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Abstract We consider the problem of estimating the location of a change point 6 in
aregression model. Most change point models studied so far were based on regression
functions with a jump. However, we focus on regression functions, which are contin-
uous at 6. The degree of smoothness go has to be estimated as well. We investigate
the consistency with increasing sample size n of the least squares estimates (6, qn)
of (6o, qo). It turns out that the rates of convergence of é,, depend on go: for go greater
than 1/2 we have a rate of \/n and the asymptotic normality property; for gg less than
1/2 the rate is n'/290+D and the change point estimator converges to a maximizer of
a Gaussian process; for g equal to 1/2 the rate is «/n - In(n). Interestingly, in the last
case the limiting distribution is also normal.

Keywords Regression - Change points - M-estimates - Rate of consistency -
Asymptotic distribution

1 Introduction

The problem to estimate the location of a change point in a regression model has
been studied in the literature to some extent, see, among others, Hinkley (1971), Feder
(1975), Miiller (1992), Bai (1997), Csorgd and Horvath (1997), Miiller and Song
(1997), Rukhin and Vajda (1997), Miiller and Stadtmiiller (1999), Huskova (1999,
2001), Dempfle and Stute (2002), Koul et al. (2003) and Lan et al. (2009) and the
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cited references therein. In most cases locating a jump discontinuity is considered and
properties of the estimators are studied. Miiller (1992) investigates the problem of
estimating a jump change point in the derivative of some order v > 0 of the regression
function. His change point estimators are based on one-sided kernels. This includes
the case of continuous regression functions with a change in the derivative at some
point which we call smooth change point. In a number of applications one would rather
model a smooth change point than a jump in the regression function. In particular, in
the recently published article by Lan et al. (2009) the plotted dataset would suggest to
fit a regression function with a smooth change instead of the proposed jump model.
Huskova (1999, 2001) considers a least squares type estimator of the parameters in
a location models with gradual changes in a fixed design setup. Here we focus on a
similar approach in a random design regression model.

Let for n € IN the observations (X, Y), (X1, Y1), ..., (X, Y,) beiid. R2-valued
random variables. We assume that the distribution of X is absolutely continuous with
a density function dy, which is uniformly bounded on the unit interval [0, 1]. Further
we assume that the response variables Y; are given by the following regression model
with an unknown change point 6 € [0, 1), an unknown exponent gg € (0, co) and an
unknown nuisance parameter vector ap € R¢

Yi = fop.q0,a0(Xi) +€, 1<i<n, nel.

For (0, g, a) € [0, 1] x [0, c0) x R4 the regression function fy 4.4 : R — Ris given
by

fo.q.a(x) = g(x,a) +h(x,a)- (x — )1 1)(x),

where 1 4 is the indicator function of a set A and the functions g : R¥*! — R and
h : R — R are two times continuously differentiable. For example, g can be a
polynomial and % a constant factor. Let €, €1, ..., €, forn € IN be i.i.d. real-valued
random variables. We assume that E (€| X) = 0 a.s. and that the random variable € is
suitably integrable.

We will study here the limit behavior of the least squares estimators for (6, qo)
and analyze the influence of the exponent on the estimation of the change point. The
treatment of the nuisance parameter we defer to a forthcoming publication. There it
can be shown, that the estimation of the nuisance parameter vector ag has no influence
on the rate of convergence of the least squares estimator for (6, qo). To reduce the
complexity, we assume here that the nuisance parameter ag is known. In this case
without limiting the generality we can assume that g = 0 and 2 = 1, hence we look
at regression functions

fo,qx) == (x =)L, 17(x).
To make sure that the parameters are identifiable, we assume that

P(X € (6, 1)) > 0. (1)
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We consider the least squares error for any possible change point and any exponent.
For (0, q) € [0, 1] x [0, 00) and n € IN we define

1 n
M0, q) = =~ > (Vi = foq(X0)?.
i=1

For n € IN our estimator is defined as the maximizing point of M,,:

(é,,, qn) = argmax M, 0, q).
(0,9)€l0,1]x[0,00)

Observe that M, (0, ¢) = M,(0, q) — }l S €2, where

i=1"%i>

- 1 <
My (0, q) = — > mo g (€, Xo),

i=1

Mg (€, x) = =2€(fay,q0(¥) = fo.q(¥)) = (fa.q0(X) = fio,g (). @)

It follows that M, and M,, have the same maximizers. To analyze the asymptotic
behavior of our estimator, we use the theory of M-estimators and empirical processes.
For a fuller treatment we refer, for example, to Van der Vaart and Wellner (1996), Van
der Vaart (1998), Van de Geer (2000) or Kosorok (2008).

Several authors consider the case, where g¢ is known. The case of two straight
lines, i.e. g9 = 1, has been studied before, see for example Hinkley (1971) and Feder
(1975). The case that go = 0, i.e. the regression function has a jump at 8y, can be found
for example in Kosorok (2008, Chap. 14.5.1), whereas the case that gy > 2, i.e. the
regression function is twice differentiable at 6y, has been considered by Rukhin and
Vajda (1997) in a fixed design model. In these cases the rates of convergence of 6, are
known (under suitable conditions) to be n for gg = 0 and /n for go > 2, respectively.
In Déring and Jensen (2010) we have considered the problem in a fixed design model
with equidistant design points. In the jump case it was shown that the rate is n and
that the asymptotic distribution is that of a maximizer of a certain two-sided random
walk. For 1 < go < 2 we proved that the rate is /7.

The obvious question what happens between these cases, i.e. for 0 < gg < 1,
has not been answered for the random design so far. We will show in our paper that
with o := min{2go + 1, 2} for go # 1/2 the rate of convergence of the change
point estimator is n!/%. Surprisingly, we have found for gg = 1/2 a different rate,
namely ~/n Inn. This rate is in a sense monotone in go and continuous in gy = 0,
but discontinuous in gop = 1/2. Also, concerning the asymptotic distribution of the
suitably scaled sequence 6, the point go = 1/2 plays the role of a transition point:
for go > 1/2 the asymptotic distribution is normal, whereas for 0 < g9 < 1/2 the
asymptotic distribution is that of a maximizer of a certain Gaussian process.

