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Abstract For analysis of time-to-event data with incomplete information beyond
right-censoring, many generalizations of the inference of the distribution and regres-
sion model have been proposed. However, the development of martingale approaches
in this area has not progressed greatly, while for right-censored data such an approach
has spread widely to study the asymptotic properties of estimators and to derive regres-
sion diagnosis methods. In this paper, focusing on doubly censored data, we discuss
a martingale approach for inference of the nonparametric maximum likelihood esti-
mator (NPMLE). We formulate a martingale structure of the NPMLE using a score
function of the semiparametric profile likelihood. Finally, an expression of the asymp-
totic distribution of the NPMLE is derived more conveniently without depending on
an infinite matrix expression as in previous research. A further useful point is that a
variance-covariance formula of the NPMLE computable in a larger sample is obtained
as an empirical version of the limit form presented here.
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860 T. Sugimoto

1 Introduction

In statistical analysis for right-censored data, the Kaplan—Meier estimate and Cox
regression are typical tools. A large sample study of their estimators and several meth-
ods of regression diagnosis are elegantly constructed by the counting processes and the
corresponding martingale theories (Andersen and Gill 1982; Fleming and Harrington
1991; Andersen et al. 1993; Therneau and Grambsch 2000). Many researchers predict
that the counting processes and their associated martingales will certainly continue
to play an important role in this area (see, e.g., Oakes 2000). For analysis of time-
to-event data with incomplete information beyond right-censoring, such as doubly or
interval censored data, generalizations of inference procedures of the nonparametric
distribution estimators (e.g., Turnbull 1974, 1976; Chang 1990; Gu and Zhang 1993;
Gentleman and Geyer 1994; Mykland and Ren 1996; Wellner and Zhang 1997) and
the Cox regression model (e.g., Kim 2003; Cai and Cheng 2004) have been proposed
by many authors. However, in cases with such incomplete data, it remains uncertain
whether to characterize the properties of their estimators using a martingale approach;
in right-censored data, by contrast, the approach has become widespread as a main tool
for such a purpose. Our interest here is how such an approach can be developed in the
case of double-censoring, which consists of complete, right-censored or left-censored
observations.

We discuss a martingale approach for inference of the nonparametric maximum
likelihood estimator (NPMLE) in doubly censored data. First, as a natural request, it
is necessary to consider both forward and backward aspects of the counting processes
to record doubly censored data, since the processes and the corresponding martingales
play central roles in right- and left-censored-only data, respectively. Therefore, as
fundamental results, we provide martingale properties for the forward and backward
counting processes and then formulate the correlation structure of their martingales.
The analogy of right-censoring case will often work for such studies. As a study
concerned in the topics, Patilea and Rolin (2006) proposes latent variable models
related to doubly censored data, where a backward martingale approach is implied
to derive the product-limit estimators of survival function. On the other hand, the
NPMLE is a solution of an integral equation, termed the self-consistent equation,
which cannot be expressed by a closed form in doubly or interval censored data. For
such a reason, the asymptotic properties of the NPMLE have been studied using some
infinite matrix or operator expression taken from the self-consistent equations (Tsai
and Crowley 1985; Chang and Yang 1987; Gu and Zhang 1993; Yu and Li 2001).
Similarly, even if the martingale properties presented here are incorporated into the
self-consistent equations, it is difficult to discuss the asymptotic distribution of the
NPMLE without some infinite matrix expression in doubly censored data. Hence,
such a manner does not lead to an elegant expansion of a martingale approach as in
right- or left-censored-only data.

In this paper, to overcome this difficulty, we characterize the martingale structure
of the NPMLE using a score function of the log profile likelihood (Murphy and van
der Vaart 1997). The asymptotic distribution of the NPMLE is discussed based on the
martingale structure in such an expansion. Finally, we show that the limit distribution
of the NPMLE converges weakly to a Gaussian process freed from some infinite
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matrix or operator expression. A further useful point of this result is that the variance-
covariance formula of the NPMLE proposed by Turnbull (1974), which is worked out
computationally and theoretically by Sugimoto (2011), can be captured as a natural
estimate (empirical version) of the limit form of the variance-covariance derived here.
This variance-covariance formula is iteration-free and computable in a larger sample
and reduces to the Greenwood formula in right-censored data.

In Sect. 2 we briefly review the semiparametric profile likelihood inference and
its structure of derivatives in doubly censored data. In Sect. 3 we formulate forward
and backward martingale properties for the counting processes and their correlation
structure. In Sect. 4 we derive a martingale structure of the NPMLE using a score
function of the profile likelihood; we then show that the asymptotic distribution of the
NPMLE is a superposition of two Gaussian martingale processes, as more convenient
expression without depending on an infinite matrix expression as in previous research
(Chang and Yang 1987; Gu and Zhang 1993).

2 Preliminary
2.1 Empirical likelihood and the NPMLE

In a doubly censored sample (Gehan 1965; Turnbull 1974) of size n, the ith observation
T; and censoring indicator A; (i = 1, ..., n) are available as

T; = max[min(7}*, C}), C}] = min[max(T;*, C}), CF],
1 if CiL <Tr < CiR (no censoring)

A =12 if CiR <Tr (right-censoring) . M
3T < CiL (left-censoring)
Here T}, ..., T, are independent and identically distributed (i.i.d.) random variables

following a true distribution function F* () = 1—S*(¢),and (CE, CF), ..., (CE, CF)
are i.i.d. vectors of left- and right-censoring times independent of 7;*’s with C lL <C I.R.
Let FL(t) = 1 — SL(t) and FR(r) = 1 — SB(¢) denote true marginal distribution
functions of C lL andC iR , respectively. For the sake of simplicity, we assume throughout
this paper that F*, FX and F® are continuous functions.

Example Consider a study of the age-of-onset distributions for a disease. Some per-
sons had already suffered from the disease at the time of registration to this study, so
their ages were left-censored observations. The others were followed-up and received
periodical medical examination. The ages of onset for some of persons are observed
exactly during the time-span of the study. The ages of the rest persons who had not
yet suffered from the disease until the end of the study are treated as right-censored
observations.

Let F(r) (0 < t) be a discretized parameter function to estimate the unknown
F*(-) nonparametrically, where F(-) is equivalently parameterized by the individual
vector expression F' = (F[1}, Fp21, . - ., Fjn—1], Fin)) such that F;; = F(T;)) for the
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order statistics T(1y < T2y < -+ < Ty of T;’s. The NPMLE I?(t) (0 < 1) of F*(2)
maximizes the log empirical likelihood

I,(F) = 1,(F1y, - -+, Fla))
n o oy L(AH=3)
=log[]_, (Fiy = Fi-mp"@0=0 (0 — R 0= Fy 20

with the constraint condition

0=Fy < Fp) < Iy S e < Fa =1,
F[i,” < F[i] if A(,’) =1 for i = 1, PN (N (2)

IA

where 1(-) is the indicator function. The necessary and sufficient condition to find
the NPMLE has been formulated in several ways (e.g., Turnbull 1974; Mykland
and Ren 1996; Wellner and Zhang 1997, etc.), but here we introduce the condi-
tion based on the score functions to discuss derivatives between parameters later.
To identify Fj;} and F};_y) as the same parameter if F|;; = F[;_1j, let [i] be an
index number j satisfying F; = F};; of F such that distinct F;)’s are denoted by
F1 < F << Fln -1 < Fln. Slmllarly, denote the individual vector expression of
F() by F (F[l] F[z AF[,, 115 FIL’]) so that we can represent the distinct
F[l] sas Fj < F < -+ < Finl=1 < Fjpp = 1. Let uj(F) denote the first deriv-
ative of [,,(F) w.r.t. F;,

o oji1 Bj Vi
uj(F)=uj(Fj_y, Fj, Fjy1) = L - + L,
! 7 Fi—Fjiy Fju—F 1-F F;

where o, B; and y; are

n n
wj= WTLi=Jpai=0, pj=2  WTelj ) A =2),

n
Vi= Zi=1 (T € [Jj, Jjv1), A =3),

and J; is the jth time point at which F(-) jumps. Note that F'(¢t) = F;ift € [J}, Jj11)
in a tlme and Fj;) = F; if T;) € [Jj, Jj41) for the (i)th 1nd1v1dua1 Let J be the
collection of all pos31ble J = U1, .. J[n]) s considered under (2) and let J be J
accompanied by the NPMLE. The NPMLE F satisfies

wjF)=u;(F)|,_z=0, j=1,....[n]—1 for J 3)

and the dimension [n] of 7 is the largest among every J € J for which F satisfies
uj(f) =0,j=1,...,[n]— L. For details, see Sugimoto (2011, Lemma 1). A linear
transformation of (3) leads to the self-consistent equations (see Turnbull 1974, Lemma
Al and Sugimoto 2011, Lemma 2).
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2.2 Profile likelihood and its derivatives

