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Abstract We use some properties of orthogonal polynomials to provide a class of
upper/lower variance bounds for a function g(X) of an absolutely continuous random
variable X, in terms of the derivatives of g up to some order. The new bounds are
better than the existing ones.
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1 Introduction

Let Z be a standard normal random variable and g : R — R any absolutely continuous
(a.c.) function with derivative g". Chernoff (1981), using Hermite polynomials, proved
that [see also the previous papers by Nash (1958); Brascamp and Lieb (1976)]

Varg(2) < E(¢'(2)),

provided that E(g(Z ))2 < 00, where the equality holds if and only if g is a polynomial
of degree at most one—a linear function. This inequality plays an important role in
the isoperimetric problem and has been extended and generalized by several authors;
see, e.g., Chen (1982); Cacoullos and Papathanasiou (1985); Papathanasiou (1988);
Houdré and Kagan (1995); Papadatos and Papathanasiou (2001); Prakasa Rao (2006)
and references therein.
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688 G. Afendras

The results of the present paper are related to the following class of random variables
[cf. Korwar (1991); Diaconis and Zabell (1991); Johnson (1993); see Afendras et al.
(2011); Afendras and Papadatos (2012a,b)].

Definition 1 [integrated Pearson family] Let X be a random variable with density
f and finite mean u = EX. We say that X (or its density) belongs to the integrated
Pearson family (or integrated Pearson system) if there exists a quadratic polynomial
g(x) =8x* + Bx +y (with 8, B,y € R|8| + |8 + |¥| > 0), such that

/X (w—0f(0dt =qx)f(x) forall x eR. (1

This fact will be denoted by X or f ~ IP(u;g) or, more explicitly, X or f ~
IP(u; 8, B, v).

The definition of this class is sometimes considered as equivalent to the Pearson
family; cf. Korwar (1991); Johnson (1993). However, this is not precise. In fact, several
properties holding for integrated random variables are not true for all Pearson distrib-
utions. For instance, Properties P3 and P4 in Ord (1972), pp. 4-5, are not informative
for the behavior of moments [see (1.7)], unless the distribution is integrated Pearson.
The same is true for eq. (12.45), p. 22, of Johnson et al. (1994). In a review paper by
Diaconis and Zabell (1991), the classification of Pearson distributions were related to
orthogonal polynomials (see Table 2, p. 296). This implicitly stated family is close to
what we call “integrated Pearson family”. Its properties have been analyzed in detail
in a recent work by Afendras and Papadatos (2012a).

Let X ~ IP(u; q) be a random variable and let us consider a suitable function
g. Johnson (1993) established Poincaré-type upper/lower bounds for the variance of
g(X) of the form

i Eq*(X)(g® (X))
(=) (Varg(X) — 5,) = 0, where S, = > (=D} — (k_)l(g ( .)) C©
oy k!]_[jzo(l — jo)
In particular, for the normal see Papathanasiou (1988) and Houdré and Kagan (1995);
for the gamma see Papathanasiou (1988).
Afendras et al. (2011), using Bessel’s inequality, showed that

R E2¢4(X)g® (X)
Varg(X) > :
; KBk (X) 1752, — jo)

3)

for the case n = 1 see Cacoullos (1982).
Afendras and Papadatos (2012b) showed that, under appropriate conditions, the
following two forms of Chernoff-type upper bounds of the variance of g(X) are valid:

. ' 2 ]EZ nx (n) X
L Bo0gon | BetOn(s o0) - B

Sn, (str) = Z

i (X)) [1752,0 — jo) (n+ DS (1= j8)

“

@ Springer



Variance bounds for integrated Pearson family 689

n—1

c E2g' (X)g® (X) Eq"(X) (g™ (X))?
S (weak) = Z Eai 202 : 202 o
o B O[5 2,a =48 ;52,0 —jo)

(&)

The equality in (4) holds when g is a polynomial of degree at most n + 1 and in (5)
when g is a polynomial of degree at most n. The bound (5) for beta distributions has
been shown by Wei and Zhang (2009), using Jacobi polynomials.

