Supplementary Material of ’On estimation and inference in a
partially linear hazard model with varying coefficients’ by Ma,
Wan, Chen and Zhou

This supplementary file contains the proofs of Lemmas 2 and 3, and Theorem 5.

1 Proof of Lemma 2

The proof of Lemma 2 requires the following lemmas.

Lemma 4 Assume that g(w,u, Z;(t), Vj(t)) is equicontinuous in w and u, and
E(g(wo,u, Z;j(t), V;(t))|W; = wo) is equicontinuous in wy. Under conditions C.3 and C.4, we
have

P
sup sup |Cy;(t) — Cj(t)| — 0,
0<t<tTwpeB
where B is a compact set that satisfies inf,ep f(w) >0, and j =1,---,m.

The proof of Lemma 4 is similar to that of Lemma 1, and is omitted here for brevity.

Lemma 5 Let C and D be compact sets in R? and RP respectively, f(x,0) be a continu-
ous function in 0 € C' and x € D. Assume that 0o(z) is continuous in x € D, as well as being
the unique mazimizer of f(x,0). Let 0,(x) € C be a maximizer of fn(x,0). If

sup | fn(z,0) — f(x,0)] — 0,
6eC,xeD

then

sup |6, (z) — o ()| — 0.
xeD

The proof is given in Cai et al. (2000).

Lemma 6 For any quantity &,, let 5{? be the same as &, but with the it subject deleted.
Then &, is the sum of 57[1_1] and &, — 7[1_2]. Under conditions C.1 - C.8, if nh? — oo, then

Xn1(Wij)



= ht /0 " T A (W) Co(W)dW + /0 " TA* (W) Cy(W)dW + rL- (W) + op(in)
2 bt (Wig) + xa2 (W) + rl7 (W) + Op(\/l,ﬁ),
= W)+ 1) + oyl 7).
and
Xn2(Wij) = el A (W) Ca(Wiy) + el A (Wij)hi C3(Wi) + i (W) + Op(in)
2 X1 (Wiy) + xaa(Wig) + (W) + Op(\/lﬁ)v
= xaWig) 1l (Vi) + oy 7).
where v} (wg) and i (wg) are independent of the i-th subject such that E[m[fﬂ (wo)]? =

E[rr[l}i] (wo)]? = o(1) uniformly fori=1,2,---,n and w € U7y supp(fj)-

Proof:. The proof consists of the following three parts:
(i) Expression of 8%%(cg)/da’ based on all subjects. By its definition, @%(«) satisfies

0L, (35, wo, 7) /D™ = 0; that s,

m n

! - Ppji(u, o, Gl
;; ;/‘) Ko Wiy = o) [Uij - (I)nj(lJEu,Oé, ;;;Ea;; ANy (u) =0. (1)

For k=0,1,2,and j =1, ---,m, let
~x 1 - ~x 7
Tnji(u, o, p(@)) = > Sij(uy @, () Uiy (W) © Vi (u) Ky (Wi — wo)-
i=1

Then for £ = 0,1, we have

Pl 73(c) . oy 9B
: daT ’ = Tk (u, , 9y (a)) + (I)Zj(k—i-l)(uv o, Ppa)) - (fiT'
Let
(0, B5(0)) = [ujolus @, () oy, By()) = D (0, By (@) 05 5 (s B (@)
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and

Ty (u, c, @)
= [Tnji(u, @, @5(@) @ujo(u, @, Gp(a)) — Puji (u, a, §p() @ Tjo(u, v, Gp(0))] @y (u, v, G ().

Differentiating (1) with respect to «, and using some simple algebra, we obtain

1 . . - 8@*(04)
= 2/ Kpy (Wij — wo)®7,;(u, o, Wp(a))dNij(u)apiT
N3 = Yo @

1 m n r . .
= _HZZ/O Khl(VI/’Lj —wo)Tn(u,a,cpp(a))le](U)

j=1i=1
Now, denote the above expression by

Y 09" () .
Mnl(a7 ‘;Op(a))zijﬂ = _MnQ(aa @p(a))' (2)
Then we have 8?’05?0) = —Mn_ll(ag,@;(ao))Mng(ao,@;(ao)) provided that the inverse of
M1 (o, Pp(ap)) exists.

(ii) Expression of 8?()530) with the ith subject deleted. Our aim is to show (2) holds

approximately with the leave-one-out data. Note that since @;(ao) — ¢ in probability,
Dyt (u, 20, Pp(0)) = Prjr(u, ao, ¢§)(1 +0p(1)) uniformly for u € [0, 7]. It follows from (A.7)
and (A.15) that

M (o, @p(a0)) = A" (wo) + 0p(1). (3)

By Theorem 4, we have @y (ao) — pf = Op(ﬁ)' By Taylor series expansion, we obtain the

following approximation evaluated at o = ayp:
Tjo(u, @, @,(0)) = Thjo(u, ao, ©5) + [@,(0) — 5] Tnji (u, o, ¢p) + Op(nTM>

uniformly for u € [0, 7]. Likewise, similar approximations can be obtained for T},;1 and ®,,jj.
Using an argument similar to (A.14), we can write

7y aﬁ(¢*7 ’LU())