Further analysis such as test or confidence interval about a particular F*(¢) is based
on the log profile likelihood for 8, = F(¢) constructed as

1,(0;) = max I,(F) for Ty <t <T; 4
Pin@:) 0<Fn<+<Fi1<0: <Fitn < <F <1 n(F) = (+0 @

To compute pl,(6;), Chen and Zhou (2003) provided a self-consistent algorithm,
while Sugimoto (2011) proposed a Newton—Raphson algorithm. The analysis based
on the semiparametric profile likelihood ratio performs better; however, the com-
putation potentially requires a heavy load. Therefore, in a larger sample it will be
desirable to replace it with the Wald- or score-type if possible. In the following, we
review results of Sugimoto (2011) required for this paper. Let U, (0;) = dpl,,(6;)/96;
and 7Z,(6;) = -9 pl,(6;) /89t2 be the first and minus the second derivatives of
the log profile likelihood, respectively. To express U, (6;) and Z,(6;) definitely, let
F6) = (F1136,). Fi2)(8). - . .. Fya_13(6,), Fn3(6,)) denote the restricted NPMLE of
F* under a given value 6, of F(¢) (i.e., the solution for the maximization in (4) such
that pl,(6;) = 1, (F)| F:ﬁ(gt)), which satisfies

[0 = Fo) < Fi(0) < < Fum1(0) < F, (6)) = 6,

O < Fin,410607) < -+ < Flu—1(60)) < Fimy(0:) =1~
where m; is the 1nterval number including ¢ as J,,, <t < Jy,+1. To avoid confusion,
we simply call F (6;) the profile estlmator (under the constraint F (1) = 6;) m this
paper. Also, let J g, be J accompanied by F (6;), because J;’s, m; and [n] led by F 0;)
are determined depending on 6;. Note that the condition to obtaln the profile estimator
F(6,) is

wjFO) =0, j=1,...,m—1,m+1,....[n]—1 for Jg, 5)

excluding the case of j = m; in (3). Based on these notations and the rule of derivatives,
we obtain the following result for expressions of U, (6;) and Z,,(6;):

Proposition 1 In doubly censored data (1), the score and Fisher functions of the log
profile likelihood pl,, (6;) are expressed as

Up(@) = — S Cmtt P Vi
0 — Fm,—l (C) Fm,+1 0r) — 0 1 -6 0,
[n] = = 2
a; AF;0) F_1(6)
In(et) — Z _ L 5 J\t) J t
o (Fj0) — Fj—1(00) a0, a0,

nl—1

= 2 -1 —~ 2

Bj F;(6;) Vi IF;(6))
+ = + A ) 6
;<1—Fj<et)>21 96, ] Z;F,(e,ﬂ[ 96, ] ©
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See Appendix A.1 for the details of Proposition 1. The derivative d I?] (6;)/06; included
in (6) is usually obtained by solving linear equations derived by differentiating both
sides of the equations (5) w.r.t. 6;. However, in doubly censored data, we can compute
Bﬁj (6;)/06, without such an inverse matrix expression (for further details, see Sugi-
moto 2011). To explain this, let i j ; (/') be minus the second derivative of [, (F) w.r.t.
Fjand F;. If j <m, — 1, we progressively have

IF;(0r)

3Fj—1(9t)] )
8F/+1(9z)

—ij, j+1(F(91))/[l] j(F(gl)) +ij- lj(F(el)) f'(@t)
J

by starting from afo @;)/0 F 1(6;) = 0. While, if m; + 1 < j, we regressively obtain

3}/’:j+1(91) ] @)

aF; (0 N N N
60 __l-,,j1<F<9t))/[i,-,j<F(9,>)+i,-+1,j(F<9t>) o
j\Ot

OF;_1(6,)

from 8 Fi,;)(6;)/9 Fin—1(6,) = 0. By the chain rule of differentiations, 8 F; (6,)/90, is
computed as

OF;(0) 0F;416)  9Fn,1(6)

9F;0) | 9F+10) 0F11260) 96, o
0 | sF. @) aF._i@ dF, +1(0
A](t) Ajl(t) mt+1(t) iijm,+l
OF;_1(68;) 0F;—2(0;) 00,

The quantity 1/Z,(6;) evaluated at 6, = F (#) is an appropriate variance formula
of the NPMLE F (t) for doubly censored data, which always gives the same result
as Turnbull’s determinant-based formula (Sugimoto 2011). That is, 1/Z, (f (1)) is the
same as the m;th dlagonal elements of the inverse of the full Fisher matrix of [, (f )
(composed of all i}, l(F )), similar to classical profile likelihood theory. In addition,
1/Z, (F (1)) yields a limit identical to Chang (1990, Theorem 4.2) asymptotic vari-
ance formula under some regular conditions (e.g., as seen in Murphy and van der
Vaart 1997, Theorem 2.1). Further, in right-censored data, 1/Z, (f (1)) reduces to
Greenwood’s variance formula (Sugimoto 2011, Lemma 5). Therefore, the form of
Z,(F (1)) provides us with a hint of how to consider martingale properties included in
the difference F — F* or provides evidence that a martingale approach is valid.

3 Counting processes and their martingales

In the section below, we formulate martingale properties of the counting processes
included in doubly censored data. Hereafter, assume the following condition:

Condition 1 F*, FL and FR are continuous functions and the supports of F*(1),
FL(t) and FR(t) are included in [0, 1].

To derive forward and backward martingale properties simply, the distributions are
supported by the unit interval under the continuity. One goal of this section is to
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Martingales in double-censoring 865

prepare the properties needed to investigate the asymptotic distribution of the NPMLE
in Sect. 4.

3.1 Forward properties

Here we will consider forward counting processes and their martingales. Let AT (),
Af@ (1) and AT (¢) be the true cumulative hazard functions for T*, CiR and

Cl.L , respectively. For example, if F* is differentiable, AfD @) is f(o’ . Af(l)(s)as
with AfM @) = limg o Pr(t < T < t 4 dt|t < T;*)/dt, where we denote
?lg(t) = g(t) — g(¢—) for a function g and a time 7_ just prior to . We define
the forward counting processes and at-risk processes as

NP1 =1(T <1, A=) for y=1,2,3 and Y (1) = 1 < T)),
i=1,...,n. Let ﬁtf be a forward filtration formulated by
FH =N V(s), NNPes), NNP(s),i=1,...,n:0<s5 <1},

where o {B} is the smallest o-algebra generated by B. In Lemma 1, we formulate

forward martingale properties of the counting processes Nif (1), Nl.f(z) and Nif @ to

detect the uncensored, right- and left-censored observations, respectively.

Lemma 1 Suppose that Condition 1 is satisfied. Let
f —
AP0 = fon Y @'V ) dA D),y =1,2.3,

where o' (1) = (SR@) — SL@)S*(1)/ 0% (1), P () = S*()SR()/ 0 (1),
') = (1 = $*(1)) SE(0)/0 (1) and Q" (1) = Pr(T; > 1) = SRW)S* (1) +
SL (t)(1 — §*(t)). Then, in the double-censoring model (1), the processes

M0 =NV - AV, ;=123 i=1...n

are square-integrable ﬁtf-martingales. Let (Ml.f('),M;(J))f, i,j = 1,...,n, 1,

J=1,2,3be ﬁtf-predictable covariation processes of M; “ and Mj(] ); then

() seos . _
A7), it i=j and 1 =,

f(1) fO\F
MO MY @) = .
(M, J ;o 0, otherwise,

O <m).

af_

Lemma 1 is proved in Appendix A.2. By Lemma 1, for locally bounded .%; -predicable
processes Hlf (¢) and H2f (1),
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. N N f
(fio. HEGY @M ), g oy HEG) aM} ™ ()

f £ 7 agf @ a fONE
= f(o,ms] H; (X)Hz(x)d(Mi l M ) (x)

is easily shown, where t A s = min(z, s).

