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Abstract This paper presents a truncated estimation method of ratio type functionals
by dependent sample of finite size. This method makes it possible to obtain estima-
tors with guaranteed accuracy in the sense of the L,,-norm, m > 2. As an illustra-
tion, the parametric and non-parametric estimation problems on a time interval of a
fixed length are considered. In particular, parameters of linear (autoregressive) and
non-linear discrete-time processes are estimated. Moreover, the parameter estimation
problem of non-Gaussian Ornstein-Uhlenbeck process by discrete-time observations
and the estimation problem of a multivariate logarithmic derivative of a noise density
of an autoregressive process with guaranteed accuracy are solved. In addition to non-
asymptotic properties, the limit behavior of presented estimators is investigated. It is
shown that all the truncated estimators have asymptotic properties of basic estima-
tors. In particular, the asymptotic efficiency in the mean square sense of the truncated
estimator of the dynamic parameter of a stable autoregressive process is established.

Keywords Ratio estimation - Truncated estimation method - Fixed sample size -
Multivariate autoregression - AR-ARCH model - Non-Gaussian Ornstein-Uhlenbeck
process - Non-parametric multivariate logarithmic density derivative estimation

1 Introduction

Modern evolution of mathematical statistics is directed toward development of data
processing methods by dependent sample of finite size. One of such possibilities
gives a well-known sequential estimation method, which was successfully applied to
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142 V. A. Vasiliev

parametric and non-parametric problems. This approach for various statistical prob-
lems for a scheme of independent observations has been primarily proposed by Wald
(1947). Then this idea has been applied to parameter estimation problem of continuous-
and discrete-time dynamic systems in many papers and books (see Dobrovidov et al.
2012; Galtchouk and Konev 2001; Konev 1985; Konev and Pergamenshchikov 1985,
1992; Kiichler and Vasiliev 2010; Liptser and Shiryaev 1977; Novikov 1971 among
others). Sequential approach has been also applied to non-parametric estimation prob-
lems, for example, for estimation of regression, autoregression and density function
as well (see, e.g., Arkoun 2011; Arkoun and Pergamenchtchikov 2008; Dobrovidov
et al. 2012; Efroimovich 2007).

To obtain sequential estimators with an arbitrary accuracy one needs to have a
sample of unbounded size. However, in practice the observation time of a system is
usually not only finite but fixed. One of the possibilities for finding estimators with the
guaranteed quality of inference using a sample of fixed size is provided by the approach
of truncated sequential estimation. The truncated sequential estimation method was
developed in Fourdrinier et al. (2009), Konev and Pergamenshchikov (1990a,b) and
others for parameter estimation problems in discrete-time dynamic models. Using a
sequential approach, estimators of dynamic system parameters with known variance
by sample of fixed size were constructed in these papers.

Non-parametric truncated sequential estimators of a regression function by depen-
dent observations were presented by Politis and Vasiliev (2012a,b) on the basis of
Nadaraya—Watson estimators calculated at a special stopping time. These estimators
have known mean square errors as well. The duration of observations is also random
but bounded from above by a non-random fixed number.

Results in non-asymptotic parametric and non-parametric problems can be found
in Mikulski and Monsour (1991), Roll et al. (2002, 2005), Shiryaev and Spokoiny
(2000) among others.

The main purpose of this paper was to obtain a truncated modification of ratio
type estimator from a wide class, having guaranteed accuracy by dependent sample
of fixed size. When estimating the ratio type functionals one uses as a rule the sub-
stitution statistics, see Borovkov (1997), that is ratio of some estimators. Studying
the properties of such estimators, we face certain difficulties that are associated with
finding the dominant sequences, see Cramér (1999). In some cases, for instance, in
reconstruction of the multivariate logarithmic derivative of a distribution density one
can use estimators for which an exact asymptotic expression of the mean square error
(MSE) is available (see Dobrovidov et al. 2012; Novak 1996).

The theory of smoothing can also be used for this problem. It makes it possible to
find the principal term of the MSE of the ratio estimators with an improved rate of
convergence, similar to the case of independent observations. Moreover, the rate of
convergence of the estimators of their ratio in metric L,,, m > 2, can be obtained
(see, e.g., Dobrovidov et al. 2012; Penskaya 1990).

In this paper the truncated estimation method of ratio type functionals by depen-
dent sample of fixed size is presented. This method allows to obtain estimators with
guaranteed accuracy in the sense of the L,,-norm, m > 2. Examples of parametric
and non-parametric estimation problems on a time interval of a fixed length are con-
sidered. It is shown that truncated estimators may keep asymptotic properties of basic
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estimators. In particular, the asymptotic efficiency in the mean square sense is derived
for the truncated estimator of the parameter of a stable autoregression. Early similar
results for scalar ratio type estimators were published in Vasiliev (2012).