Huskova (1999, 2001) considers the problem in a fixed design model with equidis-
tant design points. Therein, a least squares type estimator, where the change point
is searched on a grid, is proposed and studied for 0 < gg < 1. It turns out that the
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asymptotic behavior in the fixed design of Huskovas estimator is the same as in a
random design setup of our estimator. The methods used to prove these similar results
are completely different. In Huskova (2001) the extension to the case gg = 0 was
obtained by a certain localization method.

Several authors studied smooth changes in other contexts. For example, Aue and
Steinebach (2002) discuss an extension of HuSkovds approach to certain stochastic
processes. Ibragimov and Has minskii (1981, Chap. 6) considered an estimator for a
singularity z of a density function f with

J) = p)(@ = 1) Lo, (¥) + g () (x = 2)*L[z,00) (x),

where p and ¢ are continuous functions and o € (0, 1) is the order of singularity.
Their proposed estimator for the singularity shows a similar asymptotic behavior as
our estimator for the change point. Wang (1995) dealt with the detection of a sharp
cusp in a white noise model. Therein the regression function f satisfies the so-called
a-cusp property | f(xo + h) — f(xg)| > K|h|* with positive constants K and «. This
is the two-sided version of the cusp property, which is similar to the one-sided cusp
property, that our regression function satisfies. Wang (1995) used a nonparametric
approach by wavelets to estimate the sharp cusp.

The paper is organized as follows. In Sect. 2 we show consistency and in Sect. 3 we
consider the rates of convergence of our estimator. In Sect. 4 the asymptotic distribution
of the sequence of estimators is characterized. Section 5 contains numerical results. In
Sect. 6 some conclusions are given. For improved readability all proofs of the lemmas
are moved to the appendix.

2 Consistency

We prove that our estimators (én, gn) are strongly consistent. For 1 < i < n the
random variables ¢€; and X; are i.i.d. and E(e|X) = 0 a.s., hence

E(My(8,q) = E(ma (€, X)) = —E((fap.q0(X) — fo.q(X)?) = M(8, q).

Note that the functions f , are integrable. By (1) it follows that the deterministic
function M : [0, 1] x [0, c0) — R has a unique maximizer at (6, qo). By definition
our estimator (én, gn) is a maximizer of 1\71,,. We use the Glivenko—Cantelli theorem
to show that M, converges for n — oo uniformly to M.

Lemma 1 Let E(|€||X) < C a.s. for some C > 0. Then

lim sup M, (0, q) —M®,q)| =0 as.
%0 (6,9)€[0.11x[0,00)

By a corresponding argmax theorem we can transfer this convergence to the maximiz-
ing points.
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Theorem 1 Let E(le||X) < C a.s. for some C > 0. Then
lim (0, ) = (60, q0) as.
n— oo

Proof We need to check whether all assumptions of the well-known argmax theorem
are satisfied. Let § > 0 and (6, g,)neN be a sequence with (6,, g,) € ([0, 1] x
[0, ) \ ([6o — &, B0 + 81 x [go — &, go + 8]). Since the function fpy , is monotone
in 6 and in g, it follows that

lim inf M (6 gn) < max{M (8 — 8. qo +8). M (6 + 8. g0 — 8)} < M. o).

The definition of our estimator yields M, (én, qn) = SUP (9, ¢)e[0, 1]x[0,00) M, (0, q)
directly and by Lemma 1 we getlim,,— o SUP (g ye0,11x[0,00) |M, (0, q)—M@®, q)| =
0 a.s. Hence all assumptions of Theorem 2.12 in Kosorok (2008) are satisfied and the
assertion follows. O

The assumption that the random variable X follows a distribution with a uniformly
bounded density function can be relaxed. In the proof of Lemma 1 we only use that a
constant C > 0 exists forall 0 < 0; < 6, < landforall 0 < g; < g2 < oo with

E(for.00(X) = for,o(X)) < C(62 — 01 + g2 — q1).

Lemma 1 is also valid in the jump case, i.e. g9 = 0. But to identify the change
point and to get that the deterministic function M has a unique maximizer, one
has to assume instead of P(X € (6p, 1)) > O that P(X € [6p — n,6p)) > 0 and
P(X € [60,600 + 1)) > 0forany n > 0.

Misspecification. If one chooses the exponent in advance and estimates only the
change point, then the least square estimator is not consistent for ¢ # ¢o. More
precisely, let

6,(q) = argmax M, (6, q).
6¢€[0,1]

Also in this case the deterministic function M has a unique maximizer

é(q) 1= argmax M@, q).
9€l0,1]

We have that 6(q) # 6o for ¢ # qo and that 6(go) = 6. By the same arguments as in
the proofs of Lemma 1 and Theorem 1 it follows that lim,—,~ 6,(q) — 6(g) P-a.s.
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3 Rate of convergence

From now on we additionally assume that:

inf dyx(x) > Cp for some constant Coy > 0, 3)
x€[6p,1]
E(62|X) < Cja.s. for some constant C; > 0. (@)

We are going to show that \/n(g, —qo) = Op(1) and tllat the sequence én is consistent
at a rate which depends on go. We will show that r,,(6,, — 6p) = Op(1) asn — oo,
where the sequence (r;,), NN is defined by

nl/Caoth 0 <go<1/2
=1 (nIn@m)'/? go=1/2
n'/? 1/2 < qo.

For that purpose we define for ¢ > 0 the functions g, : [0, (1 — 6p)/y/e] — R for
x > 0 by

§q+1)/2 0<g<1/2
gq(x) == { x(In(1 — 6p) — In(x)1/? g =1/2
x 1/2 <q,

and g, (0) = 0. Observe that d; (x, y) := g, (min{|x — y|, (1 — 00)/+/€}) is a metric.
Let the function g ! be the inverse function of &4 which exists since g, is continuous
and strictly increasing. Let H (6, qo, §) be a §-environment of (6, go):

H (60, g0, 8) := {(6, q) € [0, 1] x [0, 00) : g (16 — 6o) + (¢ — q0)* < 8°}.

Lemma 2 Let the Assumption (3) be satisfied. Then constants § > 0 and C > 0 exist
such that for all (8, q) € H 6y, qo, §)

E(mg q(e, X) — mg, g€, X)) < =C(ga (10 — 60]) + (g — q0)?).

