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Abstract The generalization of the ARMA time series model to the multidimensional
index set Z¢, d > 2, is called spatial ARMA model. The purpose of the following is
to specify necessary conditions and sufficient conditions for the existence of strictly
stationary solutions of the ARMA equations when the driving noise is i.i.d. Two
different classes of strictly stationary solutions are studied, solutions of causal and
noncausal models. For the special case of a first-order model on Z? conditions are
obtained, which are simultaneously necessary and sufficient.

Keywords Causality - Random fields - Spatial ARMA model - Strict stationarity

1 Introduction

Letd € N, usvally d > 1, and (Yt)—(,, . )ez¢ @ d-dimensional complex-valued
random field living on a probability space (£2, F, P). If (Y)7« satisfies the equations

Ye— D ¢nYin=Zt+ D 0nZtn teZ’ ()

ner nes

where (¢n)ner, (Bn)nes C C, R and S are finite subsets of ]N‘é\{O} or more generally
of Zd\{O}, and (Z¢)¢cyzq 18 an i.i.d. complex-valued random field on (£2, F, P), we
call (Yt)¢eze an ARMA random field, where ARMA is short for autoregressive moving
average. The spatial ARMA model defined by (1) is a natural generalization of the
well-known ARMA time series model (see, e.g., Brockwell and Davis 2009, Chapter 3)
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386 M. Drapatz

to higher dimensional index sets Z¢, d > 1. The spatial ARMA model was considered
long ago by Whittle (1954) and many others (e.g., Tjgstheim 1978, Besag 1972, Basu
and Reinsel 1993) have worked on this topic. However, most work has been spent on
weakly stationary solutions of the spatial ARMA model and their statistics.

For the time series model (d = 1), Brockwell and Lindner (2010) obtained neces-
sary and sufficient conditions for the existence of strictly stationary solutions of (1). In
this article, we generalize those results and obtain some necessary and some sufficient
conditions for the existence of strictly stationary solutions of (1), in terms of some
moment conditions on the white noise (Z¢)¢cz«¢ and zero sets of the characteristic
polynomials

¢mzl—zﬁﬂ{am
ner
O@) =1 +29nln, z=(21,...,24) € (Cd,

nes

corresponding to the recurrence Eq. (1). The polynomial & is called the autoregressive
polynomial and ® the moving average polynomial (we speak of polynomials even if
R,S C Z4). It is known that a sufficient condition for the existence of a weakly
stationary solution, when usually (Z¢);7« is considered to be only uncorrelated white
noise with mean zero, is given by (see Rosenblatt 2000, p. 60)

J.

where T is the d-fold cartesian product of the factor space T = R/27Z, which
we identify by (=, 7], and 1¢ is the Lebesgue measure on R? limited to T¢. By
spectral density arguments it can easily be shown that this condition is also necessary
in complete analogy to the discussion around Eq. (2) in Brockwell and Lindner (2010).
Condition (2) will also play a decisive role, when strictly stationary solutions are
considered.

There are several differences between d = 1 and higher dimensional models with
d > 1, which bring some difficulties: first of all, polynomials cannot be factored com-
pletely as in one dimension, which implies that a quotient of polynomials in several
variables may have common zeros that cannot be canceled out. Another difference
is that even though ®(e~"") may have zeros on T9, it is possible that (2) holds, even
if ®(z) = 1. Furthermore, we have to deal with multiple sums Zkemg Xk for some
random field (Xk)gcz¢, which do not necessarily converge absolutely. Therefore, a
type of convergence defined by Klesov (1995), namely almost sure convergence in
the rectangular sense, will be used. Finally, there is no natural order in space as in
time. Therefore, proposing ARMA models which use a specific order might not be
appropriate in many practical situations. However, nevertheless we will consider in
Sect. 3 causal ARMA models which exhibit some specific spatial order. These models
are useful for spatial data under a directional influence, see Tinline (1970) for an exam-
ple. Furthermore unilateral or causal models are used extensively in image analysis

2

—it
O€ I 134t < oo, )

q)(e—it)
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Solutions of spatial ARMA equations 387

(e.g., Bustos et al. 2009) and lately also in econometrics (see Ahlgren and Gerkman
2007). Other applications in geology and geography are pointed out in Tjgstheim
(1978). Tjgstheim also shows that every weakly stationary, purely nondeterministic
random field admits a unilateral representation. Therefore, unilateral representations
are often used as an approximation since the statistics are easier to handle. Finally,
heavy-tailed causal models are also from a statistical point of view interesting, as
pointed out by Roknossadati and Zarepour (2010) who considered M-estimators for
causal random fields and showed that the convergence rate in the heavy-tailed case is
faster than for the usual estimators in the finite variance case.

The article is structured as follows: in Sect. 2 we study linear strictly stationary
solutions. After that in Sect. 3 we go on to consider strictly stationary causal solutions,
without assuming them a priori to be linear. Then in Sect. 4 a full characterization
of necessary and sufficient conditions for the existence of strictly stationary causal
solutions of a first-order autoregressive model in dimension two will be given. The
following notation will be used: vector-valued variables will be printed bold and the
multi-index notation

=2 2=, z2a) € CY

n=ny,...,ng) € 2%, 't = (e, ..., "), teT?,

will be applied. To indicate that two random variables X and Y are independent,
the symbol X 1l Y will be used. Furthermore the Backward Shift Operator B =
(B1, ..., Bg), where B; shifts the ith coordinate back by one, i.e., for the ith unit
vector ¢; in RY we have

BiZt=Zt—e, i=1,....d, teZ
will be used to write the ARMA Eq. (1) in a compact form as
OB)Y; = OB)Z;, teZ.
The Hilbert space of functions f: T¢ — C, which are square integrable with respect
to 14, will be denoted by L2(T9).1f condition (2) is satisfied, the existence of a Fourier
expansion ‘
® (e—lt)
q)(efit)

= > ke ™, Yz € C. teT, (3)
keZd

wherekt = k-t = z;l:] k;t; denotes the Euclidean inner product on R, is assured, see
Shapiro (2011), Theorem 2.2. Plugging (3) into (2), it is easy to see that the coefficients
(YK )keyze are square summable, i.e., Zkezd |1//k|2 < 00. By H? we denote the Banach
space containing all functions f: D’ — C holomorphic on the open unit polydisc
DY ={z=(z1,....24) € C? : |zi| <1, i = 1,...,d} and satisfying

I£1%, = sup ——
w2 = AP Qny

/w ‘f(re*“)(zd)\d(t) < 0.
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388 M. Drapatz

If a function f: DY — C is holomorphic, it admits a power series expansion
f(@z) = Zkemg axz¥, see Range (1986), Theorem 1.6. Thus, a function f: D4 —

C € H? admits a representation f(z) = Zke]Ng axz* and f e H?, if and only if

Zke]Ng lak|? < oo. To see that, notice that

2 2 2|k
132 = sup D laxlr*.