2 Statement of the problem and main result

Let (£2, F, P) be a probability space with a filtration {F,},>0 and let (f,),>1 and
(8n)n>1 be {F,}—adapted sequences of random s x ¢ matrices and numbers, respec-
tively.

Let

Yy = fn/gn, N =1 (D

be an estimator of a matrix ¥ . For instance, the matrix ¥ can be a ratio

v =flg

and fy and gy are estimators of matrix f and number g # 0, respectively.
Consider the following modification of the estimator ¥y :

Un(H) =Wy - x(gnl = H), N>1, 2)

where H is a positive number or sequence H = (Hy)y>1, defined below and the
notation x (A) means the indicator function of set A.

Our main aim was to formulate general conditions on the sequences (fn), (gn)
and on the parameter H giving a possibility to estimate ¥ with a guaranteed accuracy
in the sense of the L,,-norm, m > 2.

Define for some ¢y (m), wy (1), H and g, the function

[|w )2

Vn(m, u, H) = on(m) +

1
Tom (gl = H2% wy (1),

as well as for positive integer p < m, 8 € (0, 1) and positive numbers Hy, the
function

Vn(p) = 2P~ 1 _2P¢N(P)+22p 1 —2pH p P/m(m)wp/m('u)
— -2 —
47 g 2 H QR w11 - [ (Bleh ™ wn 0+

where yy = x(Hy > (1 — B)|g|)(= 0 for N large enough).

Theorem 1 Assume for some integers m > 1 and u > 1 there exist sequences of
positive numbers (on(m))n>=1 and (wy())n=1, decreasing to zero, as well as a
number g # 0 such that for every N > 1 the following assumptions hold:

(A1) Ellfx —¥gnIP" < on(m);
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(A2) E(gy — @)™ < wy ().
Then, the estimator ¥y (H) defined in (2) has the following properties:
(1) in the case of known number g for every H € (0, |g])

E||¥n(H) — ¥|*" < Vy(m, pu, H); A3)

(ii) in the case of unknown g for every (possibly slowly decreasing to zero) sequence
H = (Hpy) of positive numbers and every positive integer p, satisfying

mp
<wu, m>1 and pu>1,
m—p
it holds
E||@y(Hy) = ¥|I*P < VN (p). “)
Proof Proof of Theorem 1 is presented in Sect. 5. O

Corollary 1 AssumethatW = f/gforsome matrix f, where g is defined in Theorem 1
and, instead of the assumption (Al ), for some v > 1 there exists sequence (VN (V))N>1
of non-negative numbers, decreasing to zero, such that

Ellfy — fIP’ <wn(v), N=>1.

Then the assumption (Al) of Theorem 1 is fulfilled, where the function ¢y (m) should
be replaced by the following one:

22m—1 )
on(m) = = [ e+ AP 0] m = minge, ).

Corollary 2 If it is known that the matrix ¥ belongs to a bounded set Q, then the
estimator (2) can be taken in the form

TN (H) =Wy - x(gn| = H) +¥x(gn| < H), N=>1,

where ¥ = argminge o sup [|S — W||. In this case the number ||¥|| in the definition
veQ

of Vn(m, u, H) and Vi (p) should be replaced by the number | — ]l

If. in particular, ¥ is a scalar number and ¥ € Q := [A, B], then ¥ = (A+ B)/2
and the number || || in Vy (m, u, H) and Vi (p) should be replaced by the number
v*=(B—A)/2.

Remark 1 1f the number g in Theorem 1 is unknown but a positive lower bound g
for |g| is known, then the parameter H in the definition of the truncated estimator (2)
should be taken from the interval (0, g,) and the number |g| in the definition of the
function Viy(m, i, H) should be replaced by g..
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Remark 2 The functions Vi (m, u, H) and Vy(p) may depend of unknown para-
meters. At the same time the knowledge of the rate of L,,-convergence of proposed
estimators can be useful in various adaptive procedures (control, prediction, filtration
etc.; see Sect. 3.5 below as well) and for the construction of pilot estimators (see, e.g.,
Dobrovidov et al. 2012; Vasiliev 1997; Vasiliev and Koshkin 1998).

Remark 3 The properties of estimators of the often encountered form G;l Dy (Gy
and @y are random matrices) can be investigated using the presented method (see,
e.g., Example 3.4 below).

Remark 4 Theorem 1 and all the corollaries and remarks can be similarly reformulated
for the case of observations with continuous time.

3 Examples

We consider in this section applications of the presented method to parameter esti-
mation problems (first four examples) and to a non-parametric one (fifth example).
Moreover, the model AR(1) in the last two examples is multivariate.

