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Wan, Chen and Zhou

This supplementary file contains the proofs of Lemmas 2 and 3, and Theorem 5.

1 Proof of Lemma 2

The proof of Lemma 2 requires the following lemmas.

Lemma 4 Assume that g(w, u, Zj(t), Vj(t)) is equicontinuous in w and u, and
E(g(w0, u, Zj(t), Vj(t))|Wj = w0) is equicontinuous in w0. Under conditions C.3 and C.4, we
have

sup
0≤t≤τ

sup
w0∈B

|Cnj(t)− Cj(t)|
P→ 0,

where B is a compact set that satisfies infw∈B f(w) > 0, and j = 1, · · · ,m.

The proof of Lemma 4 is similar to that of Lemma 1, and is omitted here for brevity.

Lemma 5 Let C and D be compact sets in Rd and Rp respectively, f(x, θ) be a continu-
ous function in θ ∈ C and x ∈ D. Assume that θ0(x) is continuous in x ∈ D, as well as being
the unique maximizer of f(x, θ). Let θ̂n(x) ∈ C be a maximizer of fn(x, θ). If

sup
θ∈C,x∈D

|fn(x, θ)− f(x, θ)| → 0,

then

sup
x∈D

|θ̂n(x)− θ0(x)| → 0.

The proof is given in Cai et al. (2000).

Lemma 6 For any quantity ξn, let ξ
[−i]
n be the same as ξn but with the ith subject deleted.

Then ξn is the sum of ξ
[−i]
n and ξn − ξ

[−i]
n . Under conditions C.1 - C.8, if nh21 → ∞, then

χn1(Wij)
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= h−1
1

∫ Wij

0
eT1 A∗−1

(W)C2(W)dW +

∫ Wij

0
eT1 A∗−1

(W)C3(W)dW + r[−i]
n (Wij) + op(

1√
n
)

, h−1
1 χ11(Wij) + χ12(Wij) + r[−i]

n (Wij) + op(
1√
n
),

= χ1(Wij) + r[−i]
n (Wij) + op(

1√
n
),

and

χn2(Wij) = eTpA∗−1
(Wi)C2(Wij) + eTpA∗−1

(Wij)h1C3(Wij) + r[−i]
nn (Wij) + op(

1√
n
)

, χ21(Wij) + χ22(Wij) + r[−i]
nn (Wij) + op(

1√
n
),

= χ2(Wij) + r[−i]
nn (Wij) + op(

1√
n
),

where r
[−i]
n (w0) and r

[−i]
nn (w0) are independent of the i-th subject such that E[r

[−i]
n (w0)]

2 =

E[r
[−i]
nn (w0)]

2 = o(1) uniformly for i = 1, 2, · · · , n and w ∈ ∪m
j=1supp(fj).

Proof:. The proof consists of the following three parts:
(i) Expression of ∂φ̂∗

p(α0)/∂α
T based on all subjects. By its definition, φ̂∗

p(α) satisfies

∂ℓ̃∗n(φ̂
∗
p, w0, τ)/∂φ

∗ = 0; that is,

1

n

m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

[
Ũij −

Φnj1(u, α, φ̂
∗
p(α))

Φnj0(u, α, φ̂∗
p(α))

]
dNij(u) = 0. (1)

For k = 0, 1, 2, and j = 1, · · · ,m, let

Tnjk(u, α, φ̂
∗
p(α)) =

1

n

n∑
i=1

S̃ij(u, α, φ̂
∗
p(α))[Ũij(u)]

⊗k ⊗ V T
ij (u)Kh1(Wij − w0).

Then for k = 0, 1, we have

∂Φnjk(u, α, φ̂
∗
p(α))

∂αT
= Tnjk(u, α, φ̂

∗
p(α)) + ΦT

nj(k+1)(u, α, φ̂
∗
p(α)) ·

∂φ̂∗
p(α)

αT
.

Let

Φ∗
nj(u, α, φ̂

∗
p(α)) = [Φnj0(u, α, φ̂

∗
p(α))Φnj2(u, α, φ̂

∗
p(α))− Φ⊗2

nj1(u, α, φ̂
∗
p(α))]Φ

−2
nj0(u, α, φ̂

∗
p(α))
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and

T ∗
nj(u, α, φ̂

∗
p(α))

= [Tnj1(u, α, φ̂
∗
p(α))Φnj0(u, α, φ̂

∗
p(α))− Φnj1(u, α, φ̂

∗
p(α))⊗ Tnj0(u, α, φ̂

∗
p(α))]Φ

−2
nj0(u, α, φ̂

∗
p(α)).

Differentiating (1) with respect to α, and using some simple algebra, we obtain

1

n

m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)Φ

∗
nj(u, α, φ̂

∗
p(α))dNij(u)

∂φ̂∗
p(α)

∂αT

= − 1

n

m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)T

∗
nj(u, α, φ̂

∗
p(α))dNij(u).

Now, denote the above expression by

Mn1(α, φ̂
∗
p(α))

∂φ̂∗
p(∂α)

αT
= −Mn2(α, φ̂

∗
p(α)). (2)

Then we have
∂φ̂∗

p(α0)

∂αT = −M−1
n1 (α0, φ̂

∗
p(α0))Mn2(α0, φ̂

∗
p(α0)) provided that the inverse of

Mn1(α0, φ̂
∗
p(α0)) exists.

(ii) Expression of
∂φ̂∗

p(α0)

∂αT with the ith subject deleted. Our aim is to show (2) holds
approximately with the leave-one-out data. Note that since φ̂∗

p(α0) → φ∗
0 in probability,

Φnjk(u, α0, φ̂
∗
p(α0)) = Φnjk(u, α0, φ

∗
0)(1+ op(1)) uniformly for u ∈ [0, τ ]. It follows from (A.7)

and (A.15) that

Mn1(α0, φ̂
∗
p(α0)) = A∗(w0) + op(1). (3)

By Theorem 4, we have φ̂∗
p(α0)− φ∗

0 = Op(
1√
nh1

). By Taylor series expansion, we obtain the

following approximation evaluated at α = α0:

Tnj0(u, α0, φ̂
∗
p(α0)) = Tnj0(u, α0, φ

∗
0) + [φ̂∗

p(α0)− φ∗
0]Tnj1(u, α0, φ

∗
0) +Op(

1

nh1
)

uniformly for u ∈ [0, τ ]. Likewise, similar approximations can be obtained for Tnj1 and Φnjk.
Using an argument similar to (A.14), we can write

Û(φ∗
0, w0) +

∂Û(φ̃∗, w0)

∂φ∗ (φ̂∗
p(α0)− φ∗

0) = 0. (4)
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Applying (A.15)-(A.17) in (4), we obtain

φ̂∗
p(α0)− φ∗

0 = A∗−1
(w0)(1 + op(1))n

−1
m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)[

Ũij(u)−
Φnj1(u, α0, φ

∗
0)

Φnj0(u, α0, φ∗
0)

]
dMij(u) +Op(h

2
1).