0<r<l
=r= ke]Ng

Hence, each function f € H? can be identified with its "boundary function” g: T¢ — C,
whose Fourier expansion is given by g(e~'t) = Zke]Ng’ axe 'Kt Further

2 2|k 2
1132 = sup > laxlPr?™M = > |a

0=r=<l ke keNd

7 [P = gl

~ @)

so that H?2 can be identified with a closed subspace of L2(T%), more precisely, the
space of all functions g € L>(T?), whose Fourier coefficients (a)ycz¢ vanish for
k e Zd\]Ng. The space H? is called Hardy space. For more details about Fourier
analysis and Hardy spaces in several variables see Shapiro (2011) or Rudin (1969).
Beside Fourier expansions, Laurent expansions in several variables will be utilized.
All results from function theory in several variables used in this work can be found in
Range (1986).

2 Linear strictly stationary solutions

In this section, we introduce the notion of linear strictly stationary ARMA random
fields and establish necessary and sufficient conditions for the existence of solutions of
the ARMA equations for this class of random fields. In the whole section we assume
that R and S are subsets of Z¢\ {0}.

Definition 1 A random field (Y¢){czq¢, which solves the ARMA equation (1) where
(Zt)¢eza 18 an ii.d. noise, is called a linear strictly stationary solution, if there are
coefficients (Yk)yeze C C, such that

Ye= D ¥Zix telZl

keZd
where the right-hand side converges almost surely absolutely.

Obviously, a linear strictly stationary solution is indeed strictly stationary. A random
field (Zt)¢cya is called deterministic, if there is a constant K suchthatP(Zy = K) =1
forallt € Z4.
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Solutions of spatial ARMA equations 389

Theorem 1 Let R and S be subsets of Zd\{O} and (Zt)¢eza an i.i.d. nondeterministic
random field. The ARMA equation (1) admits a linear strictly stationary solution if
and only if

O ¢ g2 (1)

()
and
Ye= D UkZik telZl, “)
keZd

converges almost surely absolutely, where

® e*it) .
—q,( 5 = 2 Yke M te T, ®)
S keZd

denotes the Fourier expansion of ©(e~"")/®(e™""). If these two conditions are satis-
fied, then a linear strictly stationary solution is given by (4).

Proof Suppose both conditions are satisfied. Applying the operator ®(B) on (Y¢)¢c74
as defined in (4) yields

B =Yi— > dn¥in= > (V=D davin)Zik.

ner keZd4 ner
=k

The random field (¥){c7z« solves the ARMA equations, if the coefficients (§k)ycz4
satisty

Ok, ke S\{0},
fo=vYk— D ¢n¥kn=11 k=0, (6)
neR 0, otherwise.

To prove the validity of these equalities we compare the coefficients (§i)eze With
those of the corresponding Fourier series. Multiplying both sides of Eq. (5) by ® (e %)
yields

—lt) 1 + Z ene—lnt q)(e—it) Z wke—ikt

nes keZd

= Z (I/Ik - Z¢n1//kn)e_ikt' 0

keZd ner

Comparing the coefficients in Eq. (7), the validity of (6) is obtained, which com-
pletes the proof of sufficiency.

Suppose the random field (Wy)cz« is a linear strictly stationary solution of the
ARMA equations. Thus, it has a representation Wy = ZkeZ“’ nkZi—x for t € Vi
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390 M. Drapatz

for some sequence (1k)icz¢ C C, where the right-hand side converges almost surely
absolutely. By an application of Theorem 5.1.4 of Chow and Teicher (1997) this implies
the square summability of the coefficients (7k)c7z¢. The Theorem of Riesz—Fischer
(see Stein and Weiss 1971, Theorem 1.7) now implies that there exists a function
W(e ") in L%(T?), whose Fourier coefficients are precisely (7k)keze. Hence the
Fourier expansion of W(e™"") is given by W(e™t) = 3"\ /4 nxe X for t € T9. Yet
again, we can compare the coefficients of the ARMA equation ®(B)W; = ©(B)Z;
and those of the product @ (e~ )W (e~ and conclude that

D HW(e ) =0@E ), teT. (®)

We define the measurable set N := {t € T - d(e~it) = 0} and obtain by Eq. (8)

fas

Furthermore, by Theorem 3.7 of Range (1986), the set N is a 24 —nullset. Thus,
O(e )/ P(e”") € L2(T?) and because of the uniqueness of the Fourier expansion,
the Fourier coefficients of ©(e~"")/®(e~"") are given by (Vk)ycyza, i-€., Nk = Y for
allk e Z¢. O

CICE)
q)(efit)

2
dkd(t)z/ ‘\I/(e_“)’zd/\d(t) < 0.
Td\N

Animmediate question is under which conditions the right-hand side of Eq. (4) con-
verges almost surely absolutely. Before giving a sufficient condition in Proposition 1,
we need the following lemma.

Lemma 1 Forn,d € IN denote the cardinality of the set {k € Z¢ : |ki|+- - -+ |kq| =
n} by hg(n). Then hy(n) can be bounded from above by Cdnd_l for some constant
Cg > 0.

Proof Ford = 1 we have hi(n) = |{k € Z : |k| = n}| = 2. Suppose the assumption
is valid for d € IN. Then the following identity holds for d + 1

n d
{k e 24 ki |+ ~+|kd+1|:n} = U [k IV ARRE Z|kl~|:n—k, |kd+1|:k} .
k=0 i=l1

Each set of this union with k # n has cardinality less than or equal to 2Cy(n — k)¢~

by assumption and for k = n, i.e., |ky4+1| = n and the other components are zero, the
cardinality is two. Thus, we can conclude A 41 (n) < 2Cdnd +2< Cd+1nd for some
constant Cy41 > O. O

We define for z > 0 the positive part of the natural logarithm as log, (z) =
max(log(z), 0). In the following proposition sufficient conditions for the existence of
a linear strictly stationary solution are given.

Proposition 1 Let R and S be subsets of Z\(0). If the autoregressive polynomial
® (e~ ") has no zero on T4, then for appropriate r = (r1, ..., rq), p = (p1, .- ., pd),
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Solutions of spatial ARMA equations 391

0<r <1<pji=1...,d, aLaurent expansion 0f®(e_i')/d>(e_i') exists given
by

Oz
L D ik, ze K@ p)i=(z=(21.....20) €C?:ri < |z
<pi,i=1,...,d}.

If further
Elogi |Z1| < oo,

then
Y, = Z YkZi—x, teZ
keZd

converges almost surely absolutely. In particular, the random field (Yt)c7a solves the
ARMA equation (1).

