Supplementary material for “On the Tail Index Infer-
ence for Heavy-Tailed GARCH-type Innovations”

1 Proofs of Lemmas
In this section, we provide the proofs of the lemmas in Section 5.

Lemma 1. )
n P (y‘l/a <Ui/b(n/k) <y, /a)

k Yy—mu

lim sup
7700 0<y1 <y<yx

1|0.

Proof. Let £(y) = £(y~"/*b(n/k))/¢(b(n/k)) (cf. (4)). Then, we have £(y) = 1+ o(1) uniformly in
0 < y < ys. Thus,

n P (/"00/ ) — F (/b)) " vily) - 1)

k Yy—Wn T EF(b(n/k)) Yy—n !
|-+ (fw) - Tw)

B Yy—un -

C(y=1/2b(n/k))

<1 ¢ (<y1/y>—1/ay-l/%<n/k>)) } ol

. 1
= {1 Ty 1

On the other hand, we have from (5) that

— (1— géf:;)) - = (1— géf:g)) = T D) +A @) - 2 AGa)

1—27
z—1

= Dx7 {14+0(1)}, uniformlyin z > 1, as z — oo.

Since limy, 00 SUPg<yy <y, {y_l/o‘b(n/k)}7 = 0, we have

. 1 (/) oy Vob(n/k) \|
lim sup 1-— 1 =0.
N0 )<y <y<ys y/y1—1 1 (yi /ab(n/k))
Thus,
n P (y‘l/a < Ui/b(n/k) < yfl/a)
lim sup — —1]=0.
N0 0<y <y<ys« y—n
Further,
F (y=Yob(n/k
lim sup |2 GTE0) N
N—=00 )<y <y k Yy
This completes the proof. 0



Lemma 2. Let y, > 1. Then, as n — oo,

(8.1) E{Zni(y2) — Zni(y1)} ~ ﬁ (y2 -v1),

2]€ y2
(8.2) E{Zpi(y2) — Zni(y1)}> ~ o (yz —y1 — y1log y1> ;

3k 2

(53 E{Zuilwe) - Zulm)} ~ - <2y2 - (log 2 +1) ) ,

k
(S.4) E{Zyi(ya) — Zni(y3) H{ Zni(y2) — Zni(y1)} ~ n <10g Zi) (Y2 —y1),

2 2 2k Ya ? Y2

(S.5) E{Zni(ya) = Zni(y3)} {Zni(y2) — Zni(y1)}" ~ —— (log=— | (y2 —y1 —y1log =

an Y3 Y1
uniformly in 0 < y1 < yo < y3 < Y4 < Y-

Proof. Let p be an positive integer. Notice that

B{Zui(m) ~ Zu(n))? = (31062 ) F (4 000/0)) + B2, )1 (Ui < b/ B))

U,

()’ i (i) 1 e 00 5,
2 ew;““ b(n/k))

since

BZ0, ()1 (U: < u7V/"b(n/k) )

_ _1/a éIO%p Pexp (ul/P n/k
_ Ay bR /0< ) er p€<( ")y Wk)() /D),

) (;bg z)

Further, note that

(exp (u!/?) yy V' b(n/k))
Uy " b(n/R))
uniformly in 0 < u < oo and 0 <y < y2 < ys,

=1+40(l) asn— oo

PO b [ e = LEGT ) (2 1) ~ )
F(yfl/%(n/k))/o< ) e—out/ %du: %F( Vb(n/k)) < —1-1lo gy1>

2k
~— y2—yl—y110g* ,
1

a?n



al Y1 U1

3k 2
N{2y2—y1 (logy2+1> }
an U1

uniformly in 0 < y; < yo < 1. Thus, (S.1)-(S.3) hold. Since (S.4) and (S.5) are easily seen owing
to the fact that

