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Abstract Factorial k-means (FKM) clustering is a method for clustering objects in
a low-dimensional subspace. The advantage of this method is that the partition of
objects and the low-dimensional subspace reflecting the cluster structure are obtained,
simultaneously. In some cases that reduced k-means (RKM) clustering does not work
well, FKM clustering can discover the cluster structure underlying a lower dimensional
subspace. Conditions that ensure the almost sure convergence of the estimator of FKM
clustering as the sample size increases unboundedly are derived. The result is proved
for a more general model including FKM clustering. Moreover, it is also shown that
there exist some cases in which RKM clustering becomes equivalent to FKM clustering
as the sample size goes to infinity.

Keywords Subspace clustering - K-means
1 Introduction

If we apply a cluster analysis to data, it is highly unlikely that all variables relate to
the same cluster structure. Hence, it is sometimes beneficial to regard the true cluster
structure of interest as lying in a low-dimensional subspace of the data. In these cases,
researchers often apply the following two-step procedure:

Step 1. Carry out principal component analysis (PCA) and obtain the first few com-
ponents.

Step 2. Perform k-means clustering for the principal scores on the first few principal
components, which are obtained in Step 1.
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336 Y. Terada

This procedure is called “tandem clustering” by Arabie and Hubert (1994). Several
authors warn against the use of tandem clustering (e.g., Arabie and Hubert (1994);
Chang (1983); De Soete and Carroll (1994)). The first few principal components
of PCA do not necessarily reflect the cluster structure in data. Thus, an appropriate
clustering result might not be obtained using this procedure.

Instead of a two-step procedure, such as tandem clustering, some methods that
perform cluster analysis and dimension reduction simultaneously have been proposed
(e.g., De Soete and Carroll (1994); Vichi and Kiers (2001)). De Soete and Carroll
(1994) proposed reduced k-means (RKM) clustering, which includes conventional
k-means clustering as a special case. For given data points x1, ..., x, in R?, the fixed
cluster number k and the dimension number of subspace ¢ (¢ < min{k — 1, p}), the
objective function of RKM clustering is defined by

1 — . 2
RKM, (F. A) := -~ ZI: min, flx; — Af %
iz

where f; € RI, F = {f,..., fi} CR?, Aisa p x g column-wise orthonormal
matrix, and || - || represents the Euclidean norm. Under certain regularity conditions,
RKM clustering has strong consistency (Terada 2014). However, when the data have
more variability in directions orthogonal to the subspace containing the cluster struc-
ture, RKM clustering may fail to find a subspace that reflects the cluster structure.

Example 1 Letp; = (4,4,0,...,0), uy =4, —4,0,...,0), u3 =(—4,4,0,...,
0) and pgy = (—4,-4,0,...,0) (my,...,puqy € RP). Let ¥, denote the p x p
diagonal matrix with the elements (1, 1, 20, ..., 20) on the diagonal. Observations
X =[Xi1,..., Xip]T (i =1,...,n) are generated as

4
Xi = wicpy + €,
k=1
whereu; = (u;1,...,ujs)ande; (i =1, ..., n)areindependently generated from the

multinomial distribution for four trials with equal probabilities and the p-dimensional
normal distribution N, (0, ), respectively. In this setting, Var[X;;] = 17 (s = 1,2)
and Var[X;;] =20 (¢t =3,...,p). Let X = [Xy,..., X, 17. Then, the data matrix
X has more variability in directions orthogonal to the subspace containing the cluster
structure. Here, we set n = 200 and p = 12. RKM clustering has been applied to
the data matrix X (Fig. 1). The result of RKM clustering for the data shown in Fig.
1 is given in Fig. 2. This result indicates that the low-dimensional subspace of RKM
clustering does not reflect the actual cluster structure and that the clustering result is,
in fact, incorrect.

Vichi and Kiers (2001) pointed out the possibility of such problems with RKM
clustering and proposed a new clustering method, called factorial k-means (FKM)
clustering. For the given data points x 1, . . . , X, in R”, the number of clusters k, and the
number of dimensions of subspace g, FKM clustering is defined by the minimization
of the following loss function:
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Fig. 1 Aurtificial data used to evaluate RKM clustering: a plot of the first two variables of the data matrix
X and b heat map of X

Fig. 2 Plot of the result of
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FKM,(F,A|k,q):=— min ‘A xi—fjH ,
n &= i<j<k
where F':= {f,..., fi}, f; € R? and A is a p x g column-wise orthonormal
matrix. When the given data points x, ..., x, are independently drawn from a pop-

ulation distribution P, we can rewrite the FKM objective function as
- 2
FKM(F, A, P,) = / min HA x—f H P, (dx),
eF
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where P, is the empirical measure of the data points x1, ..., x, in R”. For each set
of cluster centers F and each p x ¢ orthonormal matrix A, we obtain

n— o0

2
lim FKM(F. A, P,) = FKM(F, A, P) ::/;nig HATx - fH P(dx) as.
€

by the strong law of large numbers (SLLN). Thus, besides k-means clustering and
RKM clustering, the global minimizer of FKM(-, -, P,) is also expected to con-
verge almost surely to the global ones of FKM(-, -, P), say the population global
minimizers.