3.2 Backward properties

Here we discuss backward martingale properties opposite to those in Sect. 3.1. Let
AP (1), AP@ (1) and APP)(¢) be the true cumulative reversed-hazard functions of
T*, CR and CF, respectively. Similar to AT, when F* is differentiable, A®")(7) is
Sy 22V (s) ds with 22D (1) = limg, o Pr(t — dt < T} < 1|T7 < 1)/dt, where we

denote ?lg(t) = g(t) — g(t4) for a function g and a time 7 just after 7. Define the
backward counting processes and at-risk processes as

NV =14 < T, A = ) for j=1,2,3 and YP(1) = 1(T; < 1),
i=1,...,nandlet 3“}’ be a backward filtration such that

FP = a{N}’(”(s), N@ (), N*D(s), i=1,...n:t<s< 1}.
As areversed version of Lemma 1, we formulate backward martingale properties of the

counting processes N}jm, 7 = 1,2, 3. Note that NP(]), j =1, 2, 3 are left-continuous
with right-hand limits.

Lemma 2 Suppose that Condition 1 is satisfied. Let

ATV = i) YO0 () dAD(s), g =1.2.3,
where o”D (1) = (FR(t) = FE(0) F*(1) | Q°(1), @@ (1) = (1= F* (1) FR(1) / @ (1),
®I@) = F*O)FL)/QP(1) and Q°(t) = Pr(T; < 1) = FL@OF*() +

FR()(1 = F*(t)). Then, in the double-censoring model (1), the processes

M@0 =NV @) - A0, j=1.23 i=1....n

are square-integrable FP-martingales. Let (M?(’), M;’(]))b, ij = 1,...,n, 1,
J=1,2,3be ﬁtb-predictable covariation processes of Mib(') and M;)(/ ); then

b(]) . . _
(M.b(l), Ml.)(”)b(t) _ 1A @), it =] and 1 =y, <.
i J 0, otherwise,
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The proof of Lemma 2 is a simple reversed version of Lemma 1. By Lemma 2, for
locally bounded ﬁtb—predicable processes H }’ (¢) and Hf (1), we have

b
YL “F1s0(0)
(i HP@ @M ), [ HEG) aM P ()
T asP@) b(y)\b
= Jirvs.y HY GV H3 () d(M;™, M) (),

where t V s = max(t, s).

The specific cases of Lemmas 1 and 2 correspond to fundamental martingale proper-
ties usually used in right- and left-censored-only data, respectively. In doubly censored
data, as anatural request, it is necessary to consider both forward and backward aspects.
However, note that even in right-censored data there is a backward aspect as a special
case of Lemma 2 (although it may not be particularly useful if used separately). See
Patilea and Rolin (2006) for a study related to this characterization using backward
counting processes.

3.3 Correlation structure between forward and backward martingales

To obtain the covariance form with the NPMLE, we need to clarify the correlation
structure between forward and backward martingales. For this purpose, consider the

product M;c (l)(t)th?(] )(s). If i # j, the product holds a martingale structure based
on either the filtration ﬂtf or {gﬂb on all 5,¢ € [0, 1], because of the independence
between le(’)(t) and M;)(])(s), 1,7 =1,2,3.Ifi = jand: = j, for the same
purpose, consider

+ fron M Fa) dMPY @) + 10 (@) £ 1) fir AN V0, (10)

where r(-) is a strictly monotone decreasing function on [0, 1] with #(0) = 1 and
r(1) = 0, such as r(t) = 1 — ¢, which reverses the forward time-direction, and 7 (t)
is the inverse function of r (). The derivation of (10) is based on integration by parts
for the Stieltjes integration (see Fleming and Harrington 1991, pp. 74-75) and

Socser AMV () AMPY (r(5)) = Sy <y ANV () AN (1 (5)).

Put s = r(¢) in (10). The two martingales Mif W (t) and Ml-b “)(s) are not always
uncorrelated. If s < ¢, a correlation occurs certainly in the third term of (10). However,
considering the first and second terms of (10) together, whether s < ¢ or not, the
structure of (10) may appear to be complicated as long as we persist with either Jaﬂf or
ﬁsb alone. We will avoid the insistence along single time lines and begin by considering
a superposition of the forward and backward filtrations.

Let ﬁ,ﬂ =Flv ﬁrb(t) be the smallest o-algebra containing all events of .%, and
F0 - andlet N/ (1) = NIV (1) + NPV (r (1)), = 1,2, 3. Using the inverse 7(7) of
r (), Nl.u(j) F@) = Nl.f(]) F @)+ Nl.b(]) (). We formulate the .7/ -martingale property

of Niu(J ) as follows:
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868 T. Sugimoto

Lemma 3 Suppose that Condition 1 is satisfied. Let A?(])(t) = A;f(j)(t)
+ AP (1)) and

AT @) = [0 YIOYP @)U O () dAO () + 8/ (1)
APP () = [, YEE@)YP @)D () dAPD (x) + 67 (1)

forj=1,2,3andi =1,...,n, where Vi) and vPW) are provided as

(SE(1) = S* ) $*(0) (FR@t) = FE @) F* (1)

() 7y — ) , b(1) (1) — ’
VO =i — ot Y P T T o) — 0ba)
Uf(Z)(t) — S*(I)SR(t) ’ Ub(z)([) _ 1 - F*(t))FR(t) 7

00— 0T (r(7) 0% (r (1) — 0P (1)
WO () = (1 — S*()SE@) WO (1) — F(t)FL (1)

0f(1) = 0" (r(n4)’ oP(r(1) — Q°(t-)

ont < r(t) (and set as zeros on t > r(1)), and 8|V (t) and 8° (r(1)) are F}-
predictable processes such that

590 = 10(1) < 1) [0y AN/ (@) and
8577 0() =10 (1) <) fiy 0y ANV ().

Then, for j = 1,2,3,i =1, ..., n, in the double-censoring model (1), the processes

o) f() ot ()
WD () = NI (1) — ATD) g MO =N = AT
;@ ;@) — A @) an Ml.ub(])(r(t)) _ N,.b(”(r(t)) B A?b(j)(r(t))

are square-integrable ﬁ}u—martingales O < t), where Ml.u(”(t) = Mi:f(j)(t)

+ Miub(] )(r(t)). Further, the ﬁ,u—predicmble covariation processes (Miu(l), M]:.(J ))”

satisfy (Miu(’), Mju.(]))“(t) = 0 whenever at least one of three conditionsi # j, 1 # ]
ort < r(t) is satisfied.

See Appendix A.2 for the proof of Lemma 3. Lemma 3 includes a useful tool to show
that the expectations of the first and second terms of (10) are zeros. It will brought
by adding the identity M:7 (1) + A5V (1) = MEV (1) + AFV (1) (= NV (1),
& = f,b. Then, the result for the product of forward and backward martingales is
obtained as follows:

Lemma 4 Suppose that Condition 1 is satisfied. Then, in the double-censoring model
(0, BIM O M ()] = 0 and

b o . - f
E[le(l)(t)M/(/)(S)] = ]l(s <t i1=J],1= ])Elif[s,t] dNi(.l)(x)i|
fori,j=1,...,n1,)=123.
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The proof of Lemma 4 is also provided in Appendix A.2. Lemma 4 is easily extended

to a multivariate version with the martingale transformation. We define N N )( 1)

=31 N0,

E(J) =—£()

) =31 AP0 and M (1) = 3 MV (1)

for £ = f,b, ; =1,2,3. Let G')(¢) and G*V)(¢) be, respectively, bounded .%/ -
and .%, predlcable processes, which are also f,u predictable because

G'D(1) =EIG" V() | ZL) = EEIG'"V () | Z5, 1| ZL1=EIG'"V () | 7/ 1.

Further, let Mo (1) = [, G'P()dM " (s) and " (1) = [, ) G"P(s)

de(j)(s), J = 1,2, 3. Then, by reasons similar to those for Lemma 4, these products
satisfy
E(Mg 0OMg" )] =16 <1,1= PE[f; ) P0G 0 dN' ()]
—1(s<t,1=))E [f[m Gf(j)(X)Gb(/)(x)z,zfu)(x)]_
(11)

This result (11) will be used in Sect. 4.2.1.

4 Weak convergence based on a martingale approach

This section is organized in two parts (Sects. 4.1 and 4.2). In Sect. 4.1, we discuss a
linearization of the NPMLE and conduct useful decompositions of the profile score
function to apply the martingale technique developed in Sect. 3 to the NPMLE, without
any discussions of asymptotic approximation. In Sect. 4.2, as our main result, we
discuss the asymptotic distribution of the NPMLE based on the linearization developed
in Sect. 4.1 and martingale properties provided in Sect. 3.