E{Zui (1) — Zoi (03) Y4 Zoi (42) — Zoi (30) ) = (log zg)p E{Zni(ys) — Zni(y1) )7,

the lemma is asserted. 0

3
_ alogyy 1 _ 2
Flyy Y b(n/k)) / (Ereit) oy, _ 2R b /b) {2@’2 1 <1og v2 4 1> }

Lemma 3. Let p. > 0. Then,

n 1 MD 1
logh | — | =logb(n/k) — —logp+ ——=(p "/ —1 —i—o()
g(pk> gb(n/k) = Jlogp+ (o ) N
uniformly in 0 < p < py.
Proof. The lemma is a direct result of (8) and (6) with M € [0, c0). 0

Lemma 4. Let ( € R and 0 < po < px < 00. Then,
(S.6) Wa(p,s,t) > ¢ if and only if Mn(p,C,s,t) > Cp(t — s) + o(1)

uniformly in po < p < pr and 0 < s <t <1 witht—s > 1/\/% Further, for any K > 0 and € > 0,

(S.7) lim P| sup sup  sup |Ln(p,C,0,t) — Ly (p,t)] > €| =0,
o0\ po<p<pr —K<(<K te[0,1]
(S.8) lim P| sup sup  sup {Mn(p, ¢,0,t) — a_lM,’;(p,t)‘ >e| =0,
o0\ po<p<pr —K<(<K te[0,1]
and
(S.9) lim lim sup P (sup|L (p1,0,0,8) — Lyp(p2,0,0,t)| > e> =0,
=0 n—oo

where the supremum is taken over |(p1,s) — (p2,t)] < & with po < p1 < p2 < ps. Hence,
{Ln(p,0,0,t) : (p,t) € [po, p«] x [0,1]} is tight.

Proof. Note that (S.7)-(S.9) is directly obtained from Lemma 3, since {L}} and {M} are asymp-
totically uniformly equicontinuous. Observe that W, (p, s, t) > ¢ if and only if

5.5, blomon(z) ()
e 3) ()

v

\/E{p(t— -

R TR 5 R
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uniformly in po < p<p,and 0 <s <t <1 witht—s> 1/\/%, since

2 (15 (1)) e (v (2 ) (22 5 (31))

; ) ey

oo ()] ) oo (5)] o 2 )

uniformly in p, < p < p,. Hence, (S.6) holds, which completes the proof. 0

Lemma 5. Let 0 < po < ps < 00 and tg € (0,1). Then, {ptWy,(p,0,t) : (p,t) € [po, ps] X [to, 1]}
and {p(1 = t)Wn(p,t,1) : (p,t) € [po, p«] x [0,1 — o} are tight.

Proof. We only provide the proof of the first since the latter can be verified similarly. From (31),
(S.6) and (S.8), we have

(S.10) sup  sup |ptWy(p,0,t)| = Op(1).
to<t<1 po<p<px

Let € >0 and K > 0. Take
—K=0<G< - <g=K

with €/4 < (; — (-1 <e€/2for i =1,...,l, and put

An<K>={ sup  sup |pth<p,o,t>r<K},

to<t<1 po<p<px
B,(6) = {s%p |p1ti Wi (p1,0,t1) — pataWi(p2,0,t2)| > e}, § >0,

where sup; is taken over |(p1,t1) — (p2,t2)] < § with tg < t1 Ata and po < p1 < pa < ps.
Note that A,(K) N B,(d) implies

C -~

U {p1tiWa(p1,0,t1) < -1, pataWn(p2,0,t2) > G}
p1,t1)—=(p2;t2)[<6

U @@Qmé;mm)<g1+mmﬂh0m£;ﬁ@>zg+qn}

Li(p1,t1)=(p2,t2)|<6

—

i=1|

N
-~

2

~

U {M,, (p1,0,0,t1) < Gi—1 +op(1), My (p2,0,0,t2) > ¢; +op(1)}
=1 |(p1,t1)—(p2,t2)|<8

€
B i
< U {IMa(e0,0,0) = M (p2,0,0,82) = T +0r(1) |
[(p1,t1)—(p2,t2)|<d

uniformly in p1, p2 € [po, p«], t1,t2 € [to,1]. Thus, we have from (5.31) and (S.8) that

lim limsup P(B,(5)) < limlimsup P(B,(0) N A,(K)) + limsup {1 — P(A,(K))}

=0 nooo =0 pooo n—+00
= limsup{l — P(4,(K))}.
n— o0
Hence, owing to (S.10), the lemma is validated by letting K — oo. 0



