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Abstract In ahigh-dimensional linear regression model, we propose a new procedure
for testing statistical significance of a subset of regression coefficients. Specifically, we
employ the partial covariances between the response variable and the tested covariates
to obtain a test statistic. The resulting test is applicable even if the predictor dimen-
sion is much larger than the sample size. Under the null hypothesis, together with
boundedness and moment conditions on the predictors, we show that the proposed
test statistic is asymptotically standard normal, which is further supported by Monte
Carlo experiments. A similar test can be extended to generalized linear models. The
practical usefulness of the test is illustrated via an empirical example on paid search
advertising.
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1 Introduction

Linear regression is arguably one of the mostly important and widely used statistical
techniques (Draper and Smith 1998; Seber and Lee 2003; Weisberg 2005). A good
summary of various applications can be found in Yandel (1997), Milliken and Johnson
(2009), and Vittinghoff et al. (2010), among others. One of the major goals of regression
analysis is to model a linear relationship between a response and a set of predictors.
To this end, under the assumption that the predictor’s dimension (p) is smaller than
the sample size (n), we estimate unknown regression coefficients and then test their
significances (Lehmann 1998; Shao 2003). In addition, we are able to employ the F-test
to assess the utility of a model, which allows one to determine whether a significant
relationship exists between the dependent variable and the set of all the independent
ones (i.e., the full model).

Although the F-test is useful, it cannot be directly applied to testing a subset of
variables. Hence, when two competing models are nested, one generally employs the
partial F-test (Ravishanker and Dey 2001; Chatterjee and Hadi 2006) to check the
significance of the additional variables present only under the larger model. This test
has been widely used across various fields (e.g., biology, economics, engineering,
medicine, psychology, and sociology), and is straightforward to calculate in many
software packages (e.g., SAS, SPSS, Minitab, and R). In high-dimensional situations
(n < p),however, the partial F-test is not applicable. This is because the usual ordinary
least squares (OLS) estimator no longer exists, and the OLS estimator is needed for
the computation of the classical partial F-test statistics. To solve the problem, Zhong
and Chen (2011) proposed a novel test based on a diverging factor model (Bai and
Saranadasa 1996). Their method is useful for linear regression models augmented
with a factorial design. Because extending their method to the situation with a general
random design matrix is not straightforward, this motivates us to develop a new test
to fulfill this theoretical gap.

In this paper, we follow the spirit of the partial F-test (i.e., the partial covariance) to
develop a new test statistic. The resulting test enjoys a simple and elegant asymptotic
null distribution, namely the standard normal distribution. Accordingly, the proposed
test can be easily implemented in practice with a standard normal table. Adopting
similar techniques used for linear regression, we also extend the test to generalized
linear models with canonical link functions. The rest of this article is organized as
follows: Section 2 introduces the model, notation, and technical conditions. Section 3
develops the test statistic and then obtains its asymptotic property. Section 4 presents
Monte Carlo studies and an empirical example. Section 5 concludes the article by
extending the proposed test to generalized linear models, and all technical details are
provided in the Appendix.

2 Model structure and conditions

2.1 Models and notations

Let (Y;, X;) be the observation collected from the ith subject, where Y; € R! is the
response variable and X; € R? is the associated predictor for 1 < i < n. We assume

@ Springer



Testing covariates in high-dimensional regression 281

that X; can be decomposed as X; = (Xi—;, Xi—lz)—r with X;, = (X;1, ..., X,-q)T e RY
and X;p = (Xig+1)»-- > X,-p)T € RP749, where ¢ is smaller than the sample size n,
and p is much larger than n. For the sake of simplicity, we also assume that E(X;) = 0.
To establish the relationship between Y; and X;, we consider the following standard

linear regression model:
Yi =X/ B+ei = XjBa+ X, + e, M

where 8 = (ﬂ;—, ,B,]—)—r e R?, B, € R?, and B, € RP™? are unknown regression
coefficient vectors. In addition, we assume that &; in (1) is random noise with E(g;) =
0, var(g;) = o2, and E(e?) = (3 + A)o* for some finite constant A > —3.

For the sake of convenience, let Y = (Y7, ..., Yn)—r € R" be the response vector,
and let X, = (X14, ..., Xpa) T € R and Xp = (X1p, ..., Xpp) | € R™P~9) be
the matrices associated with the X;,’s and X;;’s, respectively. Let X = (X,, Xp) =

(X1,...,X,) " € R"™P be the matrix including all predictive variables and £ =
(1, ...,€,) " € R"bethe noise vector. Then model (1) can be re-expressed as follows:
Y=XB+4+E=X,8,+XpBp+E. )

In practice, X, often contains a small set of relevant predictors via prior knowledge
or preliminary analysis. In contrast, X, collects a large number of predictors, whose
statistical significance is still not clear and thus needs to be investigated. Accordingly,
we consider the following statistical hypotheses:

Hy: B, =0vs. H : B #0. 3)

When X, is a null vector, equation (3) is equivalent to test Hy : 8 = 0vs. Hy : B # 0.
It is noteworthy that, under Hy, model (2) reduces to

Y = X84 + €&, 4)

where we slightly abuse notation by using £ to represent the random error vector in
both the full and reduced models. In the rest of this paper, we will use it to stand for
the random error in the reduced model only.

When n > p, one commonly uses the conventional partial F-test given below to
test the null hypothesis in (3).

_ Y& X XY/ —q)
YT {1, - XXTX)IXT}Y /(- p)

where 1, € R"*" stands for a n x n identity matrix, Xb = (U — H)Xp, H, =
Xa (X;Xa)’IXZ. Under n < p, however, neither XTX nor X;—Xb is invertible and
hence this test is not applicable to high-dimensional data. It is noteworthy that, under
Hy, the contribution of X, in explaining the variation of Y should be 0 after control-
ling for the effect of X,. As a result, we should have that E{(Y — X, ,Ba)TXb} =
E{E£7X,} = 0. This motivates the new testing procedure presented in this paper.
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2.2 Boundedness and moment conditions

Before presenting the detailed procedure, we need to investigate a number of important
and reasonable technical conditions. To this end, define X, = E{cov(X;p|X;a)} =

(aj*1 ) € R(P=9*(P=@) Without loss of generality, we also assume that 0¥, = 1 for

any j € S = {g+1, ..., p}. Then, we introduce the following boundedness condition:

(C1) Boundedness condition Assume that there exist two positive constants Ty, and
Tmax such that Tmin < Amin (Zpla) < Amax(Zpla) < Tmaxs where Amin(A) and
Amax (A) represent the smallest and largest eigenvalues of an arbitrary semi-
positive definite matrix A, respectively.