4.1 Linearization of the NPMLE

We here formulate a linearization convenient for investigating statistical properties of
the NPMLE. For this purpose, it is essential to clarify a structure immanent in the profile
score function, which is summarized in Propositions 2 and 3. Based on Proposition
4, the martingale properties on the profile score function are summarized in Lemma
5. This yields a main result (15) for the linearization of the NPMLE. Proposition
3 is obtained by reconstructing the intensity components of Lemma 5 in terms of
Proposition 2, which is used in the proof of Theorem 1 (in particular, Lemma 7).
Introducing the notation 6 = F*(r) into the argument of the profile estimator to
avoid double use of parentheses, similar to 6; = F (¢), the first-order Taylor expansion
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of U, (6;) around the NPMLE 6, = F (t) is written as
Un(0]) = T, (0 (F (1) — F*(1)), (12)

where 5, is on the line segment between F (t) and F*(¢). This expansion is a foundation
of our discussion. To derive the martingale properties of F (t), we will investigate
several structures which U, (6,) and Z, (0,) possess. Thereafter, in our d1scus510n
based on (12), the parametr1zat10n of F can be l1rn1ted to the case of J = J o

Denote Jg* (J1, ..., Jm)) and let JJ and J] be the intervals [J], J]_H) and
(J, 1, ] respectively. Let Fd*( Y and F* = (Ff, ..., Ff;]) be a discretized step
function of F*(-) and its vector expression, respectively, that is, F¢* satisfies F*(s)
= Fifors € Jj.j = L.....[nl. where F = F*(J;), j = 1..... [n]. Note that
F d*( ) is often preferred to F *( ) in mvestlgatmg the structure of U, (6;") in (12),
since F9*(s) = 07 always holdson s € [Jm,, Jm,+1) See Appendix A.3.1 for another

definition and viewpoint of F¢*(-) and F* needed in Sect. 4.2.2. We set Fy = 0and
Fy * w1 =1 for some discussions including F*.

On expressions of the score function. To discuss the structure of U, (6,") in (12), from
Proposition 1, recall that

P (0% (04 1 ,Bm Ym
Un(6) = tm, (F(6])) = =" — M — M T
n(0;) m, (F(6;)) 0F — Fon,—10))  Fm4107) =67 1-06] 0/

However, this expression is not convenient for obtaining a martingale structure of
U, (6/), and we should find some useful alternative expression. A key to obtain such
a finding is to supplement a gap between the form of Z,, (6;) (see Proposition 1) and
a conjecture E[U, (9*)2] E[Z,(6;)] conveyed from the information identity. This
work is first realized in the following result:

Proposition 2 In doubly censored data (1), U, (6;") is expressed as
Un(07) = X0 () Fyp (), (13)

where u j(F*) means uj(F F* F]*Jr]) and the definition of Fg;s(-) is provided in

(24) of Appendix A.4. The countmg process expression of (13) is

—f
Un0) =33 _ys, fy B (s)an'

($), (14)
wheres| =1,8) = —1,83 =1, ﬁt('/)(s), J=1,2,3are

dFy(s) ) - Fy(o)
= H =
aree YT S

77 (1
AN (s) =

and S7*(-) = 1 — Fa*(.).
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See Appendix A.4 for the proof of Proposition 2.

Remark on Proposition 2 We observe Tiﬁgt* (s) = 0if dF dx(s) = 0, because of
dF®(s) = F(s) — F%(s_) and d Fy(s) = Fgr(s) — Fgr (s—). So, although there
may be some manners to define ﬁ,(l)(s) on all s € [0, 1], we adopt the rule that
A (s) = BV () if dF¥(s) = 0.

The form of Fyx(-) defined in (24) may seem to be complicated. However, the
readers can go on to read the following contents even without fully understanding the
structure of Fyx(-). Thatis, aknowledge that Fg* (s) has astructure similar to Fyx (s; 0)

will be sufﬁ01ent to read hereafter where Fg, (s; 6;) is the function expressmn for the
derivatives  F; 106:)/06;, .. —1(6)/06; of the proﬁle estimator F (0;) discussed
in Sect. 2.2. See Appendix 5 for detalled definition of Fg, (s; 6y).

From (14), we have a fundamental expression of U, (6;") for a martingale approach
as follows:

Lemma 5 In doubly censored data (1), U, (/") is decomposed into the processes such
that

~ ~ M — Mt Mb 7
Un07) = UM (1 Hy) + ULt H) and[U (r: Hy) = Uyt (s Hy) + Upe: H)

A(t; Hy) —UAf(t H,)+UAb(t H,),

where the four components are

U B = 3318 fio B ) dM Y s),
UMb(t Hz) _ Z] 'S, f(z 1)H(])(s) de(])( ),
Ut ) = 3018y fio g B dA )
and UL H) = 3318, [, B ) dA™ (s).

Lemma 5 is shown easily by (14) and the Doob—Meyer decomposition based on
Lemmas 1 and 2. By Lemma 5, (12) can be re-expressed as

nV2UM @t Hy) + 0~ VPUA GG Hy) = 07 T,@00)Vn(F @) — FX@1),  (15)

which provides a useful viewpoint to study properties of the NPMLE.

The asymptotic properties of the NPMLE and n~!/? U,f"’ (t; Hy) will be discussed
using (15) and Lemma 5. However, the expression of Lemma 5 is slightly difficult
in order to show that n=1/2U At H,) converges in probability to zero. We therefore
prepare another expression of U (t; H,) obtained from Proposition 2 following an
idea from Lemma 5.

Proposition 3 In doubly censored data (1), U ,‘,4 (t; ﬁ,) is expressed as

my—1 [n]—1
U H) = D"l (FYFor (7)) + up®FD + > ufPF*) For (7)),
j=1 Jj=m;+1
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where u?f and u,ﬁfb are written as
Af —==7f) - —f(1)
ui'(F) = fjj dA (s)/pj.<—f7j+l dA" 7 (9)/p}
—-—f(2) —-—f(3)
—f7_ dA (s)/Sj+f7 dA () FF,
—f(1) 2°M
up(F) =[5 dA /P~ [, O
—-—f(2) —f3)
_f7m, dA " (5)/S} +fJ dA (5)/F7,
p;f = F;-‘ j 1 S* =1- F>'< and uAb u?f in which the notations f and d are

replaced by b and d, respectlvely.

Proposition 3 is proved in Appendix A.4.

4.2 Distribution convergence results

First, we prepare the standard conditions required for study of the asymptotic distrib-
ution of the NPMLE as follows:

Condition 2 F*, FL and FR satisfy Condition 1 with
inf{r : 0 < F*(1)} = 0, sup{r : F*(r) <1} =1, FF(1) =1 and FR(0) =0.

FL@t) — FR@)is positiveont € (0, 1).

This condition covers that of Chang and Yang (1987) and is equivalent to that of
Murphy and van der Vaart (1997, Theorem 2.1), except for the form of the support
[0, 1] specified explicitly for simplicity. Condition 2 is standard in the theoretical study
for doubly censored data, while there are some works under weaker or more practical
conditions, such as Gu and Zhang (1993) and Yu and Li (2001). Condition 2 is assumed
throughout this section and Appendix A.S.

We now discuss how the limit distribution of the left side of (15) converges weakly
to a distribution using a martingale approach. We show that n~!/ 2U M(t; H;) con-
verges weakly to a Gaussian process in Sect. 4.2.1, and n~!/ 2U At Hy) converges in
probability to zero in Sect. 4.2.2. Finally, the asymptotic d1str1but1on of the NPMLE
can be derived as Theorem 1. For the limit forms included in Theorem 1, let us prepare
the notations

Tegl@ b = [ HOOH D04 )
la,b]

+ Ht*(2) (x)H;ﬂ(Z) (X)QA*(Z) (x) + Ht*(3) (x)HY*G) (X)QA*G) (),
la,b) (a,b]
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dA* D (s) = Qf<s)wf<f><s)7iAf<f><s>, J=12.3

F3.(s) Fr.(s) F3.(s)
H V() = =2 D)= = B D)= L,
dF*(s)’ S*(s) F(s)
and Fy;(-) of the true derivative function is a limit of I?@;f(-; 0). See Appendix A.5
for further details of £y (-).
t

Theorem 1 Suppose that Condition 2 is satisfied and that ty and t| are arbitrary
values such that 0 < t9 < 71 < 1. Then, as n — 00, ﬁ(f(t) — F*(t)) converges
weakly to the Gaussian process {Gf(t) + Gl,’(u)}/f(,,,) 0,1) ont € [, 1.] with
zero mean and covariance function of

Cov (Gf(z) +GP(e) Gis) + GEm)) I (UR))
Fun©, 1) 7 S50, 1) a0, 1) I.5(0, 1)

where Gf(-) and G',J(‘) are Gaussian forward and backward martingale processes
(indexed by a given t) with zero means, respectively, such that
Cov(Gi(s), Gfw) = F1.1)(0,5s Au), Cov(GP(s), GP(w)) = 4. (s Vu,l)
and Cov(G(1), GP(s4)) = 1(s < ) Iy 5) (54, 1).

