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Abstract Consider Bayesian variable selection in normal linear regression models
based on Zellner’s g-prior. We study theoretical properties of this method when the
sample size n grows and consider the cases when the number of regressors, p is fixed
and when it grows with n. We first consider the situation where the true model is not
in the model space and prove under mild conditions that the method is consistent and
“loss efficient” in appropriate sense. We then consider the case when the true model
is in the model space and prove that the posterior probability of the true model goes
to one as n goes to infinity. “Loss efficiency” is also proved in this situation. We give
explicit conditions on the rate of growth of g, possibly depending on that of p as n
grows, for our results to hold. This helps in making recommendations for the choice
of g.
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1 Introduction

One of the very popular ways to model dependence between a response variable and
explanatory or predictor variables in a given problem is through the linear regression
model. In such a case, choosing from a set of candidate models is equivalent to the
problem of variable selection. This problem has been widely studied in the literature
and arises in myriad applications, see, for example, Shao (1997), George (2000) and
Miller (2001) and the references therein.

We consider the regression problem with response variable y and a set of potential

predictor variables xp, x2, ..., xp. Lety, = (b1, y2, ..., vu)' be a vector of observa-
tions on the response variable and X, = (xl, X2, ..., Xp) be an n x p design matrix.
Here x; is an n x 1 vector of observations on the ith regressor x; and the jth com-
ponent of x; is associated with y;,i = 1,..., p, j = 1,..., n. We assume, without

loss of generality, that the columns of X, have been centered so that 1/,x; = 0 for all
i where 1, is a vector of 1’s of length n. Let n,, denote E(y,|X,,) and assume

Yo ~ Ny (ILn’ Uzln) s

where o2 is unknown and I, is the n x n identity matrix. We are interested in capturing

the functional relationship, if any, between u,, and X,,.
We restrict our search within the class of normal linear models under which u,,
may be expressed as

Mmy, = 1,60 + X,,B, ey

where By is an intercept and B = (B, B2....,Bp) is a vector of regression
coefficients. Our problem is to select a subset of the potential predictor variables
X1,X2,...,Xp. Thus, we have a model selection problem and our model space,
denoted by A, may be indexed by «, where each « consists of a subset of size
p(a) (1 < p(e) < p)of{l,2,..., p}, indicating which regressors are included in
the model. The model M,, corresponding to « € A may be expressed as a sub-model
of (1),

My : py =180 + XneBa, 2

where the intercept B is common to all models, X, is a sub-matrix of X,, consisting of
the p(«) columns specified by « and B, is the p(«)-dimensional vector of regression
coefficients.

Bayesian model selection requires specification of prior distribution of the para-
meters 0, = (Bo, By» 02) € ©4 under each model M, and prior probabilities p(M)
of the models. Let p(y,|0y, M) denote the density of y, given 6, under M, and
p(0,|M,) denote the prior density of 6, under M. Then the posterior probability of
the model My, @ € A, is given by

pP(My)my(yn)
Mylyn) = s 3
p( [¥n) ZaeAp(Moz)ma(Yn) ©)
where mg (yn) =/p(yn|0a,Ma)p(0a|Ma)d0a 4)
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Variable selection based on g-prior 965

is the marginal density of y,, under M,,. In this paper, we consider the model selection
procedure that selects the model with highest posterior probability.

A very popular conventional prior for the parameters 8, is the conjugate g-prior
due to Zellner (1986) given in (6). In the present scenario, Sy and o> may be regarded
as parameters common to all the models and the suggested default priors are

1
p(Bo. 0% My) = — )
o

BolBo, 0% My ~ Npey(0, 6> (X, Xua) ™ h) (©6)

for some g > O [see, for example, (Liang et al. 2008, Section 2.1)].

A major advantage of Zellner’s g-prior is the availability of closed-form expressions
of the marginal likelihoods m (y, ) and the resulting computational efficiency. It may
be noted that the prior covariance matrix is related to the Fisher information matrix in
the linear model. This prior and its variants have been widely used in the literature in
linear models; see, for example, Zellner (1986), Chaturvedi et al. (1997), Ferndndez
et al. (2001), Consonni and Veronese (2008), Krishna et al. (2009) and Bornn et al.
(2010).

It has been shown in George and Foster (2000) that g in the g-prior can be prop-
erly calibrated so that model selection using the g-prior is equivalent to that using
the Akaike information criterion (AIC) or Bayesian information criterion (BIC) or
the risk information criterion (RIC). There have been many suggestions regarding
the proper choice of g based on various considerations, see, for example, the unit
information prior of (Kass and Wasserman 1995) taking ¢ = n, Benchmark prior
of (Fernandez et al. 2001) taking g = max(n, p?) and choices of g coming out
of local and global empirical Bayes estimation of g (see, e.g., Liang et al. 2008,
Section 2.4).

In this paper, we study the performance of the Bayesian variable selection method
based on g-prior when # is large. We consider a general setting which simultaneously
allows the potential number of regressors p to remain fixed or grow with n. We also
consider both the cases when the “true” model lies in the model space and when it
does not. The main objective of the present work is to find conditions under which the
model selection rule based on g-prior has some natural desirable properties. We have
been able to come up with sufficient conditions under which such properties hold true.
We use these results and simulations to make a recommendation for a suitable choice
of g.

We first consider in Sect. 2 the case when the “true” model is not in the space of
models from which we are selecting one. We refer to this as the “model false” case.
This is the more realistic situation, the true model not being one of the entertained
models. We are not aware of any work related to g-prior that considers the “model
false” case. We first show in Sect. 2.1 that the method based on g-prior chooses the
model which asymptotically minimizes the distance from the unknown true model, for
some appropriate measure of distance between models [see (Chakrabarti and Ghosh
20006), for a related work]. We define this property as consistency in the “model false”
case. This property is shown to hold for a wide range of choices of g and p. Following
Li (1987) and Shao (1997), we next show in Sect. 2.2 that the method based on g-
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966 M. Mukhopadhayay et al.

prior has another optimality property which we call “Loss Efficiency” as in Shao
(1997). As in Li (1987) and Shao (1997), we consider as our evaluation criterion the
average squared error deviation between the true and estimated regression function,
given by L,(a) = n~! ”[Ln — R, () Hz, where fi, () is the chosen estimator of the
true regression function u,, when model M, is selected. We show in Sect. 2.2 that
for common choices of i, («), the ratio of L, (&) and mingec4 L, () goes to 1 in
probability as n — oo when My, is the model chosen by the method under study. This
property is referred to as “Loss Efficiency”.

In this paper, we are mainly concerned with normal linear models and also in the
“model false” case, we assume that y,, is normally distributed. However, in Sects. 2.1.1
and 2.2.1 we make a modest attempt to study consistency and loss efficiency under a
particular setup for the case when the true distribution is not normal.

In Sect. 3, we consider the “model true” case, that is, the case where the true model
is one of the entertained models. We show in Sect. 3.1 that the posterior probability
of the true model goes to one as n — oo if one uses the g-prior. We call this property
model selection consistency following Liang et al. (2008). We find explicit conditions
on the rate of growth of g, depending on that of p, as n grows, under which the result
holds. In Sect. 3.2, we also show “loss efficiency” of the model selection procedure
based on g-prior in the “model true” case.

Model selection consistency for g-prior was studied, among others, by Ferndndez
et al. (2001) for the case when p is fixed. Shang and Clayton (2011) considered the
case when p grows with n and proved consistency for a prior that can be related
to the g-prior in some particular cases. Liang et al. (2008) studied model selection
consistency for mixtures of g-priors for the case when p is fixed.

In Sect. 4, we present simulation results which demonstrate that our theoretical
results on loss efficiency and consistency can be greatly relied on even for moder-
ate sample sizes compared to the model dimension p. Along with different possible
choices of n and p, we also consider different choices of g to understand its role in
the performance of the method.

Section 5 presents a discussion on the choice of g in the model selection procedure
under study. The arguments based on our theoretical results and simulations lead to a
recommendation for choice of g in this section.

In Sect. 6, we summarize our results and include some related discussions. Scope
of future research is also explored.

Proofs of all the main results, except Theorems 1 and 6 are given in the Appendix
(Sect. 7) and those of some other results are given in the supplementary file.

2 The “Model False” case

In this section, we consider the case when the true model is not in the model space
{My, a € A} from which we are selecting one. This is referred to as the “model false”
case and is indeed the case in almost all practical situations.