In this paper, we derive sufficient conditions for the existence of population global
minimizers and then prove the strong consistency of FKM clustering under some
regularity conditions. The framework of the proof in this paper is based on ones of
the proof of the strong consistency of k-means clustering (Pollard 1981;1982) and
RKM clustering (Terada 2014). In Pollard (1981), the proof of strong consistency of
k-means clustering takes an inductive form. On the other hand, the proof of strong
consistency of FKM clustering does not take such form as with Terada (2014). In the
proof of main theorem, first we also show that the optimal sample centers eventually
lie in some compact region on R” as with Pollard (1981) and Terada (2014) and
then prove the conclusion of the theorem in the same manner of the last part of the
proof of the consistency theorem in Terada (2014). For an arbitrary p x g column-wise
orthonormal matrix A (AT A = I;, q < p),anarbitrary p-dimensional pointx € R”
and an arbitrary g-dimensional point y € RY, the key inequality in this paper is that
|ATx| < |lx| while the key equation in the strong consistency of RKM clustering
(Terada 2014) is that ||Ay|| = ||y|l-

The rest of the paper is organized as follows. In Sect. 2, we describe the algorithm
of FKM clustering to get the local minimum and the relationship between RKM
clustering and FKM clustering. We introduce prerequisites and notations in Sect. 3.
In Sect. 4, we prove the uniform SLLN and the continuity of the objective function
of FKM clustering. The sufficient condition for the existence of the population global
minimizers and the strong consistency theorem for FKM clustering are stated, and we
derive a rough large deviation inequality in Sect. 5. In Sect. 6, we provide the main
proof of the consistency theorem.

2 Factorial k-means clustering

We will denote the number of objects and that of variables by n and p, respectively. Let
X = (xjj)nxp be a data matrix and x; (i =1, ..., n) be row vectors of X. For given
number of clusters k and given number of dimensions of a subspace g, the objective
function of FKM clustering is defined by

2

’

n
. _ 2 _ . T, _ ¢
FKMy(A, F.U | k) = XA = UFI} = 3" min |A7x; - 1]
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where || -||  denotes the Frobenius norm, U = (u;;), xx 18 a binary membership matrix,
Ais a p x g column-wise orthonormal loading matrix, F' = (fij)kxq is a centroid
matrix, and f j (j =1,..., k) arerow vectors of F representing the jth cluster center.
FKM,, can be minimized by the following alternating least-squares algorithm:

Step 0. First, initial values are chosen for A, F, and U.
Step 1. Foreachi =1,...,nandeach j =1,...,k, we update u;; by

1 iff|ATx; — f ;11> < |ATx; — f ;1||*for eachj’ # j,
-
Y 0 otherwise.

Step 2. A isupdated by the first g eigenvectors of X [U wToy~'uT - I,,] X, where
I, is the n-dimensional identity matrix.

Step 3. F is updated using (UTU)"'UT X A.

Step 4. Finally, the value of the function F K M,, for the present values of A, F, and
U is computed. If the function value has decreased, the values of A, F, and
U are updated in accordance with Steps 1-3. Otherwise, the algorithm has
converged.

This algorithm monotonically decreases the FKM objective function and the solution
of this algorithm will be at least a local minimum point. Thus, it is better to use many
random starts to obtain the global minimum points.

Let A, F, and U denote the optimal parameters of FKM clustering. We can visu-
alize the low-dimensional subspace that reflects the cluster structure by X A. Figure 3
represents such a visualization of the optimal subspace that results from FKM clus-
tering for the artificial data given in Fig. 1.
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Next, we briefly discuss the relationship between FKM clustering and RKM clus-
tering. The objective function of RKM clustering is defined by

n

._ _ T2 _ : L 12

RKMy(A, F.U) := | X = UFAT ||} 21?}& i — Af 1%,
1=

This objective function can be decomposed into two terms:
RKM, (A, F,U) = | X — XAAT |2 + | XA - UF|%. (1)

The first term of Eq. (1) is the objective function of the PCA procedure, and the second
term is that of FKM clustering. Thus, FKM clustering reveals the low-dimensional
subspace reflecting the cluster structure more clearly than the subspace of RKM clus-
tering in the cases that the data have much variability in directions orthogonal to
the subspace containing the cluster structure. For more details about the relationship
between FKM and RKM clusterings, see Timmerman et al. (2010).

3 Preliminaries

In this paper, the similar notations as the ones used in Pollard (1981) and Terada
(2014) are used. Let (€2, F, P) be the probability space, and X1, ..., X, be i.i.d.
p-dimensional random variables drawn from the distribution P. Let P, denote the
empirical measure basedon X, ..., X,. The setof all p x g column-wise orthonormal
matrices will be denoted by O(p x g). B, (r) denotes the g-dimensional closed ball
of radius r centered at the origin. We will define Ry := {R C R? | #(R) < k},
where #(R) is the cardinality of R. We will denote the parameter space by Ej :=
Ry x O(p x q). Foreach M > 0, R;(M) := {R CR? | #(R) < kand R C B;(M)}
and OF (M) := R(M) x O(p x q). Let ¥ : R — R denote a non-negative non-
decreasing function. For each subset F C R? and each A € O(p x ¢q), the general
loss function of FKM clustering with a probability measure Q on R?” is defined by

W(F, A, Q) :=/rfn€igw (HATx —f”) 0(dx).
Write
mi(Q) == (F’i‘ll)feak V(F, A, Q)

and

mi(Q | M) := inf W (F, A, Q).
(F,A)e®% (M)