Hence,

φ̂∗
p(α0)− φ∗

0 = φ̂∗[−i]
p (α0)− φ∗

0 +Op(
1

nh1
) = Op(

1√
nh1

). (5)

Note that

Φnjk(u, α0, φ̂
∗
p(α0)) = Φ

[−i]
njk(u, α0, φ̂

∗[−i]
p (α0)) +Op(

1

nh1
) = Op(1)

and

Tnjk(u, α0, φ̂
∗
p(α0)) = T

[−i]
njk (u, α0, φ̂

∗[−i]
p (α0)) +Op(

1

nh1
) = Op(1)

uniformly for u ∈ [0, τ ]. Let

Anj(u, α0, φ̂
∗
p(α0))

= Φnj0(u, α0, φ̂
∗
p(α0))Tnj1(u, α0, φ̂

∗
p(α0))− Φnj1(u, α0, φ̂

∗
p(α0))⊗ Tnj0(u, α0, φ̂

∗
p(α0))

and

A
[−i]
nj (u, α0, φ̂

∗[−i]
p (α0))

= Φ
[−i]
nj0 (u, α0, φ̂

∗[−i]
p (α0))T

[−i]
nj1 (u, α0, φ̂

∗[−i]
p (α0))− Φ

[−i]
nj1 (u, α0, φ̂

∗[−i]
p (α0))

⊗ T
[−i]
nj0 (u, α0, φ̂

∗[−i]
p (α0)).

It then follows that Abj(u, α0, φ̂
∗
p(α0)) = A

[−i]
nj (u, α0, φ̂

∗[−i]
p (α0)) + Op(

1
nh1

) uniformly for u ∈
[0, τ ]. Similarly,

Mn1(α0, φ̂
∗
p(α0)) =M

[−i]
n1 (α0, φ̂

∗[−i]
p (α0)) +Op(

1

nh1
). (6)

Let

A
[−i]
nj1 (u, α0) = Φ

[−i]
nj0 (u, α0, φ

∗
0)T

[−i]
nj1 (u, α0, φ

∗
0)− Φ

[−i]
nj1 (u, α0, φ

∗
0)⊗ T

[−i]
n0 (u, α0, φ

∗
0)
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and

A
[−i]
nj2 (u, α0) = Φ

[−i]
nj0 (u, α0, φ

∗
0)T

[−i]
nj2 (u, α0, φ

∗
0)− T

[−i]
nj0 (u, α0, φ

∗
0)⊗ Φ

[−i]
nj2 (u, α0, φ

∗
0).

Then by Taylor series expansion,

A
[−i]
nj (u, α0, φ̂

∗[−i]
p (α0)) = A

[−i]
nj1 (u, α0) +A

[−i]
nj2 (u, α0)

[
(φ̂∗[−i]

p (α0)− φ∗
0)⊗ Id

]
+ r

[−i]
nj1 , (7)

where r
[−i]
nj1 is an item independent of the i, j-th subject such that r

[−i]
nj1 = O(∥φ̂∗[−i]

p (α0)−φ∗
0∥2)

and E[r
[−i]
nj1 ]

2 = O( 1
n2h2

1
) = o(h21). Similar to (A.5), we have

E[T
[−i]
nj0 (u, α0, φ

∗
0)] = e−g(w0)tj0(u, ) +O(h21),

E[T
[−i]
nj1 (u, α0, φ

∗
0)] = e−g(w0)

 tj1(u)
0p
0

+ h1µ2e
−g(w0)

 0p
Dw[tj1(u)]
Dw[tj0(u)]

}+O(h21),

and

E[T
[−i]
nj2 (u, α0, φ

∗
0)] = e−g(w0)

 tj2(u) 0p×pd 0p×d

0p×pd µ2tj2(u) µ2tj1(u)
0Tpd µ2t

∗
j (u) µ2tj0(u)

+O(h21)

+h1µ2e
−g(w0)

 0p×pd Dw[tj2(u)] Dw[tj1(u)]
Dw[tj2(u)] 0p×pd 0p×d

Dw[t
∗
j (u)] 0Tpd 0Td

 . (8)

Furthermore, by (A.5) and (8), we have

E[A
[−i]
nj1 (u, α0)] = e−2g(w0)

 bj0(u)tj1(u)− bj1(u)⊗ tj0(u)
0p×d

0Td

+ o(h1)

− h1µ2e
−2g(w0)

 0p×d

bj0(u)Dw[tj1(u)]−Dw[bj1(u)]⊗ tj0(u)
bj0(u)Dw[tj0(u)]−Dw[bj0(u)]⊗ tj0(u)

 . (9)

Since Φ
[−i]
nj0 (u, α0, φ

∗
0) and Φ

[−i]
nj1 (u, α0, φ

∗
0) are the sum of i.i.d. random variables, Φ

[−i]
njk(u, α0, φ

∗
0) =

E[Φ
[−i]
njk(u, α0, φ

∗
0)] + op(1) almost surely. Note that V ar[T

[−i]
njk (u, α0, φ

∗
0)] = O( 1

nh1
). It follows
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that

V ar[A
[−i]
n1 (u, α0)] = O(1)V ar[Φ

[−i]
n0 (u, α0, φ

∗
0)T

[−i]
n1 (u, α0, φ

∗
0)]

= O(1)V ar
{
[E(Φ

[−i]
n0 (u, α0, φ

∗
0)) + op(1)]T

[−i]
n1 (u, α0, φ

∗
0)
}

= O(
1

nh1
). (10)

By condition (C.6),

A
[−i]
nj1 (u, α0) = e−2g(w0)

 bj0(u)tj1(u)− bj1(u)⊗ tj0(u)
0p×d

0Td

+Op(h1 +
1√
nh1

)

, Aj1(u,w0) +Op(h1 +
1√
nh1

) = Op(h1 +
1√
nh1

).

Similarly, V ar[A
[−i]
n2 (u, α0)] = O( 1

nh1
), and

A
[−i]
n2 (u, α0) = Aj2(u,w0) +Op(h1 +

1√
nh1

),

where

Aj2(u,w0) = e−2g(w0) · diag

(
bj0(u)tj2(u)− bj2(u)⊗ tj0(u),

µ2

(
bj0(u)tj2(u)− bj2(u)⊗ tj0(u) bj0(u)tj1(u)− bj1(u)⊗ tj0(u)
bj0(u)t

∗
j (u)− bTj1(u)⊗ tj0(u) 0Td

))
.

Combining the above results with (5) and (7) yields

A
[−i]
nj (u, α0) = Op(h1 +

1√
nh1

) (11)

uniformly for u ∈ [0, τ ]. Since nh2 → ∞, Mn2(α0, φ̂
∗
p(α0)) = M

[−i]
n2 (α0, φ̂

∗[−i]
p (α0)) + op(

h1√
n
).

Combining this with (2) and (6) leads to

∂φ̂∗
p(α0)

∂αT
= −{M [−i]

n1 (α0, φ̂
∗[−i]
p (α0)) +Op(

1

nh1
)}−1{M [−i]

n2 (α0, φ̂
∗[−i]
p (α0)) + op(

h1√
n
)}. (12)
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Note that Φ
[−i]
nj0 (u, α0, φ̂

∗[−i]
0 (α0)) = e−2g(w0)bj0(u,w0) + op(1) uniformly for u ∈ [0, τ ]. It

follows from (11) that

A
[−i]
nj (u, α0)[Φ

[−i]
nj0 (u, α0, φ̂

∗[−i]
0 (α0))]

−2 = e2g(w0)Aj1(u,w0)b
−2
j0 (u,w0) +Op(h1 +

1√
nh1

)

uniformly for u ∈ [0, τ ]. Then

M
[−i]
n2 (α0, φ̂

∗[−i]
p (α0)) =

m∑
j=1

∫ τ

0
e2g(w0)Aj1(u,w0)b

−2
j0 (u,w0)dFw,j(u) +Op(h1 +

1√
nh1

)

= Op(h1 +
1√
nh1

).