We consider the situation where y,, may be assumed to be normally distributed but
the true regression function p,, is not expressible as a linear combination of some of
the columns of X, as stated in (2).
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Given the priors (5) and (6), the marginal likelihood under the model M,,a € A,
is given by
'n—1)/2
a=D/2 /n (1 4 g)P(®)/2

me(Yn) =

n —(n—=1)/2
X |:(1 - a) Z(y,' — Y)Z + ay;,(ln - Pn(a))yn:| (7)

i=1

where a = g/(1 + g) and P,(a) = Z,o [Z,’WZ,,O,]_1 Z,, is the projection matrix
onto the span of Z,, = [1,,Xpel, @ € A. If g = g, varies with n, we write
an = gn/(1 + gn). The model selection rule is to choose the model M, with highest
posterior probability, that is, we choose the model M, for which p(My)m(y,) is the
largest among all ¢ € A. We note that maximizing p(My)m (y,) with respect to «
is equivalent to minimizing

V(@) = [p(M)] ™20 (14 )P @/ =D

x [(1 —a) D i~ 3+ ayy (I, — P, (a))yn} : ®)

i=1

In this section, we show that under certain conditions, the above model selection
procedure asymptotically performs as well as an Oracle. By an Oracle we mean an
imaginary model selection procedure which behaves optimally in some sense using
the knowledge of the true regression function which is not known to us.

We now state the assumptions under which we prove the results. Throughout this
paper we assume

(A1) pu,p, =0(@m) as n — oo.
For the case when p is fixed, we assume
1
(A2) lim miﬁ—u; (I, — Py(a))pm,, > A for some constant A > 0.

n—ooXEAN
For the case when p = p, grows with n, we replace assumption (A.2) by

(A.2)*  lim n® min [L;l Iy — Py(a))p,,/n > 6 for some constants § >0 and 0 <
n—oo acA
s < 1.

In this case, we also assume
(A.3) The prior probabilities p(M)’s satisfy ma)i‘tp(Ma)/p(Ma/) < " for
a,a’'e

some B < (1 —s) where s is as in (A.2)*.

Remark 1 Assumption (A.1) holdsifthe u;’s are of comparable magnitude and they do
not grow too fast with i. This holds, for example, when the sequence {1, u2, - .., n}
is bounded.

Bayarri et al. (2012) describe (A.2) as a key assumption for consistent model
selection under which the models are differentiated in some sense; see also Shao
(1997, p. 225), Ferndndez et al. (2001) and Liang et al. (2008, p. 416) who make this
assumption when p is fixed. Assumption (A.2)* seems to us to be a natural extension
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of assumption (A.2) for the case when p grows with n. Assumption (A.3) is satisfied
for a very large class of probabilities on the model space.

2.1 Consistency

We show that the model selection procedure under study chooses a model that is, in
some asymptotic sense, closest to the unknown true model among all the models in
the model space .A. We define this properly as consistency in the “model false” case.
Below, we will consider the Kullback—Leibler distance between two probability dis-
tributions. The Kullback—Leibler distance between the true distribution N (u,,, o3I,
and the distribution N (1,80 + Xne By, 0>1,) under M, is

1 ’
ﬁ (ﬂn — 1,80 — Xnaﬂa) (ﬂn — 1,60 — Xnaﬂa) :

We define the distance D, («) between the true distribution and the model M, as the
minimum of the above distance with respect to (8o, 8,) which is given by

1 1
Di(e) = 5 |y = Patet, I = 5ot = Pa(@) . )

One would naturally like to choose a model M, which is as close as possible to the
true distribution, that is, for which D, («¢) = mingc 4 D, (). Obviously, one could
find the model M,, for which D,, () is minimized if the true distribution were known,
which is never the case. We prove here that if M; is the model chosen by our model
selection rule, then as n — oo,

minge 4 Dy () 1o

In the “model false” case, we say that the model selection rule is consistent if (10)
holds.
We now state our result.

Theorem 1 Consider the model selection rule based on the priors (5) and (6) that
chooses a model with the highest posterior probability and let My, be the model chosen
by this rule. Let g =g, =kn" forr > 0 and k > 0. Then we have the following results.

(@) If p, the total number of predictors, is fixed, then under assumptions (A.1) and
(A.2), (10) holds.

(b) Suppose that p = p, grows with n. Assume that p, = O(n®) for0 < b < 1,
(A.1) and (A.3) holds and (A.2)* holds with s < (1 — b) /2. Then (10) holds.

Lete, =y, — u,. The following lemma will be used to prove the theorem.

Lemma 1 Under assumption (A.1), we have as n — 00,

(a) maxyea |my, (I — Pa(@)en| /n = O (Vpu/n), and
(b) maxaeAe;Pn ()en/n = Op (pu/n).
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The proof of Lemma 1 is given in the Appendix.

Proof of Theorem 1. We first derive results for the case when p = p,, p(@) = p, (),
a € Aand g = g, may vary with n. This also includes the case with fixed p, p(«)
and g.
We note that
y;;(ln - Pn (a))yn
= (/Ln + en)/ (In — Pp()) (ILn + en)
=2u,e, +e,e, + 202D, (a) — 2, Py(a)e, — €, Py(c)e, (11)

and therefore, ¥ («), given by (8), can be expressed as

(@) = [p(M)] 207D (1 4 gy (/=D
X |:Cn + 2an02Dn(a) + zan”';z(ln — Py(a))e, — ane;,Pn(a)en:I

= [P(M)T/ ™D (1 4 g)P @D [ €, + 20,02 D) (1 + En(@) |,

(12)

where C, = (1 —an) D7 (yi — ¥)? + ane, e, , Dy() is as defined in (9) and

2#;,(171 — Py(a))e, — e;; Py(a)e,
= . 13
&n(@) 202D, (@) (13)
We shall show below that
max &, (a)| 2 0. (14)
o

As ¥ (@) < ¥(a) for all a € \A, from (12) we have, with probability tending to one
uniformly in « € A,

Dy(@) _ Co(bg — 1) (1 + & (@)
Dy(@) ~ 2a,02Dp(@)(1 +£,(&@) = (1+&,@)

and therefore,

D, (a C buo — 1 1
< n(Q) < n/n % Max n(bpy ) + + &, % max by, (15)
ming Dy, (o) Zanaz(l — &) « Dy (a) 1-§, o

where &, = max,, |&,(«)| and

M =2/(n—1) R
by — (l’( a)) (1 + g)(Pr@=Pa@)/ -1, (16)
p(Mg)

We can now prove that

Cp = 0,(n) 17)

@ Springer



970 M. Mukhopadhayay et al.

and mo?x [n(bne — D] < 2(py log(1 + gn) + 21og Cop)
x exp {(pn log(l + gn) + 21log Con)/(n — 1)}, (18)

where Co, = maxy 4'e A p(My)/p(My ). The calculations that lead to (17) and (18)
are given in the Appendix. Also,

| IOg(mélX bna)| < mo?-x [1og(bna)| < [pn log(1 + gn) + 210g(C0n)] . (19)

1
(n—1)

We now prove part (a) of the theorem. If p,, = p is fixed, by assumption (A.2),

. A
rr}xm D, (x) > 257 (20)
for all sufficiently large n, and Co, is a fixed finite number. Therefore, from (18),
bpo — 1
max e =D p Q1)
a Dy(a)
From (19),
max by — 1. (22)
o

Now, from (13) and (20),
2 / 1 /
max [§,(o)| < —- max |u, (In — Py(@))e,| + —- maxe, P, ()e,
a nA «o nA «

and hence by Lemma 1, (14) holds. Part (a) of the theorem now follows from (14),
(15), (17), (21) and (22).
For part (b), we note that by assumption (A.2)*,

1—s

202

min D, («) > (23)

for all sufficiently large n and by assumption (A.3), Co, 56”5 for some
B < (1 — s). Therefore from (18), for p = p, = O®>) with (1 — b)/2 > s,
the convergence (21) holds. Obviously, the convergence (22) also holds. From (13)
and (23),

1
max |y, (I — Py())en| + —— max e, Py(a)e,

mo?x|§n(a)| = Sni—s Snl—s

and hence by Lemma 1, (14) holds. Part (b) of the theorem now follows from (14),
(15), (17), (21) and (22). O
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2.1.1 The case when the true model is not normal

In this paper, we are mainly concerned with normal linear models and also in
the case when the true model is not in the model space considered, assume that
yn is normally distributed. This is a commonly used assumption for a wide vari-
ety of data. The consistency result proved above in this section is based on this
assumption.

A natural question is what can be said regarding consistency if the unknown true
distribution of y,, is not normal. We do not try to study this problem in its full generality
in this paper. We make a modest attempt and give a proof of consistency for this case
under the setup of Li (1987) and Shao (1997) for variable selection in linear regression
models where the truth is not necessarily normal. We state below the result obtained
by us. The proof is given in the supplementary file.

Let the true distribution of y,, has a density f. It can be easily seen that the Kullback—
Leibler distance between the true distribution given by the density f and the distrib-
ution N (1,80 + XnaBy. 0°1,) under M, is equal to

n

2
/f(yn)logf(yn)dyn + > (1 +logo )

1
+O’_2 (ILn - 111/30 - Xnaﬂa)/ (ILn - 1:1/30 - Xnaﬁa) .

Then, the distance D («) between the true model f and the model M, obtained by
minimizing the above with respect to (o, f,) is given by

Di@ = [ o f dy, +5 (1 +10g0”) + D@ @29

where D, («) is as given in (9).