Proof If the autoregressive polynomial ®(e~") does not possess any zeros on T¢,
then the quotient ®(z)/®(z) is holomorphic in K (r, p), where 0 < r; < 1 < p; for
suitable r = (r1,...,rq7), p = (p1, - - ., pa). Furthermore Proposition 1.4 in Range
(1986) assures the existence of a Laurent expansion

O@) /0@ = > Yz*, zeKrp), 0<r<l<p,
keZd

and the validity of the Cauchy estimates in d variables, i.e., there are constants M, ¢ >
0 such that
Y| < MecUkilttlka) — yk ¢ 74,

For n € IN the number of possibilities of k € Z? satisfying |k{| + - - - + |kq| = n can
be bounded from above by Cdnd’l, Cy > 0, see Lemma 1. Thus, for ¢’ € (0, ¢) it
follows that

D P( Y Zek| > e¢ (kil++lkaD )

keZd
<>P (M|Zt_k| - e(C*C/)(\k1I+~-'+|kd\))
keZd
= Z P(log+(M|ZoI) > (=) (ki|+ -+ |kd|))
keZd
o0
<1+4+Cy an—l ]P’(log+(M|Zo|) > n(c — c’))_ ©)

n=1

We define the random variable X = log, (M|Zy))/ (c —c ) . Using the two inequalities
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392 M. Drapatz

P(X >n)<P(X >x) forxe(n—1,n], nel,
n<2x forxem-—1,n], neN\{1},

the last series in Eq. (9) can be bounded from above as follows

>t P(X>n)§2/ P(X > x) 2x)? ! dx
n=2 n=2"/n—1
o0
=2d_1/ ]P’(X>x)xd_ldx
1
2d-1 241 rlog. (M|Zo)\*
<Z _Ex9 = E + , 10
< — EX9) == ((C_C/)) co,  (10)

where the last inequality is valid, because the expected value in (10) is finite, if and
only if E logff_ |Zp| < oo. Applying the Borel-Cantelli Lemma implies that the event

{ Yk Ze—k| > e~ ¢ Ukilt-tkal) for infinitely many k € Zd]

has probability zero. The almost sure majorant » y 74 e~¢ Ukil++lkaD) g absolutely
convergent, and hence the series Yy = Zkezd Yk Zi—x converges almost surely
absolutely for all t € Z¢. O

Ford = 1the condition ®(z) # Oforallz € C, |z| = 1,is anecessary and sufficient
condition for the uniqueness of a strictly stationary solution, provided one exists, see
Brockwell and Lindner (2010) who use Brockwell and Lindner (2009), Lemma 3.1.
For d > 1 we do not know whether the analog condition ®(e~'t) % 0 for all t € T
is sufficient for the uniqueness of linear strictly stationary solutions. However, the
necessity of this condition will be established (Lemma 3) and in the following lemma
it is proved that if a strictly stationary solution exists which additionally satisfies some
log-moment condition, then it is the unique strictly stationary solution of the ARMA
equation (1) that satisfies this log-moment condition.

Lemma 2 Suppose ®(e”Y) # 0 for all t € T¢ and let 8§ > 0. Then the ARMA
equation (1) admits at most one strictly stationary solution (Yt)icya satisfying

IElogi_lJ”S |Yp| < o0.

Proof Suppose (Yt)cza 1s a strictly stationary solution with IElog‘i_lJ”S [Yo| < oo.

Since ® (e~ t) £ 0 for all t € T is assumed, the inverse of ®(z) admits a Laurent
expansion

o7'@ = D i ze K p),

keZd

where r = (r1,...,7rq),p = (P1,.--,04), 0 <1 <1 < pj,i = 1...,d
and (Yi)geze C C. Defining for N € IN the truncated inverse filter fy(z) =
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Solutions of spatial ARMA equations 393

.....

> kemax(k ... kg <N WKZS Of @ (z) and applying it to the ARMA equation gives

BOBY =Y+ > yunYion = fuBOBZ, teZ,

neBN
forN = (N,..., N) € N? with N large enough where

IN=keZ :0<|k|<Ni,i=1,...,d},
IN={keIN:VneRIme IN: K=m+n},
Bn={keZ:k=m+n,me Iy, ne R\ Jy,

for yaN = D nem +Kk.mely keR Ymoxk. The coefficients (Yk )iz« decay exponentially
and, therefore, |yn N| < K exp(—cN) for some K, ¢ > 0 and for all n € BN. Further

notice that | BN| < LN for some L > 0. Hence, ZHGBN Yn.NYt—n E 0(N — o0)
since for every € > 0 and some C > 0, ¢’ € (0, ¢) and for N — o0

P2 vanYin| > €| <P| D [Yenl > K 'eexp(eN)

neBN ne BN
<> P (|YH,| > (LK)"'N'de exp(cN))
neBN
< LN“7'P (log, |Yo| > ¢'N)

< L()' P TINT R logd™ 0 vy| — 0.

Thus, fy(B)OB)Z; LP) Yt (N — oo) and Y; is uniquely determined by (Z);c74. O

Lemma 3 Suppose (Yt)icya is a strictly stationary solution of (1). Suppose further
that ®(e™"") has a zero \ € T%. Finally, suppose the underlying probability space
is rich enough to support a random variable U, which is independent of (Yt)ic7z4
and uniformly distributed on [0, 1]. Then (Yt + eiznueit)‘)tezd is another strictly
stationary solution of (1). In particular, the strictly stationary solution of (1) is not
unique.

Proof 1t is easy to see that the random field
Wt — eianeit)\. t c Zd

is strictly stationary. Because of the independence of U and (Y)74, the random field
(Xt)¢eze defined by Xy = Yy + W4, is also strictly stationary. Furthermore we have

OB)We = Wi — D ¢aWin =PV d(e™™) =0,

ner

which shows that (X¢);7« 18 another solution of the ARMA equation (1). O
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394 M. Drapatz

Notice that, if the conditions of the preceding lemma are satisfied and (Yy)czqe is a
linear strictly stationary solution, then the random field (Yt + €27 Uem*) tezd 18 an
example of a strictly stationary solution which is not linear.

3 Causal solutions

In this section, we study necessary conditions and sufficient conditions for the existence
of causal solutions. We define for t = (¢1,...,17),8s = (51,...,84) € 74 the index
sets {s < t} induced by the relation ,,<*“ on 74:

(s<ty:={(seZ:si<t4,i=1,...,d}.

Definition 2 A strictly stationary random field (Y¢)¢cz«, which fulfills the ARMA
equation (1), is called causal solution of the spatial ARMA model, if Y; is measurable
with respectto o(Zs : s < t) foreacht e 74,

When considering causal solutions, it makes sense to restrict the index sets R, S in Eq.
(1) to subsets of ]Ng\{O}. We assume this throughout the whole section. If (Yy)¢c74 is

an independent copy of (Yt){c74, then we call (ft)tezd , defined by Y=Y — Y{ for all
tezda symmetrization of (Yt)¢c7«. We will see that the symmetrization (Yy)¢c74 of a
causal solution (Yt);.7« admits a linear representation Yy = Zk eNd Yk Zi—x for some
coefficients (llfk)kelNg C C and a symmetrization (Zt)tezd of (Z¢){cy4. Butin contrast
to the definition of linear strictly stationary solutions, a specific type of convergence is

not required by Definition 2. However, implicitly this sum has to convergence almost
surely in the rectangular sense, as we will see later on in Theorem 4.

Definition 3 (Klesov (1995), Definitions 1 and 3) Let (Zk), ey be a real-valued ran-

dom field. The multiple series ZkE]Ng Zx converges almost surely in the rectangular
sense, if the limits

Nik Nk
li ...
Jim D> D 2
k1=0 kq=0
forall sequences (Nik, . .., Nak)iew C ]Ng withmin(Nyg, ..., Ng) — oo (k — o0)

almost surely exist and coincide.

For this mode of convergence a generalization to multiple series of the three series
theorem of Kolmogorov is valid. Precisely, the following theorem holds.