Taking the above result and (12) together, we obtain

∂φ̂∗
p(α0)

∂αT
= −{M [−i]

n1 (α0, φ̂
∗[−i]
p (α0))}−1M

[−i]
n2 (α0, φ̂

∗[−i]
p (α0)) + op(

h1√
n
) (13)

when nh21 → ∞.
(iii) Asymptotic expression for χn1(Wi) and χn2(Wi). By an argument similar to that

used for (3), it can be shown that E[M
[−i]
n1 (α0, φ̂

∗[−i]
p (α0))] = A∗(w0)(1 + op(1)). Then

M
[−i]
n1 (α0, φ̂

∗[−i]
p (α0))] = A∗(w0)(1 + op(1)) + r

[−i]
n2 , (14)

where r
[−i]
n2 has a mean of zero, and E[r

[−i]
n2 ] = o(1) uniformly for i = 1, · · · , n, and w0 ∈

∪m
j=1supp(fj). Let

M
[−i]
n21 =

1

n

m∑
j=1

n∑
l ̸=i

∫ τ

0
Kh1(Wlj − w0)

[
A

[−i]
nj1 (w0, α0)

(Φ
[−i]
nj0 (w0, α0, φ̂∗[−i](α0)))2

]
dNlj(u),

and

M
[−i]
n22 =

1

n

m∑
j=1

n∑
l ̸=i

∫ τ

0
Kh1(Wlj − w0)

[
A

[−i]
nj2 (w0, α0)

(Φ
[−i]
nj0 (w0, α0, φ̂∗[−i](α0)))2

]
dNlj(u).

Then by (7),

M
[−i]
n2 (α0, φ̂

∗[−i]
p (α0)) =M

[−i]
n21 +M

[−i]
n22 [(φ̂

∗[−i]
p (α0)− φ∗

0)⊗ Id] + r
[−i]
n3 (w0),
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where r
[−i]
n3 (w0) is of mean zero, and E[r

[−i]
n3 (w0)]

2 = o(h21) uniformly for w0 ∈ ∪m
j=1supp(fj),

i = 1, · · · , n. Therefore, by (13),

∂β̂p(w0, α)

∂α
|α=α0

= −ep[M
[−i]
n1 (α0, φ̂

∗[−i]
p (α0))]

−1M
[−i]
n21 + r

[−i]
n4 (w0)

− ep[M
[−i]
n1 (α0, φ̂

∗[−i]
p (α0))]

−1M
[−i]
n22 [(φ̂

∗[−i]
p (α0)− φ∗

0)⊗ Id] +Op(
1

nh1
)

≡ epL
[−i]
n1 (w0) + epL

[−i]
n2 (w0)[(φ̂

∗[−i]
p (α0)− φ∗

0)⊗ Id] + r
[−i]
n4 (w0) +Op(

1

nh1
),

and

∂ĝ′p(w0, α)

∂α
|α=α0

= −eT1 h−1
1 [M

[−i]
n1 (α0, φ̂

∗[−i]
p (α0))]

−1M
[−i]
n21 + r

[−i]
n5 (w0)

− eT1 h
−1
1 [M

[−i]
n1 (α0, φ̂

∗[−i]
p (α0))]

−1M
[−i]
n22 [(φ̂

∗[−i]
p (α0)− φ∗

0)⊗ Id] + op(
1√
n
)

≡ eT1 h
−1
1 L

[−i]
n1 (w0) + eT1 h

−1
1 L

[−i]
n2 (w0)[(φ̂

∗[−i]
p (α0)− φ∗

0)⊗ Id] + r
[−i]
n5 (w0) + op(

1√
n
),

where r
[−i]
n4 (w0) and r

[−i]
n5 (w0) are independent of the i-th subject such that E[r

[−i]
n4 (w0)]

2 =

E[r
[−i]
n5 (w0)]

2 = o(1) uniformly for w0 ∈ ∪m
j=1supp(fj). By (9), we obtain

E

[
A

[−i]
n1 (u, α0)

{Φ[−i]
nj0 (w0, α0, φ̂∗

p(α0))}2

]
=


bj0(u)tj1(u)−bj1(u)⊗tj0(u)

b2j0(u)

0p×d

0Td



+h1µ2


0p×d

bj0(u)Dw[tj1(u)]−Dw[bj1(u)]⊗tj0(u)

b2j0(u)
bj0(u)Dw[tj0(u)]−Dw[bj0(u)]⊗tj0(u)

b2j0(u)

+ o(h1)

= Cj2(u,w0) + h1Cj3(u,w0) + o(h1), (15)

which yields

M
[−i]
n21 =

m∑
j=1

∫ τ

0
[Cj1(u,w0) + h1Cj2(u,w0)]bj0(u,w0)dΛ0j(u) + op(

h1√
n
).
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Together with (14), we can show that

L
[−i]
n1 (w0) = A∗−1

(w0)[C2(w0) + h1C3(w0)] + r
[−i]
n6 (w0),

where r
[−i]
n6 (w0) is independent of the i-th subject such that E[r

[−i]
n6 (w0)]

2 = o(1) uniformly for

w0 ∈ ∪m
j=1supp(fj), i = 1, · · · , n. Similarly, L

[−i]
n2 (w0) = Op(1)+r

[−i]
n7 (w0), where r

[−i]
n6 (w0) is in-

dependent of the i-th subject such that E[r
[−i]
n7 (w0)]

2 = o(1) uniformly for w0 ∈ ∪m
j=1supp(fj),

i = 1, · · · , n. Based on the above and assuming that nh21 → ∞, Lemma 6 holds true. �

Lemma 7 Assume that conditions C.1 - C.8 hold. If nh2 → ∞, then the following hold
uniformly for w ∈ ∪m

j=1supp(fj),
(i)

κn1(w0) = −eT1
m∑
j=1

∫ w0

0
A∗−1

(w)

∫ τ

0
[Cj4(u,w)− Cj5(u,w)]dΛ0j(u)dw +Op(h

2
1)

, κ1(w0) + op(1),

and κn2(w0) = −h1epA∗−1
(w0)

m∑
j=1

∫ τ

0
[Cj4(u,w0)− Cj5(u,w0)]dΛ0j(u) +Op(h

2
1)

, κ2(w0) + op(1)

(ii)
∂3ĝ′p(w0, α)
∂αj∂αk∂αl

= Op(1) and
∂3β̂p(w0, α)
∂αj∂αk∂αl

= Op(h1) for α ∈ A.

Proof: (i) The proof of this lemma involves some very tedious algebra. Here, we employ
the arguments in Bates and Watts (1988) to compute the second derivative of some vector
functions with respect to a vector. Following the notations of Bates and Watts (1980, 1988),
we use a square bracket to denote the multiplication of a matrix and an array. For an N1×N2

matrix B and an N2 ×N3 ×N4 array C, A = [B][C] is an N1 ×N3 ×N4 array with the s-th
face, p-th row, and q-th column element given by

{A}pqs =
N2∑
i=1

{B}pi{C}ips.

Similarly, for an N1×N2×N4 array E and an N2×N3 matrix F, D = [E][F ] is an N1×N3×N4

array with

{D}pqs =
N2∑
i=1

{E}pis{F}ip

9



as a typical element. For the matrices G and H, we also use [G][H] to represent the matrix
multiplication of G and H.

