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Abstract In estimation of the normal covariance matrix, finding a least favorable
sequence of prior distributions has been an open question for a long time. This paper
addresses the classical problem and accomplishes the specification of such a sequence,
which establishes minimaxity of the best equivariant estimator. This result is extended
to the estimation of scale parameter matrix in an elliptically contoured distribution
model. The methodology based on a least favorable sequence of prior distributions is
applied to both restricted and non-restricted cases of parameters, and we give some
examples which show minimaxity of the best equivariant estimators under restrictions
of scale parameter matrix.

Keywords Bayesian inference - Equivariance - Least favorable prior -
Minimax estimation - Restricted parameter space - Statistical decision theory

1 Introduction

In statistical decision theory of point estimation, minimaxity is a crucial principle, and
itis used as an intelligible criterion for measuring quality of estimators. There are two
well-known approaches to finding a minimax estimator or establishing minimaxity of
a specific estimator: one is the invariance approach and the other is the least favorable
prior approach (Strawderman 2000).
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262 H. Tsukuma, T. Kubokawa

The invariance approach is based on invariance under a group transformation. A
relationship between invariance and minimaxity is often referred to as the Hunt—Stein
theorem. It is an elegant theorem and requires invariance of the estimation problem
and amenability of the group. For more details and generalizations of the Hunt—Stein
theorem, see (Kiefer 1957). Equivalent conditions for amenability of groups were
extensively reviewed by Bondar and Milnes (1981).

On the other hand, the least favorable prior approach is a Bayesian method with
a least favorable prior distribution or a least favorable sequence of prior distributions
(see Berger 1985). A valuable merit of the least favorable prior approach is that it
has a wide range of applications. For instance, this approach is of use in the case
of a restricted parameter space. Actually, Kubokawa (2004) applied this approach to
show that minimaxity of the best equivariant and unrestricted estimators holds true
even in the case of restricted location and scale parameters. See also Marchand and
Strawderman (2005a, b), who gave the same results as in Kubokawa (2004).

Although the invariance approach is quite general, the least favorable approach
gives an alternative and possibly more direct approach. In estimation of covariance
matrix of a multivariate normal distribution, the best equivariant estimator under the
group transformation of lower triangular matrices with positive diagonal elements,
which is also called the James—Stein estimator, is known to be minimax by the
Hunt-Stein theorem from the invariance approach. It is noted that other minimax
estimation problems related to the covariance matrix have been studied in Selliah
(1964), Eaton and Olkin (1987), Krishnamoorthy and Gupta (1989) and others. How-
ever, no least favorable sequence of prior distributions has been found since Stein
(1956) and James and Stein (1961). This is a most interesting issue in statistical
decision theory. Moreover, in the case that the parameter space is restricted, it is
not clear whether the best equivariant estimator maintains the minimax property. In
this paper, we address these problems and succeed in constructing least favorable
sequences of prior distributions in restricted and non-restricted cases of the covariance
matrix.

The outline of this paper is as follows. Section 2 addresses the important issue on
minimaxity in estimation of the covariance matrix of a multivariate normal distribution
model from the least favorable prior approach. An explicit formula of a least favorable
sequence of prior distributions is presented in Sect. 2. The result under the normal
model is extended to a class of elliptical distribution models including the matrix-
variate F distribution.

Section 3 deals with the case that the covariance matrix is limited to a restricted
parameter space, which is motivated by Pourahmadi (1999). Then, we construct a
least favorable sequence of prior distributions, and establish minimaxity of the best
equivariant estimator by applying the same arguments given in Sect. 2. It is shown
that the best equivariant estimator is further improved on by the isotonic regression
method.

The methods given in Sects. 2 and 3 have the potential to be applied to various
restrictions of scale parameter matrix. In Sect. 4, we provide an example of restriction
based on determinant of scale parameter matrix, and state concluding remarks. Some
proofs are given in the appendix.
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Minimaxity in estimation of scale parameter matrix 263

2 A least favorable sequence of prior distributions in estimation of covariance
matrix

We here construct a least favorable sequence of prior distributions in estimation of the
normal covariance and precision matrices. Also, the interesting result is extended to
an elliptically contoured distribution model.

2.1 Estimation of normal covariance and precision matrices

Consider the estimation of ¥ based on a p x p random matrix V having the Wishart
distribution W, (n, X). Let 7+ be the set of p x p lower triangular matrices with
positive diagonal entries. By the Cholesky decomposition, £ ~! and V can be written
as X! = @@andV =TT for ® = (6;;) € 7T and T = (4;;) € 7. The
probability density function of T is

1
Jw(T|©)ydT) = C|OT|" exp [—ztr[(GT)(QT)Z]] y(dT),

where C is a normalizing constant and y (dT') = (Hf:1 tl.?i)dT, which is left-invariant
measure on 7 T

Let L(A) be a continuous scalar-valued function of a p x p matrix A. Assume
that L(A) > O for any p x p matrix A and that L(A) = O if and only if A = I,
for the p x p identity matrix I,. Define a loss function as L(@38®'), where § is an
estimator of X. It is noted that L(@8@') = 0if § = ¥ = (©'®)~!. Some examples
of loss functions will be given later in this subsection. Denote the risk function by
R, %) = [7+ L(©3O") fi (T|®)y (dT).

For all A € 7, the group transformation with respect to 7+ on a random matrix
T and a parameter matrix © is defined by (T, ®) — (AT, ©®A~!). Then the best

equivariant estimator with respect to the group 7+ can be written by

§BE = §BE(T) = argrr%in/

QcT

N L(©50") fw (T|®)y (d®).