We note that the first two terms in the right hand side of (24) is free of o and
therefore, minimizing D («) with respect to o is equivalent to minimizing D, («)
with respect to «. We prove that under certain assumptions

D ©3)
minge 4 Dy (@)
as n — 0o, where My, is the model chosen by the model selection rule based on g
prior and treat this as our definition of consistency of the model selection rule.

We prove our results under the following assumption made by Li (1987) and Shao
(1997) while proving asymptotic validity of various linear model selection procedures
when the true model is not necessarily normal. It is assumed that

Z ﬁ -0 (26)
A [nR, ()]
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972 M. Mukhopadhayay et al.

as n — oo, for some positive integer m for which E (e?m) < oo where A is the
class of models considered and for « € A, R,(0¢) = E[L,(x)] and nL,(a) =

Il — Pu(e)ynll?.
The result that is obtained can be stated as follows.

Theorem 2 Consider the setup of Theorem 1 and consider a class of models not
containing the true model for which (26) holds. Then under the conditions of Theorem
1, (25) holds.

The proof of Theorem 2 is given in the supplementary file.

2.2 Loss efficiency

In this section, we prove “loss efficiency” of the model selection procedure using
g-prior currently under study. The concept of “loss efficiency” [(Li 1987) and (Shao
1997)] has been briefly described in the Sect. 1. As in Li (1987) and Shao (1997), we
consider as our evaluation criterion the average squared error deviation between the
true and estimated regression function, given by

2
)

1
Lo(@) = ~ | m, = ity (@) @7)

where fi,,(«) is the chosen estimator of the true regression function g,, when model
M, is selected. We consider two estimators—the Bayes estimator for the g-prior and
the least squares estimator which is also the Bayes estimator for the standard non-
informative priors (considered, for example, in Chakrabarti and Samanta (2008)). If
1, were known, one could find the model oe,f which minimizes L, («) for each y,.
This model will be called the Oracle model since it is based on the unknown truth
I, and it cannot be achieved in practice. We show that for both the above choices of
(@),

L@
& E asn — 00 (28)
minge 4 Ly ()

if My is the model chosen by the method based on g-prior. Thus the g-prior method
is shown to perform equivalently to an Oracle asymptotically. We first consider in
Theorem 3, the case when pu,, is estimated by the Bayes estimator under the selected
model M.

Theorem 3 Consider model selection rule under study as in Theorem 1 and let My,
be the model selected by this rule. Let g = g, = kn" forr > 0and k > 0 and ji,(c)
be the Bayes estimator of w,, under model M. Then we have the following:

(a) For p fixed, under the same assumptions as in Theorem 1 (a), & satisfies (28).
(b) Suppose now p = p, grows with n. Then under the same assumptions as in
Theorem 1 (b), & satisfies (28) provided r > s.

The proof of Theorem 3 is given in the Appendix.
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Remark 2 When one uses j, () as the least squares estimator of u,, under model «,
the proof of Theorem 3 can be suitably adapted to accommodate this case and (28)
can be shown to hold under this situation as well. A proof is given in the Appendix
after the proof of Theorem 3.

2.2.1 The case when the true model is not normal

As mentioned in Sect. 2.1.1, we do not try to study this problem in its full generality
for this case in the present paper. We give a proof of loss efficiency under the setup of
Li (1987) and Shao (1997) and under their assumption stated in (26). For simplicity
in presentation, we consider only the case where L,(«) is as defined in (27) with
i, (o) = P,(a)yy, the least squares estimate of u,,.

Our result can be stated as follows.

Theorem 4 Consider the setup of Theorem 3 with ft,,(¢) = P,(@)y, and consider a
class A of models not containing the true model for which (26) holds. Then under the
conditions of Theorem 3, (28) holds.

The proof of Theorem 4 is given in the supplementary file.

3 The “Model True” case

In this section, we assume that the true model is in the model space and prove that the
model selection procedure based on g-prior is consistent in appropriate sense. We also
prove “loss efficiency” as described in the Introduction. We assume that under each
model M,, B, is a p, («)-dimensional vector of non-zero regression coefficients. This
ensures that there is exactly one true model in the model space.

3.1 Model selection consistency

Let My,, . € A be the true model. The posterior probability of M,,, given by (3)
can be expressed as

-1

p(My) — ma(yn)
pMaly) = [1+ D (M"‘) x “(”) (29)
weAata. pP(Mg, My, (Yn
We will show, under suitable conditions, that for the priors (5) and (6),
P(Me,lyn) > 1 (30)

under the model M, . This is known as model selection consistency which also implies
that the true model My, is selected with probability tending to one. We divide the model
space into two parts,

A ={eeA: MyDMy,a#a}, and A ={a € A : a¢ A, o # o}

@ Springer



974 M. Mukhopadhayay et al.

We make the following assumptions, which are analogous versions of assumptions
(A2) and (A2)* of Sect. 2 in the “model true” case, replacing A by A;.
For the case when p is fixed, we assume

(B.2) lim,_, . minge 4, M, (In — Py(@))p,/n > A for some constant A >0.
For the case when p = p, grows with n, we replace assumption (B.2) by
(B.2)* lim, ,  »n’*mingeq, p, (L, — Py(@))p,/n > § for some constants § > 0
and 0<s < 1.
We will prove the following result.

Theorem 5 Consider the priors (5) and (6) and let g = g, = kn" forr > 0, k > 0.
Then we have the following results.

(a) If p is fixed, then under assumptions (A.1) and (B.2), (30) holds under the true
model M.

(b) Suppose that p = p, grows with n. Assume that p, = On’) for
0<b<1,r>4b, (A1) holds, (B.2)* holds with s < (1 — b)/2, and

ma’fAP(Ma)/P(Ma’) < kon™ for someky > 0and0 < by < (r — 4b) /2.
a,a’'e

(31)
Then (30) holds under the true model My, .

The proof of Theorem 5 is given in the Appendix.

Remark 3 1t is interesting to note that a “very small” choice of g = g, may actually
lead to inconsistency in the “model true” case. Consider for example, the situation
when the true model is the null model, My, under which u,, = 1,8 and all the
candidate models are given equal probability. It has been shown in the supplementary
file that Zae A, Ma (¥n)/mq, (y,) cannot converge to zero in probability if one chooses
gn = kn” with r < 2b when p, = n?, 0 < b < 1. This implies, vide (29), that for
model selection consistency in the “model true” case it is necessary to choose g, = kn”
with r > 2b,k > 0 (if p, =n”, 0 < b < 1).

Remark 4 This is worth noting that “too big” a ¢ = g, may also lead to inconsistency
in the “model true” case. Consider in this case, the situation where the true model is the
full model, M r. It has been proved in the supplementary file thatif p, = n?, 0 < b < 1
then by choosing g, > D"/Pr, for some appropriately selected D (> 1), one can
conclude that p(Mg, |y,) does not converge to 1 in probability.

3.2 Loss efficiency

We now prove “loss efficiency” of the model selection procedure based on g-prior
in the “model true” case. We first consider the case when p, is estimated by the
Bayes estimator under the selected model. Indeed, we prove a result stronger than loss
efficiency as stated below.
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Theorem 6 Consider the model selection rule under study as in Theorem 1 and let
My, be the model selected by this rule. Let i, («) be the Bayes estimator of ,, for the
g-prior under model M. Then under the conditions of Theorem 5, we have

L,(@) = (I;I;ij}‘Ln (@)
with probability tending to one.
Proof As shown in the Appendix [see (36)], foralla € A,

nLy(a) =Cp+a,(2 — an)”v;(ln - P (Ol))[l,n + ayzle,/1 Py (a)e,
—2a,(1 — an)l"'; Py (a)ey,, (32)

where

n
Co = (= an) iy, + (1 —apny” =21 = )y D i + 2a,(1 — a,)¥1,¥n.
i=1

Let My,, o € A, be the true model and .4; and A be the subspaces of the model
space \A, as defined at the beginning of Sect. 3.1. We shall prove that with probability
tending to one,
min L,(a) > Lj,(c.) foralli =1, 2. (33)
acA;

As Py(a)p,, = p,, forall o € Ay U {a.}, from (32), we have for all « € A U {a},
nL (@) = Cp + a2e, Py(a)e, — 2a,(1 — a,)p,e,. (34)
Therefore, for all « € A;,
nLy(@) = nLy (@) = aye, (Pa(@) = Pa(ac))e,

which implies

min nL,(a) —nL,(a;) = a,2Z min €),(P, () — Py(oe))e,. (35)
acA; ac A
Since for all @« € Aj, (Pi(@) — P,(a)) is also a projection matrix,

e, (Py(a) — Py(ac)) e,/ o2 follows a y? distribution and therefore, by (35), the result
(33) holds for i = 1 with probability one.
We now prove (33) for i = 2. From (32) and (34) we have for a € A3,

nLy () — nLy(ae) = an(2 — ap) (I, — Po(@)), + aZe, Py(a)e,
—a2e), Py(ac)ey, + 2a,(1 — ay) ), (I, — Py(a))ey,
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and therefore,

m.IR Ly(a) — Ln(ac)

acAy

1 1
> a,(2 — ay) min — ), (I, — Py(@) i, — a2 —e, Py(ac)e,
ac A n n

1
~2an(1 = ay) max - |, (I = Pa(@))en] .