Lemma 6. Let 0 < po < px < 00 and K > 0. Then,

n ¢ pk { 1 ¢ ~DM iy < 1 )}
S.11 E(logU;—logh| — | ——F=) =————F=+———p " +o|—=
( ) < & : (Pk> \/E>+ n la Vi \/Eoz(a—’y)p Vk
uniformly in ¢ € [—K, K] and po < p < px.
Proof. The lemma is a direct result of (7) 0

Lemma 7. Let 0 < po < px < 00. Then,

Lo (p,0,0,t) — ptWa(p,0,t) —

Ln(ﬂy 0707t) - Pth(onat) i}
Ln(p, 07 t, 1) - p(l - t)Wn(p> t, 1)

B(p,t) in D([po, p«] X [to,1]),

B(p,1) ,
( B(p,1) — B(p,t) > ,in D*([po, ps] x [to,1]).

Proof. We only provide the proof of the first. Since {Ly(p,0,0,t) —ptW,(p,0,t) : (p,t) € [po, ps] X
[to, 1]} is tight (cf. Lemma 4-5), it suffices to show that every finite dimensional distribution of

Q= Q|+

L, (p,0,0,t) — ptW,(p,0,t) converges weakly to the corresponding finite dimensional distribution
of a™'B(p,t). Let po < p1 < -, pm < px (m € N). Then, from (S.6)-(S.8), the distributional limit
of

(Ln(p1,0,0,t), p1tWn(p1,0,t), -, Ln(pm, 0,0,t), pmt Wi (pm, 0,¢))

is equal to that of

Anlt) = (Li(p1, ) 0" M (o1, ), s Li(pms ), 0 M (o, 1))
Subsequently, since the distributional limit of A, (¢) has stationary and independent increments,
the lemma is validated by (42). 0
Lemma 8. There exists s > 0 such that E|eg|® < oo.
Proof. See the proof of Theorem 6 of Pan et al. (2008). 0

Lemma 9. Let n > 0. Then, there exist r € (0,1) and K > 0, such that for large n,

(S.12) sup BI(1,b) < K1/, forjeNandb=1,2,....q,
9€Nn(77)

and there ezists a sequence of positive F;-measurable r.v.s {V;} such that EV}Y < oo for some v > 0,

and
(S.13) sup h;(0) < V.
0€ Ny (1)
Proof. The proof is rather standard and is omitted for brevity. 0



Lemma 10. There exists r € (0,1) and a Fo-measurable r.v. V- > 0, such that EVY < oo for some
v > 0 and for large n,
sup  |hi(0) — hi(6)| < 'V
6€Nn (1)

Proof. The proof is rather standard and is omitted for brevity. 0

Lemma 11. Let € > 0. For each j € N,
(S.14) {B(1+0)8°)Y (1,1) < (1 +¢)Bi(1,1),
and there exists ng € N such that for n > ng and j € N,

(S.15) BI(1,1) < (1+¢) inf BI(1,1).

0e Ny, (n)
Proof. First, we prove (S.14). Let A and C be any square matrices of the same dimension with
nonnegative entries. Define A < C'if every entry of A is less than or equal to the corresponding entry
of C. Observe that A < C implies that A7 < C7 for every j € N. Obviously, B((14+€)8°) < (1+4¢€)B,.
Thus, (S.14) is verified. Note that there exists ng € N such that for n > ng, B, < (1 + €)B(0),
whenever 8 € N, (n). Thus, (S.15) is verified. 0

Lemma 12. Let n > 0. Then, for every w > 0,

[h1 — h1(0)]

hm Ssu E _—
P 6° — 6]11(6)

n—oo

sup
0N, (n)

Proof. We have

hi—hi(8) | BA(LL) — w2, (L)
hi(8) w) oo BI(1,1)
o1 o0 |BA(1,1) = BI(1,1)| fi(e1—j—1)
w Z?io Bi(1,1) + 25;1 Z]o'io Bi(1,1) fi(e1—j-1)
11 2ge0 Bo (L, )| f7 (e1-j-1) — filer—j—1)]
wd o BIL1) + 300 3272 B (L, 1) fuler—j—1)
First, we deal with the second term in the righthand side of the above inequality. Let r > 0 fulfill
(S.12). Take € > 0 and s € (0, 1) such that E|go|?*“* < co (cf. Lemma 8) and