Differentiating (2) with respect to α, and by some algebraic manipulations, we obtain

∂Mn2(α0, φ̂
∗
p(α0))

∂α
+

[
∂φ̂∗T

p (α0)

∂α

][
∂Mn2(α0, φ̂

∗
p(α0))

∂φ̂∗
p(α0)

]

+

{
∂Mn1(α0, φ̂

∗
p(α0))

∂α
+

[
∂φ̂∗T

p (α0)

∂α

][
∂Mn1(α0, φ̂

∗
p(α0))

∂φ̂∗
p(α0)

]}[
∂φ̂∗

p(α0)

∂αT

]

+

[
∂2φ̂∗

p(α0)

∂α∂αT

]
Mn1(α0, φ̂

∗
p(α0)) = 0. (16)

We can also show that
∂Mn1(α,φ̂∗

p(α))

∂φ̂∗
p(α)

|α=α0 = Op(h1),
∂Mn1(α,φ̂∗

p(α))

∂α |α=α0 = Op(h1), and

∂Mn2(α,φ̂∗
p(α))

∂φ̂∗
p(α)

|α=α0 = Op(h1). Now, by Lemma 6,
∂φ̂∗

p(α)

∂αT |α=α0 = Op(h1). Then by (16),

∂Mn2(α, φ̂
∗
p(α))

∂α
|α=α0 +

∂2φ̂∗
p(α)

∂α∂αT
|α=α0Mn1(α0, φ̂

∗
p(α0)) = Op(h

2
1). (17)

It can be shown that for k = 0, 1,

∂Tnjk(u, α, φ̂
∗
p(α))

∂α
=

1

n

n∑
i=1

S̃ij(u, α, φ̂
∗
p(α))Ũ

⊗k
ij (w0)⊗ V ⊗2

ij (u)Kh1(Wij − w0)

+[T T
nj(k+1)(u, α, φ̂

∗
p(α))]

[
∂φ̂∗

p(α)

∂αT

]
.

Let

Gnjk(u, α, φ̂
∗
p(α)) =

1

n

n∑
i=1

S̃ij(u, α, φ̂
∗
p(α))Ũ

⊗k
ij (w0)⊗ V ⊗2

ij (u)Kh1(Wij − w0).

This yields, for k = 0, 1,

∂Tnjk(u, α, φ̂
∗
p(α))

∂α
= Gnjk(u, α, φ̂

∗
p(α)) + [T T

nj(k+1)(u, α, φ̂
∗
p(α))]

[
∂φ̂∗

p(α)

∂αT

]
.

Similar algebraic manipulations lead to the following (2p+ 1)× (2p+ 1)× d array:

∂Mn2(α, φ̂
∗
p(α))

∂α

10



=
1

n

m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

·
∂
[Tnj1(u, α, φ̂∗

p(α))Φnj0(u, α, φ̂
∗
p(α))− Φnj1(u, α, φ̂

∗
p(α))⊗ Tnj0(u, α, φ̂

∗
p(α))

Φ2
nj0(u, α, φ̂

∗
p(α))

]
∂α

dNij(u)

, 1

n

m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0) [Pnj1(u, α)− 2Pnj2(u, α)] dNij(u),

where

Pnj1(u, α)

=
∂
[
Tnj1(u, α, φ̂

∗
p(α))Φnj0(u, α, φ̂

∗
p(α))− Φnj1(u, α, φ̂

∗
p(α))⊗ Tnj0(u, α, φ̂

∗
p(α))

]
∂α

Φ−2
nj0(u, α, φ̂

∗
p(α))

= Φ−2
nj0(u, α, φ̂

∗
p(α))

[
Gnj1(u, α, φ̂

∗
p(α))Φnj0(u, α, φ̂

∗
p(α))− Φnj1(u, α, φ̂

∗
p(α))⊗Gnj0(u, α, φ̂

∗
p(α))

]
,

and

Pnj2(u, α)

=
[
Tnj1(u, α, φ̂

∗
p(α))Φnj0(u, α, φ̂

∗
p(α))− Φnj1(u, α, φ̂

∗
p(α))⊗ Tnj0(u, α, φ̂

∗
p(α))

]
Φ−3
nj0(u, α, φ̂

∗
p(α))

∂Φnj0(u, α, φ̂
∗
p(α))

∂α

= Φ−3
nj0(u, α, φ̂

∗
p(α))

[
(Tnj1(u, α, φ̂

∗
p(α))⊗ T T

nj0(u, α, φ̂
∗
p(α)))Φnj0(u, α, φ̂

∗
p(α))

− Φnj1(u, α, φ̂
∗
p(α))⊗ T⊗2

nj0(u, α, φ̂
∗
p(α))

]
.

By an argument similar to part (ii) of Lemma 6, we have

Gnj0(u, α0, φ̂
∗
p(α0)) = e−g(w0)t̃j0(u) +Op(h

2
1 +

1√
nh1

)

and

Gnj1(u, α0, φ̂
∗
p(α0))

= e−g(w0){

 t̃j1(u)
0pd×d

0d×d

+ h1µ2

 0pd×d

Dw[t̃j1(u)]
Dw[t̃j0(u)]

}+Op(h
2
1 +

1√
nh1

),
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where, for k = 0, 1,

t̃jk(u) = t̃jk(u,w0) = t̃jk(u, α0, w0) = fj(w0)E[ρ(u,Zj , Vj , w0) · Z⊗k
j ⊗ V ⊗2

j (u)|w = w0].

Since Z and V are independent conditional on W , we have,

Pn1(u, α) = h1µ2


0pd×d

Dw[t̃j1(u)]bj0(u)−Dw[bj1(u)]⊗t̃j0(u)

b2j0(u)

Dw[t̃j0(u)]bj0(u)−Dw[bj0(u)]⊗t̃j0(u)

b2j0(u)

+Op(h
2
1),

and

Pn2(u, α) = h1µ2b
−2
j0 (u)

 0pd×dDw[tj1(u)]⊗ tTj0(u)−
Dw[bj1(u)]⊗t⊗2

j0 (u)

bj0(u)

Dw[tj0(u)]⊗ tTj0(u)−
Dw[bj0(u)]⊗t⊗2

j0 (u)

bj0(u)

+Op(h
2
1).

This leads to

∂Mn2(α, φ̂
∗
p(α))

∂α
= h1µ2

m∑
j=1

∫ τ

0
b−1
j0 (u){

 0pd×d

Dw[t̃j1(u)]bj0(u)−Dw[bj1(u)]⊗ t̃j0(u)
Dw[t̃j0(u)]bj0(u)−Dw[bj0(u)]⊗ t̃j0(u)



−2


0pd×d

Dw[tj1(u)]⊗ tTj0(u)−
Dw[bj1(u)]⊗t⊗2

j0 (u)

bj0(u)

Dw[tj0(u)]⊗ tTj0(u)−
Dw[bj0(u)]⊗t⊗2

j0 (u)

bj0(u)

}dΛ0j(u) +Op(h
2
1)

, h1

m∑
j=1

∫ τ

0
[Cj4(u,w0)− Cj5(u,w0)]dΛ0j(u) +Op(h

2
1),

which, when combined with (3) and (17), yields

∂2φ̂∗
p(α)

∂α∂αT
|α=α0 = −h1A∗−1

(w0)

m∑
j=1

∫ τ

0
[Cj4(u,w0)− Cj5(u,w0)]dΛ0j(u) +Op(h

2
1).

We then have

∂2β̂p(α)

∂α∂αT
|α=α0 = −h1epA∗−1

(w0)

m∑
j=1

∫ τ

0
[Cj4(u,w0)− Cj5(u,w0)]dΛ0j(u) +Op(h

2
1),
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and

∂2ĝ
′
p(α)

∂α∂αT
|α=α0 = −eT1 A∗−1

(w0)
m∑
j=1

∫ τ

0
[Cj4(u,w0)− Cj5(u,w0)]dΛ0j(u) +Op(h

2
1).

