;), 39

it follows from (37) that

- - 1 A3 1
Eny O0) = Eny [ Eny G0lT)] = =5 Eny ( = ) +o (W)

M o 40
S oad o) @

It is noted from (13), (27) and (40) that

) i . 1
Eoy(Uy) = Egp(U*) = Eg, (U0)=——+0( )
e ’ 2P n \ndn

In a similar way to the above, we obtain from (17), (38) and (39)

E (02)_1+1+m§ o L (2 o (] (41)
6.yi¥0r = n 4)»%11 )»%n kxon \ 0y nyn)

Since, by (29) and (30)

1 (92 2\ 19 [0n
H(5) -2 ()~ (5) — gt -

1

M
=2 [—(M —u(y)) +k (—9)] = — (b1 —u(y)* + A2,
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it follows from (41) that

- 1122 g
Eo, (U} =1+ —3

1 > 1
B —up) o —=).
43n  W3n o V1 71 0) (n«/ﬁ)

hence, by (40)

Vo Oy = 14 L (25 s T - ()}2+0(L) 42)
0,y (Uo) = Mnl“? nﬁ'

513 52
n\2\; A;
From (34), (40) and (42), we have the conclusion of Theorem 3.

Appendix B

The proof of Lemma 1 Since the second-order asymptotic cumulative distribution
function of 7 is given by

Fr(t) = Py {T <1} = Poy {n(Xq)—y) <1t}

v+i "
=1-11 —/ a(x)e?"®dx
¥ b, v)

a(y)e? )
=1- exXp _b(Q—y)t

M2 200 0u(y) 1
: [1 - G {canb@. v) +a* e} + 0 (72)

fort > 0, where cy(y) := a’(y) + 6a(y)u’(y), we obtain (16). From (16), we also
get (17) by a straightforward calculation.

The proof of Lemma 2 As is seen from the beginning of Sect. 5, the Y», ..., Y, are
i.i.d. random variables with a density

a(y)eg“(y)

— for xy<y<d. 43)
b0, x(1y) b=y

g(y; 0, x)) =

Then, the conditional expectation of Z; given T is obtained by

l n
Eo,(Z)|T) = T ;{Ea,y[u(xi)lT] — )}
- L lux HiE [u(Y)IT] — ni (44)
= o u(X (1) - 0,y lUlY; nay e,
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where A; = X; (0, y) (i = 1,2). Since, foreachi =2, ...,n, by (43)

a(y)eeu(y)

——d
b0, X)) Y

d
Ee,y[M(Yi)IT]=/ u(y)
X
d A
=39 logh(8, X(1)) = 110, X)) =t A1 (say),

it follows from (44) that

1 N A
By (Z1IT) = — {ulXa) + (= D | = Jf_f

hence, from (17) and (44)

Egy(Z1T) = Eg,y[T Eo,, (Z1|T)]

1 N
= i {EosleX )T+ 0 = D Eo, (T

n 1 A@,y) 1

—A1 - o\—=)i, 45

! [k t— (nz)] (45)

where k = k(0, y). Since, by the Taylor expansion
/ "
( ) (y) 1
u(Xqy) =uly) + 1+ zny T2+0P( 3)

o 1[0
A =20, X1) =110,y)+— [—M(e, V)] T
n|dy

1 [ 82 ) 1
+t53 ” 32ME T+ 0p| 5,

it follows from (17) that

n
~ Al 1 2 3)»1 1
Eg,(MT) = 7 + MA A+ — k2 8 + O n—z R a7

where k = k(0,y), A = A0, y) and A1 = A1(0, y). From (45), (46) and (47), we
obtain (18).

u' 1
Eg [M(X(l))T] (k)/) [A (y) + (J/)] + 0 (_2), (46)
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The proof of Lemma 3 First, we have

n 2
1
Eo (Z}T) = Eay M—n[éwm—m] b
1 2
= an {u(X1)) — 11}

2 n
+5on {uX1)) — 11} ; Eg, [u(Y;) = 2|T]

1 n
I [t =217

1
+x2_nz > Egy [ =} {u¥) —m}IT]. @48
i#]

2<i,j<n

For 2 <i < n, we have

Egy [u(Yi) = AT = Eg,y [u(YDIT]— A1 = 210, X1)) —A1(0, ¥)
(Y yo,(L)=0,(" (49)
~\dy ) n PA\n2) = 7P \n)
andfori # jand2 <i,j <n

Egy [{u(¥) — A} {u(Y;) — M )T

= Eg,y [u(Y;) = A | T1Eg,y, [u(Y;) — M|T ]

ar\> T2 1 1
= (W) n—2 + 0p (n—3) = 0p (n_z) (50)

Since, fori =2,...,n
d Ou(y)
a(y)e
Eo [uz(Y->|T]=/ W2y e
’ l X b, X))
1 9>
b0, X))

= b0, X)) 862
=230, X)) + 226, X (1))

~

2 ~
= A1 + A2,
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where ):,- =40, X)) (i=1,2),wehavefori =2,...,n

Eay [tu(¥D = mp?|7]
= Eg [u?(Y)|T1— 201 Eg , [u(Y)|T] + A}

A2 ~ ~
=X X =20k + 4]

it (220, (L) =010, (! 51)
_2n8y r\n2) =" PA\n)

From (48), (49), (50) and (51), we obtain

1 2
Eg ., (ZHT) = — {u(X(1)) — A
0,y (Z11T) an {u(X1)) — 11}

+ % {uX@) =} (1 N %) {0,, ('1_1)}

hence, by (17)

n

1 1 1
Eg,(Z3T) = Eg [T Eg ,(Z}|T)] = Eg.,(T) + O (;) =7+0 (—)

Thus we get (19).
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