The next lemma provides an inequality, which is the main step, to get the rate of
convergence.

Lemma 3 Let the Assumption (4) be satisfied. Then there exists a constant C > (0
such that for all 0 < § < min{g,, ((1 — 6p)//e), q0/2}

1 n
E( wp [ S g ei, Xi) — Elmo g (e X»))\) < cs.
i=1

(,9)€H (60.90,5)
The next theorem states that r, (én — bp) is stochastically bounded.

@ Springer



Smooth change point estimation in regression models 601

Theorem 2 Let the assumptions (3) and (4) are satisfied. Then for qo > 0
rn(én —6p) = 0,(1) and V(G — qo) = O,(1) as n— oco.

Proof The crucial part of the proof is to show that all assumptions of a corre-
sponding rate of convergence theorem are satisfied. The condition (14.2) of The-
orem 14.4 in Kosorok (2008) is satisfied by Lemma 2. The condition (14.3) with
the functions ¢,(5§) = § follows by Lemma 3. The sequence 6, is consistent by
Theorem 1 and by the definition of én it follows that (1/n) Z?:l mp o (€i, Xi) =
(1/n) Z?:l me,,q0 (€, X;). Therefore, by Theorem 14.4 in Kosorok (2008) we have
that ﬁ(gq0(|én —0ol) + 1gn — qol) = O, (1). For go # 1/2 it follows obviously that
16y — 60) = 0,(1). For go = 1/2 we get

lim limsup P(v/nIn(n)|8, — 6o > x)
X—>00

n—oo
<1 li ])P(— |9n—90| O)+P( <|9n—9|)
1m 1m su < < 0

x S n— o0 A/ n ln(f’l) \/E \/E

R 1-6
= lim limsup P (81/2 (\/%(n)) < g12(16n — Bol) < 812 ( \/EO))
(ln(l — o) — In(x) + In(/n ln(n)))l/z
* In(n)

= lim limsup P
X=0 psoo

A 1—-6
< V/ng1/2(10, — 6ol) < V/ngiy2 ( ﬁo))

< lim limsup P(x/V2 < \/ﬁgl/Z(lén —6p)) =0.
X=X pooo

O

The case qp = 0, i.e. the regression function has a jump at 6, can be found for
example in Kosorok (2008, Chap. 14.5.1). Therein it was shown by the same method
that r, = n for go = 0. Hence for fixed n the rate r,, as a function of the power ¢ is
right continuous at gg = 0, but r, is discontinuous at gg = 1/2.

4 Convergence in distribution
In this section we additionally assume that:

the density dx of the random variable X is continuous at 6y, 5

E(€?) < oo and the random variables € and X are uncorrelated. (6)

We next show that (r, (én —00), ~/n(@n — qo)) converges for n — oo in distribution
to a maximizer of a Gaussian process. In particular for go > 1/2 our estimator is
asymptotically normal. Let 0(s) := 6y + srn_l and g(t) := qo + tn~1/2. For that
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purpose we define a sequence of stochastic processes (Z,) e With Z, = {Z,,(s, 1) :
(s, 1) € R?} by

Zn(s, 1) = nM,(6(s), (1))

for (s, 1) € [—ru60, rn(1 — 00)] x [—+/nqo, 00) and Z, (s, t) < 0 otherwise. Observe
that (rn(én — 600), v/n(Gn — qo)) is a maximizer of the process Z, forn € IN. We
show that the sequence Z, converges for n — oo to a Gaussian process Z in some
sense. Subsequently, we can transfer this convergence to the maximizing points by a
continuous mapping theorem for the argmax functional. In the following we assume
that 6y € (0, 1). Later on we will come back to the case of 6y = 0.

Similar to the regression function we define for (s, t) € R? the function f” R —
Rby f.:(y) = V' 1L(0,00)(y) — (v — 8)' 1 (5,00) (). For ¢ > 0 we define the following
constants

axen [ o 0<g<1p
WD =0 4y 00)/8 g=10
| E(¢*(X — 00)*7 2 1g,11(X)) 1/2<g <00
0 0<qg<1/2
M29) = B (X — 607 (— In(X — 8)) L gp. (X)) 1/2 < g < 00

a22(q) = E((X — 60)*1(In(X — 60))*1g,,11(X)).

We define the symmetric 2 x 2 matrix A(g) by A(q);; := a;j(q). We begin to show
that the sequence of the mean value functions (E(Z,)),eN converges uniformly. Let
the function z : R?> — R defined by

2(s, 1) 1= —ayi(qo) - |s|2qo+1 — az(qo) - l2 0<qgo<1/2
T =0 - Algo) - (5. 1/2 < qop < oo.

Lemma 4 Let the assumption (5) be satisfied and let 6y € (0, 1). Then we have for
all § > 0 that

lim sup |E(Z,(s, 1)) — z(s,1)| = 0.
n— 00 < P
(s,1)€[—48,8]x[—4,6]

Next we look at the covariance function. Let the function K : R* — R be defined
by K((s1, t1), (52, 12))

o0
dx(90)/ Fs1.000) [ia.q0 () dy +ana(go)tita 0 < go < 1/2
—00
(s1,11) - A(qo) - (s2,12)T 1/2 < qo < o0.

= 4E(?)
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Lemma 5 Let the assumptions (5) and (6) are satisfied and let 0y € (0, 1). Then we
have for all (s, t) € R? that

nli)ngo E((Zy(s1,11) — E(Zy(s1, 1)) (Zy (52, 1) — E(Z, (52, 12))))

= K((s1,11), (2, 12)).

Let Z = {Z(s, 1) : (s,1) € R?} for 6y € (0, 1) be a continuous Gaussian process
with the mean value function z and the covariance function K. We will denote by
X, ~ X that a sequence of random elements (X, ),eN converges in distribution to
a random element X as n — oo. The following Lemma states that the sequence of
processes (Z, )N converges in distribution to the Gaussian process Z on each closed
interval.