This estimator has the form TDT', where D is a diagonal matrix independent of T'.
The best diagonal matrix D, which yields the best equivariant estimator depends on
the loss function L. The best equivariant estimator 82 has a constant risk Ry, say,
and thus the supremum risk over the parameter space is the same as Ry, namely,
supger+ R(6PE, X) = Ry.

Let ¢;j = 3(i — j) — L. Define a set P of ® by

P={@ecT":1/k<6i<k(=1,...,p)and
—ki0;; <6 < k6 (1 <j<i=<p)

Then, we consider the sequence of prior distributions given by
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y(dO®)
V(Px)

7 (©)dO® = I®ecP), k=1,2,..., (1)

where y(d®) = ([17_,6;;)d®, V(P = Jp, v(d©) = 2P(PD2(log k)P [TV,
H’j_:ll k€ii, and I (-) denotes the indicator function.

The prior distributions (1) yield the Bayes estimators

T = §7(T) = arg min / L(Z8Z") fw (T\Z)m1(Z)dZ,
8§ Jzep,

with the Bayes risks

1
/ / L(®ST (T)®") fiy (T|®)y (AT)7(©)dO.
Py) Jeer, JT+

ri (g, 83) = v

If the above Bayes risks converge to the supremum risk of §5F as k — oo, namely,
limy, s oo 1 (Tk, SZ ) = Ry, then 8BE is minimax and the sequence 1 (©)d® is least
favorable (see Proposition 2 of Strawderman 2000). This is proved in the following

theorem.

Theorem 1 The sequence (1) is least favorable, and the best equivariant estimator
8BE is minimax.

Proof We can show this theorem along the same lines as in Kubokawa (2004) and
Kubokawa et al. (2013) who modified the method of Girshick and Savage (1951).

It is easy to check that ry (7, 87) < r (., §BEY = Ry, therefore it is sufficient to
show that lim infy_, o ¢ (77, SZ ) > Rg. Making the transformation L = OT yields

1
ri (i, 87) = —/ / L(®8] (©7'L)®") fw (LI )y (dL)7(©)d®, (2)
V(P Jeer, JT+
where 87 (®'L)is expressed as

§7(O7'L) = argmsin / L(Z8Z") fw (LIZO™ Y (Z)dZ.
ZePy

Now, make the transformation ¥ = Z@©~! with dZ = (]_[f’:1 Qi’fi“)dY. We then
have

SZ(G)‘IL) = argmin/ L(Y®SO'Y") fy (L|Y)m (Y)Y,
§ Jyeer,

namely, ©§7 (@7'L)®' = §;(L|®) where

3;(L|®) = arg min/ LYS8Y") fw(L|Y)m, (Y)dY.
3 Jyeepr,
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Minimaxity in estimation of scale parameter matrix 265

Hence, the Bayes risk (2) can be rewritten as
1
re(me, 87) = ——— / / L(8;(L|®)) fw (LI ,)y (dL)m (©)d®.  (3)
V(Pt) Joep, JT+

Let &; = logb;;/logk for i = 1,...,p and let &; = 6;;/(k0;) for
i > j. This correspondence is denoted by the function & = ¢;(®) for & =
(éll» %21» §227 e splv e épp)t. Then, we obtain (pk(Pk) = (—1, 1)p(p+1)/2 and

p i—1
yi(dg) = Qoghk)? [ [T T+ | d& = v@®)

i=1j=1

for y(d®) = (Hf’:l Giji)dG). Note that “Y® € P;” is equivalent to “Y € P;(®)”,
where

Pl@)={(YeT" k' <{Y®); <k (i=1,...,p)and
—k{Y®}; < (YO}; < k“I{Y®};; (i > j)}
= {Y€T+Zk_1 <yiibii <k (i=1,...,p)and

i
— KU yiilii < D YimOmj < kU yiibii (i > j)}~

m=j
By the function § = ¢ (@), “Y € P,é(@))” is expressed as “Y € Py (&), where
P(&) = {Y €Tt k' < yuksi <k (=1,...,p)and

i
— ik < ki > i E kT <y k(> j)}

m=j+1
- {Y e T+ k) <y k18 (G =1,..., p)and
Lij(Y,§&) < yij < Ujj(Y, ) (i > j)} 4

with

i
Uij(Yy g) — yiikc‘ij+éii7§jj — Z yimémjkaj‘Fsmm*sjj’
m=j+1
i
Lij(Ya g) — _yiikcij+§ii7%‘jj — Z yimgmjkcmj‘l’%‘mm*%'jj.
m=j+1
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We express 8} (L|©) as
Si(LIE) = argmin/ ~ L(YSY") fw(L|Y)m (Y)dY
& Jyeh®
and the Bayes risk (3) as

1
ri (g, 83) = —/ / L(83(L|&)) fw(LII,)y(dL)d& (5)
29 Jeep Py JTH

forqg = p(p+1)/2.
It is noted that, for any small ¢ > 0,

q q
Py =[]-1. D> [[(-1+e1—e) = 1.
i=1 i=1
Then, the Bayes risk (5) is evaluated as
1
(e, 83) = —/ / L(8;(LI&)) fw (LI )y (dL)dE.
24 gel, JT

As proved in Lemma 1 given below, we see that, for & € I, 8,’; (L&) — §BE (L) as
k — o0. Hence, Fatou’s lemma is used to bound the Bayes risk from below as

\

1
lim inf ry (g, 87 ) > —/ / Sw(@|I ) - lim inf L(87(L|&))y(dL)dE
k—>00 24 gel, JT+ k—o0

1
=— d& / fw (LI ) L(SBE L))y (dL)
24 tel, T+

(1 —e)1REGBEWL), 1,) = (1—¢)Ry.