For6 = (F, A) € Ex, we will use both descriptions W (0, Q) and W(F, A, Q). The set
of population global optimizers and that of sample global optimizers will be denoted
by ® :={0 € Ex | mg(P) = W(0, P)}and ©), := {0 € Ex | my(Py) = WV (0, Py)},
respectively. For each M > 0, let ©* := {0 € O} (M) | m{(P | M) = ¥(0, P)} and
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OF == {0 € O{(M) | mj(P, | M) = ¥(6, P,)}. When we emphasize that ®" and
@), are dependent on the index k, we write ®’ (k) and @/, (k) instead of ® and ),
respectively. One of the measurable estimators in ®, will be denoted by én or én (k).
Similarly, let §* (or 6 (k)) denote one of the measurable estimators in ©. Existence of
measurable estimators is guaranteed by the measurable selection theorem; see Section
6.7 of Pfanzagl (1994) for a detailed explanation.

Letdpg(-, -) be the distance between two matrices based on the Frobenius norm and
dy (-, -) be the Hausdorff distance, which is defined for finite subsets A, B C R? as

dy (A, B) := max {min la — b||].
acA | beB

We will denote a product distance with dr and dy by d (e.g., d =, /d% + dé). As
was done by Terada (2014), the distance between én and ©’ is defined as

d(®,,®) :=inf{d(®,,0) | 6 € O'}.

Like in Pollard (1981), we assume that v is continuous and ¥ (0) = 0. In addition,
for controlling the growth of ¥, we assume that there exists A > 1 such that ¥ (2r) <
Ay (r) for all ¥ > 0. Note that

[olaTs = glypes < [w(laTs]+ |7 P
S/W(lell + I1£1D P (dx)

S/ W(ZIIfII)P(dx)Jr/ Y (2|lx])) P (dx)
A= Nxll A=l

<vQIfl) +)»/¢f(||x||)P(dx)
forall f € Fandall A € O(p x q). Thus, W(F, A, P) is finite for each F € Ry and
A€ O(p x q)aslongas [¥(|lx])P(dx) < oo.

Let R be a ¢ x g orthonormal matrix, i.e., R’ R = RRT = I,. For each f € RY
and each A € O(p x q), we have ART € O(p x ¢) and

/w(HATx — f)P@x) = / v (| RATx — Rf|) P(dx).

Hence, ®' is not a singleton when ®' # ¢; that is, FKM clustering has rotational
indeterminacy, as well as RKM clustering.

4 The uniform SLLN and the continuity of ¥ (., -, P)
Lemma 1 Let M be an arbitrary positive number. Let G be the class of all P-integrable

Sfunctions onIR? of the form g(r 4)(x) == mingcp V(|ATx — f|), where (F, A) takes
all values over @Z(M). Suppose that f Y (|lx])P(dx) < oo. Then,
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342 Y. Terada

=0 a.s.

hm sup ‘/g(x)P (dx) — /g(x)P(dx)

©geg

Proof Dehardt (1971) provided a sufficient condition for the uniform SLLN. Thus, it
is sufficient to prove that for all € > 0, there exists a finite class of functions G, such
that, for each ¢ € G, there are ¢ and g in G with ¢ < ¢ < g and [ g(x)P(dx) —
[&(x)P(x) <e.

Choose an arbitrary € > 0. Let S, x4 (/) := {X € RP*? | || X]| r = \/q}. We will
denote by Ds, the finite set on R satisfying the condition that, for all f € B, (M),
there exists g € Ds, such that || f — g|| < §;. Similarly, we will denote by A, 4.5,
the finite set on S, (/) satisfying the condition that, for all A € §,x,(,/q), there
exists B € Apxg.s, suchthat [A—Bl|r < 8. LetRy 5, :={F € R;(M) | F C Ds,}.
Take G, as the finite class of functions of the form

min Y (|ALx — fIl + 81 + &llx) or min y(JALx — fIl — 8 — &|xD,
fEeFy feF.

where (F, A,) takes all values over Ry 5, X Apxq.5, and ¥ (r) is defined as zero for
all negative r < 0.

Forany F = {f,..., f;} € Rj(M), there exists F,, = {f]...., fi} € Ris,
with || f; — f¥|l < & foreach . In addition, since O(p x gq) C UA*E-Aqu,Ez{A | |1A—
AxllF < 82}, forany A € O(p x q) there exists A, € Apxg.s, With |[A — AyllF < 82.
Corresponding to each g(r,4) € G, choose

§r.a)(x) = min v (|ALx — || + 81 + Sallx )
and
&) (x) = min v(|ALx — || — 81 = 820lx])).
Since i is a monotone function and
|ALx — £3] =81 = Sallxll < |ATx — f;] < |ALx — 5] + 61 + Sallx|

for each i and each x € R”, we have g(r,a) < g(F,4) < &(F,A)-
Choosing R > 0 to be greater than (M + 81)//q (or (M + 81)/(\/q + 82)), we
obtain

/ [8r.4)x) — &(r,a)(x)] P(dx)

k
s/Z[w(HAIx — fi]+ 81+ 8allxll) = v ([ALx = £7] = 81 — &2llx1) ] P(dx)
i=1
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<k sup sup sup  [w([|ATx — f] + 81 + S2llx])
IxI<R feBy(M) A€Spxq (V)

(AT — £] - 81 — 2lxl)] +2kx*"/ (lxl) P (dx),

llxlI=R

where m € N is chosen to satisfy the requirement that /g + 8> < 2"=1 The second
term in the last bound of the inequality directly above can be less than € /2 by choosing
R to be sufficiently large. Note that ¥ is uniformly continuous on a bounded set.
The first term can be less than €/2 by choosing §1, 62 > 0 to be sufficiently small.
Therefore, the sufficient condition of the uniform SLLN for G is satisfied, and the
proof is complete. O

Lemma 2 Let M be an arbitrary positive number. Suppose that f Y(lx])Pdx) <
0o. Then, W (-, P) is continuous on O (M).