3.1 Estimation of parameters of a stable first order scalar autoregression
Consider the process satisfying the following equation:
Xp = Axp—1+&, n>1, ®)

where noises &,, n > 1 arei.i.d. zero mean random variables with finite (for some even
number y > 2) moments o2 = Eénzy, as well as Exéy < oo and |A| < 1. It should
be noted that under these conditions the process (5) is stable (see, e.g., Anderson 1971)
and there exist functions sz Y ©), 6 = (r, o2, 02”), such that

sup Egx,” < 07" (6) < oo, (6)
n

where Eg denotes the expectation under the distribution Py with the given parameter
0.

Consider the estimation problem of A and o> with a guaranteed accuracy. Note
that similar results in the L{-metrics can be found in Mikulski and Monsour (1991),
Shiryaev and Spokoiny (2000).

(a) Non-asymptotic estimation of A

We define the estimator of the type (2) on the basis of the least squares estimator
(LSE) of the form (1)

1 N
A~ ~ _1XnXn—
)»NINZ"_I n-tn 1’ N > 1. (7)

1 N 2
N Zn:l X1
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According to general notation, in this case we set
N

N
2
U= WYy=»An, fNZ_anxn—la gNzﬁzxn—l'

n=1 n=1
Define ¥y = Ay (we omit H for simplicity), where
v =hy-x(gn = H). ®)

Theorem 2 Assume model (5). Thenbym = pu =y /2

() forthe case ofknowno?,0 < H < o and for some numbers Ci(m, 0), Ca(m, 0)
we have

B 2m Cy(m,0) Ca(m,0
o (o — 2" < G100 €

o e Nzl ©)

(ii) for the case of unknown o2, in the definition of the estimator (8) we put, for
example, H = (log N)~'. Suppose the condition (6) for every y > 1 holds (for
simplicity). Then for some numbers Ci(m,0), ..., Cs(m,0) and every m > 1 we
have

EgGy — W)™ < Vy(m,0), N > 1,

where

VN(m, 9) = — + Cz(m, 9) W

Nm
log N\*"  Ca(m, )
N * N2m

Ci(m,0) (logN)m

+C3(m, 0) ( + ¥N,

with the numbers yy = 0 for N large enough, by the definition.
Proof Proof of Theorem 2 is presented in Sect. 5.

Corollary 3 In the case m = 1, the numbers C~’1(1, 0) and 6’2(1, 0) in the upper
bound in (9) have the form

= 1 2 2,22 o’ 4
C](l,@) = (1_)L2)2(62 — H)2 1210 A Ex0+m +3E%‘1
2\2
PG
(1—22)H?

1

Cr(1,0) = 24 A4Ex4+ﬂ +Exg
2T 1=a)2(02 — H)? 0T (1-22)2 0]
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A truncated estimation method 147

Remark 5 From the proof of Theorem 2 (see, in particular, 39) it follows that
P@(iNZ):N)Zl, 0e®

for N large enough.

Remark 6 By making use of the following representation for the deviation of Ay
AN —A=hy—X—inx(gn < H)

and asymptotic properties of the estimator Ax, see Mikulski and Monsour (1991),
Shiryaev and Spokoiny (2000), it is easy to establish the uniform asymptotic normality
of the estimator Ay with the smallest asymptotic variance:

lim sup |Ps (\/N(XN—X)§x)—q§(x/\/1—kz)‘=0,

N—>ool9€(_~)

where @ (+) is a standard Gaussian distribution function and 6= (=0, x): A <
1—r, xeRY, re(,1).

(b) Efficiency of Ay

Analogously to Theorem 2, by y = 4, m = u = 2 according to the assertion (ii)
of Theorem 1 we can get the following inequality for the estimator (8):

- 2 1-22 log N logN\?> C3
EQ(AN—A) < ——+Ci4n Cz( S ) +oa T N> 1 (10)

where C1, C; and C3 are some numbers. According to (10) for every |A| < 1 we have

- - 2
Tim NEj (AN —)\) <1-22. (11)

N—o00

From (11) it follows that the truncated estimator ()2 N)N=1 is optimal (see, e.g.,
Ibragimov and Khasminskii 1981; Shiryaev and Spokoiny 2000) in the asymptotic
minimax sense

lim Ryy(iy) = lim inf RoyGoy) = lim R (I\N)=1, (12)
—00

N—oo N—o0 AN

where

R.nGyv) =sup sup I(A, INEx(Ay — A%, r e (0,1)
P or=l=r

and the infimum is taken over the class of all (non-randomized) estimators Ay of the
parameter 1. Here P is the class of all densities f(-) of the noises (£,) having finite
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second moments and the Fisher information I (A, f) = gI(f)(= (1 — A%)~! for the
case of Gaussian densities f(-)),

(@Y
I(f)_/(f(x)) f(x)dx.