(S.16)

_l’_

_l’_

(1—1—26—1—62)7"5 <1,
where ¢ is a constant such that 6° < c. Observe that for positive integers a1, -- ,aq,

q q
[Tty - T
i=1 i=1

0°—0|(a1+---+aq)
mini<;<q 3; V B;

<

115 v 8™,

=1

q



and B’(1,1) and Bg(l, 1) are sums of finitely many products of fy,---, 3, and g7, -+, 87 of which

the degrees are at most j, respectively. By virtue of this and (12), we can take ng € N and Ky > 0

such that for n > ny,

sup |BI(1,1) — B/(1,1)| < |6°
0N, (n)
Further, by (S.12) and Lemma 11, there exist n; € N and K; > 0, such that whenever n > n; and

— 0| Koj {B((1+€)6°)}(1,1).

0 € N,(n),
B((1+ €)0°))(1, [ Bi ®
[ (‘({131(1?1)?5—(: Vo< (1 26+ {B(1, 1)}

< Kj [(1 + 2¢ + 62) rs]j.

Put ny = ng V n;. Then, owing to (12) and the inequality z/(1 4+ z) < x*® for every x > 0, there

exists Ko > 0 such that whenever n > ng and 8 € N, (n),

D 00 J j
=1 Zj:O‘BO(lvl) _Bj(l 1)’]01(51 —Jj— l |BJ (1 1)‘]0[(62'_]'_1)
wd o BI(L,1) + 300 3720 BI(1,1) fi(e1—j-1) K2lz;j§:0 1+BJ ,1) 1(e1—5-1)
0 J{B((1+€)0°)}(1,1) fi(e1-j1)
<16° — 0|Ko K> ZZ;JZ% 1+ BI(1,1) fi(e1_;1)
< 16° — 0| KoK, Ky sz [(1+2e+€2) ] (Jery > + 1),
=1 j=0

where the infinite sum in the last term has a finite w-th moment.
To deal with the third term in the righthand side of (S.16), observe that

WS = o) (@)Y + 95 {(@) 7 = (@) T} + W5 — do) @) + 95, { (@)% — (2)?},

fr(@) = filz) =
where both ‘( )2‘5" - (m)%f’ and ‘(x)Q_‘S" — ()% are bounded by

o2 — o] < 2060 = ol {1(Ja] < L& £ 0)[2®"5) [log ]| + I(|a| > 1]af**) |log Jo]| |

=: 2|66 — dlg(z;9).
We take s € (0,1) such that E|eg|?**|log |eo|[* < oo. From (S.15), we have that for large n
BA(1, 1) [ler—j1* — ler—j-

p
<K
- ZZ 1+ BIi(1,1)|e1—j[*

|26‘ ‘25‘

-1 E;ﬁoBg(lal)mffl—j—l’%O le1—j—i
wZioBﬂ'(LlHZ}’:l (0 Z]o'iij(l?l)fl €1-j-1)

(e 9]
o Bj 1 1 J*l>
< 2‘0 0|KZZ 1+B] 1, 1 _1’26

1+6JBJ 1 1)|51 —j— l|26 (El—j—l§5)

<2|0° - 0|K
‘ ‘ ;Jz% 1+B] 1 1 ‘81 1’25 ,j,l|26
<2[6° — 9\KZ Z{(l +or*Pler;a*C Vgler—i;0),
=1 j=0



when 6 € N, (n). Moreover, for large n, |o|2(*~Vg(ep; §) is bounded by
I(leol < 1, leol # 0)leo[***|log eol| + I(|eol > 1)leo***[log |eol|, 0 <1 < 6,

and thus has a finite w-th moment, since x ~ |z|2¢'%|log |z|| is bounded in |z| < 1 and  # 0. Since

other terms can be handled similarly, the lemma is validated. 0

Lemma 13. Let n > 0 and m,, — oo with m,, < n as n — co. Then, there exist
(S.17) ro € [0,1), vp > 0, a Fi_1-measurable r.v. V; >0, and A, ; = Ay i(n) >0
such that sup;cy E|Vi|"0 < 00 and