The proof of Theorem 1 is performed following Sects. 4.2.1 and 4.2.2 and is
summarized in Sect. 4.2.3. From the form of the asymptotic covariance function
H1.50, 1)/ I (O l)ﬂ(s (0, 1) we can know that a natural estimate (empirical
version) of Cov(F(t) F(s)) is jn(Fm,, Fmv)/I (Fmt)I (Fmv) which gives the same
value as Turnbull’s formula (see Sugimoto 2012a, Theorem 1, Lemma 1), where

T E )_% o; OF;,  oF; . \[ 9F;, 0F;
e e (Fy = Fj_)2\0Fn,  9Fy, J\0Fn,  0Fn,

j=1

—1 ~ -1
+[n] 5 (8Fj)( )+ : Z12( )(BF )
> —— =
= (1-Fp*\oFy, = F}\oFu, J\oFn,

In right-censored data, .7, (ﬁm,, I?ms) /In(fm,)In(fms) reduces to a Greenwood-type
covariance formula

f(l)( )

NS
(1= (1 — s)/ - -
0 UL Y ) {2 Y (u) —

~ D

()}

(see Sugimoto 2012a, Corollary 1).
4.2.1 Asymptotic distribution of martingale components

Lemma 6 Suppose the conditions of Theorem 1 are satisfied. Then, n='/?UM (¢; Hy)
converges weakly to the Gaussian process Gf(t) + G't’ (ty) ont € [0, T] With zero
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mean and covariance function such that
Cov (G0 + GPt), BLs) + Gs1)) = Hu9 0, 1),

Proof of Lemma 6 Givent € [19, 71], H,*(] )(s), J = 1,2, 3 are bounded uniformly
on s € [0, 1]. Because 1::9;« (s) included in U,ﬁwg (t; I-It) is ﬁ,s-predictable but not
7. f-predictable, & = f,b, we consider the processes of U,f/lé (s; ﬁ,) weighted by
H* JHY such that

£(7)

—Mf N
Ui (s) = j:l S, f(o,s] Ht*(]>(’/l) dM = (u),

—Mb “<—b())
Ui () =33_18, fio1) By dd™ ).

Since H,*(] ) (u)is f,f -predictable, ﬁfi’[f (s)’sare .7, f -martingale processes by Lemmas

1 and 2. Referring to Sects. 3.1 and 3.2 for .%, f -predictable variation processes, we
obtain

_1pME _ pmf\f 1AW
<l’l 1/2Un,[1n 1/2Un,t> (S) = Z§=l Sj f((),s] Ht*("l)(u)zf’l ldA J (I/t)

—p 23=1 S, f(o 5] Hr*(j)(u)z?lA*(’)(u) as n — 0o

. —Mb —Mb
and a similar result for (n~!/2U nito n=120, ", )®, where — , denotes the convergence
. . - —M o . -
in probability. In addition, n™ 2y nf ,& = f, bsatisfy the Lindeberg condition because

H,*(J ) (s) is bounded uniformly on s € [0, 1]under¢ € [19, 71]. By Rebolledo’s central
limit theorem (Andersen and Gill 1982), as n — oo, we show that

_1j2=MfE —1/25Mb
n 1/2Un_’t(s) —p Gi(s) and n 1/ZUM (s) = p GV(s4),

where — p denotes the convergence in distribution. Hence, applying Slutsky’s lemma

for the above results and (29), we conclude that n~1/2 U,{” (t; ﬁt) and n—1/ Z{Uftf (1)

+ ﬁz/{:’ (1)} have the same limit distribution. That is, we have
nVHUMi(r H) + UMP(t; H)y —p GH() + GP(14) on 1 e [r0, 7] (16)

for the uncorrelated relation between the two quantities. This limit distribution Gf(r)
+ G? (t+) is a Gaussian process again due to the sum of Gaussian. Therefore, the weak
convergence result in this lemma is shown.

Next, we discuss the result on covariance. The covariance function of the limit
distribution in (16) consists of

Cov(G} (1), GL(s)) + Cov(G (1), GY(s4))
+ Cov(GP(t4), GE(s)) + Cov(GP(ty), GO (s1)).

@ Springer



Martingales in double-censoring 875

By properties of martingale processes, we have Cov(Gf(t) Gf (8)) = H1,5(0,5s A1)
and Cov(Gb(t+) Gb(v+)) = Ju.5)(5+ V 14, 1). To investigate COV((Gt (t) Gb(s+))

we use (11). Then, since we can write Un’tf(t) = Zj leG(])(t) (s)
= >3 My (s1) putting G|V () = BV (x) and G2V (x) = ;*‘”(x), it is
obtained that

_1/0—=Mf _ —Mb
E[ln~'2U, , (O)n~ 2T, | ()]

£(7)

— s <)Y’ _E [f(m G'VwGY wyn—' A (u)]

=16 <02y fioq B @ H 0y d A0 ),

which is identical to Cov(Gf(t), G?(s+)) = 1(s < t)H .5 (54, 1). Therefore, the
asymptotic covariance of (16) can be gathered together as

Fi,50, s At) + I 061 Aty sV + I o0 Vi, 1) = 450, 1).

4.2.2 Convergence of intensity components

Lemma 7 Suppose the conditions of Theorem 1 are satisfied. Then, sup;ciy, -
[n—1/2 U;;‘ (t; Hy)| converges in probability to zero.

Proof of Lemma 7 Let UA(t; Hy) = 25.":];1 s (F*) Fyr (J}), where the definition of
ujf(F *) is given in Appendix A.3.1. Note the equality U/ (t; H;) = 0 holds since
u*/f(F*) = 0 for all j’s from (19). To consider U,f‘(t; ﬁt) — Uf(t; ﬁ,), we use the

expression of U/ (; H;) in Proposition 3. The differences ! (u?é (F*) —u;(F*)),
& =1, fb, b are written as

J5, M) dA™ O (s)/p5 =[5 My dAT D (s)/pr,
-fi, M (s) AT (s5)/5% + 5, M (s) AT (s)/ F

in the case of u;.‘f (F*), where MZ(S) = (Q%(s) — 0%(s))/0%(s), & = f,b and

@f(s) = n_17t(s) and @b(s) = n_IYb(s) are the empirical estimates of Qf(s)

and QP(s). Then, by applying the mean-value theorem in each of u?s (F*) — uj (F),
1 . 2 3

& =f, fb, b, there are some MEQ(j) € (1nf7j MZ (s), supyj MSQ (s)) and MEQ(].), MéQ(j) €

(inf7j MZ (s), supjj Mz (s)), so that we have
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A 1 — 1y, —
MJS(F*) — MZ(])[ 10[7/ * {MS(]+]/MS( )}n 1 ;k+1/l7]+1

and the similar expression about u,ﬁfb (F*), where the notations of oz;’f, ,3;? and y;‘

are given in Appendix A.3.1. By the Glivenko—Cantelli theorem and the continu-
ity of the distributions, MS jﬁf)/Mf( E(l)) and ME (sga))/M (si(l)) converge

almost surely to ones uniformly. Similarly, by addlng the relation Q°(r) — QP(r)

= _{Qf(;Jr) — Qf(t+)} further, ME(S,I:,(tlll)/M (Sf(l)) converges almost surely to

one uniformly. Also, we have

los/py =[5, (FH(0) = FR0) dF*0)/p} = FE(T)) = F*(T)),
B/t =[5 ST O dFR@)/ST ~ FR(Tje) — FR(T)),

YiIF; =[5, Fr @0 dFh 0/ Ff ~ FE(Tj) = FRU))

approximately, which become exact with probability 1 for a sufficiently large n using
Proposition 4. Thus, we find uAS (F*)/nMé(l) < 0,(1) uniformly on all j’s for § =
f, b. Because th*(JJ) - Fe,*(JJ) <1 umformly for every j from (29), as n — oo,
we can conclude

my—1
sup [~ 2N @ )| < sup /2 Z|M“”|+Z|Mb“) op(1)
t t —

Jj=my
[n]—1
<n > {ﬁ|Mf<1)| SN } 0p(1) = 0.

j=1
In fact, for either & = f or b, because M SQ () is a martingale process such that