From these results, it is easily seen that part (i) of Lemma 7 holds.

(ii) The proof is straightforward and is thus omitted.

Proof of Lemma 2. For k = 0, 1, 2, and j = 1, · · · ,m, let

Rnjk(u, α0) =
1

n

n∑
i=1

Yij(u) exp{αT
0 Vij(u) + β̂Tp (Wij , α0)Zij + ĝp(Wij , α0)}

{Vij(u) + [
∂β̂p(Wij , α0)

∂αT
]TZij +

∂ĝp(Wij , α0)

α
}⊗k

=
1

n

n∑
i=1

Yij(u) exp{αT
0 Vij(u) + β̂Tp (Wij , α0)Zij + ĝp(Wij , α0)}

[Vij(u) + χT
n2(Wij)Zij + χT

n1(Wij)]
⊗k.

By (2.5),

√
n
∂ℓp(α)

∂α
|α=α0 =

1√
n

m∑
j=1

n∑
i=1

{
[Vij(u) + χT

n2(Wij)Zij + χT
n1(Wij)]−

Rnj1(u, α0)

Rnj0(u, α0)

}
dNij(u).

For k = 0, 1, define R∗
njk(u, α0) similarly to Rnjk(u, α0), except with β̂

T
p (Wij , α0), ĝp(Wij , α0),

χn2(Wij) and χn1(Wij) replaced by βTp (Wij), g(Wij), χ2(Wij) and χ1(Wij) respectively. Let

L∗
n1 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
Vij(u) + χT

2 (Wij)Zij + χT
1 (Wij)−

R∗
nj1(u, α0)

R∗
nj0(u, α0)

}
dNij(u),

L∗
n2 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
R∗

nj1(u, α0)

R∗
nj0(u, α0)

− Rnj1(u, α0)

Rnj0(u, α0)

}
dNij(u),

and

L∗
n3 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
χT
n2(Wij)Zij + χT

n1(Wij)− [χT
2 (Wij)Zij + χT

1 (Wij)]
}
dNij(u).

13



Then

√
n
∂ℓp(α)

∂α
|α=α0 = L∗

n1 + L∗
n2 + L∗

n3. (18)

Note that

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
Vi(u) + χT

22(Wij)Zij + χT
12(Wij)−

R∗
nj1(u, α0)

R∗
nj0(u, α0)

}
Yij(u) exp{αT

0 Vij(u) + βT (Wij)Zij + g(Wij)}λ0j(u)du = 0.

This implies

L∗
n1

=
1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
Vij(u) + χT

2 (Wij)Zij + χT
1 (Wij)−

R∗
nj1(u, α0)

R∗
nj0(u, α0)

}
dNij(u) + op

=
1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
Vij(u) + χT

2 (Wij)Zij + χT
1 (Wij)−

rj1(u, α0)

rj0(u, α0)

}
dMij(u)(1). (19)

The last equality in the above results because
R∗

nj1(u,α0)

R∗
nj0(u,α0)

− rj1(u,α0)
rj0(u,α0)

is Fu,ij-predictable and

converges to zero in probability for each j = 1, · · · ,m, and uniformly for u ∈ [0, τ ]. Write

R̃∗
njk(u, α0) =

1

n

n∑
i=1

Yij(u) exp{αT
0 Vij(u) + β̂Tp (Wij , α0)Zij + ĝp(Wij , α0)}

[Vij(u) + χT
2 (Wij)Zij + χT

1 (Wij)]
⊗k,

R̃∗∗
nk(u, α0) =

1

n

n∑
i=1

Yij(u) exp{αT
0 Vij(u) + β̂Tp (Wij , α0)Zij + ĝp(Wij , α0)}[

(χT
n2(Wij)− χT

22(Wij))Zij + (χT
n1(Wij)− χT

12(Wij))
]⊗k

,

and

L∗
n2 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

[
R∗

nj1(u, α0)

R∗
nj0(u, α0)

−
R̃∗

nj1(u, α0)

R̃∗
nj0(u, α0)

]
dNij(u)

− 1√
n

m∑
j=1

n∑
i=1

∫ τ

0

R̃∗∗
nj1(u, α0)

R̃∗∗
nj0(u, α0)

dNij(u)

≡ Kn1 +Kn2. (20)
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Then

L∗
n3 +Kn2 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

[
(χT

n2(Wij)− χT
2 (Wij))Zij + (χT

n1(Wij)− χT
1 (Wij))

−
R̃∗∗

nj1(u, α0)

R̃∗∗
nj0(u, α0)

]
dNij(u).

(21)

It can be shown that

L∗
n3 +Kn2 = op(1). (22)

These results lead to

√
n
∂ℓp(α)

∂α
|α=α0 =

1√
n

m∑
j=1

n∑
i=1

∫ τ

0

{
Vij(u) + χT

2 (Wij)Zij + χT
1 (Wij)−

rj1(u, α0)

rj0(u, α0)

}
dMij(u)

+Kn1 + op(1).

In the following, we show that Kn1 may be written as

Kn1 = − 1√
n

m∑
j=1

n∑
i=1

∫ τ

0
σ(Wij)Q(u,Wij)s(Wij)dMij(u) + op(1).

(i) First, let us derive the asymptotic expression for ĝp(w,α0). We know that φ̂∗
p ≡ φ̂∗

p(w0, α0)
satisfies

Û(φ∗
0, w0) +

∂Û(φ̃∗, w0)

∂φ∗ (φ̂∗
p − φ∗

0) = 0, (23)

where φ̃∗ lies between φ̂∗
p and φ∗

0. Hence φ̃∗ → φ∗
0 in probability. This, when combined with

(A.15)-(A.17), yields

φ̂∗
p(w0, α0)− φ∗

0

= A∗−1
(w0)n

−1
m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

[
Ũij(w0)−

Φnj1(u, α0, φ
∗
0)

Φnj0(u, α0, φ∗
0)

]
dMij(u)

+A∗−1
(w0)B∗

n(τ, w0) +Op(h
4
1).
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Since nh41 → 0, we have

β̂∗p(w0, α0)− β∗0(w0)

= epA∗−1
(w0)n

−1
m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

[
Ũij(w0)−

Φnj1(u, α0, φ
∗
0)

Φnj0(u, α0, φ∗
0)

]
dMij(u) + op(

1√
n
)

= epA∗−1
(w0)n

−1
m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

[
Ũij(w0)− Cj1(u,w0)

]
dMij(u) + op(

1√
n
)

and

ĝ′p(w0, α0)− g′0(w0)

= eT1 A∗−1
(w0)(nh1)

−1
m∑
j=1

n∑
i=1

∫ τ

0
Kh1(Wij − w0)

[
Ũij(w0)−

Φnj1(u, α0, φ
∗
0)

Φnj0(u, α0, φ∗
0)

]
dMij(u)

+eT1 A∗−1
(w0)h

−1
1 B∗

n(τ, w0) + op(
1√
n
)

uniformly for w0 ∈ ∪m
j=1supp(fj). Then

ĝp(w,α0)− g0(w)

=
eT1

(nh1)

m∑
j=1

n∑
i=1

∫ τ

0

∫ w

0
A∗−1

(w0)Kh1(Wij − w0)[Ũij(w0)− Cj1(u,w0)]dw0dMij(u)