Theorem 2 (Klesov 1980 and Klesov 1995, Theorem C) Let (Xn)ne]Ng be a real-
valued random field of independent random variables and define X§ := Xnl{x,|<c)-
Then almost sure convergence of

2. Xa, (11)

d
nelNg
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Solutions of spatial ARMA equations 395

in the rectangular sense and the condition
P(|Xnk| > e) -0 (k—> 0), YVe>0, (12)

for all sequences (Ng)eN with max(nig, ..., nqgx) — 00, are equivalent to the con-
vergence of the following three series for some ¢ > 0, and hence for any ¢ > 0:

> P(1Xn| = ) < o, (A)
ne]Ng
> E(Xp), (B)
ne]Ng
> Var(x). ©
ne]Ng

Here, convergence of (B) is to be understood as (almost surely) rectangular.

Ifd = land > ;2 | X, converges almost surely, condition (12) is satisfied automat-
ically. For d > 1 the following example from Klesov (1995) shows that this condition
is not fulfilled in general.

Example 1 Define X (i, j) = (=DJifori > land j <2 and fortherest X(i, j) = 0.
Then the convergence in the rectangular sense of Z(L e X (i, j) is clear, since

n
Z X(@i,j)=0 forall n> 2.
ij=1

But the series (A) Z?fj:o P(X(, j)| > c) diverges for all ¢ > 0. Notice further that
(12) does not hold in this example.

In addition Klesov (1995) shows that the condition (12) can be dropped, if (Xn),, BN
is symmetric or the random variables are positive. We state it in the following corollary.
For our purposes, mainly the symmetric case is relevant.

Corollary 1 (Klesov 1995, Corollaries 3 and 4) Ler (Xyn), eNd be a real-valued ran-
dom field of independent random variables. Then almost sure convergence of (11)
in the rectangular sense is equivalent to the convergence of (A) and (C) for some
¢ > 0, and hence for any ¢ > 0, if the random variables (Xn)nng are symmetric,
and equivalent to the convergence of (A) and (B) for some ¢ > 0, and hence for any
¢ > 0, if the random variables (Xn), ey are positive.

Consider a nondeterministic real-valued i.i.d. stochastic process (X}, ), <y and coef-
ficients (V,)new C R. If the series Zne]N Y, X, converges almost surely absolutely,
then by application of Theorem 5.1.4 of Chow and Teicher (1997) it can be concluded
that > w,% < 00. The same is true for multiple series, which converge almost
surely in the rectangular sense.
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396 M. Drapatz

Theorem 3 Suppose (Xn)nelNg is a nondeterministic real-valued i.i.d. random field
and (‘/fn)ne]Ng are real coefficients. Furthermore suppose the random variables
(Xn)nelNg are symmetric or positive. If the multiple series D" eNd YnXn converges

almost surely in the rectangular sense, then Zne]Ng W;% < 00.

Proof Suppose znemg Y Xn converges almost surely in the rectangular sense. Then
Corollary 1 and the remark preceding it imply that

IP’(|1/fnank|>e)—>0 Ve >0, (k— 00),

for all sequences (ng)xeN With max(nyy, ..., ngx) — 00. By assumption (Xn)ne]Ng
is an i.i.d. and nondeterministic random field. This implies that some € > 0 exists
such that

P(|Xa| > €) = P(|Xo| > €) > 0,

and in particular Xy, does not converge in probability to zero, if max(n g, . .., ngx) =
oo for k — oo. Hence, we can conclude v, — O for all sequences (mg)ieN
with max(nig, ..., ngx) — o00. Defining Yy := Xy1jy,x,<1} We can conclude by
Theorem 2

> yaVar(Ya) < 00 (13)

d
nelNj

@if Yn = 0, then EYy, or Var(Yy) need not to be defined, in which case we interpret
Var(Yy) as being infinity and v, Var(Yy) to be equal to zero). Next, we claim that

liminf min Var(Y,) > 0. (14)

N—oo [n[=N

If this were not true, there must be a subsequence (ng)reNy C ]Ng such that
max(nik, ..., ngk) — oo and Var(Yy,) — 0 as k — oo. Thus, Yy, — E(Ypn,) —
0 (k — o0)in L2(]P’), and hence XO]l{II//nkXo\d} — EXO]I{\I//n,{Xold}’ which is equal
in distribution to Yy, — E(Yy, ), converges in probability to zero as k — oo. But this
implies that X is deterministic and we have a contradiction. Hence, (14) is satisfied
and together with (13) we obtain Zke]Ng wlf < 00. O

With the aid of the preceding theorem, we are able to prove necessary conditions
for the existence of causal solutions.

Theorem 4 Assume that (Z)icya is L.i.d. nondeterministic noise and R, S C ]Ng\{O}
and that the ARMA equation (1) admits a causal solution (Yt)¢cza. Then the following
two conditions are satisfied:
()
O (z)

€ Hz, z e DY,
D(z)

@ Springer



Solutions of spatial ARMA equations 397

(i) Let (Y{, Z{)¢cza be an independent copy of (Yi, Zt)icze and define the

symmetrizations
s o5 | 2y, Py, and Pgz, symmetric,
(e, Zy) := [ (Yt - Y, Z¢ - Z{) , otherwise. as)
Let further
Oz
@ S ek, zent, (16)

)
(Z) ke]Ng

denote the power series expansion of ®(z)/®(z), then (Yt)tezd is a solution of
the symmetrized ARMA equation

OB)Y = OB)Z, teZ,
and given by

Y = Z akZik, teZd,
ke]Ng

where the convergence of the right-hand side is almost surely rectangular. In
particular, if Pz, is symmetric, then there is at most one symmetric causal solution.

Proof Assume (Yt)tezd is a causal solution of the ARMA equation (1). Then the
symmetrizations (Y¢)¢cz« and (Z)¢czq satisfy the equation

O B)Y; = OB)Z;, teZf,

and obviously ()N’t)tezd is a causal solution of this equation. Reorganizing this ARMA
equation, we get

Vo= ¢u¥in+Zi+ Y kZik teld

neR nes
Now we replace each Yi—n on the right side by the ARMA equation. We do so as

long as none of the random variables Yt—s, s < (Ny,...,Ng) € IN? remains on the
right-hand side of this equation. Defining for N = (Ny, ..., Ng) € ]Ng the index sets

IN={keN§:0<k <Ni,i=1,...,d},
Bv={keN¢:k=m+n, me Iy, ne RUS\Iy,

we get for N = (Ny, ..., Ng) € ]Ng an equation like the following

flt = Z an,NZt—n + Z ﬁn,NZt—n + Z Vn,Ni/t—n

neln neBbN ne BN
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398 M. Drapatz

=: AgN + Ben + Cen, N e NG, (17)
where (on,N)nely> (Bn,N)neBy>(Vn,N)nepy are some complex coefficients and A¢ N,
By N and Cy N denote the first, second and third sum, respectively. Using the causality
of (Yt)¢eza, notice that

AN AL BiNn. Cen YN e N, tezd,
and furthermore we observe that
onN=o0onNn YN >N, neln. (18)