ME(:):—/(O ]n*‘?zﬁf(o)(s)/gf(s) or M‘é(t):—/[ l)n*‘BMb“’)
N3 t,

(5)/0°(s),

with a°© () =271, 23:1 Mf W (s) using the Duhamel equation, /nM $Q (s) con-
verges weakly to a Gaussian martingale process by the martingale central limit theo-
rem or the Donsker theorem. The limits of /nM é (s) fors € [0, t] and \/nM EZ (s) for
s € [t, 1] are Gaussian processes with some finite variances on ¢ € [1p, 71], so that we

can show that n= 1> j Jn\M S;)l converges in probability to a bounded quantity, as
n — 00. O
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4.2.3 Summary and further considerations

Proof of Theorem 1 This is completed by applying the results of Lemmas 6 and 7 and
(30) obtained under ¢ € [1g, 71] to (15). O

The result of Theorem 1 is extended to [0, 1] if

limg 1 (1 — FR(112))/ dF*(r1) = 00 and limgo FL(w0)/ dF*(t04) = 00
(17)

are described definitely in Condition 2. In fact, .#; ;) (0, 1) holds the uniform continuity
ont € [19, T1] and we observe 1/.7; (0,1) - Oast =19 — Oy ort =1, — 1_
under (17) by reasoning similar to Sugimoto (2011, Theorem 2), so that this means that
Jn (F (t) — F*(¢)) converges weakly to zero near the extreme points of ¢. Although
(17) may resemble inf{r : 0 < FL(¢)} < inf{r : 0 < F*(t)} and sup{r : F*(t) <
1} < sup{r : FR(t) < 1}, this expression is avoided for the support [0, 1] of Condition
1. A finer alternative expression will be obtained by analogy of the behaviour of the
transformed Kaplan—Meier process (Gill 1983).

Based on Theorem 1 we can construct the methods for overall tests and simultane-
ous confidence intervals at several times. In addition, the covariance function of the
NPMLE can be easily estimated by 7, (I?m,, me)/zn(ﬁm,)zn(ﬁms)- It is useful as a
substitution for that based on the profile likelihood ratio (Chen and Zhou 2003) in a
larger sample, because this method is computationally fast. In particular, Sugimoto
(2012a, Theorem 1, Lemma 1) developed an inverse formula of general tridiagonal
matrix based on this discussion, which provides one expansion of this study in math-
ematical sciences.

5 Discussion

In doubly censored data, we formulated the martingale characterizations for the for-
ward and backward counting processes and their correlation structure. Unlike right-
or left-censoring only, the intensity processes explicitly include the true distribution
functions (F*, FL, FR). In doubly or interval censored data, generally it is difficult
to provide the asymptotic distribution of the NPMLE or the SCEs without the infinite
matrix or operator expression if we only incorporate martingale properties into the
self-consistent equations. In this paper, using an expansion of the score function of
the semiparametric profile likelihood, we derived a structure of the NPMLE focusing
on doubly censored data. The score function was then expressed as an approximate
form of the efficient score using the derivatives between the profile estimators. Based
on such an expression of the score function, we showed that the NPMLE possesses
a structure of a superposition of the forward and backward martingales with a bias
in intensities which converges in probability to zero. Thus, while avoiding the infi-
nite matrix or operator expression, we demonstrated that the asymptotic distribution
of the NPMLE is a Gaussian process via martingale properties. This is summarized
as Theorem 1, which forms the basis for overall tests and simultaneous confidence
intervals at several times. The correlation structure between forward and backward
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martingales was used to obtain the asymptotic covariance function of the NPMLE. In
future work, we are interested in determining how the martingale approach presented
here can be extended, for example, under more practical conditions than Condition 2,
to some regression models or to interval-censored data.

Appendix A
A.1 On derivatives of profile likelihood

Proof of Proposition 1 1If the differential rule only is used, U, (6;) and Z,,(6;) may be

[n]
aF 60

Un(0) = > uj(F6)—; (’) nd

j=1

[n] [n]

8F 6,) dF; (0 0,

Lo =2 > i FO)— 2= (’) l( ”—Zu,(F(et» aéﬁ 2

j=11=1

where the derivative notation is suitable for d rather than 9, but the latter is used to
avoid a confusion with the infinitesimal on time ¢, such as d F(¢). These forms can
be reduced further following the condition (5): that is, the score function satisfies
Un(6) = um, (F (6;)). Also, the Fisher function Z, (6r)_ is obtained as (6) using (5),
3F,, (6,)/06, = 1 and 32F,,, (6,)/06% = 0 because of F,,, (6;) = 6,. o

A.2 Proofs for fundamental martingale properties

Proof of Lemma 1 Unlike right-censored-only data, the information on Yif(t) does
not lead a martingale property so directly for Nl.t(l)(t). We therefore set an ideal at-
risk process, which we cannot always observe completely, Yif*(t) = IL(C,.L <t <
min(Ti*, CZ.R)), so that we can see
=t
E[dN/ V)Y @) = 1]
=Pr(t < T} <t+dt,CF < T < cFicl <+ < min(T7*, CF))

= dA D).

To obtain the .7 J\f -intensity of dN fm(t) using Y; f (t), we can lead the relationship
E[dN/V )7L ) = Y @) Pr(an! V@) = 1, Y* () = 1170
= v Py (1) = 1FHEAN Y ()17, Y0 = 11,

Given Yif(t) = 1, the information on the ith individual extracted from ftf_ is
equivalent to {Yif(t) = 1}. Therefore, given Yif(t) = 1, we can easily obtain
ELdN/ V@)L, v (1) = 1] = dATD (1) because of {YI*(1) = 1} € (¥ (1) = 1}.
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Second, given Yif(t) = 1, we can obtain

Pr(C} <t <min(7*,Cf))  Pr(Cl <1< CF)S*(-)
Pr(Yf (1) =1) IR OAGES)

Pr(Y* (1) = 11.7) = :
where Pr(CF <t < CR) is obtained as 1 — Pr(t < CF) — Pr(t > CF) = SR1_) —
SL(¢_). The event patterns included in {Yif(t) = 1} consist of {r < Ti*, CiL < Tl* <
CZ-R}, {t < CI»R, CiR < Ti*} or {t < CiL, Tl* < CiL}. For example, the probability of
the second event is —(1 — F*(s_)) FR(s_) + e FR(s_)dF*(s) using the Stieltjes
integration by the right continuity of F*(t) and F®(r). By summing up the three
probabilities, we have

Q' (1) =Pr(Y[ (1) =1) = S¥(t)8*(t-) + S“ (1)1 — §*(1-)).

Therefore, these provide E[dN/ " ()71 = YI()ywy " (0) dA" D (1) = a A}V )
and then Mif (l)(t) is an ﬂtf—martingale and square-integrable, because it is clear that
NI is adapted to {Zf : t > 0} and EIN/ " (1)] < 1 < 0o and E[A!V(1)] < 1 for
all ¢. Results for Ml.m) (t) and Mim)(t) are similar to Mif(l)(t).

For the latter part of this lemma, note that Ele(z) (t) and ENf L) (t) never jump at
the same time ¢ because of (1) even if Cl.L and Cl.R are not mutually independent. Hence,
(Mif(z), Mlm))f(t) = 0 is shown, for example, using Fleming and Harrington (1991,
Lemma 2.6.1). The other martingales M lf ® and MY are mutually independent unless
i = jand: = J. So, it is shown as usual that (Ml.f(l), Mﬁ(]))f(t) =13G = j,1 =
DAY @) o
Proof of Lemma 2 This lemma is the time-reversed result of Lemma 1 and can be
shown by approaches similar to Lemma 1. O

Proof of Lemma 3 By the definitions #; = Zf v Z5, and N}V (t) = N/ (1) +
NP @), it (N () = 1} € Zf, NPV (r (1)) is F!-predictable and N'Y (1) too.
In fact, if we already observe ?ile ) (x) = latatime x before acurrenttimet (x < t),
we can know that the present Nl.b ) (r(¢)) will jump surely at the future time x (<
r(t) < r(x)). Inversely, if (N} (r(1)) = 1} € 5, N} (1) and N} (1) are ;-
predictable. For these reasons, after Yib (r(t)) =0or Yif(t) = 0 occurs (under r () <
1), 81V (1) and 8 (r (1)) are added in .7, -predictable components of N/ (r) and
N ;’ ) (r (1)), respectively. Hence, N iU(./ ) () is at risk with the intensity controlled by the
conditional probability when Y{(1)Y>(r(1)) = 1. So, we have E[dN/ (1)|.Z]_] =
E[?lNl.f(j) OF ]+ E[(EiNl.b(J)(r(t))lﬁtu_] and their components are expressed as