Lemma 6 Let the assumptions (5) and (6) are satisfied and let 6y € (0, 1). Then we
have for all 5§ > 0 that

(Zu(s,0) 2 (5,0) € [=8,81°) ~ {Z(5,0) 1 (5,1) € [=8,81°) asn — oo.
The case 6y = 0 can be handled in much the same way. For 6y = 0 we define the

stochastic processes (Z,)neN and Z only on the index set [0, 0o). Then the assertions
of the Lemmas 4, 5 and 6 remain true. We can now formulate one of our main results.

Theorem 3 Let the assumptions (3), (5) and (6) are satisfied. Then:

(1) The trajectories of Z possess a unique maximizer (T, k) almost surely.

(ii)
(rn (O — 60), V/n(Gn — o)) ~ (T,K) asn — oo.

Proof Since E(Z(s,t)) — —oo as |s| + |[t| — oo, the process Z has a maximizer
a.s. We have for 0 < gp < 1/2 that

Var(Z(si1. 1) — Z(s2, 1)) = 4E(€?) (dx(90) /_ :(fsl,qo () = fiago)* dy
+axn(qo)(t — t2)2) ,
for ¢ = 1/2 that
Var(Z(si,t1) — Z(s2,12)) = 4E(e*)(dx (00)(s1 — $2)* + an(1/2)(t1 — 12)%),
and for g > 1/2 that

Var(Z(s1, 1) — Z(s2, 1)) = 4E(€%)-
E((qo(X — 60)" 7 (s1 — 52) — (x — 60)™ In(X — o) (r1 — 12))* 1 gy, 17(X)).
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Hence Var(Z(sy, t1)—Z(s2, t2)) # Oforall (s1, 1) # (s2, 2). Thus the first assertion
follows by Lemma 2.6 of Kim and Pollard (1990). For the proof of the second assertion
we use a continuous mapping theorem for the argmax functional. By Theorem 2 it
follows that the sequence (7, (é,, —60), /n(Gn — qo)) is uniformly tight. By Lemma 6
we have for all compact sets K C R that

{(Z,t): te K}~ {Z(t): t € K} asn — oo.

Therefore, all conditions of Theorem 3.2.2 in Van der Vaart and Wellner (1996) are
satisfied, which proves the theorem:

(rn B — 60), V/1(Gn — q0)) = argmax Z, (s, 1) ~ argmax Z(s, 1) = (t, «).
(s,t)eIR2 (s,t)eIR2

O

An important consequence of the last theorem is that the rate r,, is the optimal rate
of convergence. Observe that Var(Z(s,t)) = —4E(€2) E(Z(s,1)). This allows us
to compute the distribution of the random variable (z, x) for go > 1/2. Since A(qo)
is a positive definite and symmetric matrix, its inverse matrix A(qo)_1 and its square
root B(qp) exist, i.e. A(qo) = B(qo) - B(qo)T. Let N and N, be two independent
and standard normally distributed random variables. Then we have for go > 1/2 the
following representation of the distribution of the process Z:

Z(s.1) = =(s.0) - Aqo) - (5. 0T +VAE(@) - (5.1) - Blqo) - (N1. No)'
== (.1 B = VE@) - (V1. V)
T
: ((s, - Blgo) = VE@E) - (N1, Nz))
+ E(€?) - (N1, Na) - (N1, N2y

< B (N1, Np) - (N1 No)T = Z (VEE) - (N1, No) - Blgo) ™). ()

where the equalities hold in distribution. Hence the process Z has a unique maximizer
VE(@€2) - (N1, No) - B(qo)_l, which gives us the following result.

Theorem 4 Let the assumptions (3), (5) and (6) be satisfied. Then for n — 00:

(ﬁ((gn :ZZ))) - (/:) ~ N ((8) E(@€) - A(qo)_l) 1/2 < gp < o0

T and k are independent 0 < go < 1/2

2
ﬁ(én—qo>wx~zv(o, Ete )) 0<go<1/2
a22(qo)
2
()@, —60) ~ 7~ N (0, BE(e )) G =1/2
dx (6o)
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Fig. 1 Histogram for n2/3(8, — 0.2) left, and /n(Gn — 0.25) right, with (6, g9) = (0.2, 0.25)

n'/a0+tD @G, — 6y) ~» T = argmax Z(s,0) 0 < qo < 1/2,
seR

where the equality holds in distribution.

Proof The first assertion follows by (7). For 0 < ¢gop < 1/2 we can decompose
the process Z(s,t) = Z(s,0) + Z(0, t), hence the random variables t and « are
independent. Analysis similar to (7) gives the other assertions. O

5 Numerical results

For 0 < go < 1/2 we have only a representation of the limit distribution of
nt/QtD @G, — 6y) as a unique maximizer of a Gaussian process. With the statis-
tic software SAS we have simulated this distribution, where we have chosen X as
uniformly distributed on the unit interval, € as normally distributed with E(¢) = 0
and E(e%) = 0.000001 and n = 1,000. We have chosen a small variance E (€2),
since the focus of this simulation is to show the type of the limit distribution of
our estimator, rather than to study the influence of the variance. In Fig. 1 two his-
tograms are displayed for 1,000 estimations of n?/3 (én —0.2) and /n(g, — 0.25)
with (6g, qo) = (0.2, 0.25). The line represents an estimated density for a normal
distribution. Apparently n%/3 (6, — 0.2) does not follow a normal distribution.

In comparison to Fig. 1 in Fig. 2 two histograms are displayed for 1,000 estimations
of /n(, —0.2) and /n(g, — 1.5) with (6, go) = (0.2,1.5). In this case both
asymptotic distributions are normal since gy > 1/2.

The variation of the dependence structure is shown in Fig. 3. One can clearly
recognize that for gop = 1.5 the estimators 6, and Gn are dependent.