Condition (C1) assures the model identifiability. Specifically, (C1) indicates that, con-
ditional on X,,, none of the predictors in X;;, (or S) can be linearly represented by
other predictors in S. A similar condition has been widely used in the literature; see,
for example, Fan et al. (2008), Zhang and Huang (2008), Wang (2009), and many
others. However, Condition (C1) is typically insufficient for establishing the asymp-
totic normality of test statistics. Hence, we next introduce moment conditions on the
conditional predictor,

Xip = Xib — BXia, (5

where X7, € RP™4 is the residual vector obtained by regressing X;, on X;, and
B = cov(Xjp, Xia)cov™ ! (X;,) € RP~9)%4 By our previous assumptions, we imme-
diately have that E(X};) = 0 and cov(X};) = Zp|s. Define a collective set of X, as
XZ = (X’l“b, ol X;‘;b)T e R™(r—4) We then request the following moment condi-
tions, which are driven by the diverging number of predictors (i.e., p — 00):

(C2) Moment conditions Assume that g/p — 0, and, forany 1 <i <nand 1 <
i1 # i» < n, the following moment conditions are satisfied:

4

(C2a) E(p' Zjes X7 1) = 007,
—1 * * 4 -2

(C2.b) E(p ZjeSXileizj) —0(p?).

By condition (C2.a) and Cauchy’s inequality, we obtain that

var (p ' Y x) =02 X B (x2xE) -1} =owm. ©

jeS Jj1.J2€S
Furthermore, by condition (C2.b), we have that

4

PE| P 2 X0 X,
j

_ 2 * * * * * * * *
=pE Z (Xil./'l X Xiyjs Xil./4) (Xizjl Xiyp Xinjs Xi2j4) 8
J1J2: 3. J4

@ Springer



Testing covariates in high-dimensional regression 283

_ 2 * * * * * * * *
=r > E (Xim XiljZXi1j3Xi1j4) E (Xizjl Xi2j2Xi2j3Xi2j4)
J1sJ2,J3,J4

2
= p_2 Z {E (X?THX;.:/ZX?BX?M)} = 0(D). ™
J1:J2,J3:J4

Both (6) and (7) will be used in technical appendices.
If the X ;‘js are mutually independent for a fixed i, then both p~! > ;X ;‘].2 — 1l and

Py X 1*1 X 1*2 jare of the order O, (p~ 1/2). Accordingly, the fourth moment condi-
tion (C2) holds. In practice, however, we cannot expect the X7;s to be independent of
each other. Hence, two known assumptions, namely a multivariate normal distribution
and a diverging factor model (Bai and Saranadasa 1996), have often been considered
in the literature. Under the boundedness condition (C1), we are able to demonstrate
that both the multivariate normal distribution and the diverging factor model lead to

(C2); see the following two propositions:

Proposition 1 Assume that X}, follows a multivariate normal distribution with mean
0 and covariance matrix Zp|q. In addition, assume that p|, satisfies condition (C1).
Then, condition (C2) must hold.

The proof is given in Appendix B. We next consider the diverging factor model,
which assumes that X7, can be written as X7, = I'Z;, where I' = (yjx) € R(P=q)xm
for some m > p —q, Zi = (Zi1, ..., Zim)| € R™, E(Z;j) = 0, var(Z;;) = 1,
E(ij) = 3+ A, for some finite constant A, and E(Z?j) < 00. In addition, it is also
required that E(Z;}1 Zl.sjz.2 . Zi;r) = E(Zl.sj!l) . E(ij’.r) for any integers s, > 0 with
22:1 sy < 8 and for different indices ji, j2, ..., jr € {1,2,...,m}.

Proposition 2 Assume that X}, follows a diverging factor model structure and its
covariance matrix satisfies condition (C1). Then, (C2) holds.

The proof is given in Appendix B. Propositions 1 and 2 indicate that the conditions
(C2.a) and (C2.b) are rather mild.

3 Methodology development
3.1 An initial test statistic

After introducing the two regularity conditions (C1) and (C2), we propose a test
statistic for testing the hypotheses (3). To this end, we first estimate B, under
Hp. Since we assume that the dimension of X;, is low, the unknown regres-
sion coefficient can be estimated via the OLS approach. The resulting estimator
is /§a = (n_IXIXa)_l(n_IXaTY). Subsequently, the residual calculated through
4) is E =Y - Xa,éa. If the sample size is large, one naturally expects that
n_léTX;, ~ n~'E{£7X})} = 0. This leads to the following test statistic:
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Ti=n X[ E1P=nETXX) E=n D ETXXTE=n D VKXY,
jeS jeS

WhereXL= (X]j, ij, ey an)T € Rn’}gja':a'(ln‘v_ Ha)Xj = (i]j, ey an)'l' €
R",andY = (I, — H,)Y. Itis of note that YTXj X}—Y/n is the partial covariance of Y
and X;, for j € S, after controlling for X,. Hence, T} is the sum of partial covariances
across the explanatory variables being tested. In general, one naturally rejects the null
hypothesis when T is sufficiently large.

Theorem 1 Assume the null hypothesis of (3), and conditions (Cl) and (C2). If
min{n, p} = oo, gn~'/* — 0, and n/p — 0, then we have

p Yo T2 EL(T) =, 1 and np~2o *var.(Ty) <2+ |A| (®)

with probability tending to 1, where E.(-) = E(-|X) and var,(-) = var(-|X).

The proof is given in Appendix C. By Theorem 1, we have that E,(7T})/var,'/?
(T1) —p oo. This implies that, under the null hypothesis of (3) and conditional on
X, the normalized test statistic 77/ var,!/2(T}) cannot be asymptotically distributed
as any non-degenerate distribution. As a result, we modify 77 using its conditionally
bias-corrected estimator.

3.2 The bias-corrected test statistic

Under the null hypothesis in (3) and the fact that (I, — H,)X, = (I, — Hy))X},
we know that the conditional bias of T} from (8) is E4(T) = az(n’ltr{XzX,’;T} —
n (X T HX) = 02n 7 (p — @)tr(MQ), where M = (p — )" 3 ;s XjXJT
and Q = I, — H,. Conditional on X, both quantities M and Q are known. This
motivates us to correct the bias of 77 by replacing o2 in E.(Ty) with its unbiased
estimator, 6% = (n—gq)~! ETE, which yields the following bias-corrected test statistic:

T, =T -6"n""(p— q)tr(MQ). ©)
It can easily be seen that E.(7T>) = 0, which immediately implies that E(7>) = 0.
To obtain a standardized test statistic, we next compute the variance of 7> without

conditioning on X.