Proof This lemma can be proven in a similar manner as the proof of Lemma 1. If
(F,A), (G, B) € ©;(M) is chosen to satisfy dy (F, G) < 81 and |A — Bl|r < 62,
then for each g € G there exists f(g) € F such that ||g — f(g)|| < 1. Choosing R
to be larger than M + §1, we obtain

V(F, A, P)— V¥ (G, B, P)
/[mlnw(”ATx—f”) m1ngﬁ(||BTx—g||):| P(dx)
< [ max [u (1475 = @) ]) = v (|87x - g]) | Paw)

< [ S [wl187x gl +51+ sabxi) - w875 — g])] Prao

geG
<k sup max[ (HBTx—gH—1—81+8z||x||)—w(||BTx—g||)]

Ixl<R 8€C
+2Z/ (B x - g] + 51 + Sallxl) P(dx)
geG XH>R
T, _ T, _
<k sup max [ (|87x — g +01+ 8aliel) — (| 8x ~ g
+zw/| VD P@D), @

where m € N is chosen to satisfy the condition that 2 4+ §; < 2”. By choosing
R to be sufficiently large and 61, 6 > O to be sufficiently small, the last bound in
the inequality (2) can be less than €. Since for each f € F there exists g(f) € G
such that |g — g(f)|l < 81, the other inequality needed for continuity is obtained by
interchanging (F, A) and (G, B) in the inequality (2). O
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5 Consistency theorem
5.1 Existence of population global optimizers

Our purpose is to prove that lim,_, » d (6,, ®) = 0 a.s. under some regularity con-
ditions. However, there is a possibility that ®’ is empty. Therefore, first, we provide
sufficient conditions for the existence of population global optimizers.

Proposition 1 Suppose that fl//(||x||)P(dx) < 00 and that m;(P) > my(P) for
j=1,2,....,k — 1. Then, ® # (. Furthermore, there exists M > 0 such that
F C B;(5M) forall (F, A) € ©'.

Proof See Appendix 8. O

Under the assumption of Proposition 1, we can prove that W(-, P) ensures the
identification condition, which is a requirement of the consistency theorem.

Corollary 1 Suppose that flp(||x||)P(dx) < o0 and that mj(P) > my(P) for
Jj=1,2,...,k— 1. Then, there exists My > O such that for each M > M

inf WO, P)> inf W(O, P) foralle > 0,
0O (M) fe®’

where ©F (M) := {0 € OF(M) | d(0, ®") > €}.

Proof See Appendix 8. O

5.2 Strong consistency of FKM clustering

If the parameter space is restricted to @Z(M ) C Ej, we easily obtain the strong
consistency of FKM clustering. Since ®F (M) is compact, we have ©* # ¢ and the
identification condition:

inf W, P)> inf W, P) foralle >0
0e®k (M) fe®*

where O (M) := {0 € O (M) | d(0, OF) > €}.

Proposition 2 Let M be an arbitrary positive number. Suppose that [ (||x||) P(dx) <
oo. Then,

lim d(0f, ©*) =0a.s., and lim m}(P, | M) = mj(P | M) ass.
n—oo

n—oo
Proof From Lemma 1 and Lemma 2, we already obtain the uniform SLLN and the

continuity of W(-, P) on ®}(M). Thus, the proof of this proposition is given by the
similar argument of the last part of the proof of the consistency theorem. O
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This fact is very important in the proof of Lemma 4. Using this fact, the proof of the
main theorem does not necessarily take an inductive form with the number of cluster
k.

We cannot assume the uniqueness condition since FKM clustering has rotational
indeterminacy. In this study, as Terada (2014) did previously, we assume thatm ; (P) >
myi(P)for j =1, ..., k—1. This condition implies that an optimal set F (k) of cluster
centers has k distinct elements. When we do not use the fact in Proposition 2, the
proof of the main theorem takes an inductive form with the number of cluster k as
with Pollard (1981) and becomes somewhat more complicated. The following theorem
provides sufficient conditions for the strong consistency of FKM clustering.

Theorem 1 Suppose thatfw(||x||)P(dx) < oo and that mj(P) > my(P) for j =
..k — 1. Then, ®' # @,

lim d(6,,®) =0a.s., and lim mi(P,) = my(P) a.s.
n—oQ n—oo

Proof See Sect. 6. O

Note that if there exists a specific A such that W(A, F, P) = 0 for all F’; that is,
the population distribution, P, is degenerate and the number of dimensions with the
support of P is givenas p —q, mj(P) > my(P) for j =1, ...,k — 1 is not satisfied.

Based on the consistency of FKM clustering and RKM clustering, we can compare
these methods more clearly. In the following example, we show that there exist some
cases in which RKM clustering becomes equivalent to FKM clustering as n goes to
infinity.