Because of equation (18) we write from now on rather «y than oy N. In the fol-
lowing we want to show that |A¢ N| is not converging in probability to infinity as
min(Ny, ..., Ngj) — oo using a technique adapted from Vollenbroker (2012). The
sum |A¢ N| is not converging in probability to infinity, if we can find some constants
K, € > 0 such that for every sequence (Nx)xeN, Nk = (Nix, ..., Ngk) € IN?, with
min(Nyg, ..., Ngx) — 00 as k — oo the following holds

P(Ax,| < K) > €, VkelN (19)

By stationarity of (¥y)¢cy« there are some constants K > 0 and € € (0, 4—11) such that
P(um <K) >1—¢ VteZd

Using equation (17) this implies for € € (0, %)
P(|At,Nk + Bt,Nk + Ct,Nk| < K) >1—¢, Vkel.
Using the inequalities [N (z)], |S(z)| < |z|, z € C, it follows

P(R(ALN, + Bene + Ceno)l < K) =1 —¢€, and
POS(A¢N, + BeN, + CeN)I < K)>1—€, VkelN (20)

We will now show that the following holds for ¢ € (%, 1 —2e¢)

PIR(ALN)I < K) = ¢, P(3(AeN)I < K) =z ¢, VhkelN 1)

Suppose (5) is not true. Then we can find k1, k2 € IN such that one of the following
inequalities is true

P(RALN ) = K) =1 —c, P(S(AgN,)I = K) =1 —c.
So by the symmetry of A¢ N we have

, -
]P(m (At,N,q) > K) > e, JP(m (At,Nkl) < —K) > Tc or (22a)
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Solutions of spatial ARMA equations 399

1—c

P(3(Awn,) = K) =155 P(3(An,) = —K) = 5~ @)

and obviously

1 1
P (‘ﬁ (Bt,Nk1 + Ct,Nkl) < o) =5 or P (% (Bt,Nk] + ct,N,q) > o) > 5.

Suppose without losing the generality ]P(E)’t(Bt,Nkl + Ct,Nk1 ) <0) > % By symmetry

of R(Ye) = R(AeN,, +BeN,, +CeN,, ) and independence of A N, and By, +Ct,,
it follows in case (22a)

P (19 (A, ) + 9% (Buny, + Cony, ) = K)
) (m (ALN,CI) + 0t (Bt,Nk1 + Ct,Nkl) <-K )
= 2P(9 (A, ) = =K% (Bony, + Cony, ) =0)
= 2P (% (At,Nkl) < —K) P (m (Bt,Nkl + Ct,Nkl) < 0)

1—c¢

= > €. (23)

Similarly, in case (22b) we obtain

l—c
P15 (Aen,) +3 (Bun, +Con, ) 2 K) = —— > @4

The Egs. (23) and (24) provide a contradiction to Eq. (20). Hence, Eq. (21) is satisfied
and Eq. (19) follows easily (with possibly different constants €, K). In particular we
showed that [>" Iny onZi—n| does not converge in probability to infinity as k — oo.

Thus, by Theorem 3.17 of Kallenberg (2002) we can conclude that >° I onZt—n

converges almost surely since (Zt)tezd is symmetric. Furthermore we notice by Eq.
(17) that By N, + Ct N, converges also almost surely as k — oo, and it is measurable

with respect to o (Zs, s<t— Nl>, VI € IN. Hence, we can deduce that the limit of
B¢ N, + Ct N, 1s measurable with respect to the tail o-field

() o(Zs,s <t—Np).
kelN

By Kolmogorov’s zero-one law this o -field is P-trivial. Hence, the limit of B¢ N, +Ct N,
is almost surely constant, which we denote by u for the moment. Altogether we have

)7t =u+ kll)ngo z anZt_n a.s,

nEINk
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400 M. Drapatz

for every sequence (Nj)reN, Nk =~(N1k, e, Nzyc) e INY, with min(Nyg,. .., Ng) =
00 as k — o0o. By symmetry of (Yt){cy« and (Zt)¢cz¢, we must have u = 0 almost
surely. Further, ZHE]NS anZi—n converges almost surely in the rectangular sense.
Applying Theorem 3 it follows that

Z lan|? < oo0.

d
nelNj

The proof is finished if we can show that ®(z)/®(z) € H 2 and the power series
expansion of this function is given by

O(z) . k d
@ Zdozkz . zeD?, (25)
ke]N0

To do so, we apply the operator @ (B) to both sides of Eq. (17) and get by (1)
OBVt = D an®B)Ztn+ D faNPB)Zin+ D ¥aNOB)Zin
neln neBn neBN

=0O®B)Z;, N=(Ny,...,Ny) e N

Because of the independence of (Zy), <74 and the assumption that it is nondeterministic
we can conclude that the coefficients of both sides of this equation are equal. Thus for
eachN = (Ny, ..., Ng) with Iy D S we have op = 1 and

|k, keSS,
= D, fuicn = Io, k € IN\(S U {0}).

neR,n<k

Hence, we observe for all t € T¢

(1_Z¢ne—int) Zake—ikt ZZ o — Z bain | et

nerR ke]Ng ke]Ng neR n<k
=1+ Z Ope M = (e, (26)
nes

The zero set of ® (e ") is a null set of the d —djmensional Lebesgue measure. Because
of this and equation (26), we conclude @ (e ")/ (e~") € H> C L?(T?) and that is
equation (25). O

In the case that Pz, is symmetric, we can now give the following necessary and
sufficient condition for the existence of symmetric causal solutions:
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Solutions of spatial ARMA equations 401

Corollary 2 Assume (Zt)ycza is i.i.d. nondeterministic symmetric noise and R, S C
]Ng\{O}. Then the ARMA equation (1) admits a causal solution (Yt)¢cya if and only if

O(z)
— €

H2, VAS ]Dd,
D(z)

and Zk eId Ok Zyx converges almost surely in the rectangular sense, where (o), ey
is given by (16). In that case, Y; := Zke]Ng akZi—k defines the unique symmetric
causal solution.

Proof Necessity has been shown in Theorem 4, and sufficiency follows as in the proof
of Theorem 1. O

In the following theorem we give sufficient conditions for the existence of a
causal solution. Notice that under condition (i) the convergence is even almost surely
absolutely.

Theorem S Suppose (Zt)icz4 is an i.i.d. random field. Then a causal solution of the
ARMA equation (1) exists, if one of the following conditions is satisfied:

(i) Elog?|Zg| < 0o and ®(z) #0 Yz eD'.

(ii) EIZg* < 00, EZy=0 and g2 € H>.

In both cases the quotient ©(z)/ P (z) admits a power series expansion, given by

®
@ Z Yz, z=(z1,...,24) € DY,
@ (z) ”
kelNj

and a causal solution is given by

Vo= D UZik, tell, 27)

d
kelNj

where the right-hand side converges in case (1) almost surely absolutely and in case
(ii) almost surely in the rectangular sense.