Further we have tested for normality of the change point estimator, where we
simulated and estimated 200 times 6, with X as uniformly distributed on the unit
interval, € as normally distributed with E(¢) = 0 and E (%) = 0.000001 and n =
1,000. In Table 1 the test values and the p values are given for the Shapiro—Wilk
test and for the Kolmogorov—Smirnov test for several choices of (6p, gp). As to be
expected the simulations yield that the limit distribution of nl/ (2‘10+1)(én — 6p) is not
normal for 0 < go < 1/2.
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Table 1 Tests for normality of r, 6n — 6o)

(2] q0 Shapiro-Wilk Kolmogorov—Smirnov
Test value p value Test value p value

0.8 0.25 ~0.917808 <0.0001 ~0.127415 <0.01
0.8 0.4 ~0.970939 ~0.0004 ~0.090642 <0.01
0.8 0.6 ~0.994188 ~0.6286 ~0.055055 ~0.1428
0.8 1 ~0.996312 ~0.9154 ~0.030766 >0.15
0.2 0.25 ~0.958407 <0.0001 ~(0.108736 <0.01
0.2 0.4 ~0.964585 <0.0001 ~0.087246 <0.01
0.2 0.6 ~0.992458 ~0.3930 ~0.041445 >0.15
0.2 1 ~0.995179 ~0.7759 ~0.043467 >0.15

As a real-life example, we have applied our model to the weight/height charts (y in
pounds/inch) as a function of the age (x in months) from 72 boys in the pre-school age,
see Gallant (1987, p. 143/144), Dufner et al. (2004, p. 98-102). We use the slightly
enlarged model
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Fig. 4 Weight/height charts (y) 115
as a function of the age (x) !
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y=ai+ay-x+az-(0—x)4- 10 x),

where ap, az, a3, 6 and g are unknown parameters. As above we remark that the
estimation of the additional parameters a;, ax and a3 does not influence the rate of
convergence of the estimates 6, and qn- By the least squares method we get the
estimated regression function

y = 0.7308 4+ 0.0039 - x — 0.0002 - (15.06 — x)>33% . 110, 15.06)(x).

That means the estimated value of the change point is 6 = 15.06 and of the exponent
is ¢ = 2.833. The data and the estimated regression function are plotted in Fig. 4.

6 Conclusions

We have shown that our least squares estimator for the change point and the exponent
is for go > 1/2 asymptotically normal. The variance of the limit distribution depends
on (6y, go) and can be estimated consistently by a plug-in method for go > 1/2.
For example, the quantiles of the limit distribution could be used for the construction
of confidence intervals. For 0 < g9 < 1/2 we have only a representation of the
limit distribution as a unique maximizer of a Gaussian process. In the jump case,
i.e. qo = 0, it turns out that n(én — 6p) converges to a maximizer of a two-sided
random walk, see Kosorok (2008, Chap 14.5.1) for more details. An open problem is
the derivation of an explicit representation of the limit distribution of the change point
estimator for 0 < gop < 1/2. Some simulations suggest that the limit distribution is not
normal.

In comparison with Huskova (2001) we get the same structure of the limit distribu-
tion. But in our case the quantities a;; (go) are different compared to the more involved
representation in HuSkova (2001). If we assume that X is uniformly distributed on the
unit interval, which comes the closest to the model of HuSkova (2001), then we get in
our model the following representations:
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, 0o
| Rmay 0<q<1p
o —0o0
an(q) =1 1/8 g=1/2
2
s (1=60*7" 1/2 < g < 00
@) e 0 0<g=<1/2
A= L (—In(1 = 60) +1/2q) - (1 — 6) 1/2 < g < o0
1 1 !
= . In(1 — 6p) — 2 (1 -6 2q+l'
an(q) = 53— ((“( 021 +(2q+1)2) -

It turns out that compared to the fixed design model of Huskova (2001) we obtain in
our random design model a different covariance matrix of the asymptotic distribution
of the least squares estimators.

Future work is to consider a more complex regression function

Jo(x) = g(x)(O — x)PLjg,0)(x) + h(x)(x — )L [g 1)(x),
where g and h are twice continuously differentiable unknown functions defined on
[0, 1]. Such models were considered in a different context, see for example Ibragimov
and Has’minskii (1981, Chap. 6). If one assumes that g and % belong to a parametric
family of functions, then it is in a forthcoming paper shown that under suitable con-

ditions the least squares estimators of the additional parameters are asymptotically
normal.

Appendix
Proof of Lemma 1 Let the set .# of functions mg  : R% > R, see 2),
mo.g (e, x) = =2¢(fiy.q0(X) = fo.4()) = (fap.q0(¥) — fr.q(X))*,
be defined by
M =1{mgy : (0,q) €10, 1] x [0, c0)}.

Thus we have the following representation.

n
sup M, (0,9) — MO, @)l = sup |(1/nm) D m(ei, X;) — Em(e, X)|.
(0.9)€[0.1]x[0,00) meM i

For n > 0 let Njj(n, 4, L) be the bracketing number of the class of functions .#
related to the Lj-norm, i.e. |m|, = E(Im(e, X)), for details see Van der Vaart
(1998, Chap. 19). We will show that the bracketing number Njj(n, .#, L) of the
class . is finite for any n > 0, hence .# is a Glivenko—Cantelli class by Theorem
19.4 in Van der Vaart (1998) and the assertion follows.
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Smooth change point estimation in regression models 609

Let0 <6 <6 <land0 < g1 < g2 < oo and fix ¢ and x. Then the function
m..(e,x) : [01,62] x [q1,92] — R has at least one minimizer (6, 2) and one

maximizer (6, 7). Since Jo,4 1s nonnegative and decreasing in 6 and in g we have
by (2) that

Sup m@,q (ea X) - m@,q(ev -x)

inf
0,9)€l01.621x[q1.92] (©,9)€l01,021%x1q1,42]
= —2e(f.q0(X) = S5.50)) = (fap.q0(x) — f52(x))*
+ 2e(fiy.q0 (%) = f0.4(0)) + (fop.q0(X) — fo.q(X))*
= (2 + 2 fo9.40(X) = f5.5(X) = fo.q(0)) - (f5.506) = fio.q (X))
< 1Qe+ 2 fa.q0(X) = S350 = fog (O] - 1(f5.506) = fag ()]
< [2¢ + 21(fo.q, (X) = for.00(X)). (®)

Since the density dy of the distribution X is uniformly bounded on the unit interval
and by E(Je||X) < C a.s. it follows that

E sup mg 4(€, X) — inf mg 4 (€, X)
0,9)€l601,621%[q1,¢2] ©,9)€l01,021x1q1,92]

5 1
<¢ /0 onar @) — fongr ())dx (1)l

IA

1 1
C ( (x —0pMdx — | (x — 92)q2dx)
(9| 92

<C(A=-)" /(g1 + 1)~ 1 =67 /(g2 +1)) < COr—O01+q2—q1),

where C is a positive generic constant. The last inequality follows by the convexity
of the function (1 — 9)‘1:"1 /(g + 1). Using standard methods it follows for any > 0
that Njj(n, #, L) < C/n* < . O

We present two technical lemmas, which give us a lower and an upper bound

of certain integrals. Let h1(q) := ¢ and for k € IN \ {1} let hx(q) = (q/k!)
Hf'(:z (i — 1 — g). By Taylor’s expansion we have

—(x = 0)1 = —(x =0T+ D helg) (B2 — 0 (x — )77, ©)
k=1

This representation will be useful for the calculation of some integrals. Observe that
hi(q) > 0 for g < 1 and, setting x = 6, in (9), that D72, hi(q) = 1.