(¢) Guaranteed estimation of A

For the parameter estimation with a guaranteed accuracy we assume that, e.g., 6 €
®, where ® = {0 = (A,az,azy) A <r<1,0< g2 <02 <32 o% < E2V}.
In this case, for 0 < H < o2 we can find the numbers

Ci(m)=sup Ci(m, 0) < oo, Cr(m)=sup C2(m,0) < 0o,
0e® 0O

and then, according to (9), we have

, N> 1. (13)

sup Ep
0e®

- 2m Cy(m)  Ca(m)
(XN_A) = Tym N2m

In particular, for m = 1, according to Corollary 3 it holds

¢ 1 122252 (2 Ex2 + o’ 135+ @2)?
= r r - B
! A—r2@2—m2| " ° NTT5) T | T A=

- 1 4(5%)2
0= T —ny [24 (F4Exé i m) i Exé] ‘

(d) Non-asymptotic estimation of o>

For the estimation problem of the noise variance o2 in the model (5).
We consider the LSE-type estimator &1%, defined as

N

R 1

§= 2 —Myxa)’, N =1, (14)
n=1

where

’\7\/ = proj[fl,l]iN
and we use the estimator Ay of A, defined in (8) with non-asymptotic properties
(13) for m = 1 and m = 2. It should be noted that this estimator is asymptotically
equivalent to the corresponding LSE.

Define the function

Vy=supVy@) <oo, N=>1,
6e®
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where
i 12 1 . 12
Vi) =3 [2 (C1 @, e)of(e)) Lot = (0’2)2i| N +6 |:(C2(2, e)af(e))
i 127 1 i 12 1
+2 (c] 2. 9)040;‘(9)) } a1 (cz(z, 0)040;‘(9)) ot
Corollary 4 Assume the model (5) with y = 4. Then
sup E, (Az — o2 ? <V
pEg\oy — O <Vn, N=>1. (15)

fe®

Proof Proof of Corollary 4 is presented in Sect. 5.

3.2 AR-ARCH(1,1)

Consider the process satisfying the following equation:

Xn = Mn_1 +4/0f +ofx2_ | &, n=>1, (16)

where noises &,, n > 1 are i.i.d. zero mean random variables with the variance equal
to one and finite fourth moments % = E éf, as well as Exg < 00.
We consider the estimation problem of A, ag and 012 with a guaranteed accuracy.

(a) Non-asymptotic estimation of A
Define the LSE Ay of A of the following form:
% Z,]qv:l XnXn—1
LN 2
N 2n=1%_1

which is strongly consistent (see, e.g., Malyarenko 2010) under the following stability
condition:

XN= N >1,

’

2
Wt 62202 + (012) ot < 1. (17)

According to general notation, in this case we set

N N
A 1 1
Y =2x Wy=1in, fN:ﬁzxnxn—l’ gNZNZX,%_l-
n=1 n=1
Define ¥y = Ay (we omit H for simplicity), where
v =hn-x(gn = H). (18)
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We assume that 0 = (A, ag, 012) € ®©, where
2 2 4 2 2 2\? 4 2_ 2_=2 2 2_=2
e = 9:()\.,0'0,0'1) D ATH6M ol—l—(al) 0" <r,0p<0y <0, 0]=<0]{=<0]
for some numbers r € (0, 1), g(z), E%, g%, and E%.

Define

1
— =2 2, =2 _4
oN = (O'Oa'x +O’10'x) N,

2 2
Ty = |12 (302 +700) + ot - ((ag) + 235702 + (3) a;*)]
1
e

1
N

+{Ex +30}4)
where crg‘ is an upper bound for E (512 — 2.

Theorem 3 Assume the model (16) and in the definition (18) the number 0 < H <
o3/(1 = a?). Then

3 I (1-0)®
sup Ey (XN—)L) S 598+ SWN, N > 1. (19)
66 (0§ — (1 - o) H)
Proof Proof of Theorem 3 is presented in Sect. 5. O

Remark 7 1t should be noted that in the absence of a priori information on parameters
of the system the inequalities of the type (10) can be obtained as well.

(b) Non-asymptotic estimation of 002 and (712

We will construct estimators with guaranteed accuracy on the basis of correlation
estimators:

(1b) og with known 012 :

52 — Zrlzv=l (xr% _"02) S

which are strongly consistent under the condition (17), see, e.g., Malyarenko
(2010).
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Define estimators for considered cases

(1b)
N
w 25— (0307 + o)
(2b)
1I~N (2 2
ooy =& ?nZIN(xn 5 UO)X(gN > H) - ()»*N)z,
N Zn=1%4—1

where
AN = Proji_j 1jAN»

Ay and gy are defined in (18).