Example 2 (Asymptotic equivalence of FKM clustering and RKM clustering)
Let E[X] =0, Var(X) = 02 and Cov(X,, X;) =0 (s # 1). For A € O(p x q),
write B = (byr) pxp = AAT . Then, we have

/||ATxH2P(dx)=/ TAATx P(dx) = /ZZbﬂxéx,P(dx)

s=1t=1

p

Z / 2P(dx)+22 Z bs;/xxxtP(dx)
s=1 s=1 t=s+1

» =
2

(Z ) 2 =otw(ATA) = go.

t=1

Thus, the objective function of RKM clustering can be decomposed into the following
two terms:

i —AfI*PWd
/;nelgllx SI“P(dx)

= / |x — AATxHZP(dx) —i—/;ni% |ATx — szP(dx)
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Fig.4 Boxplots of ‘I’(éFKM, Py) and ‘I’(éRKMs Py,) with the 100 data sets for each sample size

:/||x||2p(dx)—/||ATxH2P(dx)+/}nig |ATx — f|* P(dx)
- (p—q)az—}-/;neig ||ATx—f||2P(dx).

Note that the first term is constant and the second term is the objective function
of FKM clustering. In this setting, the set of population global optimizers of RKM
clustering is same as that of FKM clustering. Let GFKM (FFKM, AFKM) and QRKM
= (ﬁRKM, ARKM) denote the estimators of FKM and RKM clusterings, respectively.
Here, we set ¢ (x) := x2. Both \Il(éRKM, P,) and W(éFKM, P,) converge to my(P)
almost surely as n — oo. Moreover, if the population global optimizers of FKM (or
RKM) clustering are unique up to a rotation, then as n — oo,

Diff (Crrm, Crkm) = Z min || f—glI* >0 as.,

A g€CrrM
S€CrkMm

where Crxm = {Arkm f | f € Frkm} and Crgm := {ArRkm S | f € Frem)-

For example, let Z = [Zy, ..., Z,]" be the normalized data matrix of the data
matrix X in Example 1 with zero means and unit variances. Then we have E[Z] =
0, Var(Z;) = 1 and Cov(Z, Z;) = 0 (s # t). Here, we set p = 12 and generated
100 data sets for each sample size. We applied FKM and RKM clusterings with 100
random starts for these data sets. Figure 4 shows the boxplots of W(éFKM, P,) and
\IJ(QRKM, P,) w1th the 100 data sets for each sample size. Figure 5 shows the boxplots
of Diff (CFKM, CRKM) with the 100 data sets for each sample size. These figures show
that RKM clustering becomes equivalent to FKM clustering as n goes to infinity in
this setting.
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5.3 Large deviation inequality for FKM clustering

From Corollary 29.1 in Devroye et al. (1996), if the support of the population dis-
tribution is bounded, we have a non-asymptotic large deviation inequality. Before
stating this theorem, we introduce some notations which are used in the proof
of the theorem. In this subsection, we assume that the support of the population
distribution is bounded; that is, P(|Xi|> < B) = 1 for some B > 0. Let
Frm(k) = {f(x) = mincec lx — ¢|> | C C Bp(v/B).#(C) < k}, Frrm(k. q) =
{(f(x) = mingep [|ATx — fI? | (F, A) € ©f(VB)} and Frim(k, q) = {f(x) =
minger [|x — AfII? | (F,A) € @:(ﬁ)}. Moreover, for every f € Fxm(k) and

t € [0,4B], the set ASCKM) C RP? is defined as A;KIM) = {x | f(x) > t}. and

define Fiy = {A(KM) | e Femk, @), 1 € [0,4B]}. Similarly, we define Af“M)

A(thKM) ]—'FKM and }'RKM Figure 6 shows sets A(KM) A(fFKM) nd A(RKM) with

k=3, p=2andqg = 1. From Fig. 6, we can clearly see the dlfferences between
k-means, FKM and RKM clusterings.

Theorem 2 Let r(x) := x2and Xy, ..., X, € R? bei.i.d. random vectors such that
P(|X1]|> < B) = 1 for some 0 < B < o0o. Then, forall ¢ < p and all € > 0,

P (\I’(én, P) —mi(P) > e) <P|2 sup |W(@O,P)—W0O, P)>ce€
6€0;(v/B)

2

< 8n8T4k(P=a+D(@+D ey ne .
2048 B2
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P Af - t
I Afi14
(a) A(KM) (b) A(RKM) (c) A(FKM)

Fig. 6 Grey areas in three figures show the sets A}I,(tM), AF&KM)

q = 1, respectively

and AsftKM) withk =3, p=2and

Proof Since P(|| X 1> < B) = 1, we clearly have my(P,) = mi(P, | ~/B) a.s. for
alln € Nand my(P) = mg(P | v/B).Let 6, € ©*, thatis, U(6y, P) = mi(P | V/B).
Then, we have

W(6,, P) —my(P | VB)
=Wy, P) — W (0, Pu) + W (B, Pu) — WO, Py) + W (b, Py) — W(by, P)
< W (0y, P) — W by, Py) + W (O, Py) — V(bs, P)
<2 sup |W(O, P,)— W@, P).
9e®,*j(«/§)

Thus, we obtain

P(U@ P)—mi(P) =€) <P (2 sup WO, P)— WO, P)| > e
00} (VB)