Lemma 7 For 0 < ¢ < 1 there exists a positive constant C > 0, such that
forall0 <6 <0 <1—c
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610 M. Déring, U. Jensen

1 (0, — ) t! 0<g<1/2
| o) = fingo? dx = € { @ =002 () a =172
” 02— 612 12 <gq.

Proof For 0 < g < 1/2 by (9) we have that

1
/9 (f(-)l,q(X) - f@z,q(x))z dx
)

1
- Z h"f(cl)hl(q)(@z—91)/("'1/{9 (x_gl)Zq—k—l dx
>

(k,1)eN?

1
> Y @@ -0 [ w00
(k.H=(1,1) 6

1
=G0 [ -0
0>
where the inequality holds true, since s (g) > 0. Hence for0 < g < 1/2

| 2g+1 1-2q
6, — 6))% 0, — 6
/62 (for.4(x) — fe%q(x))z dx = C]2 21 —]261 (1 - ( 12_ 911) )

5 (62 — 0)%0H!
- 1 —2q

(1= (1 =)' = CO: — o>
For ¢ = 1/2 we have that

1 (62 — 61)> 1-6
/02(f91»q(x)_f92,q(x))2dx2 : 41 111(92_911)'

For % < q it follows by the mean value theorem with9; <& <6, <1 —¢

1 1
/9 o () = fong () dx = (62 — 61 /9 P (x — £)%72 dx

1

fll—cqz(x—l-i-c)zq*zdx qg=>1 > C(6r — 1)
1 2 1 et (2 l) .
Ji_.q” dx 3<q<1

> (6 —91)2[
O

Lemma 8 There exists a positive constant C > 0, such that for all 0 < 01 < 6, < 1

1 (6 — 61)%H! 0<qg<1/2
/ (for.q(x) = for.q()> dx < C 1 (02— 6> In(3=%) g =1/2
0 (02 — 61)? 1/2 <gq,
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Smooth change point estimation in regression models 611

where in the case of ¢ = 1/2 it is additionally assumed that 6, — 61 < 1 — 0y. For
q = 1/2 the constant C may depend on 6.

Proof Similar to the proof of Lemma 7 by (9) we have that

1 )
/0 v @) — fong @) dx = /9 (x — 01)dx

1
+ [ (x—=0D7 —(x — 92)q)2 dx

02
= 0, — 0,)24+!
2q + (2=
1
+ D h@hi@)©: —91)"+l/ (x — 0)24 % dx.
(k,))eN2 0,

For 0 < ¢ < 1/2 we have that 2¢ + 1 < 2, hence by > ;= hi(q) = 1

(B — 6!

1
/O (for.4() = for.q(x))? dx T

_ gkt
n Z hi(q)hi(q)(62 — 61)

2g+1—k—1 (1 — @p)2ati=k=l _ (g, _ g))2at1=k=I)

(k,1)eIN?

_ 1 h h 0, —p; \ K~ 2a+D
=(0r—0))* M | ——- 2 _(@hi(q) 1 240
2q+1 k+1—Q2q+1) 1-6,

(k.J)eN?

< C(6r — )%

For ¢ = 1/2 we get similarly

i 62— 61)% (62— 6))2 1-6
/o for12(0) = for12(0))? dx = = 2 = 4 —n (92—011)

hi(@)hi(q) (62 — 61)? 6, — 6, \ T2
> 2—k—1 (1_(1—01)

(k,1)eN?
k+I1>2
1—06y
<CH —0))%1 .
< C(6,—6) n(02—01)

For 1/2 < g we have (6, — 012t < (6, — 61)% and it follows by the mean value
theorem with 0; < & < 6,
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612 M. Déring, U. Jensen

! 6, — 6 2g+1 1
/o (for.g () = fing () dx = G, (62 — 91)2/9 q*(x —§)% dx

2g + 1 .
(62 — 61)%*! 9 g=1
< (=01 1 2g—2 1
2g +1 fezq(x—Qz)q dx ;<g<1

< C(6, — 61>

Proof of Lemma 2 § > 0 can be chosen such that for all (6,q) € H(6o, qo, 82 we
have that & < 1 —§. Let a vV b = max{a, b}. By the mean value theorem, where 6 is a
point between 6y and 6, ¢ is a point between g and g and by Lemma 7 we have that

1
E(mg q(e, X) —mg g4 (€, X)) = —/0 (S0 (X) = fo.q (X)) dx (x) dx

1
< ¢ /0 ) = fog ()

oV

1
A / Unan0) = foao®) = (4 = 0 fog () Intx =) d

0o

1 1
=—Co /0 9<f90,qo(x>—fe,qo<x>)2dx—co<q—qo)2 /e 9<f9,q~<x)1n<x—e>>2dx
V oV

0
1 ~
—2Co(0 —00)(q — 610)/ (—qo(x —0)® ' (x — )7 In(x — 0)) dx
[\
< —Ca(gg, (10 — 60l) + (g — q0)*) — C3(6 — 60)(q — q0),
where C; > 0 and C3 > 0. For (6 — 6p)(¢ — qo) > O the assertion follows directly.

For 0 < go < 1/2 and (8 — 6p)(q — go) < 0 and since (0, q) € H (0o, qo, 5) we can
choose § small, such that

—C3(0 = 60)(q — q0) = C3 - (84, (16 — 60]) )/ *+D - g — qo]
< (C3/2) - 8¥/40TD=1 (g2 (16 — 60]) + (g — q0)*)
< (C2/2) - (g5, (16 — 60]) + (g — q0)°).