(g wo) + =5 (B3(0) — 5) = 0. @



Applying (A.15)-(A.17) in (4), we obtain
Bileo) — ¢ = AT (wo)(1+0,(1 122/ K (Wi — wo)

e q)njl(uaa07906) 2
() — 2\ @0, P01y .
0 - § 20 aag 0) + 0,0

Hence,
] . 1. 1
Ppa0) — w5 = @, (o)—wo+0p(n7“)—0p o (5)
Note that
o~k *|—1 1
Dugi(1,00, B3(00)) = By (00, 3 H00)) + Opl3) = Op(1)
and
. p 1
Toji(: 00, Bp(0) = T (s 00, 83 00)) + Opl(7-) = Op(1)

uniformly for u € [0, 7]. Let
Anj(u, ag, ,(0))
= Qpjo(u, 20, P (0))Tnj1(u, ao, Pp(a0)) — Prji(u, ao, ,(a0)) @ Tojo(u, ao, @,(ao))
and
A, a, 8351 (a0))
= ol (w00, N ao) T (w, a0, 351 () — @D (w, a0, 351 (a0))
® Thoo) (u, a0, Z5 (ap)).

It then follows that Ay;(u, o, ) (a0)) = AL_jﬂ(u,ao, @;[_i] (o)) + OP(%hl) uniformly for u €
[0, 7]. Similarly,

5k —1 ~k[—3 1
Mt (00, By (10)) = My (00, 851 0)) + Op(-). (6)
Let
A a0) = @i (u, a0, o) T (w, a0, ) — @1 (u, a0, 05) @ Tl (u, a0, o)
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and
Apaua0) = @l (u,00,66)T15 (u,00,66) = T (u, 00, 05) © @15 (u, a0, 95).
Then by Taylor series expansion,

AL, a0, 35 (a0)) = AL (u, a0) + AL (w,00) (@3 (00) — o) @ La| oL, (1)

where 7’7[1]1] is an item independent of the 7, j-th subject such that rnjl = (HA*[ l]( )
and Er 7[1]1}] = O(n21h2) = o(h?). Similar to (A.5), we have
1
BT} (w,00,68)] = e7tjo(u,) + O(hY),
tj1(u) Op
BT (wa0,0p)] = e 00 0, | 4 hipe 0 | Dyltp(w)] |} + 00,
0 Du[tjo(u)]
and
tﬂ( ) Opxpd Opxd
E[TTEJQ](%CVO,SOS)] = e 9w [0, 0 patio(u) patji(u) | 4+ O(R3)
Opg  H2ti(u)  patjo(u)
Opxpd  Duwltja(w)] Dultji(u)]
+hipoe 90 | Dyltja(w)]  Oppa Opxd E)
Dy [t} (u)] O;{d 0

Furthermore, by (A.5) and (8), we have

bjo(u)tji(u) — bji(u) ® tjo(u)
BAL i (u,a0)] = e Oy (h)

0p><d
— hipge”290w0) ( bjo(u) Dy [tj1(w)] — Duwbj1(u)] @ tjo(u) ) - (9
bjo(w)Duwltjo(u)] — Duw[bjo(u)] @ tjo(u)

Since (1)7[1]0} (u, o, p§) and <I>£L_]Z1] (u, o, g are the sum of i.i.d. random variables, @L_ﬁc] (u, a0, @) =

E[(I)Lﬂl(u,ao,goo)] + 0,(1) almost surely. Note that Var[T T[L k] (u, a0, p§)] = O(n%l) It follows



that

VarlA(wao)] = O)Varl@ly (w0, o)) T, a0, 68)]
— O Var {(B@lg u,00,60) + opDIT 008}
_ O(n}“). (10)

By condition (C.6),

. bjo(u)tji(u) — bji(u) @ tjo(u) 1
A, p) = e729w0) Opxd + Op(h1 + —==)

v 07 vnhi
d
1 1
£ Aji(u, O,(hi + —) = O, (hy + —).
41 (u, wo) + Op( 1+\/nTL1) X 1+¢Tm)
Similarly, Var[A[ ](u ap)] = O(nth)7 and
1
ALQ}(u ag) = Ajo(u, wp) + Op(h1 + m)

where

Ajg(u, w()) = 672g(w0) - diag <bj0(u)tj2(u) — bjg(u) ® tjo(u),

( bjo(u)tja(u) — bja(u) @ tjo(u)  bjo(u)tj(u) — bji(u) @ tjo(u) )
H2 A bjo(u)ts (u) — b, (u) ® o (u) 0g '

Combining the above results with (5) and (7) yields

(il _ !

A, (u,a0) = Op(h1 + m) (11)
uniformly for u € [0,7]. Since nh? — 0o, My (o, &} (an)) = ]\4[[2 ](ao,gop[ Z]( 0)) + Op(hT)'
Combining this with (2) and (6) leads to

9%, (aw) = Yl Lo ] . hi
Gar =~ (00, B @0) + Op (M, a0, B o) + (50} (12)



Note that @L_j-g](u, ao,cﬁé[_i](ao)) = e729w0)p4 (u,wo) + 0p(1) uniformly for u € [0,7]. Tt
follows from (11) that

—i —i _k[—i _ w _ 1

Ay s 002 (00,35 00))) 72 = €20 A w5 (s o) + Ophr + — )

uniformly for v € [0, 7]. Then
—1 ~x[—1 1
M (0, 35 00) = Z / Agi (u,w0)big” (s w0) AP () + Op(hy + —=)
Op(h
p(h1 + \/ﬁ)
Taking the above result and (12) together, we obtain
ot = 1M 00, G 00} M5 00, 75 (0) + onl( ) (13)

when nh? — oo.
(iii) Asymptotic expression for y,1(W;) and x,2(W;). By an argument similar to that
used for (3), it can be shown that E[M[ }(Oéo,(pp[ Z]( 0))] = A*(wo)(1 + 0p(1)). Then

