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Abstract In this study, we investigate the smoothing Hill plot and change point
test for the tail index of power-transformed and threshold generalized autoregressive
conditional heteroscedasticity (PTTGARCH) and autoregressive and moving average
(ARMA)-GARCH innovations. It is shown that their asymptotic properties are the
same as those in the i.i.d. sample case. For illustration, we provide a simulation study
and real data analysis.

Keywords Tail index - Hill’s estimator - Power-transformed and threshold GARCH
model - ARMA-GARCH model - Residuals - Smoothing Hill plot - Change point test

1 Introduction

Tail index estimation has long been a core issue in extreme value theory and diverse
research fields. For instance, managing the risk of extreme events is a crucial task in
finance and financial asset returns often follow heavy-tailed distributions. Since the
seminal paper of Hill (1975), Hill’s estimator has been extensively studied by many
authors: for example, see Hall (1982), Mason (1982), Hall and Welsh (1985) and Drees
etal. (2000), who focus oni.i.d. samples, and Hsing (1991), Resnick and Starica (1998),
Drees (2003) and Hill (2010), who focus on dependent data. For relevant studies, we
can also refer to Csorgd et al. (1985), Feuerverger and Hall (1999), Gomes et al.
(2008), and Kim and Lee (2008). In financial time series, obtaining information on
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the tail behavior of model innovations rather than the time series itself often plays an
important role. For example, when the one-step ahead conditional value-at-risk of a
financial asset is calculated, the tail index of innovations should be estimated based
on the residuals [cf. Chan et al. (2007)]. Furthermore, in heavy-tailed autoregressive
and moving average (ARMA) models, estimating the tail index of i.i.d. innovations
enhances the accuracy of estimation [cf. Ling and Peng (2004)].

In this study, among financial time series models, we pay special attention to
the power-transformed and threshold generalized autoregressive conditional het-
eroscedasticity (PTTGARCH) and ARMA-GARCH models, considering their popu-
larity and importance in theories and applications. Fitting procedures in these models
are properly implemented with statistical softwares such as R-package ‘fGarch’. For
the relevant references for the former, we refer to Lee and Lee (2012) and the papers
cited therein. In these two models, we focus on the issues of the smoothing Hill plot
and tail index change test: the parameter estimation procedure in those models is well
established under mild moment conditions on i.i.d. innovations [cf. Pan et al. (2008)
and Zhu and Ling (2011)]. It is well known that Hill’s estimators fluctuate according
to the choice of tail sample fractions, which makes the task of selecting an appropriate
estimate difficult to accomplish in practice. As a remedy to overcome this difficulty,
here we consider the smoothing Hill plot proposed by Resnick and Stdrica (1997b).
Meanwhile, the change point test for time series models has long been a core issue
in the time series context since time series often undergo parameter changes in their
underlying models due to critical social events and changes in monetary policies:
see, for instance, Kim and Lee (2009) and the papers cited therein and Quintos et al.
(2001) who propose several tests for examining tail index changes. In this study, the
smoothing method and change point test are all designed based on residuals. It will
be shown that the same asymptotic properties as in i.i.d. samples are also obtained in
PTTGARCH and ARMA-GARCH models.

The remainder of this paper is organized as follows. In Sect. 2, we present the
main results of this study: in Sect. 2.1, we review the asymptotic properties of Hill’s
estimator in i.i.d. samples; in Sects. 2.2 and 2.3, we investigate Hill’s estimators based
on residuals; in Sect. 2.4, we introduce the smoothing method and change point test for
the tail index. In Sects. 3 and 4, we provide a simulation study and real data analysis.
In Sect. 5, we provide the proofs of the theorems in Sect. 2.

2 Main results
2.1 A review of the asymptotic results of Hill’s estimator

In this subsection, we review the asymptotic properties of Hill’s estimator in indepen-
dent identically distributed random variables (i.i.d. r.v.s). In what follows, {U;} denotes
a sequence of i.i.d. r.v.s defined on a probability space (€2, F, P) and F denotes the
common distribution of {U;}. We assume that there exist « > 0 and a measurable
function, ¢, such that

w . ()
1—F(x)=x"%(x), lm

=1 foreachi > 0, (D
xX—>00 Z(x)
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where « is the tail index of F. Define
Lnt]

Hy(p,s,1)i=—— > (logUi—logUgsn),, p>0, keN, (2
Lokl i=[ns]+1

where U, s 1) indicates the (| pk(t —s)] 4 1)-th largest order statistic in U541, . . .,
U\n)- It is assumed that k = k, varies as n — oo, such that for some v > 0,

n' =o(k) and k=o0(n) asn — oo. 3)

Letb(x) = inf {y : F(y) > 1 — x~!}.Inaddition, we provide the following regularity
conditions.

Regularity conditions
There exist C > 0, y < 0, and non-zero D € R, such that

£(x) =C (1+ Dx¥ +x"A(x)), 4)
where A(x) is differentiable in terms of x, with
d -1
A(x) = 0 and —A(x):o(x ) asx — oo. (5)
dx
Furthermore, there exists a finite number, M > 0, such that
lim vVk(b(n/k)” = M. (6)
n—oo

Remark 1 Many articles assume (4) [see Hall (1982), Hall and Welsh (1985), and
Feuerverger and Hall (1999)]. In fact, this is an example of a second-order regular
variation. In particular, we have

U——~——— asx —> 00 (7)

/Oo _ou L(ux) 1 y Dx”
e ¥ ——=d
0 £(x) a  oal@—y)

[cf. Goldie and Smith (1987)]. The assumption of second-order regular variations is
necessary to investigate the asymptotic properties of several tail index estimators [see
Hsing (1991), Feuerverger and Hall (1999), and Resnick and Stdricd (1997a)].

Remark 2 Under (4), we have

crlep

b(x) = Cl/oxl/e (1 + X% 4o (x”/"‘)) as x — oo. (8)

o

Letv, = —y/a and v, = 23% The constant M in (6) is strictly positive and finite

if and only if k ~ 8n"* (8 > 0) with M = §!/2tvC~v Ifk = o(n"*), M = 0.
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Theorem 1 Let 0 < p, < px < 00 and ty € (0, %) Suppose that {U;} is i.i.d. and
(1), (3), (4) and (6) hold. Then,

1 DMp=v/*\ 4 1 ,
ptvk (Hn(p,O, 1) —— il >—> ;B(p,t) in D([po, p«] x [t0, 1]),

o Jka(@—y)
9
1 DMp=v/«
R t (Hno. 0.0~ 3 — 1) 1)1( Blo.1) )
(1—1) (Hn(p,t,l)—l——%ﬂ?_wj) o« \Blp. 1) = Blp. )
o a(a—y
(10)

in DZ([,oo, p«] X [to, 1 — 19]), where B denotes a standard Brownian sheet.

A standard Brownian sheet B is a continuous Gaussian process with two-
dimensional parameter (p, ) € Ri such that

EB(p1,1) =0, Cov(B(p1,11), B(p2,1)) = (p1 A p2) - (f1 A 12)

for all (p1, t1) and (p2, 17). The results of Theorem 1 are a sort of combinations of
Proposition 3.1 of Resnick and Staricd (1997b) and Theorem 1 of Quintos et al. (2001).
The former deals with the case of # = 1 and the latter handles the case of fixed p > 0.

Below, we verify that the above theorem still holds for the residuals from
PTTGARCH and ARMA-GARCH models. We then apply it to the smoothing Hill plot
and tail index change test. For this task, we need a consistent estimator of the model
parameters that converges to the true parameter at the rate of n, k > 0. InPTTGARCH
and ARMA-GARCH models, /n-consistent estimators are established under mild
moment conditions on innovations. For PTTGARCH models, n*-consistent estima-
tors with k¥ € (0, %] can be employed. In comparison, for ARMA-GARCH models,
the /n-consistency is required to include the case of ARMA-IGARCH models.