In the present article, we shall apply a technique introduced by Afendras and
Papadatos (2012b) to obtain a general class of bounds. Specifically, in Sect. 2 we
provide a new class of upper/lower bounds for the variance of g(X). They can be
called as “Poincaré-type” of order n and with point balance m. They hold for a sub-
family of Pearson distributions. In particular, the bound for N (u, 02) distribution,
namely

m m 2i
Spn(g) = Z(( 1_ o 2 (l)(X)+Z( 1)1 1((1')_:_7”)1 ( (l)(X))

(for (x)i see Definition 2), satisfies the inequality
=" (Varg(X) - Sm,n(g)) >0,
where the equality holds if and only if g is a polynomial of degree at most m + n.

For fixed n, Sect. 3 investigates the bounds S, , (g) as m increases. It is shown that
the bound S,,+1.,(g) is better than S, ,(g), i.e.,

|Varg(X) — Sp+1.1(8)| < [Varg(X) — Sp.n(g)|.

Also, for any suitable function g, Sy ,(g) — Varg(X) asm — oo.

2 Unified extension of variance bounds

This section presents a wide class of variance bounds. First, we prove the following
useful lemma.

Lemma 1 Let X ~ IP(u; q) = IP(u; 8, B, y) and let us consider a positive integer m
with EX?" < 0o. Suppose that the function g is defined on the support J = (o, w) of
X, and assume that g € C"™~'(J) and g~V = M are absolutely continuous
with (a.s.) derivative g™ If g™ (X)|g"™ (X)| < oo then

Eqi(X)Ig(i)(X)| < oo for all
i=0,1,...,m—1.

Proof Fixi € {0, 1, ..., m— 1} and assume that Eg' ! (X)|g"+tD(X)| < oco. Setting

h =g we have that Eq'*1(X)|h' (X)| < oo. Consider the random variable X; with
density fi = q' f/Eq" (X) ~ IP(u;: gi), where p; = (u+iB)/(1-2i8), gi = q/(1—
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690 G. Afendras

2i8) and J(X;) = J (see Appendix A). One can easily see that Eg; (X;)|h'(X;)| < oo.
Since EX?" < 0o we get EXZ.Z(m_l) < 00. Hence IE}Xl2 < 00 because m — i > 1.
Using Lemma 2 (for k = 1) we have that E| Py ; (X;)h(X;)| < oo, where P;;(x) =
x — i is the Rodrigues polynomial of degree 1 corresponding to the density f;. Since

Wi € (o, w), we can find € > 0 such that [u; — €, u; + €] C (o, w). Thus,

Wi+e

(i — x)|h(x)] fi (x) dx +/ [(i — x)h(x)] fi (x) dx

wi—e€

wi—€

E[Py i (Xi)h(X))] :/

o

+/ (x — i) h(x)| fi(x) dx

Hite

i —€ Mite
> e/ |h(x)] fi (x) dx +/ (i = x)h(x)] fi(x) dx
o M

i —€

+e/ ()L () dx.
”w

ite

Hence, [/~ |h(x)] f; (x) dx and f::Jre |h(x)| f; (x) dx are finite. The function  is
continuous in the compact interval [u; — €, u; + €] so f:_"j: |1 (x)| fi (x) dx is finite.

Therefore, Elh(X;)] = E|g® (X;)| = BLXIVOl 56 frice.