Similar to Sects. 3.1 and 3.2a, the upper bounds for the MSE’s of these estimators
with known constants Cp and C; can be found:

. ~2 2 2 Co
(i sup Eo (53y —of) = =, (20)
0e6y N

where @y = {6 = (A, ag) A+ 6)\2012 + (012)204 <r, g% < 002 < E%} and

.. ~2 2 2 Ci
(i) sup Ep (O’]N — ‘71) < —, 21
0e0), N

where ®1 = {6 = (A, 012) A 46020 +(02)204 <r, a% < 012 < _%}, re(0,1).

3.3 Non-Gaussian Ornstein-Uhlenbeck process by discrete—time observations

The results presented below make it possible to do the statistical inferences for

continuous-time stochastic systems by fixed sample size of observations. Moreover,

one of the main assumption is a discrete scheme of observations. It corresponds to

numerous real situations, in particular, in problems of financial mathematics.
Consider the following regression model:

dx(t) = ax(t)dr +dé(),0<t <T (22)
with an initial condition x(0) = x¢, having all the moments. Here £(¢) = p1 W (t) +
p2Z(t), p1 # 0 and pr are some constants, (W(¢),t > 0) is a standard Wiener

process, given on a probability space (£2, F, {F:};>0, P), adapted to a filtration
{Fili=0, Z(t) = Z,ivél Yy is a compound Poisson process, where Y;, k > 1 are
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i.i.d. random variables having all the moments and (N;) is a Poisson process with the
intensity A > 0. It should be noted that for pp = 0 the process (22) is a standard
Ornstein-Uhlenbeck process.

We suppose that a € [-A, —§], where § and A > § are known positive numbers.
The problem is to estimate the parameter a by observations of the discrete-time process

y = (),
k
i =x(ty), tr=-T, k=0,...,n.
n

Using the following representation for the solution of the Eq. (22)
t
x(1) = e x +/ e?Ide(z), 0<r<T,
0

we get the recurrent equation for the observations (yx) :

Yk =byr—1+nm, k=0,...,n, (23)

aT/n Ik

where b = ¢ =S, e“(’k_s)dé(s) are 1.1.d. random variables with

1
Eu =0, o?:= Dy = 3

S (pf +203) 02 - 11

Moreover, for this model all the moments 02" = E, n,%’" are finite and there exist
their upper bounds 7" = SUp,<_s o m > 1.
Define the estimator d, of a using an estimator b,, of b as follows:

an=%1og15n, n>1, (24)
where
by =by - x(gn = H)+ Lx(ga < H)

is constructed using Corollary 2. Here by = Jfn/8n is the LSE of b, obtained from the
Eq. (23) with

1 < < ,
fn= D et g = - > v
k=1 k=1

L=1[e%T/"4 e*AT/”]/Z and the number g is defined as

=10
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Then the estimator 15,, has all the properties of the estimator x ~, defined in (8).
In particular, according to Theorem 1, which holds for this model for all m > 1 and
w > 1, the following inequalities

- 2 C* C*
sup Ea(bn—b)mS#—i- Z(M), n>1 (25)

a<-48 n nt

for an arbitrary 0 < H < 0_2 hold, where

1
2 2 2 —26
o = 5 (e +2e3) [1 =77

and numbers C{ (m), C5 (1) are known.
From (24) and (25) it is easy to verify the following property of estimators a,, for
everym > land u > m :

~ 2m
b, —b
sup  Eq(@n —a)®™ = T~ H?"  sup E, |:10g(1 + nb ):|

ae[—A,—8] ae[—A,—8]
Ciom | G5
n' n

< (nT—leAT/n)Zm [ ]’ n>1.(26)

3.4 Vector AR(1)

We show in this section a possibility to apply the presented general truncated method
for guaranteed estimation of matrix parameters in multivariate systems.
Consider the s-dimensional process (s > 1) satisfying the following equation:

x(n)=Ax(n—1)+&mn), n=>1, 27

where noises £(n), n > 1 are i.i.d. zero mean random vectors with finite moments of
the order 8(s — 1), as well as E||x(0)||3¢~" < oo and the stability condition for the
process (27) is satisfied, i.e. all the eigenvalues of the matrix A lie within the unit circle
(see, e.g., Anderson 1971). Define the number o = E||£(1)||*. We suppose that the
matrix parameter A to be estimated belongs to a compact set A from the stable region.