The result (33) with i = 2 now follows from Lemma 1 by assumption (B.2) (for the
case with fixed p) or (B.2)* (for the case when p = p, grows with n).

As & = a, with probability tending to one from Theorem 5, the result now follows
from (33). m|

When one uses i, () as the least squares estimator of p, under the model «,
Theorem 3.2 can be proved using similar arguments. In this case, i, (¢) = P,(@)yn
and

nly(a) = IL;, Iy — Pu(a)) m,, + e;an(a)en-
Therefore for all @ € A;,

min nLy(e) —nLy(ee) = min €, (P, (a) — Py(ac)) €,
ac A ac A

and for all o € A5,

1 1
min L,(«) — L, (a;) > min —p, (I, — P, (« — —e P,(ap)e,.
aed, n(a) n(ate) _aeAan"( n n ( ))ILn L n(ote)ey

The result now follows by arguments similar to those used in the proof of Theorem
3.2.

4 Simulation results

In this section, we present some simulation results to demonstrate the performance of
the model selection procedure under study. We perform the simulation under both the
scenarios when the true model is in the model space and when it is not. We consider
sample sizes (n) varying from moderate to large, compared to the model dimension
p and also allow p to grow from small to large. In each of these cases, we consider
different choices of g to understand its role in the performance of the method. In
the simulation results presented, the properties of loss efficiency and consistency are
demonstrated satisfactorily most of the time even for moderate sample sizes. Below
we describe our scheme of simulation and discuss the results obtained.

For both the “model false” and “model true” cases, we consider n = 50, 100 and
150. We denote by p the total number of available regressors from which the selection
is made so that the full design matrix [1,,, X, ], with the column of 1’s for the intercept,
is of dimension n x (p + 1). For the “model true” case, we take different choices of p
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such that p + 1 < n. For “model false” case, we take different choices of p such that
p + 11is strictly less than n. For each combination of n and p, four different choices
of g are considered, viz., g = +/n, n, p%, and n?. Note that the choice of g = n
was recommended by Kass and Wasserman (1995) and the choice of g = p® was
recommended by Foster and George (1994). Fernandez et al. (2001) recommended
use of g = max(n, p?). We take g = /n to see how the method performs for a
relatively small g. The arguments for considering ¢ = n? are given in Sect. 5.

We first describe the simulation scheme for the “model true” case. For each
combination of (n, p), we generate n values of each of the p regressor vari-

ables x1, x2,...,x, and this gives the design matrix X,,. We choose p numbers
vi,i = 1,..., p and generate the n values of the i’ regressor x; from an N (v;, 1)
distribution, i = 1, ..., p. We assume that the n values of the i’ regressor are com-

ing from a homogeneous population. To fix a “true” model, we choose its dimension
p(o) and then choose the p(a.) non-zero regression coefficients §;’s, the intercept
Bo in the true model and also a value for the error variance o2. The p(c.) columns of
the design matrix X, for the true model are chosen at random from the p columns
of X,;. We use two schemes to select the values of v;’s, p(a.), B;’s and o. In Scheme
1, we select v;’s at random from a normal distribution, v; ~ N (10, 10), and thus
making the possible range of the x values very wide. In Scheme 2, (vy, ..., v)) is
chosen as a random permutation of (0.2, 0.4, ...,0.2 x p). The dimension of the true
model p(a.) is chosen as [2p/3] in Scheme 1 and [p/2] in Scheme 2. The p(c.)
non-zero regression coefficients 8;’s and the intercept B¢ in the true model are ran-
domly chosen from a uniform distribution over (—10, 10) in Scheme 1, and from the
set {—0.2,0.4,...,(—1)P0.2p} in Scheme 2. In Scheme 1, we take 0 = 3 and in
Scheme 2, we take o = 1.

After choosing the dimension p(c«.), the coefficients (,30, ﬂac), the error vari-
ance o2 of the true model and the design matrix X,, we generate data y, follow-
ing N, (ln Bo + Xna.Ba, 021,,). Having obtained the data, we compute the posterior
probability of the true model using the g-prior for several choices of g as indicated
in the second paragraph of this section. We also find the model My selected by the
method based on g-prior (by finding the model with highest posterior probability) and
calculate the loss ratio, L,(&)/ minge_4 Ly (), for each choice of g. It needs to be
mentioned that for exact calculation of posterior probability of any model, the mar-
ginal densities of the data (m (y,)) for all the candidate models o € A are needed.
It is possible to do this for small p (p + 1 = 10) but for large p (p + 1 = 30, 50),
this becomes quite infeasible. Therefore, for such cases we take resort to Markov
Chain Monte Carlo simulation techniques to approximate the posterior probabilities,
whereby computation of marginal densities can be restricted only to the models visited
by the chain. To simulate from the relevant Markov chain, we have used the Gibbs
sampling algorithm. The sampling scheme and the method of computation of pos-
terior probabilities are completely described in Chipman et al. (2001, Section 3.5).
For the simulation, we have generated a Markov chain of length 20000 of which the
first 10000 have been used as burn-in. For the cases p + 1 = 30 and 50, the quantity
minge 4 L, (o) is approximated by taking the minimum of L, («) over the models
visited by the chain.
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For each combination of (n, p), each of the choices of g and each of the two
schemes, we repeat the above for 100 times fixing the chosen values of v;’s, p(a.), B;’s
and 0. The mean and standard deviation of the posterior probabilities of the true model
and those of the loss ratios are presented in the upper halves of Table 1 (for Scheme 1)
and Table 2 (for Scheme 2). In the tables these measures are denoted by “Post. prob.
mean”, “Post. prob. s.d.”, “Loss ratio mean” and “Loss ratio s.d.”, respectively.

For “model false” case, the n x p design matrix X, is generated as described
above but the true regression p, is generated in a different manner.We consider a
basis of the orthogonal complement of the column space of the full design matrix
[1,, X,,]. Then, we choose k; columns of the design matrix and k, basis vectors
of the orthogonal complement to generate the true regression u, by taking linear
combination of them with randomly chosen non-zero coefficients. The coefficients
are selected in the same way as the regression coefficients and intercept are selected
above in the “model true” case using two schemes. We choose k| and k, as k| =
[2p/3] and k = min ((n — p), [p/3]) for Scheme 1 and as k1 = [p/2] and ky =
min ((n — p), [p/2]) for Scheme 2. Once the truth u,, is fixed, we generate the data
ya following N, (p,,, 0%1,). We now select the model M; using the method based
on g-prior and calculate the distance ratio, Dy, (&) /mingc 4 Dy, (), and loss ratio
L,(&)/ mingea Ly (a), where D, («) and Ly () are as in (9) and (27), respectively.
Again, as in the “model true” case, for each combination of (n, p), each of the choices
of g and each of the two schemes, we repeat the above for 100 times and obtain 100
loss ratios and distance ratios. The mean and standard deviation of these 100 values
are presented in the lower halves of Table 1 (for Scheme 1) and Table 2 (for Scheme
2). In the tables these measures are denoted by “Dist. ratio mean”, “Dist. ratio s.d.”,
“Loss ratio mean” and “Loss ratio s.d.”, respectively. Note that the case n = p+ 1 does
not fall in the “model false” case as any u,, can be generated by the p+1 = n columns
of [1,, X,,], and therefore, the corresponding blocks in the tables are left blank.

Figures in the upper halves of Tables 1 and 2 show how the posterior probabilities
of true models increase and how the loss ratios (described above) decrease to one as
the sample size n increases in the “model true” case. We observe that, in “model true”
case, the choice of g = n? gives substantially better results than the other choices of
g. The posterior probabilities for this choice of g are significantly larger than those
for the other choices of g in all the cases, except for the case p + 1 = 30,n = 100
in Scheme 2. However, for larger n (n = 150) with p + 1 = 30 in Scheme 2, g = n°
performs better than the other choices. Figures in the lower halves of the tables show
how the distance ratios and the loss ratios (as described above) decrease to one as
the sample size n increases in the “model false” case. For the “model false” case, the
choice of g = n? seems to perform the best with little exception for Scheme 1. For
Scheme 2, some of the smaller choices of g perform slightly better. However, as n
increases, the differences in their performance become small.

5 On the choice of g

A crucial ingredient of the model selection mechanism studied in this paper is the
choice of hyper-parameter g in the prior for the regression parameter vector 8, given
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in (6). The results we obtain through theoretical investigations and simulations help
us understand which choices of g lead to good performance of the model selection
procedure. The theoretical investigations are done in the asymptotic framework since
it makes many things more transparent. We treat both the cases when the number of
potential regressors (p) remains fixed and when it grows with sample size n such that
p= O(n®)asn — cowhere 0 < b < 1.