My 0. 35 e0))] = A% (wo) (1 + 0p(1) + 757, (14)
where T[Q] has a mean of zero, and E[’F[Ql]] = o(1) uniformly for i = 1,---,n, and wy €
UL supp(f;). Let

m [~
a1 T AL (wo, ag)
Myt = nZZ/ Ky (Wj = wo) | 2 — 2] dNy;(u),
j=1 1 70 (@,,0 (wo, a0, §*1=1(a)))
and
A[n ;](w()a Oéo)
M1[122 - ZZ/ K, VVlJ wo) =) ! P 9 lej(u)'
J=1 l#i (q)njo (wo, a0, *17" ()
Then by (7),

M5 (a0, 8570 (an)) = Mg + MLIEE (o) — @) © Ia] + 7y (wo),
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[

where r, 4 ](wo) is of mean zero, and F [T'?[T_?f] (wp)]? = o(h?) uniformly for wy € UL supp(f5),
i =1,---,n. Therefore, by (13),

8By (wo, ) |
Oa a=ao
[

= —e, M (a0, @2 (o)) T MG 4 71 (wp)

~k[—i — —tf k=i * 1
= &My (0, & Hao) )| Mg [ o) = ) @ Ll + Op( )
—3 —3 P, 1
= eplin (o) + el (w0) (35 (a0) = 5) @ Lul + 1y (wo) + Op(),
and
a/g\}/a(w07a)|
Oa e

= —el il Y ao, @ (ao)) ) MG 4 L (wo)
el hT M (ap, 2 (o)) T ML (@3 ]<ao>—wa>®fd1+op<7>

= Th L (wo) + T L (w) (@3 (00) — 0f) © L] + 7L (wo) + 0p( =),

)

where r[4](w0) and 7‘[ ](wo) are independent of the i-th subject such that Elr,, - ]( 0)]? =

n

Elr, - z]( 0)]2 = o(1) uniformly for wy € UL supp(f;)- By (9), we obtain

bjo(u)tj1(u)—bj1 (u)®t; 0 (u)

AC N (u, ag) b2, (u)
— —~ = 0
{(I)Ljo] (wo, o, Py (0)) }? gle‘d
Dl S 800
bio(u)Dy [t Dy [b Rtio(uw
+hips . e b3 (u) S +o(hy)
b0 (1) Duw [tj0 (w)]— Zz;[bm )©tj0(w)
b
= Cja(u,wo) + h10j3(u7w0) +o(h1), (15)
which yields
y mr h
My =3 / [C1.(1, wo) + T Ca (w, wo)bjo(u, wo) dAg; (1) + 0y ﬁ)
0

J=1



Together with (14), we can show that

L (wo) = A% (wo)[Ca(wo) + ha Ca(wo)] + rrg” (wo),
where T‘L%ﬂ (wp) is independent of the i-th subject such that E[r%z} (wo)]? = o(1) uniformly for
wo € UL supp(fj),i =1, ,n. Similarly, LE;QZ} (wg) = Op(1)+r7[;71] (wp), where T;sl] (wp) is in-
dependent of the i-th subject such that Er,, s z]( 0)]2 = o(1) uniformly for wy € U7y supp(f;),
i=1,---,n. Based on the above and assuming that nh} — co, Lemma 6 holds true. [J

Lemma 7 Assume that conditions C.1 - C.8 hold. If nh® — oo, then the following hold
uniformly for w € UL, supp(f;),

()

kot (wg) = —! Z / e / ) [ 161 () — Cys (1, w)]doy () + O, ()
2 () + 00
and  kp2(wy) = —hiepA” Z/OT a(u, wo) — Cjs(u, wo)]dAo; (w) + Op(hY)

Jj=1

g (’LU(), ) (93A wp, &
(“) o p@akaal Op(l) and 804%.%08043 = Op(hl) for a € A.

Proof: (i) The proof of this lemma involves some very tedious algebra. Here, we employ
the arguments in Bates and Watts (1988) to compute the second derivative of some vector
functions with respect to a vector. Following the notations of Bates and Watts (1980, 1988),
we use a square bracket to denote the multiplication of a matrix and an array. For an N1 X N»
matrix B and an Ny x N3 x Ny array C, A = [B][C] is an N x N3 x N4 array with the s-th
face, p-th row, and ¢-th column element given by

Na
{A}tpgs = Z{B}pi{c}im‘
i=1

Similarly, for an Nj x No x Ny array E and an No x N3 matrix F, D = [E][F] is an N1 X N3 x Ny
array with

No

{D}pgs = Z{E}pis{F}ip

i=1



as a typical element. For the matrices G and H, we also use [G][H]| to represent the matrix

multiplication of G and H.
Differentiating (2) with respect to «, and by some algebraic manipulations, we obtain

OMn2 (o, D)) N laA*T( )] |:8Mn2(a07¢;(a0)):|

Oa oo O (o)
N OMp1 (0, () N 0@xT () | [OMi1(ao, Gp(an)) 0%, (o)
o O @3 (o) daT
9*@;(ao) o
[ aag T Mnl(ao,(pp(ao)) =0. (16)
We can also show that %\a —ao = Op(h1), M\a ao = Op(h1), and
DML EHOD oy = Opl(hr). Now, by Lernma 6, “23 |, = Oy(hn). Then by (16),
OMpa (e, op(cv)) 0*¢p(a) .
80[ £ ‘a:ao #h:aoMnl(aO?@p(aO)) = Op(h%> (17)