Theorem 2 Under the same conditions and assumptions as those in Theorem 1, we
have var(Tp) = 204"(213\5;){1 +o(1)}.

The proof is given in Appendix D. By Theorem 2, the asymptotic variance of 7> is
given by 204tr(2§‘ o)+ Accordingly, we can construct a test statistic,

Z=" {264tr (zgla)}m, (10)
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whose asymptotic null distribution is given below.

Theorem 3 Under the same conditions and assumptions as those in Theorem 1, we
have that Z —4 N (0, 1).

The proof is given in Appendix E. This theorem allows us to test a subset of
regression coefficients in high-dimensional data. It is noteworthy that the numerator
of Z is a bias-corrected term from 77, and a larger Z tends to reject the null hypothesis.
Accordingly, Theorem 3 indicates that, for a given significance level «, we reject the
null hypothesis if Z > z;_, where z, stands for the ath quantile of a standard normal
distribution. Based on the above theorem, one can calibrate the size of the proposed
test by a usual standard normal distribution table.

Remark I To employ the proposed test statistic, we need to estimate the unknown
quantity 204tr(22‘a). It seems natural to use 284tr(2,§|a), where Xp), = n_lxth.
However, as demonstrated by Srivastava (2005), tr (ﬁg‘a) is not a consistent estimator
of tr(ZZl o) When g = 0; see their Remark 2.1 on page 253 as well as some relevant

discussions in Chen and Qin (2010) and Chen et al. (2010). To this end, we adopt the
approach of Srivastava (2005) and consider the following bias-corrected estimator:

—

tr (E}%\a) = n2(n +1-— q)fl (n — q)71 {tr (f]gla) —1tr? (f]bm) /(n — q)} .

Under the normality assumption with ¢ = 0, Srivastava (2005) show that it is ratio

consistent, i.e., tr(Ei‘a)/tr(Egm) — p 1. For the case of non-normal data withg > 0,
our simulation experiences indicate that this estimator also performs fairly well; see
Examples 3.1 and 3.2 in the next section.

Remark 2 For the sake of simplicity, we assumed that E(X;;) = a; = 0 for every ;.
In practice, this assumption may not be valid, i.e., a; # 0 for some j. To resolve this
problem, we can simply include an intercept term in X;, to redefine X;, := (1, X iTa)T.
Accordingly, (I, — H;)1 = 0, where 1 = (1, 1, ..., l)T € R"™. This leads to Xj =
(I — H)X; = (I, — H)X], where X7 = (X1 —aj,..., Xy —a))! € R
is the centralized predictor. Because our test statistic is based on X j» it makes no
difference to use X; (non-centralized predictor) or X;‘ (centralized predictor), as long
as the intercept is included in X;,. Consequently, the asymptotic theory given in
Theorem 3 (established for centralized design matrix) is still applicable, even though
E(X;j) = aj # 0. This conclusion is further confirmed by simulation studies; see
Example 3.1 in the next section.

4 Numerical studies
4.1 Simulation results

In this subsection, we present two simulation examples that evaluate the finite sample
performance of the proposed test. The first example considers weakly correlated pre-
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Table 1 Size of the

bias-corrected test and the " p Normal Mixture
ZC-test for Example 3.1 q q
0 8 15 0 8 15

Bias-corrected test
100 200  0.066 0.041 0.045 0.062 0.059 0.057
500 0.059 0.041 0.036 0.067 0.052 0.039
1,000  0.065 0.047 0.041 0.064 0.056 0.044
200 200  0.061 0.050 0.048 0.062 0.062 0.059
500  0.057 0.050 0.042 0.068 0.062 0.060
1,000  0.053 0.052 0.055 0.065 0.056 0.051

ZC-test

100 200  0.045 0.035 0.024 0.052 0.049 0.034
500 0.072 0.046 0.035 0.048 0.031 0.027
1,000  0.060 0.046 0.031 0.051 0.030 0.022
200 200  0.049 0.049 0.049 0.049 0.042 0.038
500 0.060 0.054 0.044 0.046 0.046 0.040
1,000  0.060 0.060 0.057 0.064 0.059 0.043

dictors (Tibshirani 1996), while the second example studies the case in which a strong
relationship exists between X, and X, (Fan et al. 2008).

Example 1 We generate the data from (2), where the regression coefficients g; for j €
{1,2, ..., g} are simulated from a standard normal distribution, and then we set 8; = 0
for j > g.In addition, the predictor vector is given by X; = EI/QZ;" fori=1...,n,
and each component of Z; is independently generated from a standard exponential
distribution, exp(1). Moreover, the random error ¢; is independently generated from a
standard normal distribution or a mixture distribution 0.1N (0, 3%) + 0.9N (0, 1). We
then consider cov(X;) = X = (0j,;,) € RP*? with 0, ;, = 0.5//1=72I (Tibshirani
1996; Fan and Li 2001). Hence, X;;, and X, are approximately uncorrelated when the
difference | j; — jo| is sufficiently large. It is noteworthy that E(X;) 7# 0, which violates
our model assumption of E(X;) = 0. According to Remark 2, we add an intercept
term into X;, to adjust for non-central predictors and then redefine X;, := (1, X ;;)T.

We consider two different sample sizes (» = 100, 200), three dimensions of predic-
tors in the full model (p = 200, 500, 1000), and three dimensions of predictors in the
reduced model (¢ = 0, 8, and 15). For each fixed parameter setting (i.e., n, p, and g), a
total of 1,000 realizations are conducted with a nominal level of 5 %. Table 1 presents
the size of the bias-corrected test. For the sake of comparison, the test proposed by
Zhong and Chen (2011) is also included, and we name it the ZC-test. A well-behaved
test should have an empirical size around 0.05. Table 1 indicates that both methods
perform quite well.