We first discuss the case when p is fixed. There have been several recommendations
in the literature on the choice of g in this case. A thorough study is made by Ferndndez
etal. (2001) in the “model true” case and they recommend use of g = max(n, p?). The
resulting prior is called “benchmark prior” and this recommendation is well accepted
in the literature. Therefore, our main focus in this section lies in the choice of g when p
grows with n. Before we discuss this in detail, we would like to mention that we have
also studied the “model false” case in the fixed- p scenario. It may be observed (vide
Theorems 1 and 3) that in this case the choice of g for ensuring good performance can
be very flexible. In particular, the choice of g = max(n, p2), as in Fernandez et al.
(2001), ensures both consistency and loss efficiency. Therefore, this choice is suitable
for both the “model false” and “model true” cases when p is fixed.

We now discuss the case when p grows with n. We first summarize our findings
from our theoretical investigations. It is very pleasing to note (vide Theorem 1) that
this method is consistent for the “model false” case for any choice of g such that
g = gn = kn” for some r > 0 and k > 0. This also includes the situations when g
does not vary with n. It follows from the proof of Theorem 3 that for loss efficiency
in “model false” case, we need to make g grow to infinity with n. However, from the
statement of the theorem it also follows that it is sufficient to choose g = g, = kn’,
r > 1/2, k > 0 to achieve loss efficiency. This comes from the observation that we
needr > sand s < (1 — b)/2 (where 0 < b < 1) for Theorem 3 to hold.

For the “model true” case, we show that choosing g = g, = kn” with k > 0 and
r > 4b is sufficient to ensure both consistency and loss efficiency (vide Theorems
5 and 6). However, as observed in Remark 3, it is also necessary that we must have
r > 2b for consistency in the “model true” case as r < 2b leads to inconsistency.

It is clear from the discussion above that it is advisable to choose a g which is not
“too small”. In particular, a choice of g = n” with some r > max(4b, 1/2) ensures
good performance on the whole. This takes care of both the “model false” and “model
true” cases and follows from the above discussions of these two cases. A natural
question now is how large a g should be chosen. It may be noted that making g large
arbitrarily makes the priors on f,’s arbitrarily vague in the sense that most compact
subsets of the parameter space gets nearly zero probability. Such priors are not usually
recommended in the model selection literature. See in this context Bayarri et al. (2012).
It may be recalled from Remark 4, that a choice of g, of the form g, = D"/P» for
some appropriately chosen constant D > 1, leads to inconsistency in the “model true”
case. This supports the common wisdom of not having “too large” a g.

We now make some final remarks on the choice of g based on the above theoretical
inputs and also the simulation results reported in Sect. 4. In practice, we have a data
at hand with some fixed n and p, and we may apply our theoretical results (on choice
of g) for the scenario “p grows with n” if the n and p for our given data are both large
enough. If indeed this is the case, we will typically also have p atleast as large as n /2%
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for some small positive § and then p can be thought of as O (n?) forany b > 1/2 —§
for some small §. For example, if n is 100 and p is between 30 and 50, it does not seem
right to take p = O (n?) with b = 1/2 — A with A not small. Since our theoretical
results show that by taking ¢ = n” with r > 4b one can achieve consistency, in view
of the above observation it appears that g = n”> might be a reasonable choice. In
principle, one could try larger choices of g. But one would not want to use larger g if
g = n? itself gives good enough results since too large a g is not necessarily a good
idea as discussed above. We have simulation results taking g = +/n, n and n%. For the
“model true” case the choice of g = n? gives clearly the best results. For the “model
false” case, the performance with g = n? is very satisfactory for large n (compared to
p) although it may not always be the best performing choice of g. Even when g = n?
does not give the best results, the difference in its performance compared to the best
one is quite negligible. Combining all these facts we feel comfortable in using g = n?>
as the preferred choice of g when p and n are both large.

6 Concluding remarks

In this paper, we have studied theoretical properties of the method of model selection
based on g-prior when the sample size grows. The g-prior has been one of the most
popular priors in use for the normal linear regression model and the motivation of the
paper is to study under what conditions this popular method gives desirable results. We
have studied the properties in the asymptotic framework since it makes many things
more transparent. We have first shown that in a situation where the true model is not
one of the candidate models, this model selection procedure selects a model that is
in a sense closest to the true model. Also, the ratio of the loss incurred in estimating
the unknown regression function under the selected model and the loss of an Oracle
tends to one. These results have been proved under appropriate conditions on the rate
of growth of g as n grows and for both the cases when the number p of potential
predictors remains fixed with n and when p = O (n?) for some 0 < b < 1. We do
not know of any work related to g priors that considers the “model false” case and
we have shown efficacy of the method based on g-prior with respect to two natural
criteria. We think these two criteria, namely, the ability to choose the candidate model
closest to the truth and the ability to estimate the unknown regression as well as an
Oracle should be considered as desirable criteria that a model selection rule should
satisfy in the “model false” case. In this context, it may be remarked that Bayarri et
al. (2012) suggested several other desirable criteria for model selection procedures. In
the “model true” case, we have been able to come up with precise conditions on the
growth of g = g, — oo depending on that of p = p, — oo such that the posterior
probability of the true model goes to 1 as n — oo. This, in particular, implies that the
true model is chosen with probability tending to one. We have also derived conditions
for attaining the Oracle loss asymptotically in this scenario. The specifications of the
rate of growth of g in the “model false” and “model true” cases when p grows with
n helps in making useful recommendations for appropriate choice of g. From our
theoretical investigations it turns out that a choice of g = kn” with r > max{4b, 1/2}
ensures desirable performance in both the “model false” and “model true” scenarios.
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It has been argued in Section 5 that from practical considerations a choice of g = n?

should be a reasonable one and this choice has been substantiated in the simulation
studies presented in the paper. It needs special mention that we have been able to prove
the fact that the true model is chosen with probability tending to one even in the case
when the null model (i.e., model with only the intercept term) is the truth. A result of
this nature is likely to be a useful addition to the literature.

This paper is an attempt to clarify the role of choice of g in variable selection
using Zellner’s g-prior when the sample size grows. It has been observed in Liang et
al. (2008) that the use of g-prior in the fixed sample size scenario can lead to certain
undesirable inference, which are referred to as paradoxes. The first of them, namely, the
Bartlett paradox is observed when g — oo while n and p remain fixed. The paradox
lies in the fact that this method always favors the null model over other models even
if it is not the truth when g — oo. It is to be noted that such a phenomenon occurs not
only for a g-prior but also for other proper priors if we let the spread of the prior go
to infinity. In our asymptotic framework, we have shown that the Bartlett paradox can
be avoided in the sense that the true model will be selected with probability tending to
one irrespective of whether the truth is the null model or a non-null model, provided
g — oo at some proper rate depending on the behavior of p as n — oo. It may
thus be inferred that g should be allowed to go to infinity only when n — oo. The
second paradox mentioned in Liang et al. (2008), namely, the Information paradox,
loses much of its relevance when 7 is large since the Bayes factor in question goes to
an extremely large number even for moderately large n, if n — p is also moderately
large and g is bounded away from zero.

We have considered the case when all the 2P models are allowed in the model
space. This is not to suggest that one should always consider this model space. In
fact, when p,, is large, this may lead to serious computational issues and one probably
would need something like a stochastic search and Monte Carlo simulation to find the
model with the highest value of the criterion p(My)my(y,). It would be interesting
to see how the results obtained here would modify if one selects from a much smaller
subset of the class of all possible models, for example, a specific nested sequence of
models where « varies among {1}, {1, 2}, {1,2,3}, ..., {1, 2, ..., p}.

The method based on g-prior cannot be applied directly in situations where p > n.
Itis applicable when p < n and we have simulation results even for the case p = n—1.
For the case when p > n, there has been recent attempt by Maruyama and George
(2011) to generalize the g-prior. However, they have not studied consistency in this
setup and it remains an open problem worth studying.

It is worth investigating the issues of consistency and loss efficiency in the “model
false” case for the local and global empirical Bayes choices of g and also for mixtures
of g-priors (see, for example, Liang et al. 2008). It is also important to study model
selection consistency for mixtures of g-priors for the case when p grows with n. Model
selection using mixtures of g-priors necessitates calculation of marginal likelihood
which may not have analytically tractable form. Standard approximations, like Laplace
approximation, become very challenging when p, — o0 since one needs to show that
the error in approximation is uniformly small over the class of all candidate models.
Another problem is the choice of the mixture from the wide class of mixtures available.
All these are important issues which will be addressed in our future work.
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7 Appendix

We present below proofs of some of the results presented in Sects. 2 and 3.