+
eT1

(nh1)

m∑
j=1

n∑
i=1

∫ τ

0

∫ w

0
A∗−1

(w0)Kh1(Wij − w0)[Cj1(u,w0)−
Φnj1(u, α0, φ

∗
0)

Φnj0(u, α0, φ∗
0)
]dw0dMij(u)

+eT1 h
−1
1

∫ w

0
A∗−1

(w0)B∗
n(τ, w0)dw0 + op(

1√
n
) (24)

uniformly for w ∈ ∪m
j=1supp(fj). By variable transformation and Taylor series expansion, we

have, for a density kernel K with compact support,

eT1 h
−1
1

∫ w

0
A∗−1(w0)Kh1(Wij − w0)

[
Ũij(w0)− Cj1(u,w0)

]
dw0

= −eT1 h−1
1

∫ (Wij−w)/h1

Wij/h1

[
A∗−1(Wi)− [A∗−1(Wi)]

′th1 + o(h1)
]
K(t)

[

 Zij

Zijt
t

− Cj1(u,Wij)− th1C
′
j1(u,Wij)− o(h1)]dt

= −h−1
1 cn0(Wij , w) + cn1(Wij , w) + cn2(Wij , w) + op(1) (25)
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uniformly for i = 1, 2, · · · , n, and w ∈ JW , where

cn0(Wij , w)

= eT1 A∗−1(Wij)

[ ∫ (Wij−w)/h1

Wij/h1

K(t)

 Zij

Zijt
t

 dt− Cj1(u,Wij)

∫ (Wij−w)/h1

Wij/h1

K(t)dt

]
,

cn1(Wij , w) = eT1 A∗−1(Wij)C
′
j1(u,Wij)

∫ (Wi−w)/h1

Wi/h1

tK(t)dt,

and

cn2(Wij , w)

= eT1 A∗−1(Wij)

[ ∫ (Wij−w)/h1

Wij/h1

tK(t)

 Zij

Zijt
t

 dt− Cj1(u,Wij)

∫ (Wij−w)/h1

Wij/h1

tK(t)dt

]
.

By some algebraic manipulations, we obtain the following Ft,j-predictable process approxi-
mation:

Cj1(u,w0)−
Φnj1(u, α0, φ

∗
0)

Φnj0(u, α0, φ∗
0)

= −h1µ2

 0p
Dw[tj1(u,w0)]

tj0(u,w0)

Dw[log(tj0(u,w0))]

 (1 + op(1)) + rnj(u),

where rnj(t) is Ft,j-predictable, and of mean zero and variance O( 1
nh1

). Then by an argument
similar to that for (25), it can be shown that the Ft,j-predicable process has the following
property:

eT1 h
−1
1

∫ w

0
A∗−1(w0)Kh1(Wij − w0)

[
Cj1(u,w0)−

Φnj1(u, α0, φ
∗
0)

Φnj0(u, α0, φ∗
0)

]
dw0

= eT1 A∗−1(Wij)

[
µ2

 0p
Dw[tj1(u,Wij)]

tj0(u,Wij)

Dw[log(tj0(u,Wij))]

+ rnj(u)

]∫ Wi−w

h1

Wi
h1

K(t)dt+ op(1) (26)

uniformly for u ∈ [0, τ ], i = 1, 2, · · · , n. Note that when |Wij | ≥ h1 and |Wij − w| ≥ h1,

cn0(Wij , w) = eT1 A∗−1(Wij)

 Zij − tj1(u,Wij)
tj0(u,Wij)

0p
0


17



[I{Wij ≤ −h1}I{Wij − w ≥ h1} − I{Wij ≥ h1}I{Wij − w ≤ −h1}]

, eT1 A∗−1(Wij)

 Zij − tj1(u,Wij)
tj0(u,Wij)

0p
0

 Id(Wij , w;h1),

cn1(Wij , w) = 0,

and

cn2(Wij , w) = eT1 [A∗−1(Wij)]
′

 0p
Zijµ2
µ2

 Id(Wij , w;h1).

Write Id(w,w∗) = I{0 > w}I{w > w∗} − I{0 < w}I{w < w∗}. Then

E|Id(Wij , w;h1)− Id(Wij , w)| = O(h1).

It follows that

cn0(Wij , w) = eT1 A∗−1(Wij)

 Zij − tj1(u,Wij)
tj0(u,Wij)

0p
0

 Id(Wij , w) + op(1)

, C0(K)Id(Wij , w) + op(1) (27)

uniformly for w ∈ ∪m
j=1supp(fj), i = 1, 2, · · · , n. By the same argument, we have

cn2(Wij , w) = eT1 [A∗−1(Wij)]
′

 0p
Zijµ2
µ2

 Id(Wij , w) + op(1)

, C1(K)Id(Wij , w) + op(1), (28)

uniformly for w ∈ ∪m
j=1supp(fj), i = 1, 2, · · · , n. Therefore, by (24) through (28),

ĝp(w,α0)− g0(w)

= n−1
m∑
j=1

n∑
i=1

∫ τ

0
eT1 µ2

{
A∗−1(Wij)

 −h−1
1 (Zij − tj1(u,Wij)

tj0(u,Wij)
)

Dw[tj1(u,Wij)]
tj0(u,Wij)

Dw[log(tj0(u,Wij))]


+[A∗−1(Wij)]

′

 0p
Zij

1

}Id(Wij , w)dMij(u)

+eT1 h
−1
1

∫ w

0
A∗−1(w0)B∗

n(τ, w0)dw0 + op(
1√
n
). (29)
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(ii) Next, we derive the asymptotic expression of Kn1 in terms of ĝp(·, α0)− g0(·). Following
techniques used in Cai et al. (2007a), it can be shown that

E
{
[cn0(Wi, w)]

⊗2
}
= O(h1) (30)

uniformly for w ∈ ∪m
j=1supp(fj). Since Bn(τ, w0) = Op(h

2
1), by (29), we have

ĝp(w,α0)− g0(w) = Op(h1) (31)

uniformly for w ∈ ∪m
j=1supp(fj). Similar to arguments used in the proof of Theorem 4, we

can show that

β̂Tp (w,α0)− βT0 (w) = Op(
1√
nh1

) (32)

uniformly for w ∈ JW . Applying the first order approximation x/y = x0/y0 + (x− x0)/y0 −
(y−y0)x0/y20+O{(x−x0)2+(y−y0)2} to R∗

nj1(u, α0)/R
∗
nj0(u, α0) and R̃

∗
nj1(u, α0)/R̃

∗
nj0(u, α0)

yields

R̃∗
nj1(u, α0)

R̃∗
nj0(u, α0)

−
R∗

nj1(u, α0)

R∗
nj0(u, α0)

=
R̃∗

nj1(u, α0)−R∗
nj1(u, α0)

R∗
nj0(u, α0)

−
R̃∗

nj0(u, α0)−R∗
nj0(u, α0)

R∗
nj0(u, α0)

R∗
nj1(u, α0)

R∗
nj0(u, α0)

+ r∗nj , (33)

where r∗nj = O{[R̃∗
nj1(u, α0)−R∗

nj0(u, α0)]
2+[R̃∗

nj0(u, α0)−R∗
nj1(u, α0)]

2}. By (31), (32), and

the definitions of R̃∗
njk and R∗

njk, we have

√
n[R̃∗

njk(u, α0)−R∗
njk(u, α0)]