It can be shown that for £k =0, 1,
8Tn jk (u7 «, 8/5* (Oé)) L ~k m
’ = Y S(us e @ (@)U (wo) ® Vi (u) Ky (Wi — wo)

1
fole} n
o [95()
IS s By(e] [ 2277

Let
1 -
G”Jk(u «, (pp ; Z 'LL y Oy (pp ))Uf]?k(wo) ® V;Z?Q(U)Khl (Wl] - U)()).
This yields, for £ =0, 1,
Tk (u, a, oy () . T - 09, (a)
ST G0, E3(00) Ty B3] | g

Similar algebraic manipulations lead to the following (2p + 1) x (2p + 1) x d array:

OMn2 (v, pp(av))
O«
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m n

— :LZZ/OTKhl(Wij_wO)

j=11i=1
o |:Tnj1(u7 a, @;(a))@n]()(uv «, @;(CM)) - (ﬁnjl(uv «, @;(Ck)) & TnjO(u7 «, @;(a)>
(I)%jo(ua «, @;(a))

8(1 dNZ](u)
1 m n pu
& 0SS [ KW = w) [P (.0) ~ 2Pasa(u )] N (),
j=1i=1"0
where
Pnjl(u, Oé)

0 |:Tnj1(u7 «, @;(a))q)nj()(ua «, (2;;(05)) - q)njl(u> «, (ﬁ;(a)) ® TnjO(ua «, @;(O&))} _9 N
= 80& ® J (u7 «, @;(CM))

= (I)_j'z(](u? «, (ﬁ;(a)) [anl(u7 «, @;(@)@mo(u, «, (ﬁ;(a)) - (I)njl(u7 «, @;(OJ)) ® ano(u, «, @;(a))} )

and

Ppjo(u, o)
= [T (,0.35(0) B0 (u,0, 35()) — Do (1, . 35(0)) © Ty, 0, 5y(c)|
0P jo(u, o, pp(a))
oo}
= 00, Byl [ (s (s 0 By(0) © T 1,0, 25 (0)) B, 0, By )

-3 >k
o J (ua a, QDP(CV))

— @i (s, B () © T (u, e Bp(a)) .
By an argument similar to part (ii) of Lemma 6, we have

. ol = 1
Grjo(u, a0, Bp(a0)) = e 90 E50(u) + Op(h] + ——=)

vnhy

and

anl(u) «, @;(aO))

(wo) (ﬂl(u)) ( Opaxa ) ), 1
= e 9o { Op % + h Dw[t' (u)] }+ Op(h + 7)’
ot )\ Dol LV
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where, for k£ = 0,1,

En(u) = L (u, wo) = L (u, a0, wo) = fi(wo) Elp(u, Zj, Vi, wo) - Z5* @ Vi#2 (u)|w = wol.
Since Z and V are independent conditional on W, we have,

i Opdxd i
Du[tj1(u)]bjo(u)—Duw[bj1 (w)|®t 0 (u)
Pnl (u7 a) = hlu2 ~] ! b?o(u) ’ j + Op(h%)v
D [tj0(w)]bjo(u) =Duw[bjo(u)]®t 0 (u)
2
bjo(u)

and

_ Dulbo()]eti () 1)

Do [bj1 (w)] @5 (u)
OpaxdDwltj1(u)] @ thy(u) — % 2
+ Op(h
Dy [th(u)] ® t% (u) bjo(u)

Ppo(u,a) = thijoQ(U)(

This leads to

a, o (a moopr ~ Opdxd i
3Mn2(a;:0p( )) hi1ps Z/ b]—ol(u){ ( Dw[tjl(u)]bjg(u) — Dy [bj (u)] ® tj()(u) )
j=17" Dy [tjo(u)]bjo(u) — Dywlbjo(u)] ® tjo(u)

Opdxd oo
Du[bj1 (w)] 215 (u)
—2 | Dultji(w)] ® tho(u) — =505 | }dAo;(u) + Op(h2)
Du[bjo (w)] 215 (u)
Dultjo(u)] ® th(u) — == "

2 Y [ Coutuw) — Cosluswn)ldos(u) + Op(h2),
j=1"0

which, when combined with (3) and (17), yields

RC ()
OadaT

lamap = —h1 A" (wo) > /()T[Cj4(u7wo) — Cjs(u, wo)|dAo;(u) + Op(hi).
j=1

We then have

823 a - m pu
o =~y (w0) 3 [ 1Conlas100) = s wo)ldhas () + O (1)
Jj=1

0
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and

5%5,(c) RPN
%&MW%Z%M-@MZLK&W%%QWMMMMM+%%)
j=1

From these results, it is easily seen that part (i) of Lemma 7 holds.
(ii) The proof is straightforward and is thus omitted.