We next study the power of the bias-corrected test. To this end, we follow the settings
of Zhong and Chen (2011) and consider two different types of alternative hypotheses.
The first type is a non-sparse alternative, where 8, = «(Bp1, Bp2, - - - » /3;,(1)_,]))T €
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Sparse alternative

Non-sparse alternative

o o
2 =
000X
RoRd
¢ 2®”
o Q? o | /
© ’
¢*° ? 8%
— o — O
2 /QX i <>/X
= ® = ’
3 3 o > 3 /X
3 o' % E &
) g o X
o /x a /;
P o,
g & —— BC-test g1 K —— BC-test
<>/X - % - ZC-test % - x- ZC-test
e J4
&L SR e
X X
TT T T T T T T T T T TTT1 TT T T T T T T T T T T T 711
0.1 0.5 0.9 1.3 0.1 0.5 0.9 1.3

Signal strength

Signal strength

Fig. 1 Power of the bias-corrected test (BC-test) and the ZC-test for Example 1 under the normal setting
withn = 100, p =200 and ¢ = 0

RP™4, the Bp;s are simulated from a standard normal distribution, and « is selected so
that the signal strength ,BbT YplaBp Tanges from O to 1.5. The second type is a sparse
alternative, where Bp; (1 < j < 5) are generated from a standard normal distribution
with B,; being set to be 0 for every j > 5. In addition, the signal strengths are the same
as those of the first type. For the sake of illustration, we consider only the situation
where the random error is normally distributed with ¢ = 0, n = 100, and p = 200.
Figure 1 depicts the empirical powers of the bias-corrected test and ZC-test, which
indicates they steadily increase towards 100 % as the signal strength gets larger. In
sum, both tests perform satisfactorily and comparably in both sparse alternative and
non-sparse alternative scenarios.

Example 2 We consider a case in which X;, and X;, are heavily correlated. More
specifically, we generate the data according to the factor model (5), where the vari-
ables X;; with 1 < j < g and &; are randomly generated from the standard normal
distribution. In addition,we have the variables X;, = BX;, + X;"b forl <i < n,
where each element of the factor loading B € RP~?%4 is simulated from a standard
normal distribution. Moreover, X7, € R~ is generated from a multivariate normal

distribution with mean 0 and covariance matrix X, = (aj*l j2) e RP=0x(P=9) with
aj*l h = 0.51/1= 21, The regression coefficients, sample sizes, full model sizes, and
reduced model sizes, as well as the number of realizations, are the same as those in
Example 1. It can be verified that the technical conditions (C1) and (C2) imposed
on Xp|, (instead of X) are satisfied. Hence, the results presented in Table 2 indi-
cate that the bias-corrected test performs reasonably well and is qualitatively simi-
lar to that in the previous example. Because the condition for the ZC-test is invalid
under this simulation setting, it is not surprising that ZC-test does not perform well.
Specifically, one can show that 17(2%) = tr(BB)*{1 + o(1)} = tr(BTB)*{1 +

o()} = p*trI NIl + 0,(1)} = gp*{1 + o(1)} and tr(2?) = gp*{1 + o()}. As a
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Table 2 Size of the .
bias-corrected test and the " P Normal Mixture
ZC-test for Example 2 q q
0 8 15 0 8 15
Bias-corrected test
100 200 0.062 0.054 0.038 0.071 0.050 0.039
500 0.070 0.045 0.035 0.072 0.047 0.042
1,000 0.062 0.040 0.035 0.057 0.056 0.035
200 200  0.070 0.055 0.057 0.066 0.053 0.051
500 0.057 0.056 0.046 0.054 0.061 0.035
1,000  0.052 0.062 0.044 0.062 0.049 0.046
ZC-test
100 200 0.053 0.144 0.216 0.072 0.146 0.217
500 0.059 0.203 0458 0.062 0.228 0.484
1,000 0.063 0356 0.762 0.041 0.321 0.743
200 200 0.070 0.096 0.134 0.063 0.084 0.149
500 0.056 0.116 0.208 0.048 0.129 0.199
1,000 0.047 0.163 0.295 0.049 0.166 0.303
Fig. 2 Power of the
bias-corrected test (BC-test) for ‘8_ .
Example 2 under the normal N—N—N—N
setting for both sparse _NT N
alternative (S) and non-sparse o N7 N S. oS
. . @ N - s S
alternative (N) with Va s-S
— — — — N -
n =100, p =200and g =0 < N/ S-S
ey -5
g 31 / S
< N S
o ’
N
o | / . -8
< S
’g,
1./
y

T T 1 T T T T T T T T T T T 1T
0.1 03 05 07 09 1.1 1.3 1.5

Signal strength

result, 17(Z%)/tr2(£2) — ¢~' # 0 if ¢ is fixed; this violates condition (2.8) in
Zhong and Chen (2011). Finally, Fig. 2 depicts the empirical power of the bias-
corrected test. It is not surprising that the non-sparse alternative performs better than
the sparse alternative, and their overall performances are qualitatively similar to those

of Fig. 1.

4.2 Real data analysis

To further demonstrate the practical usefulness of our proposed method, we consider
an empirical example using data from an online mobile phone retailer. The data set
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can be obtained from the authors upon request, and will be made available for research
purposes only. The data set contains a total of n = 98 daily records. The response
is the revenue from the retailer’s online sales, and the explanatory variables are the
advertising spending on each of p = 1, 048 different keywords that were bid for on
Baidu (www.baidu.com), the leading domestic search engine in China. In practice,
allocating the advertising spending on profitable keywords is critical for online sales.
We, therefore, start by ranking 1, 048 keywords according to their relative importance
measured by the coefficient of variation (CV) for each keyword. This is because a
keyword with a weaker CV is typically associated with larger spending, but smaller
variability; empirical experience suggests that those keywords are more likely to be
associated with online sales. As a result, a keyword with a weak CV is more important
than one with a strong CV.

We next denote the sorted predictors as V(1), V(2), ..., V(p). Since sales vary with
the day of the week, we introduce the 6-dimensional indicator variables W &€ RO to
represent Sunday to Friday. For a fixed k, we define X, = (W, V(1), ..., V(x)), and then
test whether the advertising spending on the rest of keywords, X, = (V(j) : j > k),
could provide a significant contribution to online sales by controlling for the effect
of X,. To this end, the bias-corrected test procedure is applied sequentially with
k =1, 2, ..., until the resulting p-value is larger than the 5 % level of significance. The
testing procedure stops with k = 8; this suggests that, after controlling for advertising
spending on the first eight keywords, the others are not statistically significant to the
response.