. o Egt(X) . .
We have shown that Eg't!(X)g(*tD(X) < oo implies Eq’ (X)g® (X) < oo.
Applying this fori =m — 1,m — 2, ..., 0, the proof is completed. O

Now, we give the following definitions that will be used in the sequel.
Definition 2 For x € R and k € IN define:
@ r=x(x—=1)---(x —k+ 1), with (x)g = 1.
® xlk=x&x+1---(x+k—1),with [x]p = 1.
Note that [x]x = (= D*(=x)x = (x +k — D).
Definition 3 [cf. Afendras and Papadatos (2012b)] Assume that X ~ IP(u; ¢) and
denote g(x) = 5x? + Bx + y, its quadratic polynomial. Let J(X) = («, w) be
the support of X and fix the non-negative integers m, n such that E|X | is finite,
where £ = max{m, n}. We shall denote by 7" (X) the class of Borel functions
g : (o, ) — R satisfying the following properties:
H; : g € C“ N(«, w) and the function g~V (x) := % is a.c. in («, w) with
a.s. derivative g(©.
Hy : Eg"(X) (g™ (X))” < oo and Eg™ (X)|g™ (X)| < oc.

Note that from (21), Lemma 1 and E?¢'(X)|g"(X)| < Eq¢'(X) - E¢'(X)
(VX)) i = 1,2,...,n, if m < nand if Eq"(X)(g"™(X))” is finite then it is
implied that E¢™ (X)|g" (X)| is finite. For m = n = 0, the property H; does not
impose any restrictions on g, and

AP0X) = L*(R, X) := {g : (o, w) — R such that Varg(X) < oo}
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Variance bounds for integrated Pearson family 691

Also, it is obvious that 570" = 21" = ... = g,
Furthermore, we shall denote by 7" (X) and /(X)) = "™ *°(X) [m is
arbitrary because in this case this index is insignificant] the classes of functions

JN(X) =000 (X)) and SP(X) 1= N2 (I (X)) e,

AHN(X) ={g € C() : Bg"(X)(s™ (X))* < 00 and Eq' (X)¢D (X))

<ooVi>n},

AX(X) ={g € CP(J) : Eq"(X) (g™ (X))? < 0o Vn € N}.

From Lemma 1 and from (21), we conclude that the (finite or infinite) sequence
™" (X) is decreasing in m and in n. In particular, if all moments of X exist then

L3R, X) = #%0(X)

9]

H0X) 2 AN (X)
U U

H0X) 2 APNX) 2 AX)
U U |U
U U U

HRO(X) D AN (X) D A (X) D - D AHP(X).

Let X ~ IP(u; 6, B, y) with§ < 0. Also, consider two (fixed) non-negative integers
m, n, with n # 0, and a function g € 7" (X). According to Parseval’s identity we
have that

Varg(X) = D cf, (©6)

where ¢, = Eg(X)gr(X) are the Fourier coefficients of g with respect to the corre-
sponding (to X)) orthonormal polynomial system {¢y};2,.

Foreachi =1, 2, ..., n the function g(i) € ppm—in—i (X ) and, from Parceval’s
identity again, E(g(i)(Xi)) Seeo (c (')) where c = EgD(X;)gi.i(X;) are
the Fourier coefficients of g with respect to the orthonormal polynomial system
{@r.i}g= corresponding to X; ~ f; o g f: see Appendix A. Using (22) we have that

00 k+i—2
Eq'X)(gP00)=> (i [T a-jo | i=12....0n, @
k=i j=k—1
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692 G. Afendras

see [Afendras and Papadatos 2012b, Lemma 3.1, eq. (3.4)], where each coefficient of
c,% is positive. Also, from (20),
2i-2 12

Eq' (X)gW(X) = | i'Eq' (X) H(l—ja) i, i=1,2,....m, (8
j=i—1

see [Afendras et al. 2011, Section 3, eq.’s (3.2) and (3.5)].
Let Ay = (Miiny A2eny - ooy An n)t € R”. According to Tonelli’s theorem, we have

that Zz"lzl Z]?il P\i;n(k)i H];_Hk 1(1 — ]8)|Ck = Zl 1|)\1 n|Zk =i [(k)l H];-Hk 1
(1-— j8)]c£ =>", |ki;n|Eq (X)( (’)) < 00 and, using Fubini’s theorem,

min{k,n} k+i—2

Zx, Eq' (X) (g9 (X))° Zpknck, wherepkn—zx,n(kx [Ta-js.

i=1 j=k—1

)