Proof of Lemma 2. For £k =0,1,2, and j =1,---,m, let
1 n
Rnji(u,00) = > Vij(u) exp{ag Vij(u) + BY (Wij, 00) Zij + Gp(Wij, 00) }
i=1

05, Wy, 95,1V, 0
{Vij(u) + [p(aa%())]TZi' + p(aj(])}@k

1 .
= > " ij(u) exp{ad Vij () + BL (Wi, 00) Zij + Gp(Wig, o)}
=1

[Vij (u) + xha(Wij) Zij + xiy (Wig)] 2%

By (2.5),
0p(@), L NSNS i o T vz Ty — Bt a0l
\@wmm—ﬁ;;%MHmWMﬁmWﬂRMMJWM)

For k = 0,1, define R:jk(u, ap) similarly to R, i (u, o), except with EPT(WU, ao), 9p(Wij, a0),

XnQ(Wij) and an(Wij) replaced by ﬁg(VVZ]), g(Wij)a XQ(Wi]’) and Xl(Wij) respectively. Let

I G T R;‘l(u7a0)
o= = Vij(w) + x5 (Wii) Zij + xi (Wij) — =—— ¢ dNyj(u),
1 n;;%{ﬁ>xajy7m<93%ww e
1 g /T R;jl(u’ Oéo) Rn]l(ua Oé(])
2 = = ; - dNij(u),
? n;; 0 {ano(ua aO) ano(U,OéO) !
and
. 1 2 -
3 = = {2 (Wij) Zij + x1(Wig) = X3 (W) Zij + X1 (Wij)]} dNj (u).
[ g
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Then
8610(@)

[ =Ly + Lo+ Lys. (18)
Note that
1 e Ry (u, ap)
E E )+ Wij) Zij + X1a(Wij) — ———
\/ﬁj = 1/0\ { X22( ]) J X12( ]) R:UO(U,Oéo)

Yij(u) exp{ag Vij(u) + BT (Wij) Zij + g(Wiz) }hoj (u)du = 0.
This implies

*
nl

m n R* . (u,
- ZZ/ { u) +x3 (Wij) Zij + xi (Wij) — M} dN;j(u) + op

j=1 nj0
m

U
I M: i

/{ >+><2<Wij>zij+x?<w@-j>—W}dwmm. (19)

7 rjo(u, o)
The last equality in the ab Its b Faplwoo)  rp(wao) 4o g - predictable and
e last equality in the above results because g’ oy — 7 ay 8 Fuyj-predictable an
converges to zero in probability for each j = 1,---,m, and uniformly for u € [0, 7]. Write

- 1 <& N
Rojp(u,a0) = — > ij(u) exp{ad Vij () + B (Wi, 00) Zij + Gp(Wij, o)}
[Vii(u) + x5 (Wij) Zij + x1 (Wij)]®F,
D% 1 g -~
nk(uw,00) = — > Vij(u) exp{ag Vij(u) + By (Wij, a0) Zij + Gp (Wi o)}

[T (Wig) = xB(Wi) Zig + (X (W) — xFa(Wi))] =,

and
" Vi S o [ Brjolwco)  Ryjo(ua0)]
1 e~~~ [T Ry (ua0)
-3y [ RN, )
N = 7o ano( » O



Then

. 1 m n T
LigtKoe = =33 || 0Wi) = OV Zs + (6 (W) = xT (W)
Vin j=1i=1"0
R*. (u,
_ M dN;;(u).
Ry%o(u, a0
(21)
It can be shown that
L+ Kp2 = 0p(1). (22)

These results lead to

() _ LNy [Ty N7 o)l
vn v la=ap = \/HZZ/O {Vw(u)'*’Xg(VVZJ)ZU"‘X{(Ww) ]u}dMlj(u)

=1 i=1 rjo(u, ao)

+Kn1 + Op(l)-

In the following, we show that K,; may be written as
1 m n T
Ko =——= ZZ/O o (Wi )1ty Wiy )s(Wiy )My (1) + 0y (1).
j=1i=1

(i) F;rst, let us derive the asymptotic expression for g,(w, ap). We know that &} = @, (wo, o)
satisfies

aU (&*,wo)

[7 *
(900,211(]) + 8()0*

(p —¥0) =0, (23)

where ¢* lies between @5, and ¢g. Hence ¢ — ¢ in probability. This, when combined with
(A.15)-(A.17), yields

P, (wo, a0) — g
m n

_ _ T ~ (I)nl(u oo (P*)
= A* 1(w0)n 1 / Ky ([/VZ — wo) i.(wo) _ J’—’S sz(u)
;; o ’ Pnjo(u, 0, ©7) !

FA* (wo) B (7, wo) + Op(hY).
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Since nh} — 0, we have

B;(wo,%) — Bo(wo)

— ey (wo)n ! o) | T () — 2rat(0020) |y L

= b (un)n ZZ/ K (s = w0) |0 ) = G0 g )+,
_ m n B 1

= oot oo™ 33 76 05— o) [T o) = o] o) + o )

and

F (pn'l(uaa()a()p*)
2 ) 8 = D) = GG ] o

+eT A" (wo)hy 1IB%;E(T, wo) + op(

uniformly for wo € UL, supp(f;). Then
gp(w ag) — go(w)

ZZ/ / " (wo) Ky (Wi — wo) Ui (wo) — Cji (u, wo)|dwod My ()

]121

o) ZZ / / (wo) K, (Wi wO)[le(ano)—W]dwode( )

njO(u Qq, 900)

’I’th

1
— 24
7 (24
uniformly for w € U;-”leupp( fj). By variable transformation and Taylor series expansion, we
have, for a density kernel K with compact support,

e ht / A7 (wo) Ky (Wig — wo) [T (wo) = Cja (u, wo) | du
0

+e; h / A (wo)By, (T, wo)dwo + 0p(
0

(Wij—w)/h1
—eThy / [A* (W) — [A* (W) "thy + o(h1)] K (t)
Wi /ha

Zz'j
[( Zijt ) — le(u, Wij) — thlc’j’-l(u, Wij) — O(hl)]dt
t
= —hl_lcn()(Wij, U)) + Cnl(WZ‘j, ’w) + CnQ(Wija w) + Op(1> (25)