From the arbitrariness of & > 0, it follows that lim infy_, oo r¢ (7%, 87k’) > Ry, com-
pleting the proof of Theorem 1. O

To complete the proof of Theorem 1, we need the following lemma, whose proof
will be given in the Appendix.

Lemma 1 For & € I, it holds that 8} (L|§) — SBE(L) as k — oo.

In estimation of the covariance matrix X, Stein (1956) employed the so-called Stein
loss function given by

Ls(8, ) =trX 6 —log|Z7'8| — p = r @6@' —10g |@6O'| — p,  (6)

and the best equivariant estimator is given by 2% = TDBET! where
-1
DBE — [ / @fefw(1p|®)y(d®)] = diag (di, ..., dp)
T+
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Minimaxity in estimation of scale parameter matrix 267

ford; = (n+p—2i+1)"'. From Theorem 1, §BE is minimax relative to the Stein loss
(6), and the least favorable sequence of prior distributions is given in (1). Similarly,
we use the following invariant loss functions

LoB, )=t (T7'6 -1, =t (@50" —1,)%,
Lp8,2)=tuXs ! —log|2s 7| — p=tr (@80~ —1log|(®§O")~!| — p,

so that the resulting best equivariant estimators are minimax. It is noted that the loss
Lp is used in estimation of the precision matrix £ ~! rather than of the covariance
matrix Y. For more details of estimation with respect to L g and L p, see Selliah (1964)
and Krishnamoorthy and Gupta (1989), respectively.

The same arguments can be used for estimation of ® based on the Cholesky decom-
position. The best equivariant estimator of @ is given in Eaton and Olkin (1987), and
its minimaxity can be shown by the arguments based on the sequence of prior distri-
butions.

2.2 Extension to elliptical distributions

The results given in Sect. 2.1 can be extended to a class of elliptical distributions
whose probability density function (p.d.f.) with respect to y (dT) is given by

fo(T1®)ydT) = |OT|"$(OT{OT})y (dT) )

for an integrable function ¢ (-). It is assumed that ¢ satisfies ¢p(A) = ¢ (BAB) for a
squared matrix A and a diagonal matrix B with diagonal elements +1. Consider here
the problem of estimating the scale parameter matrix © = (@'@®)~! relative to an
invariant loss L(@®3§®"). Then, the best equivariant estimator is given by

SBE :aBE T) = : /
P ® (1) argmsln

QcT

L(©8O") f4(T|©®)y(d®) = TD4T',  (8)

where Dy is a diagonal matrix whose diagonal elements are constants depending on
the functions ¢ and L. Then, we obtain the following theorem based on the same
arguments as in the previous subsection.

Theorem 2 Assume that the random matrix is distributed as an elliptical distribution
with the p.d.f.(7). Then the sequence (1) is least favorable, and the best equivariant
estimator 8 g E is minimax.

An example of fs(T|®)y(dT) is the p.d.f. of matrix-variate F distribution or
matrix-variate beta distribution, which is expressed as

fr(T|®)y(dT) = C|®OT|"|I, + OT{OT) |~ TP=D/2) (aT),

where C is a normalizing constant, and v is a positive constant. The best
equivariant estimator of ¥ = (©'@®)~! relative to the Stein loss (6) is SféE =
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[[©'®fr(T|®)y(d®)]~!. Making transformation from ©® to @T ! gives the
expression Sf;E = DEE T' where

-1
Df;E = |:/T+ @’@fF(Ip|®)y(d®):| . )
A direct calculation from (9) yields the following lemma, which will be proved in the
appendix.
Lemma 2 Suppose that v > 2. The exact value ofD‘;E defined in (9) is given by

DEE =diag (hy'. ... ;") for

n—i+1 v+p-—2 p—i
hi = . : . + .
v+i—3 v+i—2 v+i—2

Theorem 2 establishes that the best equivariant estimator 5% is minimax. It is
noted that §2F is the same as a minimax estimator obtained by Muirhead and Veratha-
worn (1985) from the invariance approach. Our notation (n, p, v) corresponds to
(n1,m,ny — m + 1) in their notation. See Section 3 of Muirhead and Verathaworn
(1985).

3 Estimation under restriction of lower triangular matrix
3.1 Minimaxity under order-restricted diagonal elements

Consider the unique reparametrization for X of the form I'XT’ = A, where I =
(¥ij) is a lower triangular matrix with unit diagonal elements, y;; = 1, and A =
diag (A1, ..., Ap) with positive diagonal elements A;. Pourahmadi (1999) has pointed
out a statistical meaning of the y;; and A; in analysis of longitudinal data, and showed
that they are interpreted as the autoregressive coefficients and the innovation (residual)
variances, respectively.
In the previous section, we used the Cholesky decomposition £~! = ©’@® where
O = (6;) € T T. It then follows that A; = 0;2 and y;; = 0;;/0;; because >l =
I'" A~'T and the Cholesky decomposition is unique. In this section, we consider the
restriction Ay > Ay > --- > A,, namely,
91_12 > 92_22 cee> Qp_pz, or, equivalently, 011 < 6y < --- < 0,),. (10)

v

This signifies that the innovation variances decrease as time goes. For simple expla-
nation of this constraint, see Pourahmadi (1999, Section 2.6).
For ¢;j = 3(i — j) — 1, define a set PkL of ® by