We seek a vector A, , such that o410 = Pmt2.0 =+ = Pmtn.n = 1. From (7)
we obtain the system of equations

Am,n . xm,n = lna (10)

where the matrix A,, , € R™*" has (r, c)-element which is given by
m+r+c—2
Ar.c;mn = (m+r)c H (1 —j5)
m+r—1
and the vector 1,, = (1, 1, ..., D' e R™.
The above system has the unique solution, see Appendix B,
. 1m m+i—1
Aigmn = (1)~ (l)/ m+n); [ A—-j&|, i=12,...,n. (11)

j=m

From (9) and (11), using the hypergeometric series (23), we have that pg.pm.n =
l—(m+n—k), H’”j,;’ii Y1 = j&)/[m +n), | st '(1 - j8)]. Equivalently,

A=k, Hm_*,;:f; L(1—j8)

<k<
(m4n), H"’:,Z T(1—j&) s 1<k <m,
Pkmn = 3 1 , m<k<m+n,
k—m—1), [T 1—js
1—|—( l)n ]( —m- )H =m-+k ( ]) k>m+n

(mn), [T Ya—js)

=m
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Variance bounds for integrated Pearson family 693

Thus,

$ @l a0y
(m 4 n) 150,71 j8)

(m+n—k), [I15n (10— o) P
k

= Varg(X) —
; (m + ) [T7250 71 = jo)

— D 1720t = jo)
+ (—1)" 1€ . (12)
k;—:ﬁ—n (m +n)y Hm+n 1(1 Jo) .

The main result of this paper is contained in the following theorem.

Theorem 1 Let X ~ IP(u; 8, B, y) with § < 0. Fix two non-negative integers m, n
[withn # 0] and a function g € F™"(X). Consider the quantity

Sua(8) = > ail2q' (X)gV (X0 + D (=1 bEq (0 (s(X))7. (13)

i=1 i=1
where
(7) H’"_t’;ié*‘ (1 j8)
" (m + n)Eq X (TES2 A=) T a = jo)
()

T = )

are strictly positive constants (depending only on m, n and X) and the empty sums
(when m = 0) are treated as zero. Then, the following inequality holds:

(—1D)"(Varg(X) — Spu.a(g)) = 0,

and where Sy, ,(g) becomes equal to Varg(X) if and only if g is a polynomial of
degree at most m + n.

Proof From (13), via (8) and (12), we obtain that (—1)" (Varg(X) — m,n(g)) =
Ry n(g), where the residual

(k—m— D, [0 = jo)
Rm,n(g): Z rk;m,n(x)c]% = Z . mt C]%

k>m-+n k>m-+n (m +n)y, Hm+n 1(1 Jjé)

(14)

is non-negative and equals to zero if and only if ¢, = O for all k > m + n, i.e., the
function g : J(X) — R is a polynomial of degree at most m + n. O
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694 G. Afendras

Let X ~ IP(u; 6, B,y) with § < 0. Then X is a linear function of a normal, a
gamma or a beta random variable, see Afendras and Papadatos (2012a). The bounds
Sm.n(g) for the three main cases are included in Table 1.

Remark 1 (a) For fixed n and for any function g € /#™-"(X), where M can be finite
or infinite, the variance bounds {Sm,n(g)}fn”zo are of the same type, i.e., upper
bound when 7 is odd and lower bound when 7 is even.

(b) The bounds {S;,,(g)}),_, require the same conditions on the function g, i.e.,
g € O(X).

Remark 2 (a) The bound S 1(g) is the bound S (sr) of (4).

(b) The bounds Sp ,(g) are the bounds S, which are given by (2). Also, for the special
case m = 0, n = 1 observe that S 1(g) = S1 = S1,(weak); see (5).

(c) The results shown in Theorem 1 apply to the special case where n = 0 (note that
the second sum is empty and is treated as zero). In this case, the lower bound
Smn,0(g) is reduced to the one given by (3).

Remark 3 Regarding the conditions on the function g of Theorem 1, we note that
g € smaxtmnln=lxy  ppmaximninx) implies that the bound S, ,(g) is trivial,
i.e., +00 when n is odd and —oo when n is even.