It should be noted that under these conditions there exist finite numbers 03”’, such
that

sup Eallx(m)|[*" < o™, 1<m <4(s—1). (28)
AeA,n

Consider the estimation problem of A with a guaranteed accuracy.
We define the estimator of the type (2) on the basis of the LSE of the form (1)

Ay =0NGy, N>1,
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where
1 N
Gy =5Gn. Gy =2 xn=D'(n=1),
n=1
1 N
Py = Pn, Py = l;x(n)x’(n -1, N>

Define the matrix

According to the general notation, in this case we set
~ J— _+ j—
U=A, Yyv=An, [N=PNGCGy, 8N =An.
Using formula (27) it is easy to verify that with P4-probability one it holds

lim Gy=F and lim Ay =A >0,

N—o0 N—oo
where F is a positive definite s x s-matrix (see, e.g., Anderson 1971), such that
Ay = inf A > 0.
AeA
Then
f=AA, g=A
and Wy = Ay (we omit H for simplicity), where
AN=AN'X(ZNZH), (29)

and H € (0, A,).
In Sect. 5, it is shown that there exists a given number C such that forevery N > 1,

~ CA
sup EA||AN—A||257. (30)
AeA

3.5 Logarithmic density derivative

Consider the problem of estimating the multivariate logarithmic derivative (¢ = 1 in
the general problem statement),

() =Vf@)/f@)

(Vf(t)isas x l-vector of the first-order partial derivatives of f(¢)) of a distribution
density f(¢) of the i.i.d. vector noises &(n) = (&1(n), ..., & (n)) in the model (27)
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considered in Sect. 3.4. Noises £(n), n > 1 are zero mean random vectors with finite
moments of the order 4o, where « = max{4(s — 1), v + 1 + §} for some § > 0, as
well as E||x(0)]]** < oo (the number v will be defined below in Assumption (f)) and
the stability condition is satisfied. It is supposed that the matrix parameter A to be
estimated belongs to a compact set A from the stable region.

ASSUMPTION (f) We suppose that the function f(-) satisfies the following con-
dition:

sup f(z) <Cy,
Z€RS

and, for some even v > 2, as well as £ > 0 and y € (0, 1], for all the partial

derivatives of the order 1 + v the Lipshitz condition

FI @) = FI G| < Lllx =yl

holds.

The knowledge of ¥ (¢) is important in various statistical problems, e.g. for con-
structing the algorithm of optimal control of an autoregressive process, estimating
of a regression curve, and testing close hypotheses. These problems are of particular
interest in the case of dependent observations, for example, where the logarithmic
derivative of a density is used for designing the optimal algorithms of nonlinear filter-
ing and adaptive control of random processes (see, e.g., Dobrovidov et al. 2012 and
references therein).

We will construct estimators of f(z) and V f (¢) using the following estimators §(n)
of noises &(n) in (27):

E(m)=x(n)—A;_jx(n—1), n=1,...,N, 31
where AZ_I = projAAn_l, An is the estimator defined in (29).
As a non-parametric estimator of a density f (1) = f©(¢) satisfying Assumption

(f) and its partial derivative f Diry=29 f(1)/0t;, we use the combined statistic of the
form

— N »
Iilr)(t) = Nthr Z K® (ﬂ)’ r=0,1, (32)

rnN =1 hr.v

where KOw) = K@) = [Ti—; K(ux) is a s-dimensional multiplicative kernel
which, generally speaking, does not necessarily possess the characterizing properties
of density (nonnegativity and normalization to 1), K D)y = 0K (u)/du j» sequences
of numbers A,y | 0, N — oo.

Then, as an estimator of the ratio ¥ (¢) from the observations (x(n)),>1, one can
use the ratio

Uy =V In®/ v

of statistics defined in (32).
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Estimators of type (32) of the density and its derivatives from observations (31)
were considered in Dobrovidov et al. (2012), Chapter 4, where it was established,
in particular, their asymptotic normality and convergence with probability one. The
results on asymptotic ratio estimation of the partial derivatives of the noise distribu-
tion density in multivariate dynamic systems are given in Dobrovidov et al. (2012),
Sect. 5.1.

To obtain estimators of ¥ () with a known MSE we apply Theorem 1.

First we suppose in addition to Assumption (f) that there exists a known number
¢y such that

0<cr=f).
Define the estimator
Iy = vy (v = 1), N=1

with a given number H € (0, cy).
By the definition (31), the estimators §(n) can be represented in the form

Em)y=em)+(A—-Ai_))x(n—1), n=1,...,N.
Note that the matrices A — A, are uniformly bounded

sup [[A—AF_|||<C, n>1 (33)
AeA,n

and, similar to Sect. 3.4, the following properties of the estimator A” _, can be obtained:

Ca

sup EallA — Aj_ I < sup EllA = Ayl < =5 (34)

AeA AeA

Using (33), (34) and the Cauchy-Schwarz inequality, we can find the known num-
bers C; and C,,, such that

N
sup > Ell (A~ A% ) x(n — DI*" < (35)

[CllogN, m=1,
AeA

Chn, l<m<v+1.
n=1

Similar relations were obtained in Dobrovidov et al. (2012) (see Lemmas 5.1.3 and
5.1.5) for another type of estimators.