2.2 PTTGARCH models

In this subsection, we consider the power-transformed and threshold generalized
autoregressive conditional heteroscedasticity (PTTGARCH) models. Let {¢;} be a
strictly stationary PTTGARCH(p, g) process satisfying the equation:

e = o;Uj,

Bsa. (D

p
o =+ 3 [ e 3+ 05 e P )+
j=1

q
Jj=1 j=

where
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q

p-q €N, min{8°, &, Y7 |, V5, YT, Y5 s B s Bg) > 0, Zﬁ? <L
i=1

(12)

Note that (11) can be represented as a stochastic recurrence equation as in Pan et al.
(2008), (A.1-A.3). We assume that

E|Uy|” < oo for some v

> ( and the top Lyapunov exponent is strictly negative. (13)

Then, {g;} is the unique non-anticipative strictly stationary solution of (11) [cf.
Bougerol and Picard (1992)]: see also the appendix of Pan et al. (2008) for more
details.

PTTGARCH models include diverse variants of GARCH models. If ¢7; # wé”i
for some i € {l,..., p}, the model becomes an asymmetric GARCH model that
accommodates leverage effects; §° indicates the order of the power transformation
in the conditional variance equation, which makes the PTTGARCH models include
nonlinear ARCH models with §° > 0 not being equal to 1 [cf. Higgins and Bera
(1992)]. Further, ¥y, j and 5 j are the coefficients depending upon the sign of ¢; ;.
It

Yij=v5; =y foreachj=1,....p, 8 =1, 14)

model (11) is reduced to a simple GARCH(p, ¢) process.
Suppose that 1, ..., &,, n € N, are observed. Let ] := (§°, ®°, Wf,l? W?,l? e,

Yy P vs » Bl ﬂ;)’ be the parameter vector of (11) and let 91 be its estimator
basedon ¢, ..., &,. We assume that

there exists k > 0 such thatn’(|91 —05|=0p() and vk = o(n“") for some v >0,
(15)

where |-| denotes the Euclidean norm. This condition implicitly assumes that a suitable
identifiability condition is satisfied [see assumptions (A1), (A3) and (A4) in Pan et al.
(2008)].

Now, we define Hill’s estimator based on the residuals for this model. For a given

01 = (87 , Wl,l, WZ,I, ey wl,]% wz,ps 1317 sy ﬁl])/a

we recursively obtain
. P
hi(01) = o + Z {lﬁl,j(??i—j)%f + wZ,j(gi—j)%s}
i=1

q
+ > Bjhi—j(01) fori=1,....n, (16)
j=1
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where & =& (i =1,...,n)and &y = --- = &1_, = ho(81) = --- = hy_,(8) = 0.
Letting fz,- = fzi(él), we Eleﬁne 01' = ei/(};i)l/(z‘” and ﬁ,, in the same fashion as in
(2), with U; replaced by U, .

Theorem 2 Assume that the conditions in Theorem 1 hold. Moreover, suppose that

(11)—(13) and (15) hold. Then, (9)—(10) with H, replaced by FI,, are fulfilled.

2.3 ARMA-GARCH models

In this subsection, we deal with ARMA—GARCH models. Let {¢;} be a strictly sta-
tionary sequence satisfying (11-13) and let {X;} be a strictly stationary ARMA(p, q)
process, where p, g are non-negative integers, with possibly infinite variance error
process {g;} in (11) as follows:

b q
X; = Zq&jxi,j +& — Zﬁ;’si,j foreveryi € Z, (17)
j=1

j=1

where (¢7, ..., ¢;) and (07, ..., ﬁg) satisfy the following:

if1— @7z — - —p3z” #0and1 — 9z — - — 0277 # Oforall|z] < 1. (18)

Note that {X;} is causal and invertible. Moreover, we assume (14) with

14 q
EUy=0, EUj <oo, EUj-> ¥S+> p5=1 (19)
j=1 j=1

to cover the case of ARMA-IGARCH models, where ‘I’ means ‘integrated’.

Suppose that X1, ..., X, areobserved. Let 05 := (@7, .-, ;, /A 193, M
e, I‘;, Bl ,3;)’ be the parameter vector of (17) and let 8, be its estimator based
on X1, ..., X,.Itis assumed that

Vnlby — 031 = 0p(1) (20)

under a suitable identifiability condition [cf. Zhu and Ling (2011)]. The residual-based
estimator is defined in the following way: for a given

0r=(1,....05.01,....9, 0, Y1, ..., ¥p, Bl...., By) .

we recursively obtain

p q
8i(02) = X; _Z(bjxifj"‘zﬁjéifj(aﬁ, 21
=1

j=1

@ Springer



Tail index inference for GARCH models 243

wheref(,-=Xl-,i=1,...,n,and)~(0=---=)~(1,;=§(02) e =81_5(02) =
0. Then, for @ > 0 and 0, we define
P q
67(02) = 0+ D ;& ;(02) + D> Bi67 ;(62), (22)
j=1 j=1
where ég(02) = ... = 81 p(ﬁz) = 4, 20,) = - = al q(oz) = 0. Define &; =

& (92), 6;'2 = 6?(92), and U; = &;/6; as the residuals, and H, in the same way as in
(2), with U; replaced by Us;.

Theorem 3 Assume that the conditions in Theorem 1 hold. Moreover, suppose that
(11)-(14) and (17)—(20) hold. Then, (9)-(10) with H, replaced by H,, are satisfied.

Remark 3 Theorems 2 and 3 still hold when the residuals are replaced by their absolute
values, provided that (1) and (4)—(6) hold for the distribution of | Up|. In this case, the
proofs are modified slightly.

2.4 Applications of asymptotic results

In this subsection, we apply the asymptotic results from the previous subsections to
the smoothing Hill plot and tail index change test.

Smoothing Hill’s estimator

Let

HY(m) = H, (k_lm, 0, 1) ,  wherem € Nand H stands for H, or H,,.

Then, {(m, H(m)) :m =1, ..., mo} (mo € Nis chosen to be suitably large) is called
the Hill plot and is used to make a proper estimate [cf. Drees et al. (2000)]. However,
it is not easy to implement when the Hill plot fluctuates significantly. In this case, we
consider a local average of Hill’s estimators. That is, we use

Lo1k]
1
wH (ki po.p) = g D Him). O<py<pi<oo. (23
P PO gk +1
1 “
avH} (mo, mp) = T — Z Hy(m), mo,my €N, mg <mj. (24)
mi mo m=mo+1

The following is the asymptotic law of the local averages. The proof is essentially the
same as that of Proposition 4.1 of Resnick and Starica (1997b).
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Corollary 1 Assume that (9) holds with H, replaced by H,'. Let vo = —y /o and

Dy Suppose that k = n"*. Then, for 0 < py < p1 < 00, we have

2v +1
" 1
av/k \avH (ks po, p1) = —

14+v 14+v
D o plte o
N - s 2_91 £o ) (1— Gl log&) .
CV (1 + v,) 1 — Po 1 — Po PL—P0 PO

(25)

Furthermore, if k = o(n**) as n — oo, (25) still holds with the asymptotic mean 0.

Change point test for tail index
Suppose we need to test the following hypothesis:

Ho : aremains constantini = 1,...,n, vs. H; : notHp.