Proof In case (i) by the condition that ®(z) has no zero on ﬁd the existence of a
multidimensional power series expansion is assured. The remaining proof is almost
the same as the proof of Proposition 1. The assumptions in case (ii) assure LZ(IP’)-
convergence of (27). Furthermore it is easy to see that (27) solves the ARMA equations
in both cases. O

Having derived necessary conditions and sufficient conditions, we want to discuss
the crucial condition that the quotient of the ARMA polynomials lies in H>. In the
time series model (d = 1), if ®(z) and ®(z) have no common zeros, a necessary and
sufficient condition for the existence of strictly stationary solution is ®(z) # 0 for
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402 M. Drapatz

|z] = landElog, |Zy| < oo (if ® is not constant), see Brockwell and Lindner (2010).
We will see that in contrast to the time series model for d > 1 it is not necessary that
the analog condition ®(e~'t) # 0 for t € T¢ holds, cf. the upcoming Example 2.

A polynomial in two or more variables can in general not be factored as in one vari-
able. If a polynomial p(xy, ..., x,) admits a factorization p = gr, where g and r are
nonconstant polynomials of n or less variables, then it is called reducible, otherwise
irreducible. Every polynomial of several variables admits a factorization into irre-
ducible factors, which is essentially, except for multiplication with constants, unique,
cf. Bocher (1964), Chapter 16. If this factorization consists of only one nonconstant
irreducible factor, then the polynomial is irreducible. The following result will be use-
ful to exclude zeros of ® on the closed unit disc if d = 2 and ® = 1, cf. Corollary 3.

Theorem 6 Suppose ® : C¢ — C is an irreducible polynomial in d > 2 variables
and further, if arbitrary d — 1 variables are fixed, the polynomial in the remaining
variable is not identically zero. If ® has a root t©) = (t(o), .. (0)) € (E)Dd) \T¢,

ie., ®(t©) =0, then ® has also roots inside the open unit polydlsc DA,

Proof Suppose 1O = (t(o) . t(o)) € (0DY)\T¥ is aroot of . Then for at least one

ief{l,...,d}we havet ) e D, and for at leastone i € {1, ..., d} we have ti(o) eT.
Define

= {ie{l, .d) e’H‘}

N = {ie{l,...,d}:ti(o)e]D)}, TUN ={1,....d).

Without loss of generalization, we assume I = {1,...,j}and N ={j + 1,...,d}.
We fix all variables except?; € I andt; € N and consider the two variable polynomial

— (0) 0) (0) ©)
p(t]std) dD(t 9. tj 19t]7tj+19" td lald)

= Zak(t,»)tj;, nen,

k=0

where the coefficients ay(¢;) are themselves polynomials in one variable 7;. We have
p(t(o) © ) = 0. Suppose ay, (t( )) # 0. Then, by Theorem 3.9.1 of Tyrtyshnikov
(1997) the polynomial roots x; (t) i =1, ,n of the equation p(z, x;(t)) = 0
can be chosen to be continuous in ¢ in a ne1ghb0rh00d of 1. Thus, there exists
tj('l)’ a M

t; ) ¢ D such that p(t ;1)) = 0. Now suppose a, (tj(.o)) = 0. Then there exists

1 < k < n such that a; (t](.o)) # 0 or otherwise the polynomial p(t](.o), -) is identically
zero, which is excluded by the assumptions of the theorem. In the first case we can use
the same argument as before. Applying this argument inductively for all i € I yields
the statement of the theorem. O

If we consider a polynomial ® : C> — C in two variables, the assumption that &
is irreducible implies the second condition in the preceding theorem: if ®(z1, z2) =
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Solutions of spatial ARMA equations 403

ZZ:o ai (zl)zlj is identically zero, the first variable being fixed, then the coefficients
ay, which are polynomials themselves, have a common zero and hence the polynomial
can be factorized. Thus, by Theorem 6 for d = 2 aroot in (8]]))2) \']I‘2 of an irreducible

polynomial implies a root inside D>. However, in three variables this is not true,
consider, e.g.,

®(z1,22,23) = (1 — z1)z3 + (1 — 22)73.

Fixing (z1, z2) = (1, 1) the polynomial ®(1, 1, z3) is identical to zero, but ® can not
be factorized. Notice that for ®~! € H? it is necessary and sufficient that ®(z) # 0

on D9 and
5

where the integral does not depend on the values on (8Dd) \T¢. With the help of Theo-
rem 6, we now establish the following necessary condition in the spatial autoregressive
model for d = 2:

2
dr(t) < . (28)

d(eit)

Corollary 3 Suppose (Zt)icp2 is i.i.d. nondeterministic and R C ]N%\{O}. A neces-
sary condition for the existence of a causal solution in the autoregressive model (1),
where ©(z1,22) = 1, is given by

D(z1,220) #0 VY(z1,20) € D

Proof By Theorem 4 we know that ®~!(z1, z0) € H? is a necessary and sufficient
condition for the existence of a causal solution. This implies directly that ®(zy, z2)
cannot possess any root on D2. Now assume ®(z, z2) = [T7, @i(z1, z2) is a factor-
ization of ®, where each ®;(z;, z2) is irreducible. If one factor ®;(z1, z2) = ®;(z1)
only depends on one variable, then it follows

®i(z1) #0 Vz1 € C:zy| =1,

since, if |z1| < 1 is a zero, then ®(zy, z2) will have a zero on D?. If z; € C with
|z1] = 11is aroot, then ®1(z1, z2) cannot be square integrable. If a factor ®; depends
on two variables, then we can apply Theorem 6 and it follows ®;(z1,z2) # 0 on
(BDZ) \T?. It remains to show that ®(e~"", e~"") # 0 on T?. Suppose w € T is a
zero of ®(e~", e~"). Then by the mean value theorem, for an arbitrary norm || - || on
R? and some C > 0

|D (e @Y = |@ (@) — o (e7™)| < C|h||, he T

But this implies

/ dh > C_Z/ dh _ 00 29)
T2 | @ (e~ iwth)2 =  [h2
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404 M. Drapatz

where the latter integral is infinite by simple calculus. This contradicts ®~! € H?2.
—2 .
Altogether we showed that no zero on D" can exist. O

We go on discussing the relation between zeros on T¢ and the finiteness of (28). The
following example from Rosenblatt (2000) shows that for d > 3 it is possible to have
roots on T¢ and still ®~!(z) € H? holds.

Example 2 Consider for d = 5 the function

5
1
(D(Z)ZI_gz IZi’ z=(z1,...,25) € C°
=

We will show ®~!(e~t) € L?(T?), and this implies ®~!(z) € H? by noticing that
the only rootin D° is 1 = (1, ..., 1). Utilizing the Taylor expansion

e M =1—ihj—h3+OM), hj—0, j=1,...,5

we estimate

2 2
o) = g3 )| = s 3+ 00)
j=1 j=1
_ |1 d o 2 ’ 23=1O(h3)
- Sg(lh]-f-hj) IJF%ZL1 (ihj+h5)
Observe that
2510 (1)
— 0 as max (Jhy],...,|hs]) — O.

155 . 2
§Z,/:1 (’hj +hj)

Hence, there are € > 0 and C, C2 > 0 such that

/ dh <c +/ dh
s [0 ™2 = T fiyce [@e )2

=C+ Cz/ ah 5
mll<e |13 Ghy +hY)
< c1+25c2/ LI
< [[h[]*

where ||| denotes the Euclidean norm.