Then, using technique of Theorems 4.3.1 and 5.1.3 from Dobrovidov et al. (2012)
and (35), by appropriate chosen kernels K (-) in (32), we can find known numbers C; i
and C; 2, i =0, 1, such that
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N 2 C
sup Ex (fv() = f(0)" = 5 + Cong i, (36)
AeA NhO,N
— C11 2
sup Eal|Vin(0) = VO < —5 + Crahy'y . (37)
AeA hi'y

Thus, to minimize the obtained upper bounds, it is natural to put

1
hon = (SC#) Ayt N_Z(U-HL—J/H—S’
’ 20+ 1+y)Coo

1
hin = (M)zmwm N~
20 +y)Ci2

and for obviously defined numbers C‘o, 1 and C 1.1 we have

A 2(+14y)
sup Ex (fu(0) — 7)) = Go N~ T,
AeA
2(vty)
sup EAll VT y (1) = VO < €1y N7T05000%,
AeA

It makes possible to apply Theorem 1 (taking into account Corollary 1) to estimation
of ¥(t) for H € (0, ¢ ) with a known upper bound

~ 2(vty 2(v+14y)
sup Eal[¥n (1) — ¥ (1| < CoN ™ TS + C| N~ 0+ (38)
AeA

For the case of unknown lower bound c ¢ for the number f (), Theorem 1 can be
applied if noises £(n) and the initial time x (0) of the process (27) have moments of
the order 8max{2(s — 1), (v + 1 + §)}. Under these conditions, similar to (36) and
(37), the following inequalities can be obtained:

N 4 _4+1+y)
sup Ex (fu() = (D) < CoN ™3035,
AeA

— 4(v+y)
sup Eal|Vfy (1) = V@' < CIN™ 00,
AeA

where Cy and C| are some constants.

Put H = (log N )~ in the definition of the estimator lf/N (t). Then, according to (4)
with p = 1, m = u = 2, for some numbers C}, C5 and C3 for N large enough (to
eliminate yy) and using Corollary 1 we have

5 _2w+y)
sup Eal|&n (1) — W (0)]|* < C{N~ 04T+
AeA

4(v4y)+2 C4t14y)

+C2 (IOg N)ZN 2004 T+0)+s C N~ 20T+
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It should be noted that in both considered cases (known and unknown number ¢ y)
the estimator Wy (¢) has equal rates of convergency in the mean square sense. Moreover,

this rate is similar to the case of independent observations (see, e.g., Dobrovidov et al.
2012).

4 Summary

We have presented the truncated estimation method of ratio type functionals con-
structed by dependent samples of finite size. This method allows to obtain estimators
with a guaranteed accuracy on a time interval of a fixed length.

As an illustration, parametric and non-parametric estimation problems are con-
sidered.The presented method was applied to estimation of parameters of a linear
autoregressive and a non-linear AR-ARCH processes, as well as a non-Gaussian
Ornstein-Uhlenbeck process by discrete-time observations (see properties 13, 15, 19,
20, 21, 26 and 30). Moreover, the estimators with a guaranteed accuracy in the mean
square sense of a multivariate logarithmic derivative of the noise density of an autore-
gressive process with an unknown dynamic matrix parameter was investigated, see
(38). The asymptotic efficiency in the sense (12) of the truncated estimator of the
parameter of a stable autoregression is established.

The presented method can be similarly applied to samples from continuous-time
models.

5 Proofs
5.1 Proof of Theorem 1

From the definition of the estimator ¥y (H) we find its deviation

Iy (H) — ¥ = N x(gnl = H) =W - x(Ign| < H).

v —¥g
8
Then, using the Chebyshev inequality and the definition of Vy (m, u, H) we can
estimate the desired moment

- Il fy — wenl"
E||Un(H) = ¥|" = E=——5 - x(gn| = H)

8N

1
HIWIP" - Pgn| < H) < 2o Ellfy = wenl™"
WP - Pgn — gl > |gl — H)

E(gy — ) _ Vatm, . H)

on(m) + ||| S <
(gl — H)2»

= H?2m
The inequalities (4) can be proved similarly. Let 8 € (0, 1) be the given number.