16
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uniformly for ¢ = 1,2,---,n, and w € Jy, where

cno(Wij, w)
(Wij—w)/h1 ij (Wij—w)/h1
= e{A*_l(Wi ) [/ K(t) Zl'jt dt — le(u, Wij) / K(t)dt ,
Wij/h1 t Wij/h1
T g -1 / (Wimw)/h
e (Wij, w) = ep A (Wi;)Cjy (u, Wij)/ tK(t)dt,
Wi /ha
and
cn2(Wij, w)
(Wij—w)/ha Zij (Wij—w)/hy
= e{A*_l(Wi ) [/ tK(t) Zijt dt — le(u, Wij) / tK(t)dt .
Wi /ha t Wiz /ha

By some algebraic manipulations, we obtain the following F; j-predictable process approxi-
mation:

0
¢nj1(u7 Qp, 908) _ Dt ‘181«71”0)}
le(u,wo) — m = —h1M2 7%03(”@0) (1 + 0p(1)) + T’nj(u)a

Dy [log(tjo(u, wo))]

where r,,;(t) is F; j-predictable, and of mean zero and variance O(%m) Then by an argument
similar to that for (25), it can be shown that the J; j-predicable process has the following

property:

B w 3 Dy (u aQ *):|

. ) - nj1\U, &0, Pq

ThTt [ AT (wo) Ky (Wig — wo) | Cr (u, wp) — =020 200 | gy,
1hy /0 ( 0) hl( J 0) |: ]1( 0) @njo(U,OéOaSOO) ’

Op Wifw
(Wi h
= efA*—l(Wi-)[uz s +rnj(u)] /Wl_l K (t)dt + 0,(1) (26)
Dy [log(tjo(u, Wij))] R

uniformly for u € [0,7], 4 =1,2,---,n. Note that when |W;;| > hy and |W;; — w| > hy,

7, - gy

jo\u, VWij
Cno(WZ'j,w) = €{A*_1(Wij> ]p ’
0

17



[{Wij < =ha}{Wi5 —w = b} — I{Wi; 2 ha JI{Wi; —w < —ha }]

Toi tj1(u,Wij)
K tjo(u,Wij)

2 JTAY W) 0, Id(W;j, w; hy),
0
cn1(Wij,w) = 0,
and
Op
cna(Wij,w) = e{[A*1(WZ~)]/(Zijp,2)Id(Wij,w;hl).
K2

Write Id(w, w*) = I{0 > w}I{w > w*} — [{0 < w}I{w < w*}. Then
E\Id(Wij,w; hl) - Id(I/Vij,w)\ = O(hl)
It follows that

7., _ L (wWij)
T el Y tio(u,Wig)
eno(Wigyw) = eFA™L (W) . 1d(Wig,w) + 0y(1)
0
£ C()(K)[d(Wij, 'UJ) + Op(l)
uniformly for w € U;”:lsupp(fj), 1 =1,2,---,n. By the same argument, we have
Op
ca(Wijyw) = el AT W)l | Zijpa | Td(Wij, w) + 0p(1)
K2

= Cl (K)Id(le> w) + Op(]-)v
uniformly for w € UJLysupp(f;), i = 1,2,---,n. Therefore, by (24) through (28),

gp(w, ag) — go(w)
—hl_l(Zi' _ tjl(U:Wz‘j))

1 - [T T a1 D [tj( w(?]7Wij)
— - *— .. w[lj1 (U, Wij
' ;;/o T4 ot

/ Dy [log(tjo(u, Wij))]

Op
+AT (W) ( Zij ) }fd(Wiij)dMij(U)
1

T « 1
e [ ) Bl w)dun + 0,72,

18
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(ii) Next, we derive the asymptotic expression of K in terms of g, (-, ) — go(-). Following
techniques used in Cai et al. (2007a), it can be shown that

E {[eno(W;,0)]®?} = O(hy) (30)
uniformly for w € UYL, supp(f;). Since By, (7, wo) = O,(h?), by (29), we have
gp(w, ap) — go(w) = Op(h1) (31)

uniformly for w € U;”leupp( fj)- Similar to arguments used in the proof of Theorem 4, we
can show that

1

T

Bp (w, ap) — ﬁg(w) = Op(\/Thl) (32)
uniformly for w € Jy . Applying the first order approximation z/y = zo/yo + (z — x0)/yo —
(y—yg)xo/yg+O{(:13—:170)2+(y—y0)2} to R:le(ua O‘O)/R:j[)(ua ap) and R;jl(uv O‘O)/R;jo(uv )
yields

R:Lj]_(“’ ag) R:le(% @)

R;‘;jo(uaao) N R:Ljo(%aO)
R;jl(uv ag) — R;ﬂ(u, ) B R;jo(% ag) — R;jo(uv ag) R;‘le(u, ap) e (33)
R:LjO(u7 o) R;jo(uv ap) R;jO(ua ap) "

where 73, = O{[R} 3 (1, 00) — R (1, a0)]? + [Riyjo . 00) — Ry (u, a0)]2). By (31), (32), and

the definitions of R:]k and R:jk, we have

Vi[R;, i (u, a0) — Ry (u, a0)]