Pk = {@) eTH k"2 <0 <k 1<6;/6_1i-1<k*(=2,...,p)and
—kU6;; < 6 <k6; (1 <j<i<p}
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Minimaxity in estimation of scale parameter matrix 269

Then, we consider the sequence of prior distributions given by

y(d®)

v(rh)

7 (©)dO =

1@®cPh), k=1,2,..., (11)

where y (d®) = ([T7_, 6;,)d® and V (P}) = 27"+ D2V tog k)P TT7_, ;) k<.
Theorem 3 For an elliptical distribution (7) with the restriction (10), the best
equivariant and unrestricted estimator 85 E givenin (8), is minimax and the sequence
(11) is least favorable.

Proof An outline of the proof is given because the proof is similar to that of Theorem 1.
Using the same lines from beginning to (3) in the proof of Theorem 1, we express
the Bayes risk with respect to PkL as

1

—_— L} (LIO® L|I dL 0)dO, 12
VD @ePkL/LGT+ (B} (L1©)) fy (LIl )y [dL)m(©)dO,  (12)

ri (i, 83) =

where

3;(L|®) = arg min/ L(Y8Y") f(L|Y)m(Y)dY.
§ Jyeepr!

Since we easily see that, for all k, r¢(tx, 8F) < Ry = [per+ LS5 () f5(TII )
y (dT), it will be shown that lim infy_, o 7% (7%, 87) > Ry.

LetP ={@ T :0;] <6p < <0y} Itisseenthat U> Pl =P CTT.
The function & = ¢ (®) is defined by

_ 2logb11

0::
1= & -1 (=2,...,p),

, =1
logk " logk 8 9,'_1,,'_1
&ij

=Y asj<izp.
O;ik€ii - -

Then, it follows that g (PF) = [—1, 1]7**1D/2 and
p i—1

yi(d€) =27 (oghk)? [ [T *% | d& = v(d®)

i=1j=1

for y (d®) = ([17_, 6;7)d®.

i=1"ii
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It is noted that “Y@® € PkL” is written as “Y € P/(@)”, where

P©) ={YeT k12 < (YO <k 1 = b <&
(i=2,...,p) and — k{YO}; <{YO};; < kU{YO};;
(1<j<i<p)}

={reTt i P synon k2 05 M <k

(=2,...,p) and — k“Vy;;0;; < Zin:j YimOmj < kU yii0;;
(1<j<i<p}.

It also follows that 0;; = kf“/”z[@ﬁ(”&‘z for i > 2. Thus, by the function § =
ok (0), “Y € P,é(@)” is expressed as “Y € Py (&)”, where

P& ={YeTt Li;(Y,6) <y <U;Y,& (1<j<i<p)

with
k—(1+511)/2 ifi = ] — 1,
Yiot,i— kTS ifi =j>2,
Lij(Y,§) = _yiikc,-j+z"z:j+l(1+gu)
> il VimEmjkmitEi (460 e o
rk(lfé‘ll)/z lfl:]= 1,
Uy Yi-1,i—tk! 5 ifi =j>2,
(Y, §) = y,-,-kcijJFZZ:Hl(HEM)
_Zin:j-‘,-l )’imfmjkc'"ﬁzzn:f“(usm ifi > j.

The function & = ¢ (®) transforms §; (L|®) to

5,’;(L|§)=argmin/ ~ L(YS8Y") fy(L|Y)m(Y)dY.
§ Jyep®

Let|&;j| < 1—¢efori > jand any small ¢ > 0. We here use the same way as in the
proof of Lemma 1 and can easily show that P;" = {Y € T+: L;."j < yij < Ul?; (1<

j <i<p)}C Pu&), where

N L ifi = j,
Y —e(1 —k~hi=i=lks ifi > j,
H e(1 —k=hHi=i=lge  ifi > j.
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Minimaxity in estimation of scale parameter matrix 271

It then holds that Up® | P = T, which implies that, for & € I, §; (L|§) — 85" (L)
as k — 00. We, hence obtain lim infy_, oo ¢ (77, SZ ) > Ry in the same way as the
last part after (5) in the proof of Theorem 1. O

3.2 Improvement by the isotonic regression method

In the previous subsection, the best equivariant and unrestricted estimator is shown to
remain minimax under the restriction (10). In this subsection, it is shown that the best
equivariant estimator can be further improved on by the isotonic regression method
under the restriction (10).

Let T| be the lower triangular matrix with unit diagonal elements such that, for
i > j,the (i, j) off-diagonal elements are #;;/t;;, where the #;; are elements of
T= ()€ T . Then, the best equivariant estimator with respect to the Stein loss (6)
is rewritten as

855 =TDyT' = T\ WF )T}

fort = (t121, R t[%p), where WBE (¢) = diag (d; t121, ey dptgp) and the d; are positive
constants. If 91_12 > 02_22 > 0> 9;132 onXY = (@tG))’l, we should modify the order-
ing property of diagonal elements of W5 (¢) as long as Pr(d; t121 >0 > dpt;p) < 1.