From Corollary 29.1 in Devroye et al. (1996), if we find an upper bound of the shutter
coefficient s (Frkm, 1), then we obtain an uniform deviation inequality for FKM clus-

tering. Thus, we derive a upper bound of s(ﬁpKM, n). Let ﬁngM = {ASCFIKM)C |
Asy € f"FKM}. From Theorem 13.5 (ii) in Devroye et al. (1996), we have that
s(Frrm, n) = s(Fpgms 1)- For every f(x) := mingfep IATx — f1? € Frxm, Hi
denotes the (p — ¢)-dimensional affine subspace which contains A f; and is orthog-
onal to the g-dimensional subspace spanned by the k cluster centers A f{, ..., A f;.
Then, a set A € Fy), is the union of the following k hyperbands

B(H; 1) :={x eRF |do(x,H)) <t} (I=1,....k),

where do (x, H;) is the orthogonal distance between x and H;. We have

k
Frem C {UBHB],.. Brecl_ q)]
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where Cfpfq) = {B(H,t) | H C RPisa (p — g)-dimensional affine subspace and
t > 0}. By Theorem 13.5 (iv) in Devroye et al. (1996),
A A k
s(Frrm, n) = s(Figm 1) < S(C(l;iq), n)".
Akama et al. (2010) provides the lower and upper bounds of the VC dimension of
ch
(p—q)

(p—q+D(g+1) < VCdim(C!

Do) <8741(p—q+ 1)(g + D).

Since VCdim(C(pp_q)) > 2 for all g < p, by Theorem 13.3 in Devroye et al. (1996),
we have

» VCdim(C{ 8.741(p—q+1)(g+1)
(el gy ) =Y Ca) <

and
s I AN A )

Since 0 < f(X1) <4B as.forall f € Frrm(k, ), by Corollary 29.1 in Devroye
et al. (1996) we obtain

P (‘If(én, P) —myi(P) > e) <P|2 sup |¥(@,P,)—V0O, P)|>c¢
0€0;(VB)

~ l’lE2
f SS(FFKM, I’l) eXp —W

8.741k 1 1 ne
< 88 THK(P=a+D@+D o (- '
2048 B2

6 Proof of the consistency theorem

Since the theorem deals with almost sure convergence, there might exist null subsets
of © on which the strong consistency does not hold. Therefore, throughout the proof,
€21 denotes the set obtained by avoiding a proper null set from 2.

First, we prove that there exists M > 0 such that, for sufficiently large n, at least
one center of the estimator F,, € Ry is contained in B, (M).

Lemma 3 Suppose that f Y (|lx])P(dx) < oco. Then, there exists M > 0 such that

P(U (V@ | Y(Fu. An) € ©),: Fu(w) N By(M) 7é(/)}): 1.

n=1m=n
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Proof Choose an r > 0 to satisfy the condition that P (B, (r)) > 0. Let us take M to
be sufficiently large to ensure that M > r and

U (M —r)P(Bp(r)) > /lﬁ(llxll)P(dx)- 3

Note that my(P,) < W(F, A, P,) forall F € Ry andall A € O(p x q). Let Fy be
the singleton that consists of only the origin. By the SLLN, we obtain

W(Fo, A, Py) = / (| ATx]) Putdr) — /1//(HATxH)P(dx) as.
forall A € O(p x q). Since ||ATx|| < ||x|, we have

/w(llATxll)wa) S/Iﬂ(llxll)P(dx)

forall A e O(p x q).

Let @ = {w € Q1 | Vn € N; Im > n; Fy,(w) N By(M) = @}. For all
w € 2/, there exists a subsequence {n;};cry such that Fy, (w) N B, (M) = . Since
IATx — fIl = IIfll — x|l > M —r forall x € By(r), all f & By(M), and all
A € O(p x q), we have

limsup\Il(Fnl,An,,Pn,)zlimsupl > min y(|AL X - f|)
: b ietiix e, ()

Zlimsupi Z v (M —r)

U el X eBy ()
> Y (M —r)P(By(r)).

From the assumptions made on the values of M, we have
limsup W(Fy;, An;, Pny) > / Y (lxl)P(dx),
!

which contradicts my(P,) < W(F, A, P,) forall F € Ry and all A € O(p x q).
Therefore, we obtain P(Q’) = 0; that is,

P(U (@ | Y(Fn. An) € O): Fm(meq(M)aéw}):

n=1m=n
O

By Lemma 3, without loss of generality, we can assume that each F;, contains at least
one element of B, (M) when n is sufficiently large. The next lemma indicates that
there exists M > 0 such that B, (5M) contains all the estimators of centers when 7 is
sufficiently large.
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Lemma 4 Under the assumption of the theorem, there exists M > 0 such that

P(U [V {@ | Y(Fn. An) € ©); Fu(w) C Bq(SM)})z 1.

n=1m=n

Proof Choose € > 0 sufficiently small such that € + my(P) < my_1(P). Let us take
M > 0 to satisfy the inequality (3) and

A/ Y (lxl)Pdx) < e. “
lxll=2M

Suppose that F;, contains at least one center outside B, (5M). By Lemma 3, when
n is sufficiently large, F;, must contain at least one center in B, (M), say f| € B,(M).
Since {x | |[ATx| > 2M)} C {x | |x|| = 2M}, we have

/ V(A7 = f1]) Patax) 5/ (AT x = £ ) Padx)
AT x| =2M

llxl=2M

5/ Sl + 1Lf 11D Pa(dr)
x| =2M

< A/ V(1) Pa(dr)
lx||=2M

for all A € O(p x q). Let F;f denote the set obtained by deleting all centers lying
outside B, (5M) from F),. Since (F,\, A) € ©;_,(5M) forall A € O(p x q), we have

W(Fy, A, Py) = mi_(Py | 5M) = my_1(Py)
forall A € O(p x q). Foreach x € B,(2M) and each A € O(p x q), we have
IATx = fIl = [ fIl = x|l > 3M forall f ¢ B,(5M)
and
|ATx —g| < lIx|l+ lligll <3M forallg € By(5M).