= \/15 ;EJ‘(U) exp{ag Vij(w) + 5 (Wij) Zij + go(Wij) }Vig (w) + X3 (Wij) Zi + xi (Wi)]**
| exp{By (Wi c0)Zi — B3 (W) Zi + (Wi a0) = go(W)} ~ 1]

= \}ﬁ éi’é(U) exp{ag Vi(w) + B (Wig) Zij + go(Wij) Vi (u) + xa (Wig) Zis + xi (Wip)]**

[EZ(WM, a0)Zij — By (Wi) Zij + Gp(Wij, aig) — gO(Wij)} + 0p(1), (34)
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which is bounded by Op(h1). Together with (33), this leads to

R:le( Oéo) R;jl( )
R;;j(]( Oéo) R;’;jo( 0)

dNij(u)

n]l u, o) — anl(uv ) B R,’;jo(u,ao) - Rﬁjo(u’ao) R;km( , Q) N ;(u)
n]O(u’ O[o) R:(zj() (u7 Oéo) R;kljo( 0) !

where Nj(u) = L Nj;(u). Note that the empirical process /n[N;(u) —
Gaussian process with mean zero, Rmo(u, ag) — Ry jo(u, a0) = op(1) umformly for u € [0, 7],
and the empirical process satisfies \/n[R}, ;1 (u, ag) — ik (u, ap)] = Op(1), k = 0, 1. Given these
properties, we can show that

_ _Z/ n]l (u, o) — Ry q (u, o)

rjo(u, o)

N.j(u)] converges to a

- Ry jo(u, 0) — Ry, jo (1, a0) 1 (u, o) dEN j(u)(1 + 0,(1)) + 0,(1).
rjo(u, ag) rjo(u, o) ! ’ ’

Then by (34),

_ —Z/ uao{fzy )explaf Vitu) + B (W) Ze-+ g0(1Wi)

T‘l(u, Oé())

Vij(u) + x5 (Wij) Zij + x1 (Wij) — L——=

[Vij(w) + x2 Wi5) Zij + x1 (Wij) T’jo(u,@o)]

[6 (I/I/Zja @) Z; 60 ( Z])ZZ] + gp(VVzga o) — gO(Wij)} }dEN~j(u)

(14 0p(1)) + 0p(1). (35)
iii) Now, we substitute the result of (i) in (ii) to obtain the asymptotic expression of K,;. Let
s7;(u, a0) = Yij(u) exp{ad Vij(u) + 85 (Wij) Zij + 90(Wis) }[Vij(u) + x3 (Wij) Zij + x1 (Wij) —
Tjégzzgg] 1=1,2,---,n;7=1,---,m. Write

Kni1

20



n

[ o m
= ;/0 TSOI(“’O‘O){M;Sis(U,ao)Z

/0 " oW, Wis)dMlj(u)}dEN.s(u)

Jj=11=1
1 o T I - .
- =y /0 /0 DD o)t @0)en (Wi, Wi AEN. )My ()
j=11=1 s=1 i—1
1 > r
D3 /0 €4 (Wiy)dMij(w). (36)
J=11=1

By (30), Var(&(-)|Wi;) = O(=7) uniformly for [ = 1,2,---,n, and ¢ = 1,---,m. Taking

nhi
iterative expectations, and exchanging the orders of integration, we obtain

E[gs(le”VVlj] = E[ZZ/{) 7“8})1(“’aO)st(“’QO)Cno(leaWis)dEN.s(u)|le
m T 1
= Szl/o /mrs_ol(u,ao)sjs(m 0)Cno(Wij, w) fs(w)dwd EN.(u)

- hll;/as(w)fs(w)cno(sz,w)dw+Op(nlh1)

£(Wig) + Oyl (37)

lI>

where
as(w):/ rs_ol(u,ao)lbs(u,w,ao)dEN.s(u),
0

and

Ts1 (u7 aO)

7‘30(”7 aO)”w .

bolu,w,00) = E [mu, Vi Zay ) Vs () + X5 () Zs + 1T (w) —

Then, by (36) and (37),

n

1 T
K =—=3%" /0 £ (Wiy)dMy () + op(1).

j=11=1

We will demonstrate that the first term on the r.h.s. above is of mean zero and variance
o(1). This in turn shows that K,11 = o0,(1). Actually, because &,(W;;) is F; -predictable,
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and M;;(u) is the corresponding martingale, the mean is obviously zero. Now, note that the
corresponding variance is of the same order as

BIEP W) = %E[Z [ autw).w)ena Wy w)du)

< / Fow) [ an(w)fo(whens(’ w)du)Pdut. (39)

Also, note that b;i(u,wp) — jo(u,wo)E(Ziﬂwo) = Op(h) for each wo € UL supp(f;),
i=1,---,n, 7 =1,---,m. Similar to the proof of Cai, Fan, Jiang and Zhou (2007), and
recognizing that [ as(w)fs(w)dw =0, j =1,---,m, we can show that E[(Z%(W;)] = O(hq).
Therefore, K11 = op(1).