Proof of Lemma 1 (a) Let Upy = p,(Iy — Pn(a))e,,/\/azu;l(ln — Py(@)pm,. As
Uno ~ N(0, 1), using the property of N(0, 1) , we have for ¢ > 0

,2
P (max|Una| > t) < z P (|Ung| > 1) < co2Pre™ 7
ac A oA

for some constant ¢cg > 0. Then for ¢ > 0

2 pn

P (maX|Una|/ Pn > C) < co2Pre™ %
acA

which goes to zero as n — oo for appropriately chosen c. Thus ma}ft |Una| =
[04S]

0,(JPn). As (I — Py(@)), < |, ), by assumption (A.1), the result follows.
(b) Let Vo = €, Py (), /2. As Vyg ~ X;n (@) using the Markov inequality and

the moment generating function of x 2 distribution we have for 0 < A < % andt > 0,

1
P (maxe;Pn(oc)en > t) < Z P (Vna > —2)
ac A o

acA
< Z P(eAVm, . e;\z/az)
ac A

2 2 Pn
< e—kt/a (—) )
- V1 =2A

Thus for ¢ > 0,

/ Pn
P (max M > C) < ef)‘cpn/az (#)
OtEA pn A/ l — 2)\,

which goes to zero as n — oo for appropriately chosen A and ¢ and the result follows.
O

Proof of (17) and (18) We have
Cafn=(1—ap) D (yi =V>/n+ay ) ef/n,

i=1 i=l1

where 3 e?/n L 62
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Now E(Q_; y?/n) = > u?/n + 0% and therefore,

n n
P(Zyiz/” >k)=(ZMi2/n+02)/k—>0 as k — oo.
i=1 i=1

This implies Z?:l yiz/n = Op(1) and hence Z?Zl(yi — 7)2/71 = Op(1). Thus (17)
is proved.
Now from (16),

bpa = elogbmx

_ pn(@) — pn(&@) 2 p(My)

Therefore, by the mean value theorem,

o) = pu@ 2 (pUM)] g,
bna—1+[ P log(1 + g») n—]log<p(M&))]e )

where U, lies between 0 and (p,, («) — p,(@)) log(1 + g,)/(n — 1) — 2log(p(My)/
p(Mgy))/(n — 1). Then we have

log(1+g,) + 2log C
mof‘xln(bna—l)|52[pnlog(1+gn)+2logC0n]exp[p" gl +n) g O”]

n—1
and (18) is proved. O

Proof of Theorem 3. We first note that nL,(«) = |1, — R, (a)||* for any fixed «,
where i, (@) = ln,éo + anX,,o,Ba = (1 — a1,y + a, P,(@)y,. We also recall the
definition of ¥ («) as in (8). The proof hinges upon first establishing a relationship
between ¥ («) and nL, (o). Towards that, we first observe that

nLy (@) = ||y, — an Pu(@)yn — (1 — ay)1, 52
= (M’n —dan Pn(a)Yn)/ (ll'n —dn Pn(a)Yn) +1 - an)zniz
=2(1 - Clnﬁlfq (an - anpn(a)Yn)

where

(ILn —ap Py (‘X)Yn)/ (M’n —an Pn(a)Yn)
=, (I — Py(@)), + a’e) Pu(a)e, + (1 — ay)*p, Py,
—2a,(1 — ap)p, Py(a)e,. (Putting y, = p, + e,)
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Therefore,
nly(a) = ﬂ;,ﬂn —a,(2 - an)l‘/;lpn (@p,, — 2a,(1 — ap)p, ' Py(a)e,

n
+age, Py(e)e, + (1 — an)*ny* — 2(1 — a)y D i
i=1
+2a,(1 — )V, ¥n. (36)

as 1), P, () = 1),. Then from (11) we have

1
any,(Iy — Pp(c))yn — mnlm ()

(1 —ay)? - <
= 2a, e, + ape, e, — #Mun + A —an)ny* = 2(1 —a)y D wi
Bl i=1

2ay, 2ay,

2a,(1 —a,) _,
2—a, IL;Pn(a)en 5 ane;,Pn(a)en - ﬁny

and therefore,

(I —ay) Z(yi - T)z + any,;(ln — Py(a)yn
i=1

=C + fn " (I, — P,(a))e, — 2$e/ P, (o)e, + ;nL (o)
I T G N G
37
where
- 2a,(1 — a,) (1 —ay)?
—_ n — dp —ay
C,=1—ay ;()’i - Y)z + Wﬂ;en + aze,e, — ml‘«;l‘dn
n
_ _ 2a,(1 —a,) _
2. =2 n n 2
+ (1 —ay)ny” —2(1 —an)ygﬂi T T 2—ay (38)

It follows from (8) and (37) that

W() = [p(My)]" Y @=D (1 4 g,)Pr@/=1) [C,; + ﬁnmw(l + sn(a»} :
— dp

where

zan”«;,(ln — Py(a))e, — zane; Py(a)e,
nL,(a) '

En(a) = (39)

The proof now proceeds along the lines of proof of Theorem 1, proving similar results
in terms of nL, («) (in place of D, («) as in Theorem 1). Towards that, we first note
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that for all @ € \A, by following similar arguments as in proving (15) for Theorem 1,
we have

Ly (@)
~ mingeq Ly (@)
< Cy/n « max n(bpa — 1) n 1+&
(1-8)/2—an) o« nLy(a) 1-&,

X max by, (40)
o

where &, = maxy |§,(«)| and by, is as given in (16).

To prove (28), it therefore suffices to show that the right hand side of the inequality
in (40) converges to 1 in probability for both the cases when p is fixed and when
p = p, varies with n. This in turn can be proved by showing that

C, = 0,(n), (41)
£ 50, 42)
by —1
max "ra =D 2 (43)
«  nLy(a)
and maxb,y — 1 (44)
o

as n — oo. First note that (44) has already been proved while proving Theorem 1
under both the cases when p is fixed and when p = p,, grows with n.

To prove (41), recall the definition of C;, as in (38). From (17), the first and third
terms in (38) are of order O, (n). By assumption (A.1), u, 1, = O(n), >i_; pi/n =
O(1) and p)e,/n L2 0. As shown in the proof of (17), X%, yiz/n = 0,(1) which
implies > = Op(1)andy = O,(1). As ay, is either fixed or a, — 1, all these imply
(41). This proof covers both the cases when p is fixed and when p = p,, grows with

n.
Now we prove (42) and (43). From (39) we have,

2& maXgy illq/q Iy — Pn(a))en| 2& (e;,Pn(a)en)
n

max o) < '
¢ 1n ()] < ming L, () n  ming L, (a)

(45)

The proof of (42) will be complete by showing that under the assumptions of Theorem

3, for some constant g > 0,
8
min L, (a) > -2 (46)
o ns

with probability tending to one asn — 0o, where s = 0 in case p = p, remains fixed
asn — ooands € [O, 1 - b)/2) in case p = p, — o0 as n — oo. This is so since
(46) and the fact that 0 < a,, < 1 together imply that with probability tending to one,
the right hand side of (45) is bounded above by

2maxg |, (I, — Py(e))ey| /n 2maxgy (€, Py(c)e,) /n
o/n* 8o/n®
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and by Lemma 1 the above expression is

Op(an/n) n Op(Pn/n)
do/s So/s

This tends to zero in probability when p is constant and s = 0 and when p = p, =
O (n?) with0 < b < L ands € [0, (1 — b)/2).
Let us now prove (46). Note that from (36) we have

1 1 1
Lu(@) = — 5, (I = Py(@)pty, + (1 = an>27—lu; Pu(e)p, + a,%;e; Py(@)e,

_ 1 1
+ (1 —ad)y* +2a,(1 — an) =ty (I = Po(e))en = 2an(l = an) - p e

1 -
=201 = @)y — > i+ 2an(l = an)ny”,

i=1

Now note that by taking 8(’) = min (A, §) where A and § are as in assumptions (A.2)
and (A.2)* respectively,

.1, 8(’)
min g (I — Pa(@)p, > 2
for all sufficiently large n, where s = 0 in case of fixed p and s € [0, (1 —=>b)/ 2)
when p varies with n. Observe now that the second, third, fourth and eighth terms in
the above expression for L, («) are always non-negative. From Lemma 1,

=0p (\/%) =0p (”ﬂ)

both in the case p = pj, is fixedands = O and in the case p = p, = O(n?),0 < b < 1
and s < (1 —b)/2. Also, as (1 —a,) = (1 + g,,)_1 =0,(n™"), weq/n LR 0, y=
O,(1), &t = 0p(1) and s < r, the sixth and seventh terms are of order O, (n™") and
hence of the order 0, (n™*).

Combining all these facts, one immediately gets (46) by taking 8o = §;/2.