After carefully examining those eight keywords, we find that they can be classified
into three different categories. The first category contains a single keyword, the brand
name of this particular online retailer. People generally would not search for such a
keyword if they were not already familiar with this retailer. Hence, identifying this
keyword is highly desirable result. The second category contains a keyword that is the
name of a Chinese version of iPad (“one-person-one-book™ directly translated from
Chinese). Since it is considered to be the most important competitor for iPad in the
domestic Chinese market, targeting this keyword is also an expected result. The last
category consists of six keywords that are related to mobile phones designed specif-
ically for “senior people” (directly translated from Chinese). Since the percentage of
seniors in China has increased steadily in the past few years as a result of the one
child policy, it is not surprising that they play an important role in the mobile phone
market.

Based on the experience of a field practitioner, the eight keywords identified
by our bias-corrected test are highly interpretable and useful. In addition, offline
data confirm that the product categories represented by those eight search key-
words are economically important; they account for more than 65 % of the entire
online sales. It is worth noting that the simulation studies in Sect. 3.1 indi-
cate that the bias-corrected test performs well when n = 100, p = 1,000,
and ¢ = 8; our empirical example is similar to this case. In sum, our test is
able to identify eight critical keywords from the 1,048 keywords and 98 observa-
tions; this method efficiently utilizes the high volume of data available to online
retailers.
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5 Concluding remarks

To broaden the usefulness of our proposed test, we conclude this article by extending
the test statistic to generalized linear models (McCullagh and Nelder 1989). Consider

EYiX) =g "X/ B) = g7 " (X.,Ba + X[}, Bp).

where g(-) is the canonical link function. The resulting log-likelihood function, after
omitting the irrelevant constants, is given by > {(¥; - X,.T,B) - nb(X,.T,B)} for some
smooth function b(-). By maximizing the log-likelihood function under the null
hypothesis of (3), we obtain the maximum likelihood estimator (MLE) of §,, which
is denoted ,éa. Then, with a slight abuse of the notation for random errors and their
corresponding residuals used in the linear model, we denote ¢; = Y; — g_1 (X l—; Ba)

and §; = Y; — g_l(XiTa,éa). As a result, the estimator of 62 is 6% = éTé/(n —-q),
where £ = (&1, .. en)

Under the null hypothe31s of (3), we have E(g; X; j) = 0 for any j > ¢, where
X, ;j 1s the i-th element of X; defined in Sect. 3. Similarly, an initial test statistic
can be constructed as Tlg = n’] Zj>q(€TX ) =n lETXle;ré’. Under the null
hypothesis, we have E, (éTngTé) E. (STXI,XTE) >, olw;, where 0 =
E (82) and w; is the ith diagonal element of XbXT R™*" - Accordingly, we can
estimate E*(é'TXbX;S) by ETQE, where Q = = diag{wi, ..., w,}. This leads us
to propose the following bias-corrected test statistic:TZg = n_léT(XbXZ - Q)é’ .
Then, employing similar techniques as in the linear model, we are able to show that
var(Tg) = 204tr(2b|a){1+0(1)} where 62 = n~! > a.z.Accordingly, we obtain

a test statistic, Z, = ng / {204tr(2 )}1/ 2 for testing the null hypothesis of (3)
in generalized linear models. Our unreported numerical results suggest that the test
statistic Z, works fairly well in terms of both size and power.

To conclude the article, we discuss two interesting topics for future research. The
first is to obtain a test statistic for testing the null hypothesis Hy : 8, = 0. This is a
challenging task since the total number of unknown parameters in 8, remains large
even under Hy. The second is to employ the Pearson residual or deviance residual,
as proposed by an anonymous referee, to derive a test statistic for generalized linear
models. We believe these efforts would strengthen the use of hypothesis testing for
making inferences in high-dimensional data analysis.

Appendix
Appendix A: technical Lemmas
Before proving four theorems, we present the following three lemmas. Lemma 1 can

be found in Bendat and Piersol (1966) and Lemma 2 can be derived directly from Bao
and Ullah (2010). Accordingly, we only provide the details for Lemma 3:

@ Springer



Testing covariates in high-dimensional regression 291

Lemma 1 Let (U, Ua, Uz, Us) T € R* be a 4-dimensional normal random vector
with E(Uj) = 0 and var(U;) = 1 for 1 < j < 4. We then have E(U1UyU3Uy4) =
812834 + 813024 + 814823, where §;; = E(U;U;).

Lemma?2 Let V = (Vi,..., V)| € R™ be a random vector with E(V) = 0 and
cov(V) = I,,. We further assume that E(V;f‘ Vifz V;j’) = E(V;f‘) ... E(Vf’)for
indices i1, i2,...,i € {1,2,...,m} and for any integers g, > 0 with ZZZ] gy <8.
Then, for any symmetric m x m matrix A; and any m X m positive definite matrix
Az, we have that (i.) E(VT A1V)? = tr2(Ay) 4 2tr(A2) + Atr(AD?), where Ay =

(@jjy)s A ®2 (ajuz) and A = E(V4) — 3; (ii.) there is a finite constant C such

that E{VTA2V — tr(Ao)}* < Ctr2(A3).
Lemma3 Assume that W; = T'Z; € R where I' = (Yjk) € R>m 7, €

L E(Z) = 0,covZj) = I, and E(Zf) < oo for j = 1,...,m.
In addition, assume that E(le}lijz...Zl’) = E(le'“) E(Zf;.r) for indices

Jisj2s ooy jr € {1,2,...,m} and for any integers I, > 0 with Zf) 1 <8
We then have that E(lelwljz Wi Wij) = 6j1jp0)sjy + O'1113‘7]214 + 6]1]401213 +
A D ke ViikV ik Visk Visk» where cov(W;) = (6, j,) € R and A = E(Z4) —3.