1< A
(S.18) - ;EAM =0(1), max =op(l) asn — oo,

1<i<n nk

Moreover, there exists ng > 0, such that with probability tending to 1 as n — oo,

(S.19) Ai(y,n,—mo) < Ai(y,0) < Ai(y,n,m0) for each 8 € Ny(n) and i = my,...,n,
where
A hL2 log h
(520)  Ai(y,mmo) =1 | Ui {1 +rfmoVi} {1+770n:7’} 1+W i,
Proof. Put e
Apii= sup 2_0’()' €Fi, i=1,...,n,
6eN;, (1) |60 — 6°hi(0)

which satisfies (S.18) owing to Lemma 12. Further, owing to Lemma 10, we can take ro € [0, 1),
vy > 0, and a Fp-measurable r.v. V{ > 0, such that EVy® < co and

hi(0) — hi(8)

Z <riV, for large n.
hi(6 00 8

sup
OENR (1)

If we take V; = Vj, Vi € F;—1 and sup; EV;”® < oo, and thus, by mean value theorem, we can take
1o > 0 such that (S.19) holds with probability tending to 1. Hence, the proof is completed. 0

Lemma 14. Let n > 0, eg € (0,1), and 1 € (ro,1), where ¢ is the one in (S.17). If my < n and

my, — 00 as n — 0o and 19 € R, we have that for i = my,,...,n,

ng
. olAni nolhy" |log hil
1 nk ) ne

n
Wi |Ei—1 {Ai(y,m,m0) — Ai(y)}| < Kymax {r ,
where

(S.21) w; =1 | |no| max < ¢, 7'6\7]0|Vi < ri

no.
An,i b |log hi|
ne’

nN



Proof. If w; =1,

ng -1
. _ Api) ! h* | log h;

so that from the F;_i-measurability of V;, A, ;, and h;,

nl{

g, «
i a Ani @ hznN log h;
it {Ai(y,m.m0) = Aiw)}| < Ky |[{1+rinoVi} {1 + "On} {1 + ’H} -1/,
The lemma, is then verified by the mean value theorem

Lemma 15. Letn > 0,0 € R, 0 <y <y < oo and Bi(y,n,m0) = Ai(y,n,m0) — Ai(y). Then,

[nt]
yg};g N by ;Bi(yﬂ%??o) = op(1).
Proof. Let R, = |[Vklogn]. Then,
(S.22) R, = o(n")
and
(7 —ylu

—= u=0,12,..., R,.
A Rn n
Suppose that y,, <y < yu+1. Then, we have

[nt 1 [nt]
Z (. m,7m0)

7 Z {Ai(yusr.n.m0) = Aiya))
1 [ nt] . |nt]
< NG ; {Bi(Yu+1,1m:1m0) — Eic1 Bi(Yu+1,m,1m0) } + f X:EZ 1 Bi(yus1,m,m0)
[nt] [nt]
+ \}E D A1) = Ai(ya) — B{Ai(yar1) — Aiya)}} + —= Z E{Ai(yur1) — Ai(yu)}
i=1
and
[nt |nt]
72 i(,1,10) Z{A a1 10) = Ai(ya1)}
1 Lt L L
> ﬁ Zz; {Bi(Yu,1n,m0) — Eic1Bi(yu, m:m0)} + —= \/» ZE, 1Bi(yusn,m0)
[mt] [nt]
+ \}E Z {Az(y“) o Ai(yu+1) - E{Az(yu) -4 (qurl }} + — ZE{A yu -
i=1

(qurl)}'



Thus, it suffices to show that
[nt]

(S.23) o, Sup \}E ; {Bi(Yusn,m0) — Eim1Bi(yu,n,m0)}| = op(1),
| Lot
(S.24) S \/E;{Ei—lBi(yummo)} = op(1),
(S.25) omax \}E ; E{A;(yus1) — Ai(yu)} = o(1),
1 [nt]
(5.26) e AW ; {Ai(yur1) = Ai(yu) — E{Ai(yus1) — Ai(yu) }}| = op(1).