The assertion (43) follows from (18), (46) and assumption (A.3), by noting that

1
max 2a,(1 — an)zll«;(ln — Py(a))e,

n(bpe — 1) maxgy |1 (bpe — 1)]
max < -
o«  nLy(x) ming nLy,(c)

The result now follows from (40)—(44). This proof covers the situation under parts (a)
and (b) of the theorem. O

Proof of (28) for the least squares estimator. We describe how the above proof of
Theorem 3 can be suitably adapted to deal with the case when one uses fi,(«)
as the least squares estimator of u, under model o and (28) can be shown to
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hold under this situation as well. We note that fi,(«¢) = P,(a)y, and therefore,
nL,(a) = ||, — fu, (@)||> = |, — P,(c)yn|*. A little algebra then shows that

(1= an) > i =502 + an¥y(n = Pa@)yn = Cp + agnLn(@)(L + (@)
i=1

n
where C), = (1 —ay) D_ (i =3)* +an€e,
i=1
zﬂ;l(ln — Py(a))e, — ze;lpn(a)en
nLy(a) ‘

and &,(a) =

Therefore,
W (@) = (p(Me)) "D (1 + g,)Pr @/ =D (€ + aynLy (@) (1 + £4())) -

Using similar arguments as in proving (40), one can then show that for all o € A,

Ln (&) < C// n(bna - 1) 1 + gn
< — < X max + X max by,
minge .4 Ly (@) ap (1 —§&) o nLy(a) 1-§&, o

where &, = max |§,(«)| and by, is as in the proof of Theorem 2.3. The desired result
o

follows by observing that (41) through (44) continue to hold when one replaces the
definitions of C),, &,(«) and L, () used there with the corresponding ones written
above in this particular case. The proof of (44) remains completely unchanged while
those of (41) through (43) are only routine modifications of the corresponding proofs
obtained above. The relatively simple details are left to the reader. O

Proof of Theorem 5. We first consider the following lemma.

Lemma 2 Consider the setup of Theorem 5. Then for any R > 2, with probability

tending to one,
€, (Py(a) — Pylec))ey

max
acA O (pn(Ot) Dn(ae))

< Rlog pn. 47)

The proof of the Lemma 2 is given after the proof of Theorem 5.

Main Proof of Theorem 5. We shall prove that

z p(M Ymy (Yn) 2 0, i=1,2. (48)
S P(Ma)ma, (yn)

Then the result will follow from (29) and (48).

Let My denote the null model under which p,, = 1, 8. We will consider the two
cases My, # My and M,, = My separately. Also, we will prove part (b) of the
theorem and then make a remark on the proof of part (a).
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Case 1: My, # My
Let us first prove (48) with i = 2. From (7) and (11), we have for a € A»,

Me (Yn) _ (1+gn)(pn(ac)_pn(a))/2

M. (Yn)
5 [1 by, I — Po(@))p/nC + Una]“’”/z’ 49)
1 —aye), Py(ac)e, /nCy,
where Co=(1—an) D> (i —)/n+ane,en/n (50)
and Una = an (2€,(I, — Py(@)t, — €, Py(@)ey) /nCy. (51)

Note thata, — 1and > (y; — ?)2/11 = 0,(1) (see the proof of (17) in the Appendix)

and therefore,
ro 2

Cn = o°. (52)
Then by assumption (B.2)*,
. an / Cl
oznelﬂz E/‘«n(ln = Py(a))p, > pry (53)

with probability tending to one for some constant ¢; > 0 and by Lemma 1

max | 22 e (1, — Py@y,| = 0, (/2" (54)
wchy |nC, " " Hn) = ©p n
a p
and ;23(2 nCn',, e, Py(a)e, = 0, (7}1) (55)

with probability tending to one. As (1 —b)/2 < s, from (49), (51), (53), (54) and (55)
it follows that for all @ € Ay,

ma(Yn) _ (1 + gn)P/? (1~|—

8o )—(71—1)/2
My, (yn) —

n

for some §p > 0, not depending on «. Then by assumption (31), we have with proba-
bility tending to one

u S —(n—1)/2
L) gpokant(1-+ g, (14 2) (56)

p(MOlc)mac (yn) n
acA)

which goes to zero as b < (1 — ). To see this, note that logarithm of the right hand
side of (56) is equal to

(n—1) 8_0 1

X X
2 ns &

pulog2 + log ko + by log n + % log(1 + kn") —

3
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where &, lies between 1 and 1 + 8o/n® and p, = O (n?). The value of the above
expression goes to —oo. Thus (48) is proved with i = 2.

We now prove (48) with i = 1. We have borrowed some ideas used in the proof of
Theorem 2.2 of Shang and Clayton (2011) for proving (59) below. As P,(e)p,, = 1,
for all « € Aj, from (7) and (11) we have for all « € A,

Mma(yn) 1 % nCy — aye, Py(a)e, —n=hi2
My, (Yn) 1+ gn)(p"(a)_p"(%))/2 nC, — ane;z Py (ac)e,

B 1 L Pae) — Patee)e, 17D
I+ gn)(f’"("‘)—l’n(ﬂlc))/2 nCy/a, — €, Py(ac)e, ,

(57)

where C,, is as defined above in (50). Note that €, P, (cc)e,/n 20 and therefore,
from (52)

1
- (icn - e;,Pn(ac)en) 2 52 (58)

n \ay
which implies that for any 0 < §; < 1, (nC,,/an — e;an(aC)en) /n > 02(1 —51)
with probability tending to one.

Also, consider the following inequality,

(1—x)>e I for0 <x <8 < 1.

Now, using the above inequality along with (57), (58), Lemma 2 and assumption
(31), we have with probability tending to one, for any R > 2 and any 0 < §; < 1,

Z P(Mo)me (Yn)

we A P(Mac)motc()’n)
5 kon® [1 e (Pu(@) — Pn<ozc))en}‘("‘”/2
B ac A (V 1+ gn)pn(a)_Pn(ac) no’z(l — 81)
< Z konbo [ _ R(pn(a) — pu(ac)) log pn i|(n1)/2
- aeAl ( /1 + gn)pn(a)_pn(ac) n(l — 61)
- Z kOnbO exp |:R(pn (a) — pul(ae))log pn]
" S T gnp@pe) 2(1—5,)2
- kon"0 [R(pu(e)— pu(ec)) /2(1-81)?]

Pn
Pn(0)—pn(ac)
S T
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n— )l( c) R/2(1-6 2 q
= konbo 8 Pz“ (Pn — Pn (ac)) pn/ (=0
q V1T +gn

g=1
R/2(1—81)2 Pn—Pn (o)
=1+ — 1 | kon®®. (59)
V1t gn
Using the mean value theorem, the last expression in (59) can be shown to be bounded
above by
R/2(1-51)? R/2(1-81)> \"
Pn Pn
kon?o 22— p 1+ 20— ) . (60)

As p, = O(n®) and g, = kn",

p’l
(1+ an/2“—51)2/\/1+g,1) S ©61)

if r/2— Rb/2(1 —8)* > b
thatis,if  r/b>2+ R/(1 — &) (62)
Also,
kon® pu pa®/2070% 1 /T gy — 0 (63)
if

bo <r/2 —b— Rbj2(1 — &) = [r —b (2 +R/(1— 31)2)] 2. (64)

Under the assumptions of the theorem, r > 4b and by < (r —4b)/2.As2+ R/(1 —
81)> — 4 when R | 2 and §; | 0, there exist R > 2 and 0 < 8; < 1 such that (62)
and (64) hold and hence (61) and (63) hold. Then from (59) and (60) with these R and
81, (48) follows with i = 1. This completes the proof of part (b) of the theorem for
Case 1, that is, when M, #= My.

In order to prove part (a) of the theorem it is enough to prove that for each fixed

ac A a#ag,

p(My)my (yn) ﬂ)
p(MocL-)mac (Yn)

The proof is much easier and is essentially contained in the above proof where we use
assumption (B.2)* with s = 0 which is the same as assumption (B.2).

Case2: My, = My

In this case Aj; is empty and therefore, we need to prove (48) only for .A;. Under
the null model w,, = 1,80, yn» = 1,0+e, and P,(a.) = 1,[1,1,]7 1/, . Therefore,
Po(ac)yn = 1,5 and y, (I — Pa(@)¥n = 20— (i = ¥)* . As 1), Py(a) = 1, for
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a e A, y, (I, — Py(a)y, = e,e, — €, P,(a)e, . Then from (7), for « € A; we
have

Mg (Yn) _ 1
ma((Yn) (1 +gn)p"(a)/2

— —(n—1)/2
X[(l—an)Z?zl(yi—y)erane;en—ane,’an(a)en] =/

2 (i—)?
n n
As een = (yi—B0)> =D i =¥
i=1 i=1
n n
that is, (I —a) D i =N +anenen = D (i — V)7,
i=1 i=1
we have
M (¥n) 1 ¢, Pu(c)e, b
= 2 1- n —\2 / :
Mg, (Yn) (1 +gn)1’"(“)/ 1 —ay) Z,’:l(yi —y)/a, +e,e,
(65)
Noting that
n
((1 —an) > (i — ) an + e,;en)/n 5 o? (66)
i=1
and comparing (65) and (66) with (57) and (58), one can see that the rest of the proof
of the result in this case is exactly similar to that in Case 1. O

Proof of Lemma 2. As P,(a) — P,(a.) is a projection matrix for o € Aj,
L& (Pu@) - Pa@een ~ 12
g2 ntin n{&e))€n ™ Xp, ()= pulac)®