ELANY ()71 = Y O YP (rDELAN] )Y (1) Y2 (r (1)) = 11+ d8;Y (1),
ELANY (r (o). Z1=Y O Y2 r ) ELAN'Y (r(a) Y () Y2 (r(1)) = 114 d8)Y (- (1)).
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Here note that Nm)(z‘) = f( 0.1 de(] (x) + fr(t) N dNibm(x) and Z’Nib(])(r(t)) =
NPV (r (1)) = NPV (r (1)) with Nb(j)(r(t ) = N'Y(r(t)4). Then, because

ELAN/ Y OV )Y (1) = 11 = Pr(dN! (1) = 11Y ) Y2 () = 1)
and E[dN"Y )Y ()Y (r(t)) = 11 = Pe(dNV (r(1)) = Y (O Y2 (r(0) = 1),

the above conditional expectations are vt () (t)?iAf(/) () and v°V) (r (t))?iAb(/) (r (1)),
respectively. In fact, the denominator is Pr(Yl.f (t)Yl.b r@) = 1) = 0ofw) —
O (r()+) = Q°(r(1) — Q°(z-) because of Y/ (NYP(r(1) = 1(t < T; < r(1)),
while the numerators are obtained similarly to the derivation in Lemma 1. Therefore,
Ml.nf(”(t), Mﬂb(])(r(t)) and Ml.m)(t) are ﬂf—martingales, 7 =1,2,3&="fband

they are square-integrable because E[AEg(])(t)] = E[Af(j)(t)] < 1 forall r. O

Proof of Lemma 4 1fi # j, we have E[Miuf(l)(t)MJu.b(’)(S)] = 0and E[Mif(')(t)M?(])
(s)] = 0, as already described in Sect. 3.3. Here we first show E[Ml.nf(] )(t)Minb(] )
(r(t))] = 0. Note that Ml.ut(j)(t) and Mt.ub(”(r(t)), 7 = 1,2, 3 are right-continuous

with M ©0) = MPVr(0) = 0, and 3o_,_, M (5)dM*V (r(5)) = 0.
Similarly to the derivation of (10), we have

Miuf(])([)Min(])(r(t)) — f(o q M_ﬂb(J)(r(x_))aM_ﬂf(J)(x)
+ fon MV Fa) AU (x).

The right-side of the above equation is obviously an .%,-martingale by Lemma 3,
so that the expectation is zero. Next, we show E[M f(j)(t)Mb(])(r(t))] =1(r@) <

DELS;, .0y AN/ (0)]. Using the relationship 7° " (¢ ) ) =M @)+ @A) -
A ])(t)), the first and second terms of (10) are

S MPO Gy aM P )+ [y MEY FOe) dMPD ()
©.1] r.n M,
+ foq MYV o)y AT () — f(ﬂ(x))
+ Lo MY Fa) AP () — A7 (). (18)

Since M; (j)(x ) and M, m(r(x )) are 9?,( -predictable because %, f ry © fu

the first and second terms of (18) are J, -martingales. For the thlrd term of (18), we
observe
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B (r(x-0) dA]Y (0] = B[ M) (r(r- ELAN] Y (0 ZE 1]
E[M (r(x2) dA[Y (0)] = E[MY (r(x-)E[dN! Y (0| 71 1]
—E [E [M;J(/)(r(x_))E[YiNf(/)(xNﬁfjIﬁr%_)]]

—E [M?(J)(r(x_))E[aNif(])(x)|ﬁ£7]] :

so that we have [, E[M;" (r(x2)) d(A (x) — A]"’ (x))] = 0. Similar relation
and result are also observed about the fourth term of (18). Thus, putting s = r(t), we
have

E[Mif(’)(t)M?(j)(s)] =1(s <1E [f[s’l] Z'Nif(”(x)] .

All results for this lemma are shown. O

A.3 Preliminary for the linearization of the NPMLE
A.3.1 Discrete-true function

We provide another definition and viewpoint of the step function F¢* and its vector
expression F* introduced in Sect. 4.1. In particular, the equation (19) shown below is
used in Sect. 4.2.2.

Note that dA*)(s), ; = 1,2,3 defined in Sect. 4.2 are used for limit
expressions, because dA*U )(s) is equivalent to the quantity such as dA*U N(s) =
Qb(s)wb(-/ )(S)Z’Ab(-/ )(s) under Condition 1 (continuous model). By Lemmas 1 and
2, we can set the “pseudo-true” data as

af = f)—j ndA* D (s), Bi = f7j ndA*®(s) and Vi = fjj ndA 3 (s),

j=0,1,...,[n] + 1 with rules that jf,,H] = 1l and y;* and ’3[*11] are substituted by

Y1+ vy and B, + B}, for convenience. This results in ZE":]TI af + ZE'V;]O B +

ZE@TI y;‘ = n. Let l;:(F)Abe I,(F) in which «;, B; and y; are replaced by oe;‘f, ﬂ;‘
and y jfk in the case of J = Jgx. We can then define F * and equivalently F?*(-) as the
NPMLE for such pseudo-true data, that is, F* = argmaxp, F[”J}l,’; (F). So, letting

ujf(F) = 3l¥(F)/0F;, then F* satisfies

.....

wi(F*) = fjj ndA* D (s)/ p} — fyjﬂ ndA*D(s)/p%,,

- fi, ndA*®(s)/5% + , ndA*(s)/F¥ =0 (19)
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for j =1, ..., [n]. Further, by alinear transformation such as Sugimoto (2011, Lemma
2), F9* (= 1 — §9*) satisfies the self-consistent equations

2 S (1) - Fo(1)
F&) =>> A*D(r) — / AA* D (5) +/ RO A*3) (5
; 0.1 5% (s) @1y F()
for the discrete times t = 0, fl, e, f[n]+1- The above equations extended to all 7 are

identical to the self-consistent equations which the true function F*(¢) should satisfy.

A.3.2 Function expressions for the profile estimators and their derivatives.

As 1ntr0duced in Sect. 4.1, denote F(s 0;) = F (6;) and th (s;0;) = BF (6;)/006; if
s €[J; i j+1) as function expressions of the proﬁle estimators and thelr derivatives
given in Sect. 2.2. Then, F@t (s; 6;) of (9) has a structure of the product integral and is
written as

Tl (1= R @; 0)) if s <1
TT, oz (1 — AR et)) if s>t

)

Fo, (5:6,) =

where

OF(s:6)  dFp (s116)
OF(s116)  Fo(s4:6,)

0F(s:6) _ dFy(s—:6)
IF(s_16)  Fg(s—:6)

dK(s;0,) =1 —

and dK(s;0,) =1—

Further, following (7) and (8), d K (s; 0;) satisfies

e @1 /Pj+1(6)*
1— dK(s;6;) = . -L_H 7 -
AR (Ty1:0) 5l b Iy 4 o b
7 ©Or) Pj+10r) S ©r) Fj0r)
S5 /P 0)*
1-— dK(s,Qt)— TR L5 R B Vi
Ujsr: ’)‘- 1(902+ﬁ,—<e,>2+§,<9,>2+f,-(et>2

ats = J and is zero if s # Jj, where dK(Jo,G,) 1 and ?11/(\(7[,1];9,) =1,
S ©G) =1-— F (0;) and p D) = F (6;) — Fj—1(6,). This type of expression of
F(.)r (s; 0y) is helpful to understand the contents as discussed in Sects. 4.1 and 4.2 and
Appendix A .4.
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A.4 Proofs for expressions of the score function

Proof of Proposition 2 To derive the equation (13) of Proposition 2, we consider two
types of Taylor expansions. The first of the expansions is

qj 9 . (0)
FIF o - Eor PRI GRIGIE ) el
j — Fj—(F; it

Ajtl aj+1 (0)

Gt Fr) (Frai(F) = Frp) o @D
j+1 j Jjt

Where I:: *(0) and F *(01) are inner points on the line segments between F ¥, and

F;_((F} ) and F 4 and F ]+1(F ¥), respectively. The second of the expansions is
based on the Taylor approxunatlons of

wj—1(Fja(F), Fi_{(F), F}) —uj_1(Fj o (F_)). F}_,, F})
in I?j_l(F;") around F;."_l and
i1 (F7 Fip(F7), Fia(FD) —uj1 (F L Fry Fia(Fiy)

in I?j+1(F;‘) around F7+1~ Then, since I?j_z(F;‘) = I?j_z(l?j_l(Ff)) and
A]+2(F*) = A]+2(I?]+1(F*)) are satisfied, note that we can treat }?] 2(F*)
and F]+2(F*) as the functions of Fj 1(F*) and F]+1(F*) respectively. Because

uj1(Fj o (F?), F 1(F). F) = 0and uj 1 (FF, Fj1(F}), Fja(F}) = 0, by
such Taylor approx1mat10ns we have

wjr(Fig, Fiy B + o/ (Fioy = Fa Py

“j—l/(F}k—l - }k—z)}

)
_zf(F;k(zz),Fj*(ll),F*)(f- 1(F5) = Fi ) 22)