By the same arguments the assertion holds true forgo = 1/2 and (6 —6y) (¢ —qo) < O.
For go > 1/2 the assertion follows by a second-order Taylor expansion. O

Proof of Lemma 3 For 0 < 8 < min{g,((1 —60)/+/€), q0/2} let § := g,;)l (8), then
by the first-order Taylor expansion in g
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Smooth change point estimation in regression models 613

1 n
ﬁ E(’”G,q(k‘i’ Xi) — E(mg 4(€i, Xi)))D

E sup
(0,9)€H (00,90,6)
<E sup
6elbo—38.00+81N[0,1]

+§-FE sup
(8.9)€H (6o.q0.5)

= E1 + £,

Vi 4

1 n
—= D (Mg (€. Xi) — E(mg g4 (e, X,-)»D
i=1

1 < . } _
T Zl:(mﬂ,q(éi’ Xi) — E(mg 4(€i, Xi)))‘) :

where

mg,q(e, x) :=2-(e+ fo,q0(x) — fo,4(x)) - fo.q(x) - In(x —0).

We only state the case for E. By the same method we have that E; < 0o. Let .5 be
the following class of measurable functions:

My = {mg 4 : 0 €[00 — 8,60+ 851N10, 1]} (10)
Further let Ms : R*> — R be a measurable function defined by

Mi(e, x) :=12e + 2|(f5,-5,40 %) = Sop45,g0 X))-

Similar to (8) we have that M is an envelope function of the class .#s, i.e. [m(e, x)| <
Ms(e,x) forallx € R, ¢ € R and for all m € #5. For n > 0 let Njy(n, #s, L2)
be the bracketing number of the class of functions . related to the L,-norm, i.e.
||m||22 = E(m(e, X)|?). Let Cbea positive generic constant. By Corollary 19.35 in
Van der Vaart (1998) it follows that

M5z, '
E < ¢ / (max {1, In(N1 (1, .45, L2))})2dn.
0

Since the density dx of the distribution X is uniformly bounded on the unit interval,
by (8) and E(€2|X) < C as. it follows for 0 < 6] < 6, < 1 that

2

E sup mg (€, X) — inf  mg 4y (€, X)

01<6<6, 61=6=6,

< E(12€ + 21*(fo1.40(X) = fon.q0(X))?)

1
< /0 For a0 = fim.go )2dx < Cg2 (62 — 61),
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614 M. Déring, U. Jensen

where the last inequality follows by Lemma 8. Using standard methods it follows that

M5z, < Cggy(25) (11)
Npy(n, M5, L) < 125/g,' (C™'n)] + 1 for anyn > 0,

where [x] :=max{k € Z : k <x}.Letn:= g%l(é_ln), then
M5l L, "™
/ (max{1, In(Nj1(n, s, L2)))'/*dn
0
Ctay (20 S o=l el 1/2
< / (max{1, n(125/g.: (G 1] + D2y
0

268
c i (max{1, In([28/77] + D})'/* g, (7)d

~ 8_ - _
C ( /0 ((n([28/71 + 1)/ g (7)) dif + g40(28) — a) =: Ago.
For go € (0, 1/2) it follows

5
Agy < 6(/ ((25/77)1/2,7(2110*1)/2) di + (232/(2(10+1))(2t10+1)/2 _ 3) < Cs.
0

The same conclusion can be drawn for gy > 1/2. For gp = 1/2 we get

5
A < é( /0 (87N> (In((1 — 6o)/7) /%) dif
+25(In((1 — 69)/28) '/ — 5) <C(@ —351n() +8) < Cs.

O

Proof of LNemma 4 For § > 0 there exists an no, such that, for a1~1 n > ngp, we have
that [—4, 81* C [—r60, ra(1 —60)] X [—+/1q0, o). For 0 < s < & by the mean value
theorem and (9) we have that

E(Zy(s, 1) = —nE((fop.q0(X) = fots).qr (X))
=—nkE ((feo,qo(x) — J0(5),q0(X) — Lf@(s),c}(t)(x) In(X — 9(5)))2)

NG
= —nE((X — 00)*°1,.0(5)](X))

—n D" hi(qo)hi(go)O(s) — 00) T E((X = 00)*%0 7 15, 11(X))
(k,l)e]N2
+$5«x —0()PHX = 0(s)7D In(X — 0(s)) Lacs).17(X))

n
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Smooth change point estimation in regression models 615

—2E((X = 0(s)%D(In(X — 6(5)))* La(s).11(X))
= bl,n(s) + b2,n(s) + b3,n(ss 1)+ b4,n(s’ 1),

where (s) is a point between 6y and 0(s) and g (¢) is a point between go and g (¢).
Since fy(s),q () (X) is continuous in s and # and by lim;,_, oo N 1(1/2,00)(q0) We
have that

sup |63, (s, ) — 2a12(qo)st| = 0 asn — oo
(5,1)€[0,81x[~8,3]

sup |bg.n(s, 1) — an(qo)t’| — 0 asn — oo.
(5,0)€[0,8]x[—8.8]

For by ,,(s) + b2, (s) we have to distinguish three cases:
1. go > 1/2: we have 0(s) = 6y + s/+/n and

sup b1, (s) 4 ban(s) — a11(qo)s*| < sup nE((X — 60)*1g,.0051(X))

0<s<$ 0<s<é

+ sup E(s2g3(X — 00)°1 721 6(51(X))

05355

+osup n > h(qo)hu(go)(s/v/m) T E((X — 607 g 1(X))
0=s=3  (k.1eN2\{(1,1)}

=t A, + B, +Cy.
Let C be a generic positive constant. Since the density of X is bounded, it follows that

A SnE((X =601 4 46, (X))

O L
< Cn/ (x — 60)%° dx = Cn(§//n)*?t! - 0asn — co.  (12)
6

0

By similar arguments we have that lim,_, o, B, = 0.