To revise the unnatural ordering, we apply the isotonic regression to diagonal ele-
ments of WEE (). Let WEE@0) = diag (5, ..., ¢ BE) with yPE = d;17;, and let
WIR@) = diag (W{®, ..., ¢ [F), where {y/{ %, ..., y/R} is a solution of minimizing
Zle(ki — wiBE)z subject to A; > A2 > --- > A,. For more details of the isotonic
regression, refer to Robertson et al. (1988).

Theorem 4 For an elliptical distribution (7) with the restriction (10), suppose that

Pr(dltlz1 >0 > dptlz,p) < 1. Then Sqle = T1\Il”e(t)T’1 is minimax estimator domi-

nating SgE relative to the Stein loss (6).

We verify this theorem via the following lemma. For details of the lemma, see
Rockafellar (1970) and Calvin and Dykstra (1991).

Lemma 3 (Fenchel’s duality theorem) Let f (x) be a concave function defined in R?,

and let IC be a closed convex cone in RP. Define the concave conjugate of f(x) and
the dual cone of K as, respectively,

14 14
()] =xi€n]1£p{2xiyi —f(x)}, K = [y eRP: iny,- <0, VxelC].
i=1 i=1

Then, we have

sup f(x) = — sup f*(y) (13)
xekC yek*
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272 H. Tsukuma, T. Kubokawa

if either ri(dom f) N ri(IC) # O or ri(dom [*) N ri(KC*) # @, where ri means relative
interior and dom f = {x € R? : f(x) > —oo}. Denote by x* and y*, respectively,
solutions of the left- and right-hand sides of (13). It then holds that (a) x* € IC, (b)
y e K (o) x)'y* =3 x} 'y} = 0and (d) —y* is a subgradient of — f at x*.

Proof of Theorem 4 The proof can be done along the same lines as in Tsukuma and
Kubokawa (2011). Let ¥ (¢) = diag (Y1, ..., ¥,) whose diagonal elements are func-
tions of £. Recall that ¥~! = I’ A~!'T with A1 > A2 > --- > Ap. Then, the risk of
estimator 84 = TW'W (T ’l is written as

R84, %) = E[r T7'T W) T, —log |Z7'T1W@t)T'| — p]
= E[r AT'UW @)U — log |A~'W ()| — log |UU'| — p],

where the second equality follows from the transformation U = (u;;) = I'T. The
first term of the last right-hand side is expressed as

P P P
Elc A~'UY@®U' | = E [Z I/Ii{UtA_lU},'l':| =E[ D ¥ > ui/rj|. (14
i=1 i=1 =i

Let
P
ai=ai®)=E| > uj/ajlt |. (15)
j=i+1
It follows that u;; = 1 fori = 1,..., p. Note that a; depends on the probability
density function (7) and that if (7) is the normal density then @; = (p — i)/ tl.zi, since
the Bartlett decomposition leads to the fact that tizl. JAi ~ Xr%—i g fori=1,..., pand

wjiltii ~ N0, A;/t%) for j > i. Combining (14) and (15), we obtain
P
Elt A-\UV @)U = E [Z wi(kf' +ai)} )
i=1
which yields

P
R(y. %)= E [Z{m 7 +a) - 1og(x/f,~/xi)}} - p. (16)

i=1

Let %% = (e, . yBEY and y'R = (p{R, ... yIR) Fori =1,....p,
let & = A;l. Denote RY = {x € R : x; > 0 foreachi}. Then, & = (£1,...,&))
belongs to

K={8eRl & <. <g,}.
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Minimaxity in estimation of scale parameter matrix 273

Also, denote the dual cone of I by
K*={neR’:p'x <O0foranyx e K}.

Let the objective function be

4
CEYPE) =D flogs — v PE & +ap),

i=1

which is the concave function of &. It is noted from Robertson et al. (1988) that wl.’ Rog
are the same as certain solutions éi_l of maximizing Zfz {logé&; — W,-B E &} subject

to & € K and, moreover, the é,' ’s are equivalent to solutions of maximizing £(& |¢B £y
subject to & € K.
The concave conjugate function of £(£|¥2%) is given by

C(pyPE) = inf
£cR?

+

P
’Z&-m - E(EWBE)]

i=1

14 p
= inf, [Z{&(m +yPF) —log s,-}] + > vPra
€=+ Li=1 i=1

14 14
=D logni + ¥ +p+ D vlPta

i=1 i=1

and the domain of £*(g|¥BE)is {n e R? : p+ ¢ BE >~ 0,}, where “>" stands for “is
componentwise greater than”.
The subgradient of —£(£|¢2%) is equal to (xp,BE — éfl, cees wlle — ép_l)t, SO

Lemma 3 (d) implies that the supremum of E*(nhﬁB £ is attained at
T=E -yl B -y BE

Since Ei_l = wil R we can see that

p p
— sup Z*(’”'ﬁBE):_Z*(’ﬁ'wBE)Z_ZlogwiIR_p_ZwiBEai.
i=l1

nek*
BE
n+y =50,

i=1

7)
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Itis noted that v e " =) 5 0 foreachi. Replacing Y/ R by B E e W=y
in the above expression yields

14 14

1 IR_ | BE

- sup ColPPE) < =D log(yfEeViT V) — p =y PEy
nerr i=1 i=1

r]+¢BE>0p

14 14
= =D logyF —p = v fa. (18)
i=1 i=1

Combining (17) and (18) gives that >/ (¥/Ra; — logy/®) < >F  (yBEa; —
log y££), or, equivalently,