For p > 0 and 19 € (0, %), we define

H*(p., 0, 2
QOrec(p) i= sup [rﬁ((p—” 1)] ,

to<t<l1 HX(p,0,1)
* H (,0 t, l)
= 1—
Orec(0) 0<53F_,0[( t)f(H*(p 0.1) )]
_ Hi(p,t —to,1) :
Orol(p) := tosigl ’toﬁ (—H*(p 0. D) 1)]

H* ’0’ 2
Qseq(,O) = sup t(l—1) [\/E(M—l)] ,

to<t<l—io Hy(p, 1, 1)

Hi(p,t, 1 2
Qteq(p) i= sup t(l—;)[ﬁ(ﬂ_l)] 7

to<t<l—ty HX¥(p,0,1)

which are referred to as the recursive (rec), rolling (rol), and sequential (seq) tests,
respectively. For a motivation of the above test statistics, see Quintos et al. (2001). All
the three tests measure the discrepancy between Hill’s estimators based on sub-samples
in different sub-periods and reject Hp when the discrepancy is sufficiently large. The
following corollary provides the asymptotic distributions of the above statistics under
‘Ho. Since these can be easily proven using Theorems 2 and 3 and a mapping theorem
[cf. Billingsley (1999)], we omit the detailed proofs for brevity.
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Tail index inference for GARCH models 245

Corollary 2 Assume that (9)-(10) with H,, replaced by H, hold. Then, for p > 0 and
o€ (0, 3).

Orc(p) -5 sup {B°(O). 0h(p) 5 sup {B°(1))7,

to<t=<1 fo<t<l
B° 2 B° 2
Oseq(p) i’ sup { W) Qseq( P) i’ sup { W)

to<t<l—to t(l t)

Ori(p) —5 sup {(B(t) — B(t — 1)) — toB(1)}2,

to<t<l1

to<t<l—to t(l -1’

where B denotes a standard Brownian motion and B°(t) = B(t) — tB(1).

The above tests rely on the choice of p. Thus, we consider smoothing the test
statistics with respect to p. That is, for 0 < pg < p; < o0,

1
P1 — PO

o1
avQrec (00, 1) : / Orec(p)dp,
po

. 1
aVQreC(pO7 p1) == Qrec(/?)dp,
P1 — PO

1 P1 H* O 2
aVQseq(va pl) = / sup [t(l - t)\/> (M l)] dp,

P1 = P0 Jpy r9<t<l—19 H¥(p,t, 1)

1 L1 1 2
angeq(pO’pl) = / sup [t(l —t)\/»( w0t 1) 1)] dp.
P

P1 = P0 Jpy to<t<l—1g H(p,0,1)

Corollary 3 Assume that (9)-(10) with H, replaced by H,* hold. Then, for 0 < pg <
p1 <ocoandty € (O, %)

d 1 P1
avQrec (00, 1) — 0 / sup {B (o, t)}
o

1= P0 Jpy 1ro<t<l

d 1 p1 . ,0
aVQ:ec(pOa p]) — / sup {B (pat)}2_
P1 = P0 Jpy 1<t<l—tg

d 1 P dp
&V Oseq (00, p1) — / sup (B0, 01?22,
P1 = P0 Jpy to<t<l—1y

* d 1 o o Zdlo
avQeq(p0, 1) —> sup {B°(p,1)})*—
P1 = P0 Jpy to<t<l—ty

where B denotes a standard Brownian sheet and B°(p,t) = B(p,t) —tB(p, 1).

Remark 4 Since the asymptotic laws of recursive and sequential tests are well known,
the critical values can be found in several studies [e.g., Quintos et al. (2001), Appendix,
and Csorgd and Horvath (1997), p. 25]. The critical values of the rolling test are
provided in Quintos et al. (2001). However, the critical values of the local averages,
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Table 1 The critical values of

the local average av Qs (k0. P1) o Nominal level
10 % 5% 1%
0.5, 1) 0.1 1.39 1.71 2.45
0.5, 1) 0.2 1.38 1.68 2.40
0.25, 1) 0.1 1.29 1.54 2.34
0.25,1) 0.2 1.32 1.60 2.25

Table 2 The performance of the estimators with « = 2.5 in the PTTGARCH case

m
10 20 30 40 50 60 70
H¥(m) MSE 1.065 0.349 0.203 0.167 0.125 0.114 0.118
Coverage rate 0.950 0.913 0.963 0.941 0.968 0.931 0.903
avH} (10, 70) MSE 0.138

Coverage rate 0.961

av Qs, are unknown. Therefore, we obtain these by means of Monte Carlo simulations.
The critical values are listed in Table 1. Note that both the smoothing method and
change point tests are still valid when we use the absolute values of the residuals, as
long as (1) and (4-6) hold for the distribution of | Up| (cf. Remark 3).

3 Simulation study

In this section, we conduct a simulation study to evaluate the performance of the
proposed methods.

Smoothing Hill’s estimator

In this study, we consider the PTTGARCH(1,1) model with parameters (§°, »°, 1/f1‘”1 ,
V3180 = (0.8,0.2,0.2,0.1,0.4) and the AR(1)-GARCH(1,1) model with
(97, w°, ¥y, B) = (0.8,0.1,0.1,0.5). The innovations follow a z-distribution with
a degrees of freedom. In this case, « is the tail index of the innovations. For each
case, 1,000 series are generated. A PTTGARCH(1,1) model is fitted to each series
and the least absolute deviations estimation (LADE) residuals are obtained through
the recursion in (16) [cf. Pan et al. (2008)]. Furthermore, in the AR-GARCH case,
the AR(1)-GARCH(1,1) model is fitted and the global self-weighted quasi-maximum
exponential likelihood estimator (QMELE) residuals are obtained using (21-22) [cf.
Zhu and Ling (2011)]. Using the obtained absolute residuals, we estimate the tail index
of the innovations based on both Hill’s estimator and the smoothing method. Tables 2,
3,4, 5 present the MSEs and coverage rates of 95 % confidence intervals. Overall, the
results look fairly reasonable and are similar to those in the i.i.d. sample case. Note
that the local averages are more accurate and yield good coverage rates without a bias
correction.
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Table 3 The performance of the estimators with « = 3.5 in the PTTGARCH case

m
10 15 20 25 30 35 40
H¥(m) MSE 1.329 0.690 0.450 0.431 0.393 0.391 0.370
Coverage rate 0.971 0.957 0.990 0.953 0.920 0.901 0.903
avH (10, 40) MSE 0.378

Coverage rate 0.959

Table 4 The performance of the estimators with @ = 2.5 in the AR-GARACH case

m
10 20 30 40 50 60 70
H¥(m) MSE 1.026 0.366 0.230 0.164 0.129 0.117 0.111
Coverage rate 0.942 0.950 0.944 0.938 0.934 0.924 0.896
avH} (10, 70) MSE 0.133

Coverage rate 0.949

Table 5 The performance of the estimators with « = 3.5 in the AR-GARACH case

m
10 15 20 25 30 35 40
H,¥ (m) MSE 1.369 0.784 0.610 0.502 0.450 0.447 0.430
Coverage rate 0.958 0.958 0.948 0.920 0.916 0.886 0.850
avH} (10, 40) MSE 0.401

Coverage rate 0.950

Change point test for tail index
Here, we only consider the GARCH(1,1) model case as follows: 8° = (0°, Y7, ) =
(0.01,0.05,0.5) and 0 < 7 < 1,

forj =1,2,

. ei,1, 1 <[ntl, &i,j = 0i,j Uijs
i = . 2 2 2

! &2, i > [nt], of ;=0 +Yre ;B
where {U; 1} and {U; »} follow a scaled ¢-distribution with degrees of freedom o1 and
an, respectively, satisfying