Write
n12
1 n . m n
= — Z u ao — S ij u Oéo Z Z .
/ { \/ﬁ =1 s=1r=1
T Op
/O Tra{atwy) | el
Dy [log(tso(u, Wys))]
Op
—i—[A*—l(Wrs)]/ Zrs } d(Wrs,Wij)dMTs(u)}dEN.j(u).
1
(39)
Let

n

1 x
Oénj(uyw) = E g sl-j(u, Ozo)[d(w,Wij).
=1

Taking expectations iteratively, we have

Elom;(u,w)] = /zpj(u, w*, ap)ld(w, w) fj(w*)dw*.
It can be shown that

(U, w) = /wj(u,w*, ao)ld(w, w*) fj(w*)dw* + op(1)
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uniformly for u € [0, 7] and w € U2 supp(f;). This, together with (39), leads to

K2

1 m n

T i
R

T

m

/
o

Recalling that [ a;j(w)fj(w)dw = 0, we obtain

Z/aj Y d(w*,w) f;(w i/w fi(w)dw = s(w*).

Jj=1

Combining with (40), this yields

Kotz = ‘TZZ | QW sWeant(w + o).

s=1r=1

Furthermore, because bj1(u, wo) — bjo(u, wo) E(Zijlwo) = Op(h1) for every wo € Uj

1=1,---,n, j=1,-,m, we can prove that

3 / ) () LW, ) £y} Qu, W)y o).
7=1

[Z /T rj_ol(u, ag)an;(u, Wrs)dE.j(u)] Q(u, Wys)dM,s(u) + 0p(1)
j=1"0

(40)

» supp(f),

Z/ (u, o {\FZ sij(u QO)[BZ(VVZJ»O‘O) ij — B (Wiz) Z]]}dEN (u) = 0p(1).

Combining the results for K17 and K12 yields the lemma. [J

2 Proof of Lemma 3

By (A.2), we can show that

%0y (a) 1 &
dadarl la=ag = _n;,
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where Ky jx(u, ag) = Zl Vi (w) exp{ad Vij(w) + B (Wij, a0) Zi () + G (Wij, o) }[kng1 (Wig) +

Knj2(Wij) Zij(u)]®¥, for k = 0, 1. By Lemma 2, and recognizing that Bp(w, ap) = Po(w)+op(1),
gp(w, ) = go(w) + 0p(1) uniformly for w € UL, supp(f;), we have

a2£P (a) ’
8a8aT azao

(L TJO
m n T K*
+ ]Z::I % ;/0 [Hl(Wz’j> + r2(Wij) Zij(u) — ng;go;] ANy (u) + 0p(1), (41)

where K\ (u, a0) has a similar definition to K,k (u, o), except that rnj1(Wij), rnj2(Wij),
Bp(Wij,ao) and g,(Wij, ag) are replaced by r1(Wij), ka(Wij), Bo(Wij) and go(Wi;) respec-
tively. Since

n

K:;jl(u? aO)

K:;j() (u, ap)

Yij(u)Aoj (u)

1 m
02

j=11=

/ ! + I‘&g(W )sz(u) —
1

exp{ag Vij(u) + 85 (Wij) Zij(u) + go(Wij) ydu = 0,

the second term on the right-hand side of (41) is

1f§§n3/Tn<W>+n<W>Z<> Ban 0ol ) = 0p(1)
- 2 g %, - * B -
N30 e KngO(u 0) ! P
Therefore,

8%,,(04) 1 v 72 (u T’%Q(Uaa)

a=uo = — dNZ + o 1
dadarl loc=ag n;:“ “ Jo rio(u 7“]2-0 u, o) i) + op(1)
= —I(ap +Op(1).

O
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3 Proof of Theorem 5

Let 0 = (87(),a”,g())", 60 = (53 (), af . 90(-))" and 0, = (B} (-),@F ,Gp(-))"- By the same

argument of Lemma 1, we have, for any j =1,---,m,
sup sup n A (t,6) — Ayt 00)| = 0, (42)
O<L=T |10—o|| <100l
where
Anj(t,0) = T(Wij € Jw)Ye(t) exp(B" (Wij) Zij (u) + o Vij(u) + g(Wiy))
=1
and
Anj(t,00) = I(Wij € Jw)Yi;(t) exp(B5 (Wij) Zij(u) + g Vij(u) + go(Wij))-
i=1

By the definition of /A\ojp, we have

- T 1 o ! Vy,,i (u ’ M — H(u

o L Ani(u,0)) nj<u,eo>}dN"ﬂ( >+, {Anj(u,ﬁo) o >}

) = Aglt) 7 B8 = Ayl
/0 dAO]( ) /0 Anj(u’é\p)Anj(u’ 00) dMn]( )

g

T 1 3
| Al (w),
/0 Anj(u7 90) J( )

_ n _ n
where Npj(u) = Y Njj(u), and My;(u) = > M;;j(u). From (42) it is easy to see that the first
i=1 i=1

term on the right-hand side converges to zero in probability uniformly on (0, 7] as n — oo. The
last two terms of the above expression are square integrable local martingales with variation
processes

i An 7/\ - An )
/ ](U 910) ](u HO)dAOJ(U)
0

(Anj(u, 0p))2 A (u, o)

and

T 1
. _dAyi(u),
/0 Anj (u7 90) OJ( )
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respectively. Since Ap;(t,0p) = Op(n), the above variance processes converge to zero in
probability uniformly on (0, 7] as n — oo. The terms converge to zero in probability uniformly
on (0, 7] by an argument similar to that of Andersen and Gill (1982) via the Lenglart inequality.
Therefore

-~ P
Agjp(t) — Aoj(t)
uniformly on (0, 7]. Thus, we can prove by the standard argument of kernel estimation that
~ jo
Aojp(t) — Aoj(1)

uniformly on (0, 7].
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