14 p
> (i Ra; —1og(w! R/} < D (WP ai —log(wFE /3. (19)
i=1

i=1

From the fact that 7 € K* and & € K, it follows that ’):IE < 0, namely,
P )4
D —yPhE = W -y <o. (20)
i=1 i=1
Combining (19) and (20), we can see that

p p
DUWROT + a) —log(w! R /ai)) < D WEEGT + a) — log(yFE /1)

i=1 i=1

with probability one. Thus, it follows from (16) that R(8,", £) < R(8;*, ¥), which

implies that SQR is a minimax estimator improving on Sg E O

4 Concluding remarks

In this paper, we have considered some problems related to estimating covariance
matrix of multivariate normal distribution model, and have used sequences of prior
distributions to show minimaxity of the resulting best equivariant estimator. The
approaches to minimaxity can be used in both restricted and non-restricted cases of
parameters. The most striking result of the paper is that we have succeeded in deriving
an explicit formula for a least favorable sequence of prior distributions for the covari-
ance matrix. This has been an open question for a long time, since Stein (1956) and
James and Stein (1961). The least favorable prior approach to minimaxity is construc-
tive and pedagogic. We have also applied the same arguments given in Theorem 1 to
the restricted case of lower triangular matrix for establishing minimaxity of the best
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equivariant and unrestricted estimators, which is further improved on by the isotonic
regression method.

The least favorable prior approach used in the proofs of Theorem 1 has the potential
to be applied to various restrictions of covariance and precision matrices. For example,
consider the restrictions |X| < ¢ and |X| > c¢ for positive ¢, namely, Hf’: I Ql.zl. >
1/c¢ and Hi:l Ql.zi < 1/c. The case of |X| > ¢ has been treated by Marchand and
Strawderman (2012), who established minimaxity of the best equivariant estimator
based on a different method from our approach. See Marchand and Strawderman
(2012) for more details. For the case of |X| < ¢, we can get the following theorem
which is shown in the appendix.

Theorem 5 For an elliptical distribution (7) with the restriction |X| < c, the best
equivariant estimator of X, given in (8), is minimax.

The least favorable sequences of prior distributions addressed in this paper are
extended to general estimation problems with an invariance structure and a uni-
fied methodology can be presented for both restricted and non-restricted cases. See
Tsukuma and Kubokawa (2012).

The methods given in this paper can be applied to more general models with both
location and scale parameters. For instance, we can handle the case that a sample mean
vector is available, which can be described as V. ~ W, (n, X) and X ~ N, p(p, X).Our
results can be easily extended to this model, and minimaxity for the best equivariant
estimator of X is established.

Appendix A
A.1 Proof of Lemma 1

o il il
Fori > j,let U;;' =¢e(l —k= )" /77'k® and L;“j = —¢e(l —k=")"7/7'k%. Define

Pf={YeT :k*<y; <k (i=1,...,p) and LY <yij <Uj (> )))

Recall that P (§) is given in (4). If it is proved that P} C Py (&) for all k and any
& c I, then §;(L|E) — 8BE(L) as k — oo because U, Pr = 7. Then, the proof
of this lemma will be complete.

Denote, fori =1, ..., p,

Rii = {yi € R: k™ UH50) <y < 1750,
R =i e Rik™% < yi <k},
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and, fori > j,

Rij={yijeR:Lj;{Y,§ <y; <U;{X¥, 8§},
Rij = {vij € R: —y;; Bij(§) < yij < yii Bij (E)},
R;-kj = {yij eR: L;-kj <Vij < U;;},

where B;j(§) = &(1 — k—l)i—j—lkCi_erfii—f.i.i, It is here noted that f’k &) = ﬁle ﬂ;zl

Rij and P = ﬁf’zl ﬁ;zl Rl*j To prove that P C I3k(§), we will establish the
following inclusion relations

14 i—1
P& > (1| () Rij | N R g D P 1)
i=1 j=1

For proof of the first inclusion relation in (21), we inductively show that for each i

il i—2 i-3 i—1 i—1
ﬂRijD ﬂRij NRii—1D ﬂRij N ﬂ Rij SRR mRij~
j=1 j=1 j=1 j=i—2 j=1

(22)

It is observed that 1 — &;; > eand 1 +&;; > e fori > jsince § € I, =
(=14¢,1—¢). For j =i—1,it follows that

Uit (Y, §) = yii (1 — & i)k T8m00 oy it Hir S
= yii Bii-1(8),

Liio1(Y, §) = —yii (1 + & k- FHIT8bint oy it i =it
= =i Bii-1(8).

We thus have R; ;1 D Iéi,i_l, which yields

i1 i-2 i-2
m R;j = ﬂ Rij | "R i-1 D ﬂ Rij | N Rii-1.
j=1 j=1 j=1

This implies that the first inclusion relation in (22) is true.
Next, suppose that the (i — £ — 1)-th inclusion relation in (22) holds true, namely,

£+1 i—1 _ £ i—1 .
ﬂ Rij | N ﬂ Rij | D m Rij | N m Rij
j=1 j=t+2 j=1 j=t+1

@ Springer



Minimaxity in estimation of scale parameter matrix 277

We then verify the (i — £)-th inclusion relation of (22),

£ i—1 -1 i—1
R |0 () Ri)2{ R || R ] (23)
Jj=1 Jj=t+1 j=1 j=t

by means of proving that

i—1 i—1
Ren | () Ry | >R (24)
j=t+1 j=t

Forj=¢+1,...,i —1, Rij implies that |y;;/yi;| < B;;(§). Then, the upper
bound of R;; is evaluated below as

i—1
Uie(Y, &) = yiikcie-i-&i—m [1 — & — Z y’_””%-m[kal—Ci('f'Smm_gii]
m={+1 i
i—1 :
- y”kciz+$ii—5a {1 — &g — Z ‘y_’"