LetY ~ X)%.Thenforany R>0andany0 <§ < 1,

P (Y > Ry log(pn))

oo

1

- ——_TY2yr27lgy
/Rylog(p,,) 27/2I(y /2)

_/Oo o —yA=8+9)/2 v /21 4,
Ry log(pn) 2)//2[‘(7//2)

L Ry(1-8)log(pn)/2 / = 82 ey

< —>=e n ——e y dy
8v/? Ry log(pn) 2y/21"(y/2)
oo 2

< LE—RV(I—S)IOg(pn)ﬂ/ Le—yéﬂyyﬂ—ldy
T2 o 2Y2T(y/2)

1 _ Ry(1-9)
= 3)//2p”
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Using this result we have

( e:,(Pn(Oé) — Py(ac))e,
P | max
ac Ay Uz(Pn(O‘) — pn(oe))

- i)

' (P —_P .
-y P(en(2 n(@) = Pa(@c)en Rlog(pn))
= o2 (pu(at) — palac))
aEA]
e (Py(a) — Py(ag))e
> P( SR R(pa(@) = pal@) log(pn)
ac A
< Z pn_R([’n(a)_[’n(a('))(l_8)/2/8([7)1(00_[’7!(av))/z
acA
n— ¥Fn c q
B (p pz(a ) (Pn _ pn(Olc)) 1
= 1-6)/2
= q \/gprll?( )/

( n— n( c))
| Pn—pn(@

I — ~ 1. (67)
VO A

As p, = 0", b > 0, the above expression goes to zero if R(1 — §)b/2 > b, that
is,if R > 2/(1 —§).If R > 2, there exits 0 < § < | such that R > 2/(1 — §). Using
(67) with these R and 8, we have the result. O

Acknowledgments We are thankful to the associate editor and the referees for their very useful comments
and suggestions that helped us improve the paper.

References

Bayarri, M. J., Berger, J. O., Forte, A., Garcia-Donato, G. (2012). Criteria for Bayesian model choice
with application to variable selection. The Annals of Statistics, 40(3), 1550-1577. doi:10.1214/
12-A0S1013.

Bornn, L., Doucet, A., Gottardo, R. (2010). An efficient computational approach for prior sensitivity analysis
and cross-validation. The Canadian Journal of Statistics La Revue Canadienne de Statistique, 38(1),
47-64. doi:10.1002/cjs.10045.

Chakrabarti, A., Ghosh, J. K. (2006). A generalization of BIC for the general exponential family. Journal
of Statistical Planning and Inference, 136(9), 2847-2872. doi:10.1016/j.jspi.2005.01.005.

Chakrabarti, A., Samanta, T. (2008). Asymptotic optimality of a cross-validatory predictive approach to
linear model selection. In: Pushing the limits of contemporary statistics: contributions in honor of
Jayanta K. Ghosh, Institute of Mathematical Statistics Collections, vol 3. Institute of Mathematical
Statistics, Beachwood, OH, pp. 138-154, doi:10.1214/074921708000000110.

Chaturvedi, A., Hasegawa, H., Asthana, S. (1997). Bayesian analysis of the linear regression model with non-
normal disturbances. The Australian Journal of Statistics, 39(3), 277-293. doi:10.1111/j.1467-842X.
1997.tb00692.x.

Chipman, H., George, E.I., McCulloch, R.E. (2001). The practical implementation of Bayesian model
selection. In: Model selection, IMS Lecture Notes - Monograph Series, vol 38, Institute of Mathematical
Statistics, Beachwood, OH, pp. 65-134, doi:10.1214/Inms/1215540964, with discussion by M. Clyde,
Dean P. Foster, and Robert A. Stine, and a rejoinder by the authors.

Consonni, G., Veronese, P. (2008). Compatibility of prior specifications across linear models. Statistical
Science A Review Journal of the Institute of Mathematical Statistics, 23(3), 332-353. doi:10.1214/
08-STS258.

@ Springer


http://dx.doi.org/10.1214/12-AOS1013
http://dx.doi.org/10.1214/12-AOS1013
http://dx.doi.org/10.1002/cjs.10045
http://dx.doi.org/10.1016/j.jspi.2005.01.005
http://dx.doi.org/10.1214/074921708000000110
http://dx.doi.org/10.1111/j.1467-842X.1997.tb00692.x
http://dx.doi.org/10.1111/j.1467-842X.1997.tb00692.x
http://dx.doi.org/10.1214/lnms/1215540964
http://dx.doi.org/10.1214/08-STS258
http://dx.doi.org/10.1214/08-STS258

Variable selection based on g-prior 997

Fernandez, C., Ley, E., Steel, M. E. J. (2001). Benchmark priors for Bayesian model averaging. Journal of
Econometrics, 100(2), 381-427. doi:10.1016/S0304-4076(00)00076-2.

Foster, D. P., George, E. 1. (1994). The risk inflation criterion for multiple regression. The Annals of
Statistics, 22(4), 1947-1975. doi:10.1214/a0s/1176325766.

George, E. 1. (2000). The variable selection problem. Journal of the American Statistical Association,
95(452), 1304-1308. doi:10.2307/2669776.

George, E. L., Foster, D. P. (2000). Calibration and empirical Bayes variable selection. Biometrika, 87(4),
731-747. doi:10.1093/biomet/87.4.731.

Kass, R. E., Wasserman, L. (1995). A reference Bayesian test for nested hypotheses and its relationship
to the Schwarz criterion. Journal of the American Statistical Association, 90(431), 928-934. http://
links.jstor.org/sici?sici=0162-1459(199509)90:431<928: ARBTFN>2.0.CO;2-B&origin=MSN.

Krishna, A., Bondell, H. D., Ghosh, S. K. (2009). Bayesian variable selection using an adaptive powered
correlation prior. Journal of Statistical Planning and Inference, 139(8), 2665-2674. doi:10.1016/].
jspi.2008.12.004.

Li, K. C. (1987). Asymptotic optimality for Cp, Cy,, cross-validation and generalized cross-validation:
discrete index set. The Annals of Statistics, 15(3), 958-975. doi:10.1214/a0s/1176350486.

Liang, F,, Paulo, R., Molina, G., Clyde, M. A., Berger, J. O. (2008). Mixtures of g priors for Bayesian
variable selection. Journal of the American Statistical Association, 103(481), 410-423. doi:10.1198/
016214507000001337.

Maruyama, Y., George, E. I. (2011). Fully Bayes factors with a generalized g-prior. The Annals of Statistics,
39(5), 2740-2765. doi:10.1214/11-A0S917.

Miller, A. (2001). Subset selection in regression (2nd ed.). New York: Chapman and Hall.

Shang, Z., Clayton, M. K. (2011). Consistency of Bayesian linear model selection with a growing number
of parameters. Journal of Statistical Planning and Inference, 141(11), 3463-3474. doi:10.1016/j.jspi.
2011.05.002.

Shao, J. (1997). An asymptotic theory for linear model selection. Statistica Sinica, 7(2), 221-264, with
comments and a rejoinder by the author.

Zellner, A. (1986). On assessing prior distributions and bayesian regression analysis with g-prior distrib-
utions. In: Bayesian Inference and Decision Techniques: Essays in Honor of Bruno de Finetti (P. K.
Goel and A. Zellner, eds.), pp. 233-243. Amsterdam: North-Holland.

@ Springer


http://dx.doi.org/10.1016/S0304-4076(00)00076-2
http://dx.doi.org/10.1214/aos/1176325766
http://dx.doi.org/10.2307/2669776
http://dx.doi.org/10.1093/biomet/87.4.731
http://links.jstor.org/sici?sici=0162-1459(199509)90:431<928:ARBTFN>2.0.CO;2-B&origin=MSN
http://links.jstor.org/sici?sici=0162-1459(199509)90:431<928:ARBTFN>2.0.CO;2-B&origin=MSN
http://dx.doi.org/10.1016/j.jspi.2008.12.004
http://dx.doi.org/10.1016/j.jspi.2008.12.004
http://dx.doi.org/10.1214/aos/1176350486
http://dx.doi.org/10.1198/016214507000001337
http://dx.doi.org/10.1198/016214507000001337
http://dx.doi.org/10.1214/11-AOS917
http://dx.doi.org/10.1016/j.jspi.2011.05.002
http://dx.doi.org/10.1016/j.jspi.2011.05.002

	On consistency and optimality of Bayesian variable selection based on g-prior in normal linear regression models
	Abstract
	1 Introduction
	2 The ``Model False'' case
	2.1 Consistency
	2.1.1 The case when the true model is not normal

	2.2 Loss efficiency
	2.2.1 The case when the true model is not normal


	3 The ``Model True'' case
	3.1 Model selection consistency
	3.2 Loss efficiency

	4 Simulation results
	5 On the choice of g
	6 Concluding remarks
	7 Appendix
	Acknowledgments
	References