First, we verify (S.23). We take m,, € N such that m,, — oo and R,m,/k — 0 as n — oo.
Then, it follows from the subadditivity, Doob’s inequality, Lemma 14, (S.22), (S.18), and Lemma
8 that

[nt]

i i A Bi (Yu, n, — E;_1B;(yu,n, >
Ogmu%)](%n Osglzlg)l \/E;M{ i (Y, M, 1M0) i—1Bi(Yu, m,m0) } €

Rn [nt]
1
< P| sup |— w; { Bi(yu, M, —Ei_1B;(yu, n, > €
> L;) 0§t1§)1 \/E; z{ z(yu n 770) i—1 z(yu n 770)}
R, 1 n
< Z 2% ZEwi {Bi(yu,n,m0)}
u=0 i=1
R n 29
N2 k - An,i h-’”[]oghil
< Z% > —Klno|Emax ¢ ri, —2=, —=—— +o(1) = o(1),
u=0 i=mp+1
where w;s are defined in (S.21). Thus, since wy,, = --- = w, = 1 with probability tending to 1,

(S.23) is asserted. On the other hand, (S.24) is readily verified since owing to (S.18), (S.22), and
Lemma 8,
Lnt]

1
— Y {wiEi B,
oéﬂi’énosgligl VEk = {wiBliz1 Bilyus 1, m0)}

n
1 "k - A,; h™|logh;
< ﬁ Z nK|77|maX{7"i, n’f’ , — | log |}—|—0p(1) =op(1).

n:‘f
i=mn—+1
Meanwhile, (S.25) follows from (S.22) and the fact that
k

n

E{Ai(yur1) — Ai(yu)} =

uniformly in v =0,1,2,..., R,. Finally, note that (S.26) is dominated by

(Yutr1 — Yu)(1 4+ 0(1))

sup {| My, (wi,t) — My (wa,t)] : ¢ € [0,1], [wy —wa| < &y < wy <wp <G}

10



Since {M;;} is asymptotically uniformly equicontinuous (Proposition 1), the proof is completed.

Lemma 16. E|g|” < 0o for every v € (0,2).
Proof. The proof is rather standard and is omitted for brevity. 0

Lemma 17. There ezists v € (0,1) and F;—1-measurable r.v.s V; > 0, such that EV}Y < oo for

some v > 0, and

sup |€;(0) —e;(0 \\/’J — 05 (0)’ < rV; for large n and each i € N.
0e Ny (n)
Proof. The proof is rather standard and is omitted for brevity. 0

Lemma 18. Let n > 0 and v € (0,2). Then, for every w > 0,

52(0) — a2(0)] |
(S.27) limsup E sup 1(9) - 021( ) < 00,

and there exist 11y 5, ; = It 5,.5(n,v) > 0 and Iy, ; = Ilo p, (), v) > 0, such that

|oF — 57(0)|
72(0)

(2

(S.28) <10 —0°|y,,; +10 — 6°*1L2,, i, when 6 € N, (n),

and limsup,, E{II; , 1}V < oo and limsup,, E{Hg}ml}”/z < 0.

Proof. One can easily check that the argument in (S.27) can be proven in essentially the same

manner to prove Lemma 12. Below, we deal with (S.28). Note that

o2-520) _ Lo BOEL |l - %j_,<e>
57(0) oWy 0 BA(1, 1)+372 o BA(1,1) vrei_ji(0)
2375 BI(1L, 1) Y0 ¥ leij (6 )H&‘z —j-1 — €i—j-1(0)]
WOZﬁoBg(lal)‘i‘E;‘ioBg(lal) L vper j—1(0)
3520 BA(L D) S ¥F leijot — £ij1(6)°

w° ZﬁoBg(Ll)"‘Z;ioBg(lvl) 11/11 i—j— ,(6)
= I +I5.