1
Cy < sup Cn Z hk(fio)hz(QO)(S/«/ﬁ)Hl/ (x — o)™ dx
0=s<é  (k,1eN2\{(1,1)} "

sén( > (ulgo)hi(qo)/ g0 + 1 — k — )G //n)*

(k.HEN?\{(1,1)}
k+1<2qgo+1

+ D (lqo)hi(qo)/(k +1—2go — 1)(3//m)*T!

(k.EIN?\{(1,1)}
k+1>2g0+1
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616 M. Déring, U. Jensen

+ D> ugo)hi(go)(3/v/ny 0! ln(ﬁ/5>) — 0 asn—> oo.

(k,)eIN2\{(1,1)}
k+1=2q0+1

13)

2.q0 = 1/2: we have 0(s) = 6y + s/+/nIn(n) and

Sup b1, (s) + ban(s) — a1 (1/2)s% < sup nE((X —60)1(gy,00)1(X))

0<s<§ 0<s<}
2
s _ dx (6o)
+ sup | E((X—0) 11(9(5),1]<X>>—Ts2|
05&‘55 n(n)

+osup n > hr(go)hi(qo)(s/v/nInm) T E((X = 00)'F 1a).11(X))

0=s<8 1k neN2\((1,1))
=D, + E, + F,.

Analysis similar to that in (12) and (13) shows lim,,—,co D,, = lim,,_,» F;; = 0. Since
the function dx is continuous at 6y, it follows that

2 1 — 6o 52
En =(dx(00)/4) sup_ In(n) " (G(S) - 90) 2

0<s<§
2 1
d —dx (6
+ sup > x(r) x(60) dx‘—)O asn — 00.
OSSSS 4]11(11) 0(s) X — 90

3.0<gop < 1/2:for0 < s < § we have by the substitution y = (x — 8p)r, /s that

0(s)
—b1,n(s) — b u(s) = n(/ (x — 0)*°dy (x) dx
2

0
1

+ [ (= 00" — (x — 0()?) dx (x) dX)
6(s)

|
= 20t (/ y20dx (8 + ysr, ') dy
0

(1=600)rn/s
+ / 0P — (y — D®)2dx (8 + ysr, 1) dy).
1

By the dominated convergence theorem it follows, since the function dy is continuous
at 6, that

sup [b1.,(s) + ban(s) — a1 (qo)|s|?®° ™

0<s<$

= sup
0<s<$

1
/0 Y20 (dx (Bo) — dx (60 + ysr;7 ) dy
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Smooth change point estimation in regression models 617

(1=00)rn /s
[ 0m = o= DR @) - dx@ + ysr ) dy
1

+ sup
0<s<$
o0
+ sup / (y® — (y — 1D9)%dx(8y) dy| = 0 asn — oo.
0<s<é 1/ (1=bo)ra

The same conclusion can be drawn for —§ < s < 0. O

Proof of Lemma 5 The proof is similar to the proof of the previous Lemma 4 and
therefore is omitted for the sake of brevity. O

Proof of Lemma 6 We will show that Z,, — E(Z,) converge to a tight Gaussian process.
Similar to (10) we define for n € IN and for § > 0 a class of measurable functions
1//’1 5 by

My 5= {Vima : ©.9) € (9(=5),0)1 010, 1D x (1g65), g1 N[0, 00}

Observe that the measurable function M, ; : R? — R defined by

M, 5060 = Ve + 21 (fy g5 0 = fodge @)

is an envelope function of the class .#, ; and observe that

1 n
Zu(s.1) = E(Zy(s.0) = —= > nmas) g (€in Xi) — E (Vnmos) g (€, X)) .
i=1

For n > 0 let N (n, //ln 5> L2) be the bracketing number of the class of functions
//n 5 related to the Ly-norm. Further let (8,),e be a sequence with lim,— o0 6, = 0.
Let C bea generic positive constant. Analysis similar to that in the proof of Lemma 3,
Eq. (11) gives

Ny, A, 5, La) < C(128r, " /g0 (n ']+ 1) forany n >0,

8
lim (max{1, In(N{y(n. .4, 5. L2))})"/*dy = 0.

n—o00 0

Let (s, 1), (52, 12) € [—8,8]* with |s; — s2] + |f1 — 12| < 8,. Then we have that
mo(s),q(t;) € %n’g and Mo (sy),q(ty) € //n)g. Further let 5| = min{sy, s3}, §» =
max{s, s}, fj = min{t{, r2} and / = max{¢t{, t,}. By (8) and by Lemma 8 it follows
that
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618 M. Déring, U. Jensen

nll)Holo E((Vnmg(s;),q) (€, X) — /nma(sy) g (€, X))?%)
= nlingo énE(Ez)E((fG(m,q(ﬂ)(X) - f9(§2),q(fz)(X))2)
= Jim CREEE((fyGs,).q6) X) = fo.qin X))
+ E(fo1).46 ) = fo).qm X))
< lim CEE)n(((n = 10)/v/n)* + 8} 7, (52 = 51)/ra)

< lim CE(€)(; +ngj g, (8a/ra)) = 0. (14)

Next we show that the envelope function M, ; satisfies the Lindeberg condition. Sim-
ilar to (14) we have that E(Mfg(e, X)) = O(1) as n — oo. By (9) we have for
n>0 ’

Ly o0 (M, 5(6, X))
= Lg00) (126 +21(X = 0(=8)1D) 155 55X

+ L0 (126 + 21((X = 0(=8)7 — (X —0@3)TD)) 145, 1,0

< 100y (126 + 21287 HIDY 1 o) (|26 + 2287, 1yminta (=011

Hence

EM, 5(€. X) 1, i o) (M, 5(€, X))
< CE(€? 1(y.00) (€| (Br,; Hminta (=0 1}y)
. E(n(fg(_g)yq(_g)(ea X) - fg(g),q(g)(é, X))z) — 0asn — oo.

The sequence of the covariance functions converges pointwise by Lemma 5. Thus all
assumptions of Theorem 19.28 in Van der Vaart (1998) are fulfilled, hence for all §>0
we have that {Z,,(s, 1) — E(Zu(s, 1)) : (s, 1) € [, §]1?} converges to a tight Gaussian
process. The trajectories of the limit process are continuous by Lemma 18.15 in Van
der Vaart (1998). The assertion follows by Lemma 4 and by the Lemma of Slutsky. O
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