Proof From W; = f‘Zi, we have W;; = ZZ’ZI fjkzik for 1 < j <. Asaresult, we
obtain that

EWi Wi, Wi Wig) = D~ Fjiki Viska Visks Visks EZiky Zits Ziks Ziks)

ki,k2.k3,kq
~4 o L
= E(Z;) Z VitkV 2k Y jskVjsk + Z ViikiYjak1V jak2 Vjako
k k1#ka
+ D Vi Tiska Vs Visko + D, ik Pinko Vjska Pisky
k1 #ko k1#ky
{E(Z )— 3}2 VitkVjak ¥ jskV jak + Z Yitki Yioki Viska Vjska
ki,k>
+ Z Yitk ViskaViski Viska + Z Vit ViskaViska Visky
ki,k2 ki,k2

m
= 612634 + 513624 + 514623 + A D Vi Vik Vjsk Vigk- (1)
k=1

The last equality is due to the fact that 6, j, = >, VjixVjk forany 1 < ji, jo <.
This completes the proof. O

Appendix B: Proof of Proposition 1-2
The normal distribution assumed in Proposition 1 implies the diverging factor model

in Proposition 2. Hence, we only present proofs for Proposition 2, where (C2.a) and
(C2.b) are satisfied.
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Proof of (C2.a) The moment condition (C2.a) can be obtained directly from Lemma

2(ii); we thus omitted it. O
* * * * _ *

Proof of (C2.b) Usmg Lemma 3, we have that E{X}; thz in le4} 111201314 +

OGO T 07,0 h T Az > hey VikVjkYjiskVisk- This, together with Cauchy’s

inequality, condition (C1), and Xp|, = rrr, implies that

2
-2
p2 > B (X))

J1.J2.J3.J4
2
=p’ Z (G}kljzaZﬂ+Gjt/3aj2j4+ojtj4aj2j3+AZ Z yjlkijkyf3kyj4k)
J1sJ2:J3,J4 k
-2 * * * * * * 2
=27 X ("mﬂjm T 951 j3% i T "j1j4"jzj3)

J15J25J3J4

2
+2p7Al > (mezszwﬁk)

J1.J2:J3,J4 \ k

*

2
= 2p*2 {3tr2 (Eg|a)+6lr (Egla)}—i—Zp*zA? Z (Z J/jlkj/jzkj/j3kj/j4k)

JisJ23.Ja N\ k

—2 A2
=0()+2p 7 A; Z Z (lekl Vjak1Vj3ki Vj4/<1) (Vj1k27j2k2Vj3k2Vj4k2)
J1sJ2:J3.da | kisk2

= 0(1)+2P72A§ Z Z (J/jlkl J/jlkz)(ijlq ijkz)(yj3k1 Vj}kz)(yj4k1 )/j4k2)
kika \ Jv.j2.J3.Ja

4
=0 +2p72A2 D> [ Do vimvin | < 0M)
ki.ka J

2
+2p AT D0 D vikvik
kika \ J

<O +2p 2A2r (D)2 = O() +2p 2 A2tr3 (T T2
= 0(1) +2p2A22 (zb‘a) —0(1).

From (7), we complete the proof. O

Appendix C: Proof of Theorem 1

To prove the theorem, we consider two steps: Step (1) shows the first part in (8) and
Step (2) demonstrates the second part.
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Step (1): Under the null hypothesis of (3), we have that E= (I, — Hy)E and

P02 M) =0 p i U — HOXeX5 (U — Ho)
=0~ p~ o { (= HoXyX3 " (1 = Ho)}
=n"tp~lir (XZX;T) —n"tp~lr (XZTHaX;‘,) . (12)

Define 7 = n~' p~ler GX;T) = n7' 3L (p7" X jes X;7)- It is obvious that
E(7T) =1+ o(1). Applying (6) and condition (C2.a), we further show that

var(T) =n~'var | p~! Z X;ka =o(1).
jeS

Accordingly, the first term of (12)is n ™! p_ltr{XZXET} = 1+o0,(1). We next demon-
strate that the order of the second term in (A.2) is 0, (1). Using tr(H,;) = q, then

n~lp~ltr {X;THan;} < 07 p r (Ho) hmax (XZXZT)

= (" ghmas (P71 X55T)). (13)

Define H = XZX;;T —(p — @I, = (hi;;,) € R™". By Chebyshev’s inequality, for
any arbitrarily large constant #, we obtain that

P Ounax(F) > 0?4 p' 20y <n P p 2t Epp c (FOY <n P p~ 2t E(er Y. (14)

max

It is noteworthy that tr(ﬂ4) =>. Eilizhi2i3fli3i4ﬁi4i1~ Hence,

i1,02,13,i4

E{tr(ﬂ4)} =F Z h1112 l i4 h1411

i1,i,i3,i4
=F {Z}_lilhl/_lizi:;ﬁhmiluil} + E {Zﬁilizﬁizi'jﬁhmﬁiﬂl} > (15)
A Ac

where A = {(i1, i2,13,14), 11 7 ip # i3 # ia}. After algebraic simplification with
condition (C1), the first term of (15) becomes

E iz ﬁilizl/_lizi3}_li3i4ﬁi4il }

A

_ * * *
=E Z Z Xim i2J1 Z Xlz]z i3j2 Z Xtm 43 Z Xi1j4Xi4j4

iV £ #3714 j1€S Q€S J3€S Ja€S
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= * * * * * * * *
B Z Z E [Xi111Xi1j4Xi2j1XiszXi3jzXi3j3Xi4j3Xi4j4]
i1 #i2#i3#i4 1,2, 3. J4€S

J— k * * *
= Z Z 951j4% 129 1273 3 ja

i1 £ #B3#i j1, )2, J3.J4€S

=nn—Dmn—2)(n—23)r (zgla) = 0@n*p). (16)

Using the fact that | A°| < n3 and Cauchy’s inequality, the second term of (15) satisfies

E Hzﬁilizﬁimﬁimﬁmil} = 471n? {E (}_l?liz) +E (ﬁ?zlé) +E (}_1?31‘4)

AC

YE (15;‘4,.1)] . 17)

To further simplify (17), we consider two cases, i1 7 ip and i; = ip. When i| # i2,
we employ condition (C2.b) and equation (7), and then obtain that

x*

*
X; i2)3

i2j2

N * * * * *
E(hi,;,) = Z E {Xiljlx' X iy 3 Xy ju X

i1j2 i1ja* 21

k
Xi2j4}
J1.J2+Jj3,j4€S
2
_ * * * * _ 2
- Z {E(XiljlXi1j2Xi1j3Xi1j4)} = 0(p?).
J1.J2+Jj3,j4€S

For the case with i; = i», the same conclusion can be established via condition (C2.a).
The above results, together with (16) and (17), imply that E{tr(7:{4)} = O(n4p) +
O (n®p?). Hence, as long as n/p tends to 0 and ¢ is sufficiently large, we have that
n=3p~2t~*E{trH*} — 0. This result and (14) lead to

hnax (F) = 0, (p'/2n?/%) (18)

Using (13), (18), and the assumption of qn_1/4 — 0, we thus obtain that, with prob-
ability tending to 1, the second term of (12) is n™' p~' 17 (X} T H,X¥} < {n~'g}1 +
0,(n**p=1/2)} = 0,(1). Consequently, p~'o2E.(T1) = 1 + 0,(1), which com-
pletes the proof of the first part in (8).