Rosenblatt (1985), p. 228, states that the reciprocal of the similar polynomial
D(z1,22,23) =1~— %(11 + 22+ z3) ford = 3 is also in H2.

While for d = 2 for autoregressive models ® (e ~*) # 0 forall t € T? is necessary,
this is no longer the case for ARMA models, as the following example shows.
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Solutions of spatial ARMA equations 405

Example 3 Consider the two-dimensional ARMA model

1 1
Vo= SBiYe— SBoYo=Zi = BiZi = ByZo+ BiBaZy, t=(n,1) € 72

The corresponding moving average and autoregressive polynomials are given by

1 1
P(z1,22) =1—- 53~ 5%, .2 € C.

Notice that both polynomials have a common zero (z1, z2) = (1, 1) on T2. We define
H™ as usual as the vector space of all holomorphic functions f : D¢ — C, which are
bounded on D¢. Then O (z1, z2)/ P (z1, z2) € H® C H?, as can be seen by following
estimation:

‘®(Z1, 22)

2=‘2(1—Zl)(1—22)2_4 1
D(z1,22)

l—zi+1-2 | |4 L2

1-z;

I-22

1
<4
[R5 + =)

<4, Vzi,z2 €D.

As distinct from the one-dimensional case the common root of the nominator and
denominator can not be canceled out, because the polynomials do not factorize. In
some sense, the zero of the nominator covers for the zero of the denominator, resulting
in the square integrability.

4 The spatial autoregressive model of first order

In the foregoing section we were able to specify necessary conditions and sufficient
conditions for the existence of causal solutions, in terms of the zero set of the ARMA
polynomials. However, we could not give necessary moment conditions on the noise
(Zt)cza - 1t turns out that in difference to the one-dimensional case, where the asymp-
totics of the coefficients of the Laurent expansion

O(z)
) Z Yzt
keZ
can be easily completely determined in dependence of the zeros of ®(z), ford > 1 it
is difficult to determine the asymptotics of the corresponding Laurent or power series
expansion. To specify necessary moment conditions, lower bounds on the decay of
the coefficients are needed. However, even though in general it seems difficult to
determine lower bounds or the exact asymptotics, for a specific model we are able
to determine necessary moment conditions. In this section we want to establish a
full characterization of necessary and sufficient conditions for the existence of causal
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solutions of the autoregressive model of first order with real coefficients in dimension
two: consider the spatial autoregressive model defined by the equations

Yo, — 1Y 160 — G2V 01 — B3V —1.0-1 = Zy.py, (11, 12) € 77, (30)

where ¢1, ¢2, $3 € R, (¢1, ¢2, ¢3) # (0,0, 0) and (Z¢)72 is anondeterministici.i.d.
complex-valued random field. We want to establish necessary and sufficient conditions
for the existence of a causal solution. To do so, several auxiliary results are needed.
First, we want to determine the coefficients, which solve the model (30) corresponding
to partial difference equation

Yk = Q1¥n—1.k + P2V¥n k-1 + P3¥n—14k-1, n,keNg, (m k)#(0,0), @3I)
Yno =¢f, Vox=¢5 for n, ke N, (32)

where (32) are the boundary conditions and convention ¥, x = 0 for (n, k) € Zz\]N%
is used. It is associated with (30) by the equation

o0
D Ymadids | (=121 — doza — 3z122) = 1.
n,k=0

The solution of this partial difference equation is determined in Fray and Roselle
(1971):

Lemma 4 The unique solution of (31) with boundary conditions (32) is given by

- k k—j n—j -7,
w}f’lkﬁ¢2v¢3 = wn,k = Z (J) (n + k ])¢1 ]¢§ /¢§ (33)
j=0
n k e . )
= (';) (J.)qbl T65~ (pr1¢hn + ¢3)7, n,k € No. (34)
j=0

The formulas (33) and (34) are also valid if some of the coefficients ¢1, ¢», ¢3 are equal
to zero. The numbers wi ‘k’¢2’¢3 are called weighted Delannoy numbers. They can be
interpreted as the number of weighted paths from (0, 0) to (n, k) in the two-dimensional
lattice ]N%, when only moving with steps (1, 0), (0, 1) and (1, 1) is allowed and related
weights ¢1, ¢ and ¢3, respectively. To establish later on necessary moment conditions
on the noise (Zt);c72, the asymptotics of w,i 1k‘¢2’¢3 for n, k — oo have to be known.
Hetyei (2009) discovered that the weighted Delannoy numbers are related to Jacobi
polynomials. For n € IN the nth Jacobi polynomial Pn(“’ﬂ)(x) of type («, B),a, B >

—1, is defined for x € (—1, 1) as

n
n

PEP () = (=) ") A =0T (1 +x) P
dx

((l _ X)I’H-Ol(l +x)n+/3) .

The Jacobi polynomial P,,(O["3 ) (x) is indeed a polynomial of degree n on (—1, 1) and
can, therefore, be extended to x € RR. The following relationship is valid, see Theorem
2.8 of Hetyei (2009):
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Theorem 7 For B € Ny and ¢3 # 0 we have

b1
Y = of (—ga) PP (—2? - 1) . keN.

Therefore, the asymptotic behavior of the coefficients depends on the asymptotics
of the Jacobi polynomials, which have been studied extensively. Wong and Zhao
(2003), Theorem 5.1, established an asymptotic expansion for Jacobi polynomials
with explicit error term. Accordingly, the asymptotic expansion of order p € IN can
for N :==n+ % with § € INg be written as

2\ P2 @)
(cos 5) P,l(o’ﬂ) (cosB) = —Jo(NO) Z NE
k=0

p—1
di (0
—J1(NO) D" % +8,(N.0), (35)
k=0

where J,, is the Bessel function of order u, ¢ () and di (@) are some coefficients
and 6,(N, 0) is the error term. The asymptotic expansion (35) holds uniformly in
6 € (0, ) and the coefficients can be calculated explicitly. The first coefficients are

given by co(f) = —9%(sin 9)_% and do(6) = 0. Thus, for p = 1 the asymptotic
expansion equals

©,8) 4 7 4
PP (cos0) = | cos = —Jo(NO) +61(N,0) ), (36)
2 sin 6

where the error term can be estimated by
A
161(N,0)| < N ([Jo(NO) + [J1(NO)), A >0. (37

Here, the constant A is independent of 6, n and 8. Now we are prepared to estab-
lish the estimation from below of the asymptotics of the coefficients (k) ,, K2
to determine moment conditions. Notice that ¢, ¢2, ¢p3 € (—1, 1) is necessary for
CD’l(zl, 22) = (1 — 121 — poz0 — ¢3zlz2)’1 € H?, see Corollary 3 and Basu and
Reinsel (1993), Proposition 1.