Now, we seek for upper bounds of the non-negative residual R, ,(g)-

Proposition 1 Assume the conditions of Theorem 1 and, further, suppose that g €
HTT(X) for some T € {n,...,m +n + 1}. Then the residual R,, ,(g), given by
(14), is bounded above by

w B (X) (gD 0), t=nan+1,...,T, (15)

where uy = Uy p(X) := H?Z;ﬁin_;’_l(l - j5)/[(m:,rn)(m +n+ - H';'zrmnﬂil
(1-j®]

Proof Using (7), we write the quantity (15) in the form Z,fir nk;tc,%. Next, consider
the sequence {wy,; = nk;,/rk;m,,,(X)};imHH, where 7., (X) are the numbers

given by (14), and observe that this sequence is increasing in k, with wy,4p+1.c = 1.
O

The upper bounds (when there are at least two) of the residual R, ,(g), given by
(15), are not comparable. For example, consider the functions g = ¢, and g» =
Om+n+2 (both belong to 77°°(X)), where ¢y are the polynomials given by (19), and
observe that

272

urBg™ (X) (17 (X)) =uet! [ (1= j6) > 0= ur 1 Bg™ ' (00 (87" (X))
j=k—2

and

wBg"(X)(e) (X)) m+n—t+D)(1—(m+n+1)0) j
u,+1]Eqr+l(X)(g§r+l)(X)) C m4n—t+ 2)(1 —(m+n+t+ 1)5)

since § < 0.
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X)) (x - :a@% )R+

Uutg+0) [1—1+g+0]'[g]’ L] H(utu) 1=z
[ g+ o] U]+ utg+0]( )
@)1

X (31 (X =D XA

(g+0)/(x—Dx 1o - = D=0 grm) 0<gw (¢ ‘o)erog
~<~A=+Ev = ! =

008 xa—m— ) (IR + QVSM&NQ% e
Y/x (00°0) mTain«k 0o<Y® (¥ *0)ewwen

00U ()R + (00 F a1

17 Asv NNbASV
0

° bYl 0T/ (11— =2 \\( 0<¢° ‘o> Ambi:m:CoZ

(8)u ‘g spunog
(x)b xX)r S s1919WeIRg uonnqLysIq

SuOTINQISIP ©Jaq puk ewwes ‘[ewriou 10y (&) ¥ g spunoq ay) jo wioj oyads T dqey,
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696 G. Afendras

3 Investigating the bounds S, , for fixed n

Next, for n fixed, we investigate the bounds S, ,(g) as m increases. We compare the
variance bounds S, ,(g) and S, given by (13) [for m = n] and (2), respectively. Also,
we compare the new upper variance bounds S, 1(g) and S,—1,1(g) with the existing
Chernoff-type upper variance bounds S, (s¢r) and S, (weak), T€spectively; see (4) and

(5).

Theorem 2 Let X ~ IP(u; 8, B, y) with§ < 0. Fix the positive integer n and consider
a function g € M (X), where M can be finite (M > n) or infinite. Then, for each
my, my such that 0 < my < my < M the following inequality holds

Varg(X) = Sy n(@)| = &mymo.n(8)|Varg(x) — (16)
), rrtz+n—1 1—is

where Loy my.n(8) 1= o) H;ﬁfﬁil( 0 > 1. The equality holds if and only if the
Oni+m) [1:L,,0 (1=j8)

Jj=mi
function g : J(X) — R is a polynomial of degree at most n + mj.

Proof Consider the positive sequence { Zx:m my.n (8)=rk;ml,,,(X)/rk;an(X)}bmﬂn,
where ry. ., o (X) are given by (14). This sequence is decreasing in k. Specifically,

1
(ma +n), [T7200 70 (1= j&)
(my + ) [T (1 = j8)

, ask — oo.