Thus, we obtain

/| min ¢ ([ATx — f|) Pa(dx) = /” min ¥ (|A"x — f1) P, (dx)

xl|<2m fE€Fa xl|l<2m fEF;

forall A e O(p x q).
Let Q" :=={w € Q1 |Vn e N; 3m = n; I(F,, Ap) € 9,,; Fp(w) ¢ By;(5M)).
By the axiom of choice, for an arbitrary w € Q*, there exists a subsequence {n;};eN
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such that Fy, (w) ¢ B,;(5M). By Proposition 2, we have

lim mj_,;(P, | 5M) =mj}_;(P |5M) as.
n—oo

For any (F, A) € Eg, we have

mi—1(P) <mi_(P|5M) < limir}f W(Fy, Ap, Py) < limsup W(F;, Ay, Pyy)
1

np’

< lim sup|:/” min ¢ ([|ALx — f|) Pa(dx)

n x||<2M fEF
[ wllat- nlpan |
llxlI=2M

< lim sup |:\IJ(Fn, Ap, Py) + )»/
n lel=2M

vixI) Py (dx)}

< limsup W(F, A, P,) + 2 / W (1) Pa(dx). )
n lx||=2M

Choose (F, A) € ©' as (F, A) € Ej in the last bound of the above inequality. By
the assumption of M > 0 and the SLLN, for a sufficiently large n, the last bound of
the inequality (5) can be less than m (P) + €, which is a contradiction. Therefore, we
obtain

P(U () {@ | Y(Fn. An) € ©); Fu(w) C Bq(SM)})z 1.

n=1m=n
O

Hereafter, M denotes a positive value satisfying inequalities (3) and (4). According
to Lemma 4, for all (F,,, A,) € ©,,, F, € R{(5M) when n is sufficiently large. Since
R (5M) is compact, ®;(5M) is also compact.

By the uniform SLLN, the continuity of W(., -, P) on ®;(5M) and Lemma 4, the
conclusion of the theorem for the cluster number k can be proved in the same manner
as was done for the last part of the proof of the consistency theorem in Terada (2014).

Choose 0, € ©F(5M) such that d (6, ®") > 0. Write
- |6, ité, eor5M)

"6, if6, ¢ O5(5M)
By Lemma 4, we have én = é,, for a sufficiently large n. Since \Il(én, P, =
infoeg, W (O, P,), we have

lim sup |:\U(§n, P,) — inf W(o, P,,):| <0 a.s.
n fe®’
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Since lim sup,, ¥ (6o, P,) = my(P) for any 6y € @,

limsup inf W(O, P,) < limsup ¥ (6p, P,) = my(P) a.s.
n 0ec®’ n

Hence, we have

0 > limsup ¥ (6,, P,) — limsup inf W(0, P,)
n 0ec®’

n

> lim sup\If(én, Pn) —my(P) a.s.

n

Let ©f(5M) := {0 € ©;(5M) | d(#,®") > €}. By the uniform SLLN applied to
©F(5M), we obtain

liminf inf W@, P,)> inf WO, P) as.
n e (5M) 0O (5M)

for all € > 0. Fix an arbitrary € > 0. By Corollary 1,

liminf inf W(O, P,) > lim suplll(é,,, P,,) a.s.
n e (5M) n

Thus, for any @ € Q2 there exists ng € N such that

inf W@, Py) > ¥ (0, P)
0e®f(SM)

for all n > ng. Conversely, suppose that d(én, e’ ) > ¢ for some n > ng. Then, we
have

inf W@, Py) = V(0 P),
0e0*(5M)

which is a contradiction. Thus, we obtain

lim d(6,,.0') =0 as.

n—oo

By 5,1 = én for a sufficiently large n, it follows that
lim d(é,, ®/) =0 a.s.
n—oo

Moreover, by the continuity of W(-, P) on ®Z (5M), we obtain

lim my(P,) = my(P) a.s.
n—oo
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7 Conclusion

In this study, we proved the strong consistency of FKM clustering under i.i.d. sampling
using the frameworks of the proof for the consistency of k-means clustering (Pollard
1981) and the consistency of RKM clustering (Terada 2014). Based on these facts,
we showed that there exists some cases in which FKM and RKM clusterings become
equivalent as n goes to infinity. The compactness of the parameter space is not a
requirement for the sufficient condition of the strong consistency for FKM clustering,
as well as k-means clustering and RKM clustering. As with k-means clustering and
RKM clustering, the proof of the consistency theorem is based on Blum—DeHardt uni-
form SLLN (Peskir 2000). Thus, for the consistency of FKM clustering, stationarity
and ergodicity are only required and the i.i.d. condition is also not necessary. We also
derived the sufficient condition for ensuring the existence of population global opti-
mizers of FKM clustering. Moreover, we provided a rough large deviation inequality
for FKM clustering.