14
m=tr1 i

NEme |k0mz—0iz+émm—éiz‘ }
i—1
> yigker i {1 —Eie— > Bin(®) - [kt ]
m=0+1
Noting that 1 — &;; > ¢ and |§,,¢| < 1, we obtain

i—1
Ui (Y, §) > yiikCze-‘réu—i‘N [8 _ Z Bim (S)kcmk_ci('f'gmm_gii]
m=0+1

i—1
— yil,kCiZ‘ngi*‘fM [8 _ Z e(l — kl)imlkc‘imﬂ'mzcz‘e}_
m=L+1

Recall that ¢;; = 3( — j) — 1. Since ¢jm + cme — cig =30 —m) —1+3(m —£) —
1—-3@G —¥¢)+ 1= —1,itis observed that

i—1
Uie(Y, &) > yl.ikcil+éii*§l€ IE _ Z e(l — kl)imlkl}

m=0+1

: 1 1) 1 1\ 1
:yiikci4+€iﬁ§u8 1—=—(1==)==(1=2) =
k k) k k) k
1 i—E—Zl
1= 2 -
( k) k}
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1 i—f—1
= yikCiethi—Sug (1 - Z) = Yii Bit(§).

Similarly, it is seen that, when |y;;/yii| < Bjj(§) for j =£+1,...,i — 1,

i1
Lio(Y, &) = _yil_kcie+&'i—§w [1 + &+ yl_'n?%-mzkc‘m(—ﬁ‘ié'f‘gmm_git']
m=t+1 7"
- _yiikcinrSii*éez {1 + &y — Z Yim | |§m£|kc;nzcie+€mm§ii]
m=t+1 "
< —iiBie(§),
so that
i—1 i—1
RN () Ry | =i eR:Lig(Y.8) <y < U (Y.} [ [ Ry
j=t+1 j=t+1
i1
D {yie € R: —yii Bie(®) < yie < i Bu@®)n [ [ Ry
j=t+1

i—1
= &y
j=t

Hence we get (24), which immediately gives the inclusion relation (23). Inductively
repeating the relation (23), we obtain the inclusion relations (22) for each i, which
establishes the first inclusion relation in (21).

Next, the second inclusion relation in (21) is shown. Noting that 1 — &;; > ¢ and
1+&j>efori > j, weobtain, fori =1,..., p,

Rii = {yii € R: k™50 <y < k1781) S {yy e R k™% < yii < k°) = R},

1

(25)
and also, fori > j,
Bij(§) = e(1 — k™) /U= D= IH&i =5
=e(l — k—l)i—j—1k3(l'—j—1)+(1+Sii)+(1—€jj)
S (1 — k)i 3D 2e
> (1 — k~himi—1g%e, (26)
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where the last inequality follows from the fact that i — j — 1 > 0. When y;; € R},
using the inequality (26) gives, for i > j,

Vi Bij (&) > k™ Bij(§) > k¢ x e(1 — k177712 = g (1 — k1 I 1ke,
which yields that
DREN{yyj eR:—e(l =k D7 < iy <61 =k~ 1K)
=R}, N R};. @n

Using (25) and (27) gives

i—1

P
ﬂ ﬂ RZ‘] NRiit D
i=1

j=1

15
7
=
D
=
=%

U
DL
DX
=5

D
e

|
=%

I
-
.

I
_

which establishes the second inclusion relation in (21). Ithence holds that P;* C Py &)
for all k, which completes the proof of Lemma 1.

A.2 Proof of Lemma 2

Itis noted that the integral in DZ® given in (9) is invariant under transformation © —
BOB where B is a diagonal matrix such that all diagonal elements are respectively
either one or minus one. Denote by E the expectation with respect to the probability
density function fr(I,|®)y (d®) and let

H, = £.10'0] = [ ©'0;(,0)y[@6).

Partition ® into four blocks as follows:

O 0,
05 Opp
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where the sizes of @1 and 6, are, respectively, (p — 1) x (p — ) and (p — 1) x 1.
It is seen that

I,_1+0,,0, 01102

H—
I, + 06| = t21®t“ 1 +0l2717 +0t21021
=1+ ©110},|{1+6;,+ 0562
— 05,0, I,-1 +©110!)7'0102)
= Ip—1 + @O {1 + 02, + 04T p—1 + ©1,011) 021},
which yields

frd,|©)yd®) =Cll, 1 + 0,0}, |“(1+6,,)7(
14
+ 05,6710, (Hegl)dendoz]dem

i=1

P
=Cll,-1 + 010}, 402 )~et =D/ (He;j.—’)

i=1

x |GI7'2(1 + 05,G7'021)7“d®/,d0db,,,

witha = (v+n+p—1)/2and G = (1 +9§P)(Ip_1 —|—G)t11®11). Hence, the marginal
distributionof {(v+p—1)/(n — p + 1)}9317 is the F distribution withn — p 4+ 1 and
v+ p — 1 degrees of freedom, and the conditional distribution of (v + n)'/265; given
©11 and 0, is the (p — 1)-dimensional ¢ distribution with v + n degrees of freedom,
mean zero and scale matrix G. Letting H ,_; = E*[G’“@n], we obtain

n—p+1

Eul0y) = v+p-3

and

1462 1
E.[02105] = E. [—p_pz(lp—l + 9111@11)] = m(lp—l +H), 1),

v+n

which implies that

E*[(")t“@“ +0210t21] Op—l
H, =

0, E.16,
((1 + Bp—1H p—1 + Bp—1Ip—1 0p—1)
0;—1 Ap

where o), = E*[Glz,p] =m—p+D/(v+p-—3)and 1 =1/(v+ p —3).
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Similarly, let A; be the i x i left upper corner of ® and denote H; = E, [AﬁA,-].