U U, 1
Woul _ p ool _ 1 26)
1+ |Uo,1l I+ |Uo2| 2

We fit the GARCH(1,1) model [i.e., (14) holds] to €1, ..., &, using the quasi-
maximum likelihood estimator (QMLE), based on the density function A(x) =
0.5/(1 + |x|)? instead of the standard normal density, as follows:
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Table 6 The size of change point tests for tail index at nominal level 5 % (r = 1 and ] = 2.1)

n Type k

40 50 60 70 80 90 100 110 120 130 140 150

1,000 Qrec 0.080 0.078 0.060 0.064 0.056 0.058 0.082 0.052 0.074 0.064 0.054 0.060
tec 0.090 0.082 0.074 0.086 0.056 0.076 0.068 0.058 0.062 0.058 0.070 0.060

Orol  0.058 0.048 0.050 0.050 0.036 0.048 0.052 0.058 0.056 0.058 0.032 0.038

QOseq 0.118 0.104 0.096 0.068 0.066 0.060 0.046 0.048 0.040 0.056 0.060 0.056

Qgeq 0.162 0.118 0.104 0.088 0.068 0.056 0.048 0.058 0.056 0.056 0.060 0.048

2,000 Qrec 0.114 0.090 0.102 0.084 0.094 0.068 0.058 0.064 0.068 0.060 0.046 0.062
O%e 0.090 0.082 0.098 0.088 0.076 0.066 0.064 0.062 0.046 0.060 0.054 0.068

Orol 0.054 0.038 0.052 0.078 0.068 0.056 0.046 0.052 0.044 0.044 0.042 0.044

Oseq 0.132 0.100 0.088 0.086 0.090 0.062 0.062 0.040 0.044 0.034 0.032 0.042

0.146 0.116 0.116 0.098 0.086 0.082 0.080 0.076 0.074 0.070 0.066 0.066

*
seq

We set 19 = 0.2 in recursive and sequential tests, ) = 0.4 in rolling test

0 = argomin; [210g (l + %) + 10g6,~(0)] , 0i(0)= {fz,~(6’)}l/2

[cf. Berkes and Horvath (2004), Example 2.3]. When {g;} is stationary (equiva-
lently, T = 1), ﬁ|é —0°| = Op(1) as n — oo by (26). Note that h(x) is more
suitable to deal with heavy-tailed distributions since a moment condition such as
E|Uy, j|4 < 00, j = 1,2, is not required: the /n-consistency may not be guaran-
teed when the standard normal density is used unless the 4th moment condition is
imposed. We obtain the residuals using the recursion in (16) with 1/71, 1= &2, 1= 1/}1,
§ = 1, and (9 = (o, I/A/], ﬁl)’) and implement a test. Table 6 lists the sizes of
the change point tests when the tail of innovations is thick with oy = 2.1 and
T = 1. In all cases, the sizes are fairly acceptable when k is selected to be mod-
erate. On the other hand, Table 7 presents the sizes when the tail is relatively thin,
say, with ¢y = 7. Here, the sizes are slightly larger than the nominal level of
5 % when n = 1, 000, which is improved as n increases to 2,000. Table 9 shows
their powers when the tail of innovations becomes thinner with oy = 2.1, ap = 7
and 7 = 0.5. Among the tests, Q.. and Qseq appear to be the most powerful.
On the other hand, Table 10 lists the powers when the tail becomes thicker with
o1 = 7 and ap = 2.1. In this case, Qrec and Qgeq are the most powerful. These
results show that the recursive and sequential tests have asymmetric powers, whereas
the rolling test has symmetric power similarly to the i.i.d. case [cf. Quintos et al.
(2001)].

We also investigate the performance of the local averages. Table 8 illustrates their
sizes at the nominal level of 5 %. They are seemingly acceptable although both av Q ey
and av Q:eq have sizes slightly larger than 5 %. Table 11 shows their powers in the same
cases as in the previous study. The results show that the local averages perform better
regardless of p. The performance of the tail index estimator, local average method,
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Table 7 The size of change point tests for tail index at nominal level 5 % (z = 1 and ] = 7)

n Type k

40 50 60 70 80 90 100 110 120 130 140 150

1,000 Qrec 0.080 0.076 0.082 0.086 0.086 0.098 0.070 0.098 0.088 0.082 0.090 0.094
tec 0.094 0.096 0.088 0.096 0.082 0.084 0.088 0.092 0.082 0.078 0.080 0.078

Oro1 0.070 0.056 0.074 0.054 0.078 0.078 0.076 0.072 0.070 0.082 0.086 0.098

Oseq 0.084 0.074 0.048 0.054 0.058 0.050 0.054 0.050 0.058 0.048 0.058 0.048

Qgeq 0.128 0.090 0.096 0.100 0.090 0.074 0.066 0.062 0.068 0.060 0.054 0.064

2,000 Qrec 0.078 0.074 0.044 0.052 0.050 0.044 0.066 0.074 0.062 0.058 0.044 0.032
O%e 0.072 0.056 0.046 0.050 0.070 0.052 0.050 0.058 0.058 0.048 0.042 0.040

Oro 0.032 0.038 0.036 0.048 0.042 0.050 0.044 0.062 0.056 0.040 0.038 0.044

Oseq 0.096 0.060 0.068 0.050 0.048 0.038 0.032 0.058 0.038 0.038 0.030 0.024

;‘eq 0.144 0.108 0.082 0.080 0.066 0.066 0.044 0.044 0.050 0.040 0.036 0.036

We set 19 = 0.2 in recursive and sequential tests, ) = 0.4 in rolling test

Table 8 The size of local

averages at nominal level 5 % " o1 W Qrec v Qfec v Qseq W Qieq
=D 1000 7 0.036 0.030 0.070 0.072
2.1 0.040 0.044 0.088 0.078
We set 2000 7 0.036 0.032 0.064 0.078
k=120, p9 =0.5,p1 = 1 and 2.1 0.062 0.048 0.088 0.084

g =0.2

Table 9 The power of change point tests for tail index at nominal level 5 % (t = 0.5, a1 =2.1,ap = 7).

n Type &k

40 50 60 70 80 90 100 110 120 130 140 150

1,000 Qrec 029 036 040 049 050 058 053 059 063 065 0.63 0.64
O 0.66 070 0.63 0.66 0.66 0.70 0.73 0.67 0.63 0.64 0.66 0.65
Ol 023 030 033 042 038 038 042 047 044 044 043 052
Oseq 070 079 075 0.76 0.71 0.76 0.78 0.69 0.68 0.71 0.68 0.69
Qfq 0.02 000 0.00 0.00 0.00 000 001 000 003 002 001 001
2,000 Qrec 0.16 025 027 038 046 049 060 057 062 066 0.69 0.75
Ofec 090 0.89 094 095 093 093 091 089 095 093 091 0.92
Ol 048 055 059 063 068 072 0.82 0.82 080 080 0.80 0.80
Oseq 0.89 089 089 092 094 095 092 093 093 091 091 0.90
Q;‘eq 0.03 0.03 0.01 0.01 0.03 005 0.06 008 0.11 0.15 0.19 0.25