Finally, as with Timmerman et al. (2010), we note that RKM clustering works well
and FKM clustering does not work when the subspace containing the cluster structure
has more variability than the orthogonal subspace. On the other hand, FKM clustering
works well and RKM clustering does not work when the data have much variability in
directions orthogonal to the subspace containing the cluster structure. Moreover, we
mention that, since forall k € Nand allg < p

. . T, 2 . T2
<F,i\r§1;sk/?lelg [ 4% = fI"Pata) SAec})r(l;fzxw/”A [,

FKM clustering does not work for a data matrix which is rank deficient or nearly rank
deficient.

8 Appendix: Existence of ®’
Here, we prove the existence of population global optimizers.

Lemma 5 Suppose that f Y (||x])P(dx) < oo. There exists M > O such that

inf  W(F,A,P)> inf W(@,P)
AcO(pxq) 0eOF(M)

forall F' € Ry satisfying F' 0\ By (M) = 0.

Proof Conversely, suppose that, for all M > 0, there exists F/ € Ry such that
F'N By(M) = and

inf  W(F',A,P)< inf W(9,P).
AeO(pxq) 06@)]‘:(M)

@ Springer



Strong consistency of factorial K-means clustering 355

Choose r > 0 to satisfy that the ball B,(r) has a positive P measure; that is
P(Bp(r)) > 0. Let M be sufficiently large such that M > r and that it satisfies
inequality (3). Since |[ATx — f|| = | fll = |ATx|| > M —r forall f ¢ B, (M) and
all x € B,(r), we have

/W(IIxII)P(x)z inf W@ P)> inf W(F, A P)
00} (M) AeO(pxq)

. ) ro
= AEéI(I£Xq)/xEBp(V) Jr‘réllrvl/l'//(HA o f||)P(dx)
> ¢(M —r)P(B,(1)).

This is a contradiction. O

Lemma 6 Supposethatf Y(lx|)P(dx) < oo, andfor j =2,3,..., k=1, m;(P) >
my(P). There exists M > 0 such that, for all F' € Ry satisfying F' ¢ B, (5M),

inf  W(F',A,P)> inf W(, P).
AcO(pxq) 0€07(5M)

Proof Choose M > 0tobe sufficiently large to satisfy inequalities (3) and (4). Suppose
that, for all M > 0, there exists F’ € Ry satisfying F' ¢ B,(5M) and

inf  W(F',A,P)< inf W(0,P).
AeO(pxq) 0eO;(5M)

Let R be the set of such F’ and then

mr(P) = inf v, P).
0eR xO(pxq)

According to Lemma 5, each F’ € R} includes at least one point on B, (M), say f.
For all x satisfying ||x|| < 2M and all A € O(p x q), we obtain

|ATx — f|| > 3M forall f ¢ B,(5M)
and
[ATx — g|| <3M forall g € By(M).

Thus,

/| min ¢ (|A"x — f]) P(dx) =/| min ¥ (||A"x — f||) P(dx),

x||<2Mm fEF x||<2M fEF*

where the set F* is obtained by deleting all points outside B, (5M) from F’. Since
f\lezZM Y(IATx — f1DP(dx) < i f\|x|\22M ¥ (|lx|)) P(dx), we obtain that
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W(F[, A, P) +A/ (el P(dx)

lxll=2M

z/ min ¥ (|ATx —f||)P(dx)+/ y(|ATx — f1])Pdx)
I IxI>2M

x||<2Mm feF*
> W(F*, A, P) > my_1(P)

forall A € O(p x q). It follows that my (P) +€ < my_1(P), which is a contradiction.
O

Let us consider M > 0 to be sufficiently large to satisfy inequalities (3) and (4).
Write O := R} (SM) x O(p x q). Proposition 1 and Corollary 1 can be proved in
the same way as Proposition 1 and Corollary 1 in Terada (2014).

Proof of Proposition 1 According to Lemma 6,

inf W0, P)= inf W@.P).
Sk

OcEx

Moreover, for any 6 € (R \R:(SM)) x O(p x q), mp(P) < ¥, P). Thus, we
only have to prove ®’ # 0.

Let C := {¥ (0, P) | 6 € O} and then my(P) = inf C. By the definition of the
infimum, forallx > my (P),thereexists c € C suchthatc < x.By the axiom of choice,
we can obtain a sequence {c, },,cn such that ¢, — my(P) asn — o0. Using the axiom
of choice again, we can obtain a sequence {6, },eN such that W (6, P) — m;(P) as
n— oo.

By the compactness of ®y, there exists a convergent subsequence of {6, }, <N, say
{On; }ien- Let 0, € O denote the limit of subsequence {0, }ieN, 1.€., Om; — 6y as
i — o0. Since W(-, P) is continuous on O, ¥ (6,, P) = my(P). Hence, we obtain
e £ 0. O

Proof of Corollary I Let ®, = {6y € O | V(bk, P) = mi(P)}. Conversely,
suppose that there exists € > 0 such that infpce, W (0, P) = infpcer ¥(O, P).
By the definition of the infimum, there exists a sequence {6,},cn on ®, such that
v(b,, P) - mp(P) as n — oo. By compactness of ®, there exists a convergent
subsequence of {0, },enN, say {0, }ien. Let 05 € O denote the limit of subsequence
{Om; }ien. Since 0, — Oy as i — 0o, we have d(6,,,, 0+) < € for a sufficiently large
i, which is a contradiction. O
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