=
1√
n

n∑
i=1

Yij(u) exp{αT
0 Vij(u) + βT0 (Wij)Zij + g0(Wij)}[Vij(u) + χT

2 (Wij)Zi + χT
1 (Wij)]

⊗k

[
exp{β̂Tp (Wi, α0)Zi − βT0 (Wi)Zi + ĝp(Wi, α0)− g0(Wi)} − 1

]
=

1√
n

n∑
i=1

Yi(u) exp{αT
0 Vi(u) + βT0 (Wij)Zij + g0(Wij)}[Vij(u) + χT

2 (Wij)Zij + χT
1 (Wij)]

⊗k

[
β̂Tp (Wij , α0)Zij − βT0 (Wij)Zij + ĝp(Wij , α0)− g0(Wij)

]
+ op(1), (34)
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which is bounded by Op(h1). Together with (33), this leads to

Kn1

=
1√
n

m∑
j=1

n∑
i=1

∫ τ

0

[
R∗

nj1(u, α0)

R∗
nj0(u, α0)

−
R̃∗

nj1(u, α0)

R̃∗
nj0(u, α0)

]
dNij(u)

= −
m∑
j=1

∫ τ

0

√
n

[
R̃∗

nj1(u, α0)−R∗
nj1(u, α0)

R∗
nj0(u, α0)

−
R̃∗

nj0(u, α0)−R∗
nj0(u, α0)

R∗
nj0(u, α0)

R∗
nj1(u, α0)

R∗
nj0(u, α0)

]
dN̄·j(u)

+op(1),

where N̄j(u) =
1
nNij(u). Note that the empirical process

√
n[N̄j(u)−EN·j(u)] converges to a

Gaussian process with mean zero, R̃∗
nj0(u, α0) − R∗

nj0(u, α0) = op(1) uniformly for u ∈ [0, τ ],
and the empirical process satisfies

√
n[R∗

njk(u, α0)− rjk(u, α0)] = Op(1), k = 0, 1. Given these
properties, we can show that

Kn1 = −
m∑
j=1

∫ τ

0

√
n
[R̃∗

nj1(u, α0)−R∗
nj1(u, α0)

rj0(u, α0)

−
R̃∗

nj0(u, α0)−R∗
nj0(u, α0)

rj0(u, α0)

rj1(u, α0)

rj0(u, α0)

]
dEN·j(u)(1 + op(1)) + op(1).

Then by (34),

Kn1

= −
m∑
j=1

∫ τ

0
r−1
j0 (u, α0)

{
1√
n

n∑
i=1

Yi(u) exp{αT
0 Vi(u) + βT0 (Wij)Zi + g0(Wij)}

[Vij(u) + χT
2 (Wij)Zij + χT

1 (Wij)−
rj1(u, α0)

rj0(u, α0)
]

[
β̂Tp (Wij , α0)Zij − βT0 (Wij)Zij + ĝp(Wij , α0)− g0(Wij)

]}
dEN·j(u)

(1 + op(1)) + op(1). (35)

(iii) Now, we substitute the result of (i) in (ii) to obtain the asymptotic expression of Kn1. Let
s∗ij(u, α0) = Yij(u) exp{αT

0 Vij(u) + βT0 (Wij)Zij + g0(Wij)}[Vij(u) + χT
2 (Wij)Zij + χT

1 (Wij) −
rj1(u,α0)
rj0(u,α0)

], i = 1, 2, · · · , n; j = 1, · · · ,m. Write

Kn11
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=

m∑
s=1

∫ τ

0
r−1
s0 (u, α0)

{
1

nh1
√
n

n∑
i=1

s∗is(u, α0)

m∑
j=1

n∑
l=1

∫ τ

0
cn0(Wlj ,Wis)dMlj(u)

}
dEN·s(u)

=
1√
n

m∑
j=1

n∑
l=1

∫ τ

0

∫ τ

0

1

nh1

m∑
s=1

n∑
i=1

r−1
s0 (u, α0)s

∗
is(u, α0)cno(Wlj ,Wis)dEN·s(u)dMlj(u)

, 1√
n

m∑
j=1

n∑
l=1

∫ τ

0
ξs(Wlj)dMlj(u). (36)

By (30), V ar(ξs(·)|Wlj) = O( 1
nh1

) uniformly for l = 1, 2, · · · , n, and i = 1, · · · ,m. Taking
iterative expectations, and exchanging the orders of integration, we obtain

E[ξs(Wlj)|Wlj ] = E

[
1

nh1

m∑
s=1

n∑
i=1

∫ τ

0
r−1
s0 (u, α0)s

∗
is(u, α0)cno(Wlj ,Wis)dEN·s(u)|Wlj

]

=

m∑
s=1

∫ τ

0

∫
1

h1
r−1
s0 (u, α0)s

∗
is(u, α0)cno(Wlj , w)fs(w)dwdEN·s(u)

=
1

h1

m∑
s=1

∫
as(w)fs(w)cno(Wlj , w)dw +Op(

1

nh1
)

, ξn(Wlj) +Op(
1

nh1
), (37)

where

as(w) =

∫ τ

0
r−1
s0 (u, α0)ψs(u,w, α0)dEN·s(u),

and

ψs(u,w, α0) = E

[
ρ(u, Vs, Zs, w)[Vs(u) + χT

2 (w)Zs + χT
1 (w)−

rs1(u, α0)

rs0(u, α0)
]|w
]
.

Then, by (36) and (37),

Kn11 =
1√
n

m∑
j=1

n∑
l=1

∫ τ

0
ξn(Wlj)dMlj(u) + op(1).

We will demonstrate that the first term on the r.h.s. above is of mean zero and variance
o(1). This in turn shows that Kn11 = op(1). Actually, because ξn(Wlj) is Ft,lj-predictable,
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and Mlj(u) is the corresponding martingale, the mean is obviously zero. Now, note that the
corresponding variance is of the same order as

E[ξ⊗2
n (Wlj)] =

1

h21
E[

m∑
s=1

∫
as(w)fs(w)cno(Wlj , w)dw]

⊗2

6 O(h−2
1 )

m∑
s=1

∫
fs(w

∗)[

∫
as(w)fs(w)cno(w

∗, w)dw]⊗2dw∗. (38)

Also, note that bj1(u,w0) − bj0(u,w0)E(Zij |w0) = Op(h1) for each w0 ∈ ∪m
j=1supp(fj),

i = 1, · · · , n, j = 1, · · · ,m. Similar to the proof of Cai, Fan, Jiang and Zhou (2007), and
recognizing that

∫
as(w)fs(w)dw = 0, j = 1, · · · ,m, we can show that E[ξ⊗2

n (Wlj)] = O(h1).
Therefore, Kn11 = op(1).

Write

Kn12

= −
m∑
j=1

∫ τ

0
r−1
j0 (u, α0)

{
1√
n

n∑
i=1

s∗ij(u, α0)n
−1

m∑
s=1

n∑
r=1

·

∫ τ

0
eT1 µ2

{
A∗−1(Wrs)

 0p
Dw[ts1(u,Wrs)]

ts0(u,Wrs)

Dw[log(ts0(u,Wrs))]


+[A∗−1(Wrs)]

′

 0p
Zrs

1

}Id(Wrs,Wij)dMrs(u)

}
dEN·j(u).

(39)

Let

αnj(u,w) =
1

n

n∑
i=1

s∗ij(u, α0)Id(w,Wij).

Taking expectations iteratively, we have

E[αnj(u,w)] =

∫
ψj(u,w

∗, α0)Id(w,w
∗)fj(w

∗)dw∗.