;k;ml,mz,n(a) \ le,mz,n(a) =

Moreover, we observe that 7., ,(X) > 0 and g, ,(X) = O forall k = n +
mi 4+ 1,...,n 4+ my. Therefore (16) follows.

We write = kontm, Okt
and we observe that 6; > 0 for all k. Thus, the equality in (16) holds if and only if g
is a polynomial of degree at most n + m. O

Notice that if § < 0 then []2}"" T - PO T Y1 = j§) > 1 for each n
and m; < my. Therefore, &y m,, n(é) > Ly ma,n(0) = (m2 + n),/(mi + n),, since

6 <0.

Remark 4 Assume the conditions of Theorem 2. (a) In view of Remark 1(a), the
bounds {S,, n(g)}m—o are of the same type. From (16) it is follows that the bound

Smy,n(g) is better than the bound S, ,(g). Now, writing n = 2r (when n is even) or
n = 2r + 1 (when n is odd) we observe that

S0,2-(8) < S12:(g) <--- <Varg(X) <--- < S1241(8) < So,2-+1(8)-
(b) For the case M = oo, from (6), (13) and (a) it follows that

Smn(g) / Varg(X) or S,,(g) N\ Varg(X) as m — oo.

[when n is even] [when n is odd]
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Variance bounds for integrated Pearson family 697

Now, we compare the existing variance bounds S,,( = So’n(g)) with the best pro-
posed bound shown in this article requiring the same conditions on g, i.e., with the
bound S, ,(g); see Remark 1(b).

Corollary 1 The variance bounds S, ,,(g) and Sy, given by (13) (for m = n) and (2)
respectively, are of the same type and require the same conditions on g. Moreover, the
new bound Sy ,(g) is better than the existing bound S,. Specifically,

i |Varg(X) — Su.n(g)|-

2n—1 .
|Varg(X) - Sn| = (2”) H]n=_nl . Ja)
[TiZo1 —jé)
The equality holds only in the trivial cases when Varg(X) = Sy n(g) = Sy, i.e.,
the function g : J(X) — R is a polynomial of degree at most n.
Note that, since 8 < 0, (2[5, (1 = j&) /TTi=6(1 — j&) = ().
The quantities S, (siry and S, 1(g) are upper bounds for Varg(X). Both bounds are
equal to Varg (X) if and only if the function g is a polynomial of degree at most n + 1.
The quantities Sy, (weak) and S,—1,1(g) are upper bounds for Varg(X). Both bounds
are equal to Varg(X) if and only if the function g is a polynomial of degree at most
n. Thus, it is reasonable to compare these bounds.

Theorem 3 Forn = 1,2, ... and any suitable function g we have that:

(@) Su,1(8) < Su,str), where the equality holds whenn = 1 orn > 1 and g is a
polynomial of degree at mostn + 1.

(b) Sn—1,1(8) < Su,(weak), Where the equality holds whenn =1 orn > 1 and g is a
polynomial of degree at most n.

Proof (a) From (13) and (4), via (7) and (8), we have that

k—1 n+k—2 .
_ _ k—k-1s) { GoD Iz ~a—-js) 2
) =Sl =, 2 ("“)“‘”‘”( AT R

where each coefficient of c,%, k > n + 1, is zero when n = 1 and is positive when
n > 1. (b) Similarly, from (13) and (5), via (7) and (8), it follows that

G- IG5 =9
JEED)

k[1—(k—
Sn,(weak) - Sn—l,l(g) = Zk>n ,,Hfznfgg]] ( - l) C]%v (18)

where each coefficient of c,%, k > n, is zero when n = 1 and is positive when n > 1.
O

Remark 5 Foreachn = 2,3, ... it follows that:

(a) The bound S, 1(g) is better than the bound S, (sr); notice that the bound S, 1(g)
requires a milder finiteness condition, g € 7 n1(x), compared to Sy, (str) Which
requires that g € " (X) C A" (X).

(b) The bound S,,—1,1(g) is better than the bound S, (weak); as in (a), the bound
Su—1,1(g) requires a weaker finiteness condition, i.e., g € 211X, rather
than S, (weak)» i-€., § € (X)) C A"~ 11(X).