)-
wjp1(F7, Fiyy, Fio) + {a/+2/( j+2(Fi) — Fiy 1) +2/( 2 }l])}
=PEL NS (FnFED - Fy) @3)

where F; *(1) and F*Y) are another inner points on the line segments between F; ¥ ,and

j+1
Fj_ 1(F )and +] and FJ_H(F ), respectively, ]*fz) mean F*(Z) A_ (F*(l))
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and F*%) = F; o (FF)), and

j+2 = Jj+1
2 1 . 2 1
f(F*( ) Fj*( 1)’ F*) — lj*l,j*l(F*( ) Fj*( 1)’ F*)
(1)
+ (F *(2) *(1)) jfZ(F i)
l] 2,j—1 8?*(1) s
j—1
7b O @ . (1) F=x(2)
(F*a j+]vF]+2) :lj+l,j+l(F Fj+]7F]+2)
) F*(l))
o (PO 0 Fj12( j+1
ij2,j+1 (Fji s J+2)W
Jj+1

The expression of u,, (F (6)) from Proposition 1 is transformed by repeatedly using
(20) and (22) to cancel FJ 1(F ) — F* | until getting j = 1if j < m,, and using

(21) and (23) to cancel F]_H(F ) T until j = [n] — 1 if j > my, so that we have

1 ~ —~
Un(07) = X0 (FY_y, Fr L FE ) For (7)),
where

—1 . ~x(0 ) 2 1 .
175, {—1,~,,~+1(Ff‘” Frop/ T FQFO, FH)} if s<r1,

T { =i Fp By O f R Er O FED it s >0
(24)

Fge(s) =

The above expression provides (13) of this proposition.
Similarly to Fg,(s; 6;), Fox (s) satisfies a product integral structure such that

For(s) = Thcues (1 — dK(ui 1) if s < t and Fyr(s) = T oyzs(1 — dK (u; 1)

otherwise, where dK (s;1t)1s

~x(0
| _ 3R 0) Olj+1/(Pj5rf)
(1_6F,-1<F,-(”)) @ L Bj Vi
7+ (2 1 <x(1 =x(1
oF;] 2 C A CE I L VIR

at s = f and is zero otherwise, dK (s; t) is a reversed version of dK (s; 1), as
similar to the relation between dK(s 0;) and dK(s 9,) and p*(o) F* _FO

j=1
~s(1 1) ~*(2 1 2 1 {
5 —F - FJ*( ), p»_« ) F;s( ) F;:) and S;‘( ) g F,*( )
Finally, using
- —f(1) -—f(2) —f(3)
o) :f7j dN " (s), Bj =f7j dN 7 (s) and y; = f AN ),

we can easily see that (13) is transformed to the Eq. (14) in terms of the counting
processes. O
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Proof of Proposition 3 To obtain a further expression of U, (6;) in Proposition 2, let

Uty =", uj (F*) Fgr (J7) + U, 41/ Py 1
and UP@OF) =" 1w (F*) For (7)) — om1 /P 1 (25)

such that U, (6)") = U}: ®+ U,E’ (6). Then, we decompose « j, B; and y; included in
- —f(1 ->—f(1 - —f(2 ->—f(2
uj(Fase; =[5 {dA Osy+amt "V s)). 8, = [ (dA @)+ dd P (s)) and

= J; (dA" (s) + dM'? (5)) by Lemma 1 if j < m,. On the other hand, if j >
J
b(1) b(1)

m;+1,a;, B and y; are, respectively, decomposed as fy.{?iz (S)+(L_1M
J

fT{‘aZb(/)( ) + de(J)
J

of U, as follows:

(s)}and

(s)}, 7 = 2,3 by Lemma 2. Hence, we obtain an expression

U 67) = S w8+l F ) For (7)) + s F™) + ult®(F))

+> n_]m1+l {uj‘b(F*) + M?”"(F*)} fe,*(Jj)s (26)
where u] Fand u ' are already provided as in Proposition 3, uAb
<—b(1) “—b(1) ——b(2) <—b(3)
A () _/ dA™ " (s) _/ dA™ 7 (s) _/ dA”7(s) +/ dA(s)
! P Ti Pig oS i
and obviously u?” f u?”ﬂ’ and u?”’b are u;‘f, u;‘ﬂ’ and u?b in which the intensity
£ 7£0)

components A are replaced by the corresponding martingale components M
(y = 1,2,3, & = f,b), respectively. By arranging (26), we have the expression of
U A(t Ht) as in Proposition 3. O

A.5 On consistency results

There are several ways of showing that the NPMLE F or the SCEs (self-consistent
estimators) are asymptotically consistent to F*. Discussions in many other studies
are based on the self-consistent equations (see, e.g., Tsai and Crowley 1985; Chang
and Yang 1987; Gu and Zhang 1993). We briefly describe only the consistency results
needed to derive the asymptotic distribution of the NPMLE below, since most of these
detailed proofs are provided by Sugimoto (2012b).

If Condition 2 is satisfied, we have

sup, o1y |1F (1) — F*(1)] =, 0 and sup, ;0.1 |1F (53 6;) = F*(s)| =, 0 as n— 00
27

(see Chang and Yang 1987; Murphy and van der Vaart 1997 and Sugimoto 2012b,
Theorem 1). Based on Proposition 4, it is shown that sup,¢o 1 |Fa*(s) —F*(s)| =
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sup; | F*(J;) — F*(J;-1)| is bounded by O(logn/n) in probability. Using this fact,
we have

supgcpo.1) VAIF¥*(s) = F*()] =, 0 as n — oo. (28)
Given Condition 2 and ¢ € [19, 71] for 0 < 79 < 11 < 1, by a uniform continuity

of Fys (s) on K (s; 1), (27) and (28), we can show that H'Y(s), ; = 1,2, 3 defined in
Sect. 4.2 are bounded uniformly on s € [0, 1] and

SUDP; (1.7 1.5€[0.1] |I-Il(/)(s) — H,*(/)(s)| —,0, 7=1,2,3 as n—>o00 (29)

(for further details, see Sugimoto 2012b, Theorem 4, Corollary 3, Section 5), where
the true derivative F;‘* (+) included in H,*(] ) () is

Fi(s) = T0cyer(1 — dK*u; 1)) if s <t and
Fiu(s) = Thousy(1 — dK*(us 1)) if £ < s
t

with
1 — dK*(u; 1)
_ A" D (uy) [ dF* ()’
. A0 | dAD () © dAY () W AW
dK (u_) dF*(M)z + dF*(M+)2 +f7 S*(u)z +fu7 F*(u)z
1 — dK*(u: 1)
AA*D () ) dF* (u)?

e A | dAOW | AW i dAO
dK™ (s 1) dF*(uy)? + dF*(u)? + §*(u)? + i F*u)?

@if F* is not strictly increasing, #4 and u_ mean times just after and prior to inf{x :
F*(x) — F*(u) > 0} and sup{x : F*(u) — F*(x) > 0}, respectively). Hence, by (27),
(28) and (29), we have

SUP; (70,71 11/n~'Z,@,) — 1/ 2400, )] -, 0 as n— oo (30)

(Sugimoto 2012b, Theorem 5).

A.6 Auxiliary result
Proposition 4 Suppose that F* is continuous function and F- (- F R(t) is positive

on the support of F*. Then, sup; n_la;‘f and sup; |F*(fj) — F*(J;_1)| are bounded
by O (logn/n) in probability.
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Proof of Proposition 4 Note that A*(l)(fj) = f(o fj](FL(s) - FR(S))ZIF*(S), j=

l,...,k are iid. uniform random variables on [0, A*(D(1)], where jump points
Jj at censoring points are excluded but do not occur with probability tending
to 1 as n — oo. Because of n_la;f = A*(l)(Jj) — A*(l)(ijl), we have
sup; n_l(x;‘ < Op(logn/n) by the result on the maximal spacing (Slud 1978),

which also leads IF*(fj) — F*(j},l)l < Op(logn/n) using a relation n_loc;‘ >

(F*(Jj) = F*(Jj-1)) inf(FE(s) — FR(s)). ul
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