It can be shown that

αnj(u,w) =

∫
ψj(u,w

∗, α0)Id(w,w
∗)fj(w

∗)dw∗ + op(1)
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uniformly for u ∈ [0, τ ] and w ∈ ∪m
j=1supp(fj). This, together with (39), leads to

Kn12

= − 1√
n

m∑
s=1

n∑
r=1

∫ τ

0

[ m∑
j=1

∫ τ

0
r−1
j0 (u, α0)anj(u,Wrs)dE·j(u)

]
Q(u,Wrs)dMrs(u) + op(1)

= − 1√
n

m∑
s=1

n∑
r=1

∫ τ

0

[ m∑
j=1

∫
aj(w)Id(Wrs, w)fj(w)dw

]
Q(u,Wrs)dMrs(u). (40)

Recalling that
∫
aj(w)fj(w)dw = 0, we obtain

m∑
j=1

∫
aj(w)Id(w

∗, w)fj(w)dw =

m∑
j=1

∫ w∗

−∞
aj(w)fj(w)dw = s(w∗).

Combining with (40), this yields

Kn12 = − 1√
n

m∑
s=1

n∑
r=1

∫ τ

0
Q(u,Wrs)s(Wrs)dMrs(u) + op(1).

Furthermore, because bj1(u,w0)−bj0(u,w0)E(Zij |w0) = Op(h1) for every w0 ∈ ∪m
j=1supp(fj),

i = 1, · · · , n, j = 1, ·,m, we can prove that

m∑
j=1

∫ τ

0
r−1
j0 (u, α0)

{
1√
n

n∑
i=1

s∗ij(u, α0)[β̂
T
p (Wij , α0)Zij − βT0 (Wij)Zij ]

}
dEN·j(u) = op(1).

Combining the results for Kn11 and Kn12 yields the lemma. �

2 Proof of Lemma 3

By (A.2), we can show that

∂2ℓp(α)

∂α∂αT
|α=α0 = − 1

n

m∑
j=1

n∑
i=1

∫ τ

0

[
Rnj2(u, α0)

Rnj0(u, α0)
−
R⊗2

nj1(u, α0)

R2
nj0(u, α0)

]
dNij(u)

+
n∑

i=1

∫ τ

0

[
κnj1(Wij) + κnj2(Wij)Zij(u)−

Knj1(u, α0)

Knj0(u, α0)

]
dNij(u),
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where Knjk(u, α0) =
1
n

n∑
i=1

Yij(u) exp{αT
0 Vij(u)+ β̂

T
p (Wij , α0)Zij(u)+ ĝp(Wij , α0)}[κnj1(Wij)+

κnj2(Wij)Zij(u)]
⊗k, for k = 0, 1. By Lemma 2, and recognizing that β̂p(w,α0) = β0(w)+op(1),

ĝp(w,α0) = g0(w) + op(1) uniformly for w ∈ ∪m
j=1supp(fj), we have

∂2ℓp(α)

∂α∂αT
|α=α0

= − 1

n

m∑
j=1

n∑
i=1

∫ τ

0

[
rj2(u, α0)

rj0(u, α0)
−
r⊗2
j1 (u, α0)

r2j0(u, α0)

]
dNij(u)

+

m∑
j=1

1

n

n∑
i=1

∫ τ

0

[
κ1(Wij) + κ2(Wij)Zij(u)−

K∗
nj1(u, α0)

K∗
nj0(u, α0)

]
dNij(u) + op(1), (41)

where K∗
njk(u, α0) has a similar definition to Knjk(u, α0), except that κnj1(Wij), κnj2(Wij),

β̂p(Wij , α0) and ĝp(Wij , α0) are replaced by κ1(Wij), κ2(Wij), β0(Wij) and g0(Wij) respec-
tively. Since

1

n

m∑
j=1

n∑
i=1

∫ τ

0

[
κ1(Wij) + κ2(Wij)Zij(u)−

K∗
nj1(u, α0)

K∗
nj0(u, α0)

]
Yij(u)λ0j(u)

exp{αT
0 Vij(u) + βT0 (Wij)Zij(u) + g0(Wij)}du = 0,

the second term on the right-hand side of (41) is

1

n

m∑
j=1

n∑
i=1

∫ τ

0

[
κ1(Wij) + κ2(Wij)Zij(u)−

K∗
nj1(u, α0)

K∗
nj0(u, α0)

]
dMij(u) = op(1).

Therefore,

∂2ℓp(α)

∂α∂αT
|α=α0 = − 1

n

m∑
j=1

n∑
i=1

∫ τ

0

[
rj2(u, α0)

rj0(u, α0)
−
r⊗2
j1 (u, α0)

r2j0(u, α0)

]
dNij(u) + op(1)

= −I(α0) + op(1).

�
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3 Proof of Theorem 5

Let θ = (βT (·), αT , g(·))T , θ0 = (βT0 (·), αT
0 , g0(·))T and θ̂p = (β̂Tp (·), α̂T

p , ĝp(·))T . By the same
argument of Lemma 1, we have, for any j = 1, · · · ,m,

sup
0≤t≤τ

sup
∥θ−θ0∥≤∥θ̂p−θ0∥

n−1|∆nj(t, θ)−∆nj(t, θ0)|
P−→ 0, (42)

where

∆nj(t, θ) =

n∑
i=1

I(Wij ∈ JW )Yij(t) exp(β
T (Wij)Zij(u) + αTVij(u) + g(Wij))

and

∆nj(t, θ0) =

n∑
i=1

I(Wij ∈ JW )Yij(t) exp(β
T
0 (Wij)Zij(u) + αT

0 Vij(u) + g0(Wij)).

By the definition of Λ̂0jp, we have

Λ̂0jp(t)− Λ0j(t)

=

∫ τ

0

{
1

∆nj(u, θ̂p)
− 1

∆nj(u, θ0)

}
dN̄nj(u) +

∫ τ

0

{
dN̄n(u)

∆nj(u, θ0)
− dΛ0j(u)

}

= −
∫ τ

0

∆nj(u, θ̂p)−∆nj(u, θ0)

∆nj(u, θ̂p)
dΛ0j(u)−

∫ τ

0

∆nj(u, θ̂p)−∆nj(u, θ0)

∆nj(u, θ̂p)∆nj(u, θ0)
dM̄nj(u)

+

∫ τ

0

1

∆nj(u, θ0)
dM̄nj(u),

where N̄nj(u) =
n∑

i=1
Nij(u), and M̄nj(u) =

n∑
i=1

Mij(u). From (42) it is easy to see that the first

term on the right-hand side converges to zero in probability uniformly on (0, τ ] as n→ ∞. The
last two terms of the above expression are square integrable local martingales with variation
processes ∫ τ

0

∆nj(u, θ̂p)−∆nj(u, θ0)

(∆nj(u, θ̂p))2∆nj(u, θ0)
dΛ0j(u)

and ∫ τ

0

1

∆nj(u, θ0)
dΛ0j(u),
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respectively. Since ∆nj(t, θ0) = Op(n), the above variance processes converge to zero in
probability uniformly on (0, τ ] as n→ ∞. The terms converge to zero in probability uniformly
on (0, τ ] by an argument similar to that of Andersen and Gill (1982) via the Lenglart inequality.
Therefore

Λ̂0jp(t)
P−→ Λ0j(t)

uniformly on (0, τ ]. Thus, we can prove by the standard argument of kernel estimation that

λ̂0jp(t)
P−→ λ0j(t)

uniformly on (0, τ ].
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