We set 19 = 0.2 in recursive and sequential tests, 7y = 0.4 in rolling test

and change point test might depend upon the choice of GARCH parameter estimators.
However, our past experience indicates that the result is not much affected as far as
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Table 10 The power of change point tests for tail index at nominal level 5% (r = 0.5, ] = 7,29 =2.1)

n Type k

40 50 60 70 80 90 100 110 120 130 140 150

1,000  Qrec 055 0.66 066 0.61 061 065 071 059 061 061 059 0.59
Ofc 023 027 037 047 043 052 054 052 060 059 062 057
O 019 032 037 041 040 045 047 050 053 054 0.55 0.50
Oseq 0.02 0.02 0.00 0.01 0.00 0.00 0.00 0.00 0.02 0.02 003 0.05
Q;eq 0.76 0.74 0.74 073 0.76 0.73 0.74 0.72 0.69 0.71 0.71 0.66
2,000 Qrec 0.85 081 088 090 091 093 094 093 094 095 092 0.92
Ok 021 0.19 029 034 038 056 052 060 065 067 077 0.75
Ol 043 051 0.62 070 0.69 072 0.70 0.77 0.76 0.79 0.82 0.81
Oseq 0.03 0.01 0.01 0.01 0.01 0.00 0.04 0.07 0.09 0.10 0.13 0.21
Q;‘eq 0.81 082 0.8 0.87 091 09 095 095 094 094 095 0.95

We set 19 = 0.2 in recursive and sequential tests, ) = 0.4 in rolling test

Table 11 The power of local

averages at nominal level 5 % o1 2 avQrec av Qrec avQseq v Qeq

=05 1000 7 21 067 0.57 0.09 0.86
2.1 7 0.57 0.67 0.83 0.09

We set 2000 7 21 094 0.70 0.37 0.97

k =120, po = 0.5, p; = 1, and 2.1 7 0.53 0.92 0.93 0.27

19 =0.2

the estimators behave regularly (y/n-consistent). Overall, our simulation confirms the
validity of our methods in both the smoothing Hill plot and change point test.

4 Real data analysis

Smoothing Hill Plot for Hang Seng Index

We analyze the data set €1, ..., &, of the daily Hang Seng Index from January 2,
2001 to December 31, 2003 (n = 739). Pan et al. (2008) fitted a PTTGARCH(1,1)
model to the same data and estimated the tail index of the absolute innovations using
the absolute values of the residuals. However, since the reciprocals of Hill’s estimates
fluctuate from 3.5 to 5 as k changes from 1 to 100, it is difficult to select an appropriate
estimate [see Figure 6 in Pan et al. (2008)]. Therefore, we apply the smoothing method.
Table 12 list the standard errors and 95 % confidence intervals obtained from (25) with
assuming M = 0in (6). The results show that the innovation has a finite third moment
and an infinite sixth moment.

Change point analysis of tail behavior for Kuala Lumpur composite index

We next perform a change point test for the data set €1, ..., &, of the daily Kuala
Lumpur Composite Index from January 2, 1995 to October 16, 1998. Here, the sample
size is n = 935. Quintos et al. (2001) analyzed this data set and demonstrated that
the tail index of daily returns significantly decreases around the Asian financial crisis
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Table 12 Smoothing Hill’s

estimates for the real data (* Estimate Standard error Confidence

confidence level: 95 %) interval®
1/avH} (10, 70) 4.467 0.670 (3.329, 5.995)
1/avH (20, 80) 4.575 0.613 (3.519, 5.948)
1/avH (30, 90) 4.446 0.546 (3.497, 5.653)
1/avH}; (40, 100) 4.281 0.488 (3.424,5.351)

Table 13 The values of the test statistics for the real data (bold figures indicate significance at level 5 %)

Type k
40 50 60 70 80 90
Upper tail Orec 0.772 1.428 0.568 0.776 1.197 1.270
Orec 0.650 0.830 1.164 0.997 1.628 5.614
Orol 4.392 0.966 1.473 0.946 1.681 1.226
Oseq 0.985 1.948 1.459 2.354 2.688 5.510
seq 2.219 5.466 3.224 6.049 7.229  23.265
Lower tail Orec 1.459 0.642 0.376 0.478 0.607 0.379
Orec 0.789 1.140 1.111 0.858 0.178 0.291
Orol 2.386 1.389 1.142 0.825 1.667 2.990
Oseq 7.685 8.655 4315 2.194 1.060 1.011
;‘eq 2.150 2.217 1.734 1.162 1.100 1.568
Tail of absolute residuals QOrec 0.321 0.177 0.264 0.632 0.818 1.032
Orec 1.124 2.407 1.338 0.279 0.544 0.633
Orol 0.631 1.246 1.058 1.015 1.093 2.338
Oseq 3.595 3.755 1.936 0.570 2.278 4.032
;‘eq 1.405 1.559 1.043 0.408 1.157 1.769

tg = 0.214 in recursive and sequential tests, fo = 0.428 in rolling test

Table 14 The values of the
local averages (k = 90, pg =
0.5, p1 = 1,10 =0.214)

avQree  avQfe  av Oseq AV Q;(eq

Upper tail 0.756 1.436 0.554 1.579
Lower tail 0.631 0.794 0.714 0.315
Tail of absolute residuals  0.821 0.555 0.464 0.228

period in 1997, that is, the tail gets thicker after the crisis. To see the tail index change
of innovations, a GARCH(1,1) model is fitted to the returns and the QMLE is obtained
based on the power density 4(x) = 0.5/(1 + Ix)2 [cf. Berkes and Horvath (2004),
Example 2.3], that is, (&, Y1, f1) = (0.0118,0.0534, 0.8012). Then, the residuals
are obtained using the recursion in (16) with 1//1 1= 1//2 1= 1//1 and § = 1. Table 13
reveals that the test statistics and significance at the 5 % level depend upon both k
and the type of tests. Therefore, we employ the smoothing method and obtain the
results in Table 14. These results indicate that none of them reject Hy at the 5 % level.
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Since this confirms the constancy of the tail index, there are other possible reasons
for the increased volatility at the Asian financial crisis period. First, maybe the returns
follow an IGARCH(1,1) model: note that the second moment of the innovations is

estimated to be 4.05 and EU& Y1 + B = 4.05-0.0534 + 0.801 ~ 1. Second,
the GARCH parameters may experience a change and cause a spurious integration
[cf. Hillebrand (2005)], since the tail index of GARCH(1,1) models is determined by
both the innovation distribution and the GARCH parameters [cf. Mikosch and Staricad
(2000), Theorem 2.1]. To get a conclusive answer, a more detailed analysis would be
required. Since this is beyond the scope of this study, we leave it as a task of our future
study.

5 Proofs

In what follows, K denotes a universal positive constant. Let F; = of{..., U;_1, U;}
andlet E;(-) = E(-|F;) be the conditional expectation with respect to F;. The proofs
of all the lemmas in this section are provided in the supplementary material.

5.1 Preliminary results

In this subsection, we assume that {U;} is a sequence of i.i.d. r.v.s and (1-6) hold.
Further, N,, (m € N) and B denote an m-variate normal distribution and a standard
Brownian sheet, respectively. Let G(y, t) be a continuous Gaussian process defined
on (y, 1) € [0, 00) x [0, 1] such that

e ForO<s<r<landO=yp <y <---,¥m <00 (meN),
(G, 1) =G0, 1)y ey GOy ) = Gm—1, 1)) ~ Nu(0, ta™2T),  (27)
where

71,1 o TUm
Y=Y, ooy Ym) =

Tiom " Tm,m

with 7;; 1= 2 (yz' —Yi-1 = yi-1log ‘,y_il) and 7; j 1= (y;i — yi-1) log yjy—il (con-
ventionally, 0 - log(co) = 0),
e ForO <s <t <1, A(t) — A(s) and A(s) are independent, where

Aw) = (GO u), Gy2,u), ..., Gym, u)), u € [0, 1].

In this subsection, we provide three propositions that play a prominent role in
proving Theorem 1. In what follows, let y, > 1 and
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M0 = % {1(vi =y " b/w) = P (Ui =y b/b)) |
i=1

for0 <y < y,andt € [0, 1]. The following lemma is useful to verify Proposition 1
below.