Then, it holds that

n—i+1
= E.[0%]= —— 1~
(07 [ ”] vt+i—3

and

H = ((1 +Bi—DH; 1 + Bi—11i 0i—1)

t
01-71 o

with Bi_1 = (1 +a;)/(v+n—2) =1/(v+i — 3). Solving these inductively yields

p—1
hi = E.[{©'©)};] —al]"[<1+ﬂ,)+2ﬁ, H A+p) G(=1,....p=1),
Jj=i Jj=i k=j+1

hp = E*[{Gte}pp] =Up,

where 8, = 0. It is observed that

vtp—-2 2
H(1+ﬂ] —

and

v+p—2
S (1 asm- Z( oD+ D

j=i k=j+1
_ 1 1
_2 _
w+p )/Z:;(v+j—2 v+j—1)

p—1i
v4i—2’

which gives h; in Lemma 2. This completes the proof of Lemma 2.

A.3 Proof of Theorem 5

Without loss of generality, we take c = 1. Let P = (@ e T+ : |®> > 1} = {® ¢
T+ : 17, 6% = 1}. Define

i=1"ii

p
={®eT+:15H9,-,-5k2P, k<6, <k (i=2,....p), and
i=1

— k6 < 05 < kD0 (1= <i=p)
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with ¢;; = 3(i — j) — 1. Note that U72 | P, = P. It is observed that

p i—1

V(P) = / y(dO®) = pzp(p+1)/2(10g k)P H H ki
Py

i=1j=1

where y (d®) = ([T, 6;7)d@.

i=1"ii
Define the sequence of prior distributions as

y(d®)

7(0)d® = N

I1®eP), k=1,2,....
The resulting Bayes estimators are denoted by

P =067 (T)=arg min/ L(Z8Z") f3(T|Z)7x(Z)dZ
) ZEPk

with the Bayes risks
1
ri(me, 8%) = —/ / L(©5;(T)®") f(T|©)y (dT)m (©)d®.
V(Py) Jeep, JT+

If it can be proved that lim_, o ¢ (77, SZ) = Ry, where Ry = R(SgE, Y), then we
obtain the result of Theorem 5. Since the proof of Theorem 5 is very similar to those
of Theorems 1 and 3, we only show a convergence corresponding to 87, as given in
Lemma 1.

A set of functions

p

1 log 6;; log6;; .
Ei=— > 2 g =2 =2 p),

2 logk logk

b= (l<j<i<p)
J k{,’,'_,'el_i - -

is denoted by & = ¢ (®), which implies that ¢ (Py) = [—1, 117P+D/2 It then
follows that

p i—l1

yi(d€) = pogh)? [ [T ]+ | d& = y (@)

i=1j=1

for y(d®) = ([17_, 6;)dO.

i=1"ii

Replacing the 6;; in Py by the {Y®};;, we obtain
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p
P/(®) = [Y eTH:1<[][(¥®) <k, 1/k < {Y®); <kfori=2.....p,

i=1

and — k“{Y®}; < {YO®};; < k“{Y®};; fori > j}.

The function & = ¢ (®) implies that 0y, = kPU+HID=2io8 g, = kéi for i =
2,..., p,and 0;; = & k5 fori > j. Theintervals “1 < [[/_,{¥®};; < k?P” and
“1/k < {Y®};; < k” are equivalent to, respectively,

14
—p( -1
k—PU+E) Hyu
=2

14
< i1 < kp(l_Sll) Hyiifl’
=2

f— (A48 <yi < ki i=2,...,p).

Hence, P;(®) becomes

P& ={YeTV Lj;(Y,§) <y <UjY,&forl <j<i<p)

where

Lij(Y,§ =

Uij(Y,§) =

—p(l+ P
k—P+&) [_
k—(+&i)

-1
2 Yee

— yiikeu+Ei =&y
X b
[ g P(1=611) Hfzz y&l
k16
yiikcij+$ii*Sjj

! i —& ..
- Zmzj.H yim%-mjkcm./"’gmm &jj

ifi=j=1,

ifi=j>2,

ifl<j<i=<p,

ifi=j=1,

ifi =j>2,

ifl<j<i<p.

The same arguments as in the proof of Lemma 1 yield that P(&) D Pf={YeT .
L;‘j <yij < U;} (1 < j <i < p)}, where, for a small enough ¢ > 0,

*

ij

*
ij

—&
[—8(1 _ k—l)i—j—lks

k&
[8(1 _ k—l)i—j—lks

ifi = j,

ifi = j,

ifl <j<i<p,

if1<j<i<p.

@ Springer



284 H. Tsukuma, T. Kubokawa

Then, we observe that U2, P = 7. This implies that, for & € I,

8F(LIE) = argmin/ _ L(Y8Y") fy(L|Y)m (Y)dY — Sqle(L)
§ Jyeh ¥

as k — oo. Therefore, combining the above convergence and the same arguments as
in the proof of Theorem 1 leads to the proof of Theorem 5.
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