IN

First, we deal with I;. Let

11



Then, Y; is bounded by an infinite sum of X, j < 7, with exponentially decaying coefficients, and

Y0 BIL ) S0 ey i(0)Yij
1+ZJ o Bl(1,1)YP e; ;4(0)

R Bj 1,1)|ei—i—1(0)|Yi—j—

I, < K|0-6°

<
=1 j=0 1+BJ(1 1) i—j— l(e)

B B SLAINIE SR e LSS

> ’L_]l
l1301+BJ( )zjl =1 =0

Here, we take s > 0 such that Esupge y, () [€1(8)[**|Y1]" < 0o and E|V1[|” < co. Then,

J—l o
ZZ (LDIY sup e 1(0)[*Yieju,

0N (n)

P& BI(1,1)e2
ZZl—i—B](ll)

=1 j=0

(0)Y;—

zgl

where the r.v. in the righthand of the inequality has a finite v-th moment. Since this is true
for 37, Z]Oio Bg(l,l)Yi_j_l, there exists a r.v. II;,; > 0, such that I; < |6 — 6°|I;,,; and
E{II; ;}" < co. Accordingly, we have

I, < K| —6° ZZBJII 2 b

=1 j=0

and the lemma is validated. 0

Lemma 19. Let n > 0, ¢y € (0,0.1), 1 € (r0,1), and {m,} be a sequence such that m, < n and
my, — 00 as n — 0o. Then, there exists ng > 0 such that when 6 € N, (n),

wZAZ(ya m, _770) < szZ(ya 0) < wlAl(y> 7, 770) fOT each i = Mpy...,N,

where
InolTIf,, ; mol*115 11 : :
(S.29) w; ::I(max{ \/ﬁlm, n2m’ |77%an < €, rolnolVi < i
n
and

n |770| M0 ’770\ 1T, LT IT 1,0
$30) LB {Adyn) - <>}<szmax{1 1 e

N n ' /nb,
In particular,

n

1

(S.31) 7 D (1= w;) =op(1),
2H* 21—1*
(S.32) \/Elogn-E|770| n2’n’11 <|770| n2,n,1 < eo> =o0(1) asn— oo.
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Proof. Note that (S.31) can be easily derived from (67) and the fact that sup; EV}” < oo for some
v > 0. Further, since 0 < ¢y < 1 and vp/2 > 1/2, we have

2H* 21—[* 21_1* vy /2
Vilogn - E|770’ Ll y ol T . < € Vklogn-E M
" n

n
VEklogn - [o|”
n’UO/2

IN

E (IT5,,,)"% = o(1).

Therefore, (S.32) is verified. Since the remaining statement can be proven in a similar manner to

prove Lemma 13, we complete the proof without detailing algebras. 0

Lemma 20. Letn >0, 70 € R, 0 <y <y < o0, and B;(y,n,m0) = Ai(y,n,m0) — Ai(y). Then, we

have
[nt]

S VR B Yy,n,Mo)| = op 1).
y<y<y0<t<l @; i(y515m0) (1)
Proof. Let R, and {y,} be the ones in the proof of Lemma 15, and let {m,,} be such that m,, — oo

and m,, = o(Vk) as n — co. In view of the proof of Lemma 15, it suffices to show that

Lnt]
1
S.33 max sup |—= Bi(yu,n,m0) — Ei—1Bi(yu,n, = op(1),
(5:33) OSuSRnogtIg)l \/E;{ (a1, 70) 1Bi(Yus m,70) } p(1)

Lnt]

1
S.34 —=Y {Ei1Bi = op(l).
(S.34) Ogr%%)}%znoiggl \/Ei:1{ 1B} = or(l)

Defining w; as the one in (S.29), we can verify (S.33) in the same manner to prove (S.23), owing
to (65), (66), (S.30), (S.31), and (S.32). Moreover, (S.34) can be easily seen, since owing to (65),
(66) and (S.32),

nt]

Ogg}énosgltlgl \/E;{wz i—1 z(yu7777770)}

{i |770|Hin,i ‘T’OPH;,n,i |770|H3,n,i

T, T - " iy }—I—OP(l)ZOP(l).

1 <k
< — — Kw; max
“VE Z n

1=mp

This asserts the lemma. 0
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