Lemma 1

o P (Ve < Uikt < )
lim sup - —1/=0.
7O 0<yr <y <y« y—n

In what follows, we use the symbols:
M (B) = M, (y2, 12) — M (y1, t2) — My (y2, t1) + M, (y1, 1)

with B = (y1, 2l X (t1, 2] and T, = {i/n:i =1,2,...,n}.

Proposition 1 There exist K| = K1(y*) > 0 and ny € N such that for every n > ny,

E({M;B0) (M;BY) < Kiz =00 =y =% @8)

E({M; B0 (M;B0Y) = Kl =y’ - —n @9
with

By = (y1,y] x (1, 2], B2 = (y, y2] x (t1, 121,
B3 = (y1, 21 x (t1,t], B4 = (y1, y2] x (¢, 2],

where 0 <y <y <ys <yrandt) <t < tplieinT,. Further, fort € [0, 1] and
O=yo<y1<:--<ym<ys (meN),

M (y1,1) — M;¥(yo, 1)
d .
: —> N (0,7 - diag{y1 — y0, "+, Ym — Ym—1}) -
M (Y 1) = M (1. 1)
(30)
Hence,
M (y.t) =5 B(y.1) in D([0. y*] x [0, 1]). (31)

Proof Following the arguments in the proof of Proposition 2.1 of Resnick and Starica
(1997b) and using Lemma 1, we can easily see that (28) holds. Further, (29) is easy
to check owing to the independence. This indicates that {M,'} is tight [cf. Bickel and
Wichura (1971), Theorem 3, and the appended comment]. Since (30) is easy to check
using standard arguments, the proposition is validated. O
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For y > 0, set

Zui(y) = (1ogU logb(n/k) + — logy) and
+

[nt]
Ly(y, 1) := \/_Z{zm(w EZyi(y)}. 32)

The following results are useful to prove Proposition 2 below:

Lemma 2 Let y, > 1. Then, as n — 09,

k
E{Zpi(y2) — Zni(y1)} ~ — (yz =y, (33)
2k
E{Zni(y2) — Zni (Y1)} ~ o (yz —y1 — y1log —) (34)
3k y2 :
E{Zni(y2) — Zni Y1)} ~ = (2y2 -y =y (1Og =+ 1) ) (35)
a3n Y1

k
E{Z,i(y4) — Zni 33)HZni (2) — Zpni Q1)) ~ —— (IOg ) 2=y, (36)

2k 2
E{Zyi(y4) = Zni 03V Zni (v2) — Zni GDY ~ —— (log y—“)
o n y3

x (yz — 1~ yilog 2) (37)
Y1
uniformly in0 < y; < y2 < y3 < y4 < Yy
We set
L,(B) = L, (y2,12) — Ly, (y1,12) — Ly, (y2, 1) + Ly, (y1, 11)

with B = (y1, y21 x (11, ©2].

Proposition 2 Let 0 < y, < y, < o0o. Then, there exist K| = K1(yo, ys) > 0 and
ng € N, such that for every n > ny,

E({LiBoY {LiB))) = K1tz = W=y —m%  (38)
E({Ly ) {LiBoY) < KiGz =32 =) =0 (39)

for
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By = (i, yl x (t1, 2], Bo = (y, y2] x (11, 2],
B3 = (y1, 21 x (t1,t], B4 = (y1,y2] X (¢, 121,

where 0 < y1 <y <y <y.andt) <t <t lieinT,. Further, fort € [0, 1] and
O=yo<y1<: " <ym <y« (meN),

(L:()’l» t) - LZ()’O’ t), s LZ()’m» t) - L::(ym—lv t))
N, (O,toz_zT(yl,...,ym)). (40)
Hence,
Li(y.0) 5 Gy, 1) inD ([yo, yo] x [0, 1]). (41)

Proof The proof is omitted since it is essentially the same as that of Proposition 1.
O

Proposition 3 Let 0 < y, < y, < 00. Then,
_ d — .
Li(y,t) —a '"M*(y, 1) = « 'B(y, 1) inD ([yo, y«] x [0, 1]). (42)
Proof Since {L}(y,t) — o ! M (y, 1)} is tight, it suffices to show that every finite-
dimensional distribution of L¥(y, ) — a~'M}(y, t) converges weakly to the corre-

sponding finite-dimensional distribution of @ !B. Let r € [0,1],0 = yp < y; <
o ym < ys (m € N), and let

Yi = (Li0i 0 = Ljoion 0,a” {M 000 = MiGio1.0})
R =vY;, v=(1,-1)".
Then, we can easily check that

Y| 'y - Tim
d
: i N2m 05 : .', : )
Ym 1—‘l,m/ te 1—‘m

where

L (Yi — Yi-1— yi-1log }f—i,) Yi = Yie1 — yi-1log 3=
I — T 5 5 )
o\ yi = yie1 — yio1 log 5 Vi = Vi1

A yi-1)log 71 0
e\ i = yimnlog 50 )
J
Thus,

d _ .
(Ry, ..., Rm)/ —> Np (0» ta Z'dlag{yl = Y0, s Ym — ym—l}) .
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Further, we also have that the limit process of

A,(s) = (L;(yl, ) — @ MEOL8), oo LE (G s) — @ M (v, s))

has stationary and independent increments. Hence, the proposition is established. O

5.2 The proof of theorem 1

In this subsection, we assume that (1)-(6), (31), (41), and (42) hold. Further, it is
assumed that M € [0, 0o) in (6). Here, we do not require the independence assumption
on {U;}.

For¢ e R,p>0,and0 <s <1t <1, set

[nt]
L,(p,¢,s,t) = % Z [(logU, logh ( nk) — %)
+

i=ns]+1

et () 5) )

|nt]
Ma(p.2.5.1) = lf > [ (U>e<“/fb( ))

i=|ns]+1

azen()]

W, (p,s,t) = Vk [log Up,s,n —logh (ﬁ)] .

Below, we state a series of standard lemmas useful to prove Theorem 1: Lemmas 3,4
and 5, and Lemmas 6 and 7 are used to prove Lemmas 4, 7, and Theorem 1, respectively.

Lemma 3 Let p, > 0. Then,

n 1 MD 1
logh [ — ) =logb(n/k) — —logp + —(p /% — 1 +0(—)
g (pk) gb(n/k) 5 ogp M/E(p ) N

uniformly in0 < p < py.
Lemmad4 Let ¢ € Rand 0 < p, < pyx < 00. Then,
Walp,s,1) = ¢ ifandonlyif My(p,¢,s.t) = tp(t —s)+o(l)  (43)
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uniformly in po < p < prand0 < s <t < 1 witht —s > 1/~/k. Further, for any
K >0ande >0,

lim P sup sup sup ‘Ln(p, £,0,1) — L (p, t)| >e | =0, (44)
=00 Po=p=<ps —K<C<K t€[0,1]

lim P sup sup sup ‘Mn(,o, £,0,1) — a_lM,T(,o, t)) >e|=0, 45
=00 Po=p=ps —K<C<K t€[0,1]

and
lim lim sup P (sup |L;(p1,0,0,8) — L,(02,0,0,1)| > e) =0, (46)
s

-0 n—oo

where the supremum is taken over |(p1,s) — (p2,1)| < 8 with po < p1 < P2 < Px-
Hence, {L,,(0,0,0,1) : (p,1) € [0o, 0] x [0, 1]} is tight.

Lemmas5 Let 0 < p, < px < 00 and ty € (0,1). Then, {ptW,(p,0,t) : (p,1t) €
[0, p+] X [t0, 1]} and {p(1 =)Wy (0,1, 1) : (p, 1) € [po, p+] X [0, 1 —1o]} are tight.