@ Springer



698 G. Afendras

Final Conclusion The variance bounds given by Theorem 1, for appropriate choices
of n and m, either provide existing univariate variance bounds or improvements. Our
bounds cover all usual cases, namely:

— Chernoff-type [Nash (1958); Brascamp and Lieb (1976); Chernoff (1981); Cacoul-
los and Papathanasiou (1985); Papadatos and Papathanasiou (2001); Prakasa Rao
(2006); Afendras and Papadatos (2012b)],

— Poincaré-type [Papathanasiou (1988); Cacoullos (1989); Johnson (1993); Houdré
and Kagan (1995); Afendras et al. (2011)],

— Bessel-type [Cacoullos (1982); Houdré and Kagan (1995); Afendras et al. (2011)].

Note that no further conditions on the function g are imposed; instead, the new bounds
require the same or weaker conditions, see Remarks 1, 2 and 5, Theorem 3, and
Corollary 1. Therefore, the new proposed variance bounds outweigh all the existing
variance bounds presented in the bibliography.

Appendix A: Some useful properties of the integrated Pearson family

The following properties have been reproduced from Afendras et al. (2011); Afendras
and Papadatos (2012a,b) and are stated here for easy reference.

Consider a random variable X with density f ~ IP(u; g) = 1P(u; 8, B, y).

Leta € (1,400). Then E|X|* < oo if and only if § < 1/(a — 1). Notice that
X has finite moments of any order if and only if § < 0; see Afendras and Papadatos
(2012a, Corollary 2.2).

The support of X is the interval J(X) = («, w) and the density f € C*(«, w), see
Afendras and Papadatos (2012a).

IfE|IX|%*! < 0o, i € IN* = N~ {0} (thatis, § < 1/2i), then the random variable
X; with density function f; (x) = ¢’ (x) f (x)/Eq’ (X) follows IP(u;; g;) distribution
with u; = (u +iB)/(1 — 2i§) and g; = g/(1 — 2i6§); see Afendras and Papadatos
(2012a, Theorem 5.2). Note that if E| X |% < oo and E|X|%**! = oo then the function
fi is a probability density function; however, E|X;| = co so X; does not belong to
the integrated Pearson family.

IfE|X|*N < 0o, N € N* [thatis, § < 1/(2N — 1)], then the quadratic g gener-
ates the orthogonal polynomials through the Rodrigues-type formula, Papathanasiou
(1995),

(=Dfdt
5 @[q O f(x)], xeJX), k=0,1,...,N.

Afendras et al. (2011) showed an extended Stein-type identity of order n. This identity
takes the form EP; (X)g(X) = Eq¢*(X)g® (X), provided that E¢*(X)|g® (X)| <
00. Also, EP((X) Py (X) = 8emk! Bgk(X) x [[352, (1 — j6); thus, the system of

polynomials {(pk},ivzo is orthonormal, with respect to density f, where

Pr(x) =

2k—2

—1/2
wk(x>=Pk<x>(k!Eq"<X> I1 (1—j5>) : (19)

j=k—1
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Hence,
2k—2 —1/2
Eq* (x)g® (x) = (k!]Eqk(X) [T a- ja)) Epi(X)g(X).  (20)
j=k—1
Moreover, the system of polynomials {(p,ﬁﬁl}]/::(; [where ¢; are the polynomials

given by (19) and cp,g)ﬂ. is the i-th derivative of ¢i4;] is orthogonal with respect to

density f;. Specifically, if ¢ ; are the orthonormal polynomials corresponding to

the density f; then w,i?ri(x) = v,Ei)wk,,'(x), where v,Ei) = v,ﬁi)(X) = [(k + i) X

(H;‘ii;il(l — j6))/Eqi(X)]l/2, see Afendras and Papadatos (2012a, Corollary
5.4).