Step (2): We next consider the conditional variance var, (77). After algebraic sim-
plification and employing Lemma 2(i), we have that

2
np~var,(Ty) =n~'p~? [E {ET(In — H)X3X ' (1 — Ha)s}

_ {E {eT(zn — HOX;X; T (1, — Ha)g}}z}

— 2 p 20ty {(1,, — H)XEXE T (1 — H)Xex:T (1, — Ha)}
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®2
+An p2ottr {(I,, — H)X;X: T (1 — Ha)}

<2~ p~ 2oty {(1,, — H)XiX: T (ly — Ho)XEXE T (I, — Ha)}
A p 2o [ — HOX3XE T~ Ho)

= Q4+ M p 2oty {(zn—Ha)X;;XZT(I,, — H)Xix:T
X (L~ Ho)}

< @+ A p 20ty {XZX,’;T(I,, _ Ha)x,’;sz}

< Q@+ |ADn " p 20ty {(X;XZT)2}

=+ l1apn ot {pt xR
Using similar techniques to those used above, we can verify that n~'p—2
tr {(XZXZT)2} —, 1. As a result, np~20"*var,(T}) < 2(1 + A) in probability.
This completes the entire proof of Theorem 1. O

Appendix D: Proof of Theorem 2

To prove this theorem, we introduce the statistic, Th=n'T —( p—qn'ETE,
where 71 = &€ TXZXZTE . We then consider two steps, namely computing the variance
of T and showing that the difference between T> and T is negligible.

Step (1): By condition (C1), we have Var(Xjf) = cr;‘]. = 1. Under the null hypothesis

of (3), one can easily_verify that £ (7~“2) = 0. With algebraic_simpliﬁcation, we obtain
thatn?var(Ts) = E(TH +(p—@)*E{ETEY —2(p — @) E{T1 € T €}. We next evaluate
the three terms on the right-hand side of this equation. Since E (8?) =3+ A)c?,

2

E(T) =E (5szsz5)2 =Eg 1> O Xjen's
jes i

2
— * * . .
= E (>0 X5 X7 e
jeSiiz
* * * *
> X E{8“8’28’38’4)(“]1Xi2jlxi3j2Xi4j2}

J1,2€S i1,i2,03,i4

n
4 2 2 2.2 2 2
PR B IS I LEAITR N

j1.2€8 i=1 J1.j2€S i1#in
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+2 X 3 E{eRel X Xi X X

J1,J2€8 i1#i2
4 2 2
—B+A)'n > E{Xl*lel*jz}
j1.72€S8
+o'nn — 1)(p — ¢)* + 20 n(n — Dir (). (19)

By the definition of A, one can demonstrate that o *EETE? =nn+2)+ An
and then show that

o~E {TleTg} = o4E {ETX,’;szgeTg} — o4 (p— EIETEP
=(p—q){n(n+2)+nA}.

The above results, together with condition (C2.a) and equation (6), imply that

o har@)=nG+8) > [EX2XD -1} +2n0-Dir (53,

J1,2€S
= O(np)+2n(n—Dtr(p,)=2ntr(Z),)(14+0(1)),  (20)

which completes the proof of Step (1). O
Step (2): After simple calculation, we have that Var(Tz) > 264(p — q)r

min

{1+o0(1)}, which is of order O(p) by condition (Ql) and the assumption of ¢/p — 0.
As a result, it suffices to show that p‘l/ 2T, =T = o p(1) to complete the proof.
Note that

p A= Ty =p P Ty —n T T~ (p-9)E T Ho |
p 252 (p— (M —n (- €T 08},
D

where M = (p — q)’lXZXZT € R™". We next demonstrate that the two terms on
the right-hand side of the above equation are of order 0, (1). By £ = (I, — Hy))E, we

have
n {Tl —n 'y + 07! (p— q)ETHac‘,’}
=TI, — HOXSXE (I, — H)E — ETXEXETE+ (p — ) THLE
=ETH,HH,E — 2 TH/HE. (22)
The first term in (22) satisfies &' H,HH,E < Amax(FM)E " HyE. In addition, (18)
indicates that Amax(H) = O, (p'/?n*/*). By tr(H®?) < tr(H?) = q, we have

that o ~*var{n=V4ETH,E}) = n=V2{2q + Atr(H®?)} < n=12q{2 + A} = o(1).
This, in conjunction with the fact that o 2E{nVAETH,EY = n_1/4q = o(1), yields
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ETHE = 0p (n'/*). Hence, ET H,HH,E = op(npl/z). Analogously, we can demon-
strate that the second term in (22), £ THa’}:[E ,1s also of order 0, (npl/ 2). Accordingly,
the first term on the right-hand side of (21) is of order 0, (1). Finally, applying similar
techniques to those used in the above proofs, we are able to show that the second
term on the right-hand side of (21) is also of order 0, (1), which completes the entire
proof. O

Appendix E: Proof of Theorem 3

According to the proof of Theorem 2, we only need to demonstrate that 7> /var'/?

(T») =4 N(0, 1). To this end, denote

CRVEID YD WHETRIREED 3) 3 LIS

I<ii#ir<n jeS i=1jeS
Then, it suffices to show that
My /var'/?(Ty) = 0,(1) and Ty /var'/>(Ty) —4 N (O, 1), (23)

and the detailed proofs are given in the following two steps, respectively:

Step (1): After algebraic simplification with condition (C2.a), we obtain

n2a_4var(l'12)

—4 2.2 2 2
=0 Z Z E{8i18i2(X;kljl _])(Xi*zjz_l)}

1<iy,iz=n ji, peS

=> X Ela -n(x2,-1))

i1#i2 j1,2€S
n
2 2
+6+0> > E {(X;;1 ~ DX - 1)}
i=1ji,jpesS
n
2 2
=e+aX 3 {Eaixd -1
i=1j1,jpeS
SN {E(XZ‘]%X;"]%) _ 1} = O(np),
J1.2€S

where the last equality is due to (6). Therefore, var(Ilz) = o(p). Recalling that
E(T1,) = 0 and var(7>) = 204t"(2}%|a){1 4+ o(1)} > a4pt§ﬁn, this completes the
proof of the first term of (23).