Lemma 6 Let0 < p, < px < 00 and K > 0. Then,

n e pk |1 e yDM _
EllogU; —logh| — | — == _=y-_ > 4 77" v/
(og 0g (pk) \/E)+ " [a \/E_l_ \/%a(oc—y)p

()

uniformly in ¢ € [—K, K] and po < p < ps.

Lemma 7 Let 0 < p, < ps < 00. Then,

a1 .
Ln(ps Oa 09 t) - ptWﬂ(paO9 t) — ;B(pt t) mn D([p(w 10*] X [t09 1])1

( Ln(0,0,0,1) — ptWy(p,0, 1) )gl( B(p, 1) )
Ly(p,0,t,1) — p(1 —)Wy(p, 1, 1) B(p,1) — B(p,1) ]’

o
in D*([po, p] % 10, 1]).
Now, we are ready to prove Theorem 1.

Proof of Theorem 1. We only prove (9) since (10) can be proven similarly. From Lem-
mas 5 and 6, we have

Ll’l(p7 Wn(los 07 t)v 07 t)

1 n(pﬂov t) )/ — 1
= ptvk (Ho(p.0.1) — — + - vhe 4 (—))
'OM/_( (0, 0,5 o Jk Vo (a — y)p o Jk
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uniformly in p, < p < px and t € [tg, 1]. Thus, from (44) and Lemma 5, we get

1 yDMp_V/"‘)
k\{Hy(p,0,t) — — — ———
ptf( .0.0-3 Vka(e —y)

= Ln(py Wn(p’ 07 t)’ 07 t) - ptW)’l(p’ O? t) + OP(I)
= Ln(p» 01 07 t) - pth(p1 0’ t) + OP(l)

uniformly in p, < p < ps and ¢ € [tg, 1]. Hence, the lemma is asserted by Lemma 7.
O

5.3 Proof of theorem 2

In this subsection, we assume that (1-6), (11-13), and (15) hold. We first verify the
following proposition.

Proposition4 Let 0 <y <y < oo. Then,

sup_sup —— %{I(U,- = yebn/0) = 1 (T = v~ eb/b) }| = 0p (1),

y<y<y0=t=l \/l; i=1

(48)
[nt]
sup sup L Z I(log U; —log y_éb(n/k))
y<y<y0=i<l N izl +
~ 1
—<logUl- —logywb(n/k))+” —op(1). (49)

Note that Proposition 4 implies Theorem 2 under (1-6). Letting

Lnt]
W3y, 1) = # é [1(0; =y~ bsw) = P (U; =y~ b)) |

[nt]
Li(y,1) = T z {(logﬁi —logyfl/“b(n/k))_i_ —E (logUi —logyfl/“b(n/k))_i_} ,
i=1

owing to (31), (41), (42), and Proposition 4, we can see that

M.t -5 B, Li(v.0) -5 Gty inD(ly. 1 x [0, 1]),

LX) —a My, 1) -5 o' B(y,1) inD ([X, 51 % [0, 1]) .

Thus, Theorem 2 can be established by following the lines in the proof of Theorem 1
with M, and L replaced with M, and L7, respectively.
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Below, we only prove (48) since (49) can be proved in essentially the same way.
For brevity, we remove the subscript from 6 and 61, that is, 6 and 6, respectively. Let

B:B(a)z[ Brsg-n Py ]

Lg-1x@-1 Og-1)x1

where B ,—1) = (B1, -+, Bg—1), I(g—1)x(g—1) denotes the (g — 1) x (g — 1) identity
matrix, and 0¢,_1)x1 denotes the (g — 1) x 1 zero matrix. Set B, = B(#°), and let
{hi (@) : i € Z} be the unique strictly stationary sequence satisfying

hi(0) hi—1(0)
. — B .

: : +[w+2f:1 fj(gij)]’
hi—q+1 (0) hi—q(a)

0
where f;(x) = 1/f1,j(x)%f + wg’j(x)z_‘s. From this, we get

00 00 4
hi@) = B/, 1)+ B, DD filsij-,

j=0 j=0 =1
where B/ (a, b) denotes the (a, b)-th entry of B/. Finally, we set
o n — o
Nu) = {0:10—0°1 < =} and Ny Gp = Nu(p) = (6°). 0 >0,

which is a shrinking neighborhood of #° of order n™*.

The following two standard lemmas (Lemmas 9 and 10) are useful to prove
Lemma 11 below and can be verified using (4.3), the arguments up to (4.6) in Francq
and Zakotan (2004), and Lemma 8:

Lemma 8 There exists s > 0 such that E|gg|* < o0o.

Lemma 9 Let n > 0. Then, there existr € (0, 1) and K > 0, such that for large n,

sup B/(1,b) < Kr/ forjeNandb=1,2,...,q, (50)
0N, (n)

and there exists a sequence of positive Fi-measurable r.v.s {V;} such that EV” < oo
for some v > 0, and
sup hi(0) < V. (51)
0eN,(n)

Lemma 10 There existsr € (0, 1) and a Fo-measurable rv. V > 0, such that EV" <
oo for some v > 0 and for large n,

sup |hi(0) —hi (@) <r'V.
0eN,(n)
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Let h; = h;(0°). Then, we can express

hi —hi@®) = ° > BI(1. 1) —0 > BI(1.1)
Jj=0 j=0
o0 P )
+ZZ BI(, D fP(cimj—) — fiei—j—1)}
j=0I=1

+

'M8
Mw

Il
)

[Bia. 0~ B0, 0} fitei 0,

=1

J
where f ]? (x) =97 F (x)ﬁ_sf’ +v5 j (x)2_8°. Lemma 12 below plays a crucial role to allow
an approximation of /1 (@) to i1 while 8 stays in a shrinking neighborhood of #°. The
following lemma is useful to verify Lemma 12 that is used to establish Lemma 13
below.

Lemma 11 Let € > 0. For each j € N,
{B(A+6)0”)}Y (1, 1) < (1+€)BI(1,1), (52)
and there exists ng € N such that forn > ngand j € N,

BI(1,1) < (1+e)/0 inf B/(1,1). (53)

ENn (1)

Lemma 12 Let n > 0. Then, for every w > 0,

w

[hy — h1(0)]

hm Su E _—
P 10° — 01h11(0)

n—o0

sup
0eN, ()

Lemma 15 below plays a main role to prove Proposition 4. Its proof is rather
standard and similar to that of Lemma 3.1 in Ling and Peng (2004). Set b, = b(n/k),

A 1/(28) 128
hiw)—hiw)} [1 +h,~—h,-<o>} M -1

Ui0) :=U; | 1 -
@ { * hi(0) hi (0)

A3 0) =1 (Gi®) >y b,) . Ay =1 (U > yVb,).

Then, U; (é) = U;. The following two lemmas are useful to verify Lemma 15.