Lemma 5 Let ¢1, ¢2, ¢3 € (—1, 1) and at least two coefficients not equal to zero.
Then there is a constant C > 0 and xo > 1 such that

) = H(n,k) e I : [yt < xH > Clog?(x), x> xo> 1.
Proof We consider the three different cases (i) ¢1 = 0 or ¢o = 0, (ii) p1¢2 # 0

and ¢3¢1_1¢2_1 > —1 and (iii) ¢1¢2» # 0 and ¢3¢1_1¢2_1 < —1. First, observe for
$142 # 0 by (34)
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1,902,903 3 j
i = () () (1 5%)

Thus, in the case (ii) @12 # 0 and ¢3¢, ', € [—1, 00) we have W}il};¢z,¢3| >
11" 2| for all (n, k) € ]N% and, therefore, for some xg > 1 and C > 0

fx) = H(n,k) e N} : g1 "ol 7F < xH > Clog’(x), x > xo,

where the inequality follows easily. Second, assume in the case (i) ¢1 = 0 or ¢pp =0
without restricting the generality ¢ = O (the case ¢» = 0 follows then by symmetry).
By equation (33), the coefficients (w”vk)(n,k)E]N% are given by

(k)d)kfn(pn k>n
- » #3, Kz,
1//n’k_[Or,l k < n.

Therefore, we estimate

k —1
f) =k e N k>n: (n) |~ 7 |3 ™" < x}

(1, K) € N2, & = n < min(lg], |Z3 Dl <

—|{(n k) € ING = min(| g, '23') k) < x}| > Clog?(x),

v

V

for all x > xg > 1 and some C > 0.
At last, consider the case (iii) ¢1¢2 # 0 and ¢3¢, 1¢2_ ' < —1 and define z :=
—2¢1¢2_1¢3_1 —1 e (—1,1)and 0 € (0, ) by the equation cos # = z. Define further

= {keNo: i <5}

Then the function f satisfies f(x) > >3, 1A%).

1’1’4’73
Notice that the equality 1//"5‘ 92.63 = Pk Vi 192 holds. Hence, by Theorem 7

we can express the set Af as

A;?:[nemo p11~ <"+ﬂ>|¢z|*"|wn+ﬁ“’,1“’2r ]
— ¢z _ 0,8) 2¢1¢2 !
= 1neNo: 1| " Pgo| ™| —— 7" PO - — 1) | <t
{ P12 " o3
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In the following we shall estimate

|93
d192

PO (_ 2¢192 1)'
b3

from below using the asymptotic expansion (36) with error term (37). Hence, we have

0
\ = Jo(NO) +81(N,0)|,
sin 6

Denote 38 = min(6, = —0). Thenif (n + %) 0—Z € Ugez(5+km =8, 5 +km+3),

0
|PP) (cos0)| = |cos §|_’3 p e No. (38)

then (n +1+ %) 0 — % ¢ Uez (5 +km — 8,5 +kmr +6). Hence, the cosine

term |cos { (n + (’Szﬂ) 0 — % | can be bounded from below by |COS(% + §)| for at

least every second n € N for fixed 8 € INg. Now by the error estimate (37) and the
asymptotic formula for the Bessel function (see Szegé (1967), equation (1.7))

2 T 7w 3
Ju(z)z,/n—zcos(z—%—Z)—i-(’)(z_f), 7 —> 00,

we can conclude that there are M € IN and C; > 0, such that for every fixed 8 € N
we have for at least every second n € IN such that N = n + (8 + 1)/2 > M, the

estimate
> 20 lcos (Ne il )| A (1J0(NO)|
=\ sin(0)7 N6 WA AL

‘,/.LJ()(Ne) +81(N,0)
sin @
LN ) — C(NOY3

‘cos , € e€(0,1).
s1n(9)nN9

(39)

Therefore, equations (38) and (39) yield for some € > 0

Pn(o’ﬂ) (_2¢1¢2 . ])
¢3

for at least every second n > M and for every B € INg. Using these estimations it
follows that for some € > 0

N
d192

> €

3

2148 > —1. (40

2

1
[n eNon+ 21w 1|~ P |y | < xe]
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Altogether we conclude (the estimation in (40) is only done for at most all 8 € Ny
fulfilling B8 < — log(xe€)/log|¢1], x > €', thus finitely many times)

1
£ = 3| [tk k) € Nki = ko 2 181170127 < we}| = CM? = Clogxe,
X > 671,

for some C, C’ > 0 and the statement of the lemma follows easily. O

Theorem 8 Let (¢1, ¢, ¢3) € R3\(0,0,0) and (Z1),6) (1), 1y)ez2- Then the spatial
autoregressive model (30) admits a causal solution (Y1, 1,) s, 1p)ez2 if and only if

(1) the polynomial ®(z1,z1) =1 — ¢121 — P222 — $32122 has no zero on ﬁz, and
(i) ifatleast two coefficients of 1, ¢2 and ¢3 are not equal to zero, then |E log%_ |Zg| <
0o, otherwise Elog, | Zg| < oo.

If those conditions hold and Pz, is symmetric, then the unique symmetric causal
solution is given by Yy = Zke]N(z) YkZi—x,t € 72, where

ki

wkzz(’?)(kﬁkz—f)ﬁ'f¢§2f¢g, k=Gik) e N, @)

k
j=0 2

and convergence is almost surely in the rectangular sense.

Proof Suppose first that at least two coefficients of ¢1, ¢, ¢3 are not equal to zero.
Then sufficiency of conditions (i) and (ii) as well as the representation (41) follow
from Theorem 5, since

_ =2
o @)= D Y, zeD.

kelN?

Conversely, suppose that (Y¢)¢c72 is a causal solution of (30). The necessity of con-
dition (i) follows by Corollary 3. It remains to show the necessity of condition (ii).
As in the proof of Theorem 4 we define the symmetrizations (?t)teZZ and (Zt)teZZ~
Then (?t)tezz admits the representation Yt = Zke]N% szt—k, where

ki

=3 (ka) (k1 Tl j)¢{""¢’5“'¢§, k= (k1.ky) € N},

k
j=0 ?

and the convergence is almost surely in the rectangular sense. By Theorem 2 and
Corollary 1 we can conclude

D p(\wkzt_k\ > e) <00, Ve=0. (42)

kelN3
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Butequation (42) implies finite second log-moment, because of the following estimates

o0
Elog?|Zol < > log?(k + )P (k <|Zo| <k + 1)
k=1

< i(log(k) + 1)2]P’(k <170l <k + 1) .
k=1

The last series is finite, if and only if Z,fi 1 log2 kP (k <|Zo| <k + 1) converges.
By Lemma 5 the latter series can be bounded from above by

ilogz(k)]l” (k <1Zol <k + 1) <C i ){k eZ?: ™! < k}‘IP’(k <1Zol <k + 1)
k=1 k=1

oo
—C " |tk ez sy~ € (k= 1.k PAZol = b
k=1

<> P(szt—ﬂ = 1) < 00,
kelNZ

where the last inequality follows by equation (42). Notice that the finite second log-
moment of the symmetrization Zgy implies finiteness of the second log-moment of
Zy.

It remains to consider the case, when two coefficients are equal to zero. In this case
the model reduces to a one-dimensional model. That is also the case, if ¢1 = ¢ =0
by defining the operator B = Bj B>. The model lives only on the diagonal t = (z, 1) €
72t € 7. Thus, the results Brockwell and Lindner (2010) for the time series model can
be applied, which yields necessity and sufficiency of Elog, |Zy| < oo and condition
(i) in that case. ]

An equivalent condition for (i) describing the parameter regions is given in Propo-
sition 1 of Basu and Reinsel (1993).
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