Step (2): Applying similar techniques used in the proof of Theorem 2, we have that
var(ITy) = 204tr(2§‘a){1 4+ o(1)}. Then, var(IT;) " 'var(7») tends to 1 as n goes to
infinity. Hence, we only need to show that
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I, /var'/2(I1}) =4 N(0, 1). (24)

To this end, define F, = o{s;,, Xl*zj 1<j<p,1=<iyiy<r,i1 #iz}, the o-field
generated by {e;,, X;kzj}, where 1 < j < p,1 <iy,ip <rforr=1,2,---,n and
i1 # ip. In addition, define

| 2 . * *
Tn,r =n Z 811812Xl1JXl2J

I1<ii#ir<r jeS

Obviously, T, , € F;. Then, set A, , = T, — T,,.,—1 with Ag = 0. One can easily
verify that E(A, |F;) = 0 and E(T,|F,;) = T, for any g < r. This implies that,
for an arbitrary fixed n, {A, ,,0 < r < n} is a martingale difference sequence with
respect to {F,,0 < r < n} with Fo = . Accordingly, by the Martingale Central
Limit Theorem (Hall and Heyde 1980), for the proof of (24), it suffices to show that

2 Uf,zr 2 E(Ai r)

1 and 0 25
var(my) 7" va2(;) 7 @5)

where o, E(An AFr—1).

We begm by showing the first term of (25). After algebraic simplification, we have
that A, , =207 30 3 s X}, X7;eier and

n

* -2
Zafh 24 E ZZ z Xlljl 22 rjlxrjz‘g’lE’ZSr'f’ 1
r=1

i\<ria<r ji,jr€S

n
— An—252 . * *
=dnto? > > DL D snenXi Xhpol ),

r=lij<riy<r ji, €S

n
_ -2 2 . * *
=dn "o z Z Z 8”8’2th/1 th/z Jij2

r=1i1#ia<r ji, €S

DD IS ULIHRICH

r=1li<r ji,j,eS

Using tr{Ebla} = O(p), we then obtain

n
Z Z Z 8’18’2 1111 lz]z 1112

r=1i1#ir<r j1,p€S

_ P % * * £
=4E Z Z Z Z &ir€in€i€iy Xi 1y X0y X0 5 X034 O 11 12O s

1,12 iy <ip<ry i3<ig<ra {j1,j2,]3,J4}€S

@ Springer



Testing covariates in high-dimensional regression 299

_ 4 % % * *
=40'> > D TR s

ri,r2 iy <ip<min(ry,r2) {j1,j2. 3, ja}€S

=40* D" D (Z,) =00'p) =o@n*p?). (26)

r1,r2 iy <ip<min(ry,r)

Furthermore, by condition (C2.b) and Cauchy’s inequality, we have

2

TENYY S X Kol

r=1li<r ji,jpeS

-4 2 2 yx * * * k¥
=0 'E Z Z Z Z 8!1SlzleXluzXlanle 71729 3 ja

rur2iy<ryin<ry {ji,j2,j3.j4€S)

_ *2 *2
= Z Z Z 951129 j3ja

rLT2 iy <ry,ia<ra,i1 £ {1, 2, 3, j4€S}

+G+a Y > > EXG XXXl po T,

r1,r2 i <min(ry,r2) {j1,j2,j3,j4€S}

<> > tr3(h),)

T2 iy <ry,ip<ra,i| #ip

2ernY Y Y (e xgxna)

rLr2 i<min(ry,r2) ji,j2, j3. j4€S

ILECRESDINED RN PR L

rLr2 i<min(ry,r2) ji,j2, j3, ja€S

=> > )+ 0w,

r,r i <ry,iz<rp

where the last equality is due to the fact that

> > {E(X;‘lef}zX;"BXI*M)}z:0(n3p2) 27)

r1,r2i<min(ry,r2) ji,j2, 3, j4€S

obtained via condition (C2.b) and

Z Z Z 61*1212 1*32]4 Z Z tr2(2}3\a) = 0(”3P2)~

r,r2 i<min(ry,r2) ji,j2,J3, ja€S r1,r2 i<min(ry,rp)

(28)
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This further implies that

n
2 vk % %
var [ DO > X X0,

r=1i<r ji,jpeS

2 2

n n
— 2 vk * % _ 2 vk * *
=EN1D.D D aX5 X500 E(D2D. 2. X5 X0

r=1i<r ji,jeS r=1i<r ji,jheS

4 2,52 32 4 2,52

=o' 2 mEFow )=t Y 3 (T

L, i <ry,ia<r L, i <ry,ia<rp

3.2 4 2
= 0@’ p°) =o(n"p7). (29)

Moreover, it can easily be shown that E(3")_, a;f’zr) = var(I1y). This, together with
the fact that var(IT;) = 2(1 — n*l)a“tr(zgla){l +o(1)} > o*pr2. | as well as (26)
and (29), yields var(Z;’=1 G,T)z,) = o{varz(l"ll)}. This completes the proof of the first
part of (25).

We next consider the second term of (25). Since A,, = 2n'>,_,
Zjes X;"j X;“jsier, we have the following:

n
27t > EAy)

r=1

n
_ * * * * * * * R
= Eg |Z >, D XhXE L X XE X X,.jZer3X,j48r8,]8,28,3Sl4gl

r=1i1,i2,i3,i4<r j1,j2,j3,j4a€S

r=li<r ji,j2,j3,J4€S

n
_ * * * * * * * * 4 4
=Eg ‘ZZ > X5 XX XEX, Xr,szrjaxrj48r8i8]

n

* * * * * * * * 4.2 .2

FOEG 1D DL DL X XE g Xh X X0 X, X X e el el e 1
r=liy#ir<r ji,j2,j3.j4a€S

(30)

It is noteworthy that E (8i4) = (3+ A)o*. Then, by condition (C2.b), the first term on
the right-hand side of (30) is smaller than the following quantity:

n
2
B+aret Y > B xnxnxn) = owth. 6n
r=li<r ji,j2.j3.j4€S

By Cauchy’s inequality, we know that 281-21 81-22 < 8?] + 5;‘2; this enables us to show that
the second term on the right-hand side of (30) is less than the quantity given below.

n
28 * o XXX = 00 p?
6B3+AP D> D D a0 E X5 XXX | = 0w,
r=1lij#ia<r ji,j2.j3,j4€S
(32)
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where the last equality above is due to (27) and (28). Equations (30), (31), and (32)

leadto))_| E (A;",) = O(n~'p?). This, in conjunction with the fact that var(I1;) >
4 2

opt

=.n» Shows the second part of (25); the entire proof is complete. O
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