Using the C,-inequality (o + )" < 2"~ '(la|” + |B"), r > 1, Holder’s inequality
and assumptions (A1), (A2) of the theorem, we have
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_ 1 1 17*
E||¥n(Hy) — lp||2p<E||fN_‘1/gN||2p|:|g| g} - x(lgn| = Hy)
isv—gl len—sg? "
_ N — N —
WP - P(gn| < Hy) <g *PE|| fn —¥gnlI*? [1+2 PRI }
N N

+IWIPP - P(lgl — lgn — gll < Hy) < 2P g 72PE|| fy — Wen|?P
- — p/m o\ (m=p)/m
+22r g2 (Bl v = wenl®) " (Elgy — g1/ ))

1 — ) p/m N\ (m=p)/m
+4r g 2 H P (El iy = wenlP) " (Elgy — g2/ P)

+IIPP - [P(gn — gl > Blgh) +yn]1 < 2P ¢ P on(p)
+22p—1g—2pH 14 p/m(m)wp/ZM(M)+4p_l 217[-] 2p p/m(m)wp/u(u)

HIWIP - [Bleh ™ wn () + va | = Vw(p).

5.2 Proof of Theorem 2

To proof Theorem 2 we verify assumptions of Theorem 1.
Using the equality

2

1
8N = 1i12+(1—/\2)N|: XN”LMZX" 1$”+Z(n_" )}

which can be obtained from (5), it is easy to verify (see, e.g., Shiryaev and Spokoiny
2000) that

o2

1 —2A2

g= lim gy = Py —a.s. 39)
N—o0

and g > 02 > 0. Then for m = y /2, u = m, there exist constants Cp(m, 6) and
Cy(m, 0) such that

Ci(m,0) n Cy(m, 0)

wy bm, 0) = —=0 N

and, using the Burkholder and Holder inequalities, we have

szEg(an lén) < sz (an lg)

n=1

Eo (fn — rgn)™"

BZm 2m N 1
< T > Egx", <B§Zf02m0)§m(9)w =: oy (m, 0),

n=1
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where B»,, is the coefficient from the Burkholder inequality (see, e.g., Burkholder
1973; Liptser and Shiryaev 1989).
Thus all the assumptions of Theorem 1 hold.

5.3 Proof of Corollary 4

Using (5), (6), (9), (14) and the Cauchy-Schwarz inequality, we have

N
2 1 1
Ey (81%,—02) = E, [ (5 —2)° Zx —2 (x5 —A) an,lgn
n=1
2 N 4\ 172

)] =2 () n (72 )

n=1

1/2 2

4
. 4 1 N 1 N
+4 | Eg ()\N_)\) Ey (N an_lgn) + Ey (NZ(SY%_GZ))
n=1 n=1
C12,0)  Ca2,0) N
sl NZ::Eexn |
C12,0)  Ca2,0) g (0%)?
1 5 2 - *
+ 4(( ot )N3 > Eox;_ 1) [ VN ®):

5.4 Proof of Theorem 3

1/2

Using the following equation for the process (x,%) :
x,zl = (Az ~|—al2) xil +002 + ¢y, n>1,
where
Cn = 2AXp_1 00 +O’1 n | En—l—oo (52 1) —l—a]zx,% 1 (52 1)
it is easy to find the supremums

2 4 4
o; = sup ngn, o, = sup Epx,
fe®,n 6e®,n

and for 6 € O the limit (see, e.g., Malyarenko 2010)

2

1i %
= m = -
§ N%oogN 1—A2— 012

Py —a.s.
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For this model we can calculate

sup Eg(gn — g)* < Wy
e®

and, by the definition of fy and gy we have

1
an iy =00 = s (i oiit )

2

fe® fe®

2.2 —
N2 § ,SUP Eéxn 1 (Uo +toix,_ 1) < ¢N-
n=1 €O

5.5 Proof of (30)

To prove (30) we verify the conditions of Theorem 1 by m = pu =2 :

sup Eallfy — AAN|> < on, (40)
AeA
sup Ex @N - A)2 < wn. (4D
AeA

Define the matrices

N
— 1
I =ptn tv=2 Emx' (=1, N=1.

n=1

We prove (40) using (28) and the Burkholder inequality (the number By is the
constant from the upper bound in the Burkholder inequality, see Burkholder 1973;
Liptser and Shiryaev 1989 and Sect. 3.1):

1/2
sup Eallfn — AAy||* = Sup EAIIENGNII (sup EAII(NII“)
AeA AeA AeA

1/2
—+t,4 / 2( 4 _4 1/21 5 _8(s—1)\1/2 _.
x | sup EallGyll <sBj O 0, (870, )T =:pN.

AeA N

Also, (41) follows from (28) and the inequalities

sup E4l|Gy — F||* < CGN~2,
AeA

where Cg is a given number. This can be proved similar to Lemma 5.1.6 in Dobrovidov
et al. (2012). Then the function wy in (41) is inverse proportional to N :

wN:CIU/N’

where Cy, is a given number.
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