Lemma 13 Let n > 0 and m,, — oo withm,, < n asn — oo. Then, there exist

ro € [0, 1), vo > 0, a Fi_1-measurable rv. V; > 0, and A, ; = Api(n) >0 (54)
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such that sup; .y E|V;|"* < 0o and

1 - An.i
— E EA,; = 0O(1), max — = op(l) asn — oo. (55)
n

: 1<isn n
i=1
Moreover, there exists ng > 0, such that with probability tending to 1 as n — 00,

Ai(y,n,—no) < Ai(y,0) < Ai(y,n,no) foreach® € Ny(n)andi =m,, ..., n,
(56)
where

. A BT | log h;
Ay n.m0) :=1(Ui{1+ranovi}[1+u][1+”°’—'g"
nk nk
> y—ébn). (57)

Lemma 14 Letn > 0, €9 € (0, 1), and r1 € (rg, 1), where rq is the one in (54). If
my, < nandm, — oo asn — oo and ng € R, we have that fori = my, ..., n,

nk nk

/n*
n ol Ani Imolh®" |log k)
%wi|Ei—1{Ai()’,771770)—Ai(y)}|SKymaX[ri, : =1,

where

nl(

A, B logh; . :
wi=1(|n0|max[ n’f{’l, ! [ Hog A < €0, rolnolVi <ry ). (58)

Lemma 15 Lern > 0,0 € R, 0 <y <y < o0 and Bi(y,n,no) = Ai(y,n,no) —
A; (y). Then,

[nt]

sup sup |—= > Bi(y,n,m0)| =op(1).
y<y<y0<r=<l \/EZ;‘ '

The Proof of (48) in Proposition 4. Let n > 0 and let {m,} be a sequence of positive
integers such that m, — oo and m, = o(Vk) as n — oo. Then, due to (56), there
exists 79 > 0 such that with probability tending to 1,

Ai(y,n,—no) —Ai(y) <A, 0) — Ai(y) < Ai(y,n,n0) — Ai () (59)
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for® € N,(n) andi = m,, ..., n, (cf. Lemma 13). Thus, from Lemma 15, we have
that for every n > 0,

|nt]

sup sup sup — [Ai(v,0) — Ai(M}] = op(1).
0€Nn(ﬂ)X<}’<y0§t§1\/% ; ! !

Owing to this and (15), we assert the proposition. O
5.4 The proof of theorem 3

In this subsection, we assume that (1), (3), (4), (6), (17)—(20) hold.

Proposition 5 Let 0 < y <y < 00. Then,

[nt]

1 - 1 _1
e s ;{I(Uizy “b(n/0) ~ 1 (U; = y7ebn/0) || = 0 (1),
(60)
1 |nt] B n
20,28, U 2| (e e tounn),
—(logUi —1ogy—«ib(n/k))+H —op(1). 61)

Below, we only prove (60) since (61) can be proven in essentially the same manner.
We denote 0> and 6, by € and 6, respectively. Let {¢;(0)} and {oiz ()} be the strictly
stationary sequences satisfying

i (0) gi—1(0) 3
&i—g+1(0) &i—5(0)
and
0,2:(0) . 0,2;(0) N [a) n Zf:lowf'giz—j (0)} ’
‘7i2—q+1 @) Giz—q )

respectively, where

B]:B](O):[ﬁlﬁé_l ﬂq i|

Lg-nx@-n 0@G-1x1
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From this, we obtain
o p
@) =D B{(L,DIXij— D> ¢iXijup,
j=0 =1

00 o] p
ot @) =w > B+ D B wel ; 0),

j=0 j=0 =1

where Blj (a, b) denotes the (a, b)-th entry of B]j . Let
o0 ) o0 ) P
G70) = > Bl 1)+ D B D yrel ; 0).
j=0 j=0 I=1

As in the previous subsection, we set

MWZPW—WS%*,WWZMW—WLﬂW-

The following two lemmas are due to Theorem 1 of Ling (2007) and the arguments
up to (4.38) and (4.39) of Francq and Zakoian (2004), respectively.

Lemma 16 E|gg|’ < oo for every v € (0, 2).

Lemma 17 There exists r € (0, 1) and F;_-measurable rv.s V; > 0, such that
EVi" < oo for some v > 0, and

sup |§,-(0) — s,-(0)| Y
0eN,(n)

3?(0) - Ui2(0) <ry for largen and eachi € N.

Lemmas 16, 17 and 18 below are used to verify some arguments useful to verify
Proposition 5.

Lemma 18 Letn > 0 and v € (0, 2). Then, for every w > 0,

=200) _ o2 v
limsupE[ sup M} 00, (62)

n—oo  |gen-(p 10— 0°107(0)
and there exist 11 ,; = T11 ,.i(n,v) > 0and T, ; = 3 ».i(n, v) > O, such that

o7 —37(6)]

— <10 —6°|My i+ 10 —0°1° T, when® € Ny(n),  (63)
o; @)

and lim sup,, E{I1; ,1}" < 0o and lim sup,, E{I'Ig’n,l}”/2 < 0.
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Now, let n > 0 and vg € (1, 2) such that
n'=w/2 = o(Vk) asn — oo (64)

[cf. (3)]. Define

1 1
2(0) — 67 2 2 _ 42 Iy
U,»<0):=U,-[1+M] [1 o 01(0)] L) s

679 a7 (9) i)
1 lei (0) — &
M3 i=3ni() = sup -0 — 0 — € Fi-1.
0€N,f(n)| —6° 0i(0)
Then,
limsup ETI3", | < o0, (65)
n
(cf. Lemma 16) and U; = U; (é). Moreover, we have from Lemma 18 that when
0 € Nu(n),
|07 =07 ®)| _ |07 —57®)] 52®)  [570) —07®)
o? () R o’ () o’ ()
=2 =2 2
F0) |57 — o0
< {10 —0°I,,0; +10 — 0°P Ty, ;) 2 i i
<{l [Tt i+ | | 2”}‘7,'2(9) 20)
520 |570) — 2] 52(0)
— 10 —0° Hnil i i 0_0021—1 nil )
| '{ iy T ooz | TR
Further, owing to Lemma 18, we have
520) [620) —a2(0) 52(6)
nT.n,i ‘= sup Iy ni 12 + } : S l2 ! s z,n,i ‘= sup nz’n’,‘lzi,
8N (1) o @) 16 —6°07(6) 0N, () ol (0)
so that
EITTY, |" < oo, E|l'[§,n’1|”°/2 < oo forlargen. (66)

Note that due to (64), it follows from Lemma 18 that for every € > 0,

1 < ol T, nol*T15 .5 Inol T3,
ﬁZI(max{ i \/ﬁlnl i . 2l |mi|/%b3’n’l >e|=op(). (67)
i=1 n

Now, let A; (y, 0) := I(T;(8) > y~ub,), Ai(y) := I (U; > y~b,) and

: noll* . )721_[* .
Ai(y.n.m0) = I(U,» {1+ rinovi [1 + =" sgn(ng) —— 2
ﬁ n

nollzni _1
+——=+rgnoVi > «by ),
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fory € [X’ y] and 9 € R, where ry € [0, 1) and the F;_j-measurable V; > 0 are
obtained from Lemma 17. Using the arguments between (64) and (67), we can obtain
Lemmas 19 and 20: the former is used to verify the latter.

Lemma 19 Letn > 0, €9 € (0,0.1), r; € (ro, 1), and {m,} be a sequence such

that m, < n and m,, — o0 as n — oo. Then, there exists no > 0 such that when
0 € N,(n),

w;Ai(y, n, —n0) < w;iA;(y,0) <w;A;(y,n,n0) foreachi =m,, ..., n,
where

2
wr e 1 L 7O s 1010 (ol T i
o \/E ’ n ' \/ﬁbn

] < €0, rhylnol Vi <r{) (68)

and
n
Ewi|Ei—l {Ai(y.n,m0) — Ai(M}]
2
< Kw; max 14 7 ol TT3, 5 [101°TL5 5 (1] T3, 69)
- Py o T by |
In particular,
l n
T > —w) =op(D), (70)

i=my

10|11 |10/ 113
Vklogn - E znly 2l oo )=o) asn— co.  (71)
n n

Lemma 20 Lern > 0,n0 € R, 0 <y <y <00, and Bi(y,n, no) = Ai(y,n,n0) —
A;(y). Then, we have

Lnt]

sup sup |— > Bi(y,n,no)| =op(1).
ysy=jyO0=r=l \/ng l

The Proof of (60) in Proposition 5. The proposition can be verified using Lemmas 19
and 20 and following the lines in the proof of (48). O
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