Lemma 2 [Afendras et al. (2011, Theo. 3.1(b), p. 516)] Let X ~ IP(u;q),
with EX* < oo, and a suitable function g, with Eqk(X)|g(k)(X)| < 00, then
E[Pe(X)g(X)| < oc.

Lemma 3 [Afendras and Papadatos (2012b)] Let a random variable X ~ IP(u; q)
and let us consider the strictly positive integers n and N such that n < N and
E|X|*N < cc.

If g € ™" (X) then gV € " """1(X;) foreachi=0,1,...,n—1.

@)
. : i =1,2,...,n,
Egr (X0)g® (X;) = v (X)Eerys (X)g(X) for each {7~ .o
k=0,1,...,N —i.
(22)

If the parameter é of g is non-positive, then the moment generating function of X
is finite in a neighborhood of zero; thus, the system of polynomials {¢;}72, forms
an orthonomal basis of L2(RR, X) and the Parseval identity holds, see Afendras and
Papadatos (2012a). Notice that for each i € IN the parameter §; = l_am is also
non-positive. Thus, the system of polynomials {¢ ;}72, is an orthonomal basis of
L%(R, X;) and the Parseval identity also holds.

Appendix B: The solution of the system (10)

Consider the determinants d,, , = det(A, ,) and di.n, = det(Ajmn), i =
1,2,...,n, where the matrix A;.;, , is formed from A, , by replacing column i
with the vector 1,,.

For each r = 1,2, ..., n define the matrix B, ,(t) € R"~/TDX0=1+D [y 5 are
fixed] which has elements by . (t) = (m+r — 1)1 H’I":,Zi‘rftj (1 — &), where
empty products are treated as one. Observe that dy, , = (m + n),, H’j"i,;’ 11— j9)

det (By.n(1))anddet (By (1)) = (n—0)!([T700 74 (1=[2j+(t—1)18)) det (By.n (1+
D), r=12....n—1
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Thus, it follows that

n—1 m+n—1
dpn=m+n)y, [ [T T] a-i®
j=0 ‘
n—1 [m+4n—t
IT( [T a-12i+@—-n18) ) #o.
t=1 \j=m+1
Now, foreacht=1, 2, ..., ndefine the matrix B; ,,, ,, (t) € R*~+Dx0=1+D[j 4y p

are fixed integers] which has (r, ¢)-element by c.j mn (1) = (m~+r)c—1 Hmjnﬁ_‘;ft g(l —

j&),whenc =1,2,....i—t,andby.c:jmn(t) = (m+r)e HTJ,;_t‘,{;;_iu j8), when
c=i—t+1,i —t+2, ...,n—t+1.0Observe thatd;.,, , = (=11 det (B,-,m,n(l)),
det (Binn(0) = G=ri (T2 5 (1= 127 + (¢ = DI8)) det (Bin(t + 1), 1 =
1,2,....i—1,and det (Bimn(i)) = (n—i+1)!(1‘['}1:+,;’;’1(1 —[2j+ G —DI&)(m+

n— D ([T72n31(1 = j8) det (B, (i + 1).
Thus, it follows that

d: — (- 1)1 1(m+n Dn—i ﬁ iy mﬁ](l— i8)
ismn = i — )] | J: J
j=0 j=m+i
n—1 [m+n—t
[Tt I] a-12i+a-n18
t=1 \ j=m+l1

Therefore, according to Cramér’s rule, (11) follows.

Appendix C: A useful hypergeometric series

Lemma4 Let m,n,k € N and § < 0. Then, the following hypergeometric series
holds:

Z":(_l)i(n) (;  TEHZA =18 mtn— R, [I20H 0 - o)
m+mi [T — ) mAma A=)
23)

Proof For the case § = 0, write (23) as

i(_l)i(n) )i  (m+n—k,
i)m+n)y  (m+n),

i=0
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and observe that this follows from Vandermonde’s formula,

Z(_l)i(ﬁ) @i __ O
i) (x+y)i (x+yhn

i=0

by replacing x with k and y with m + n — k, see Charalambides (2002, p. 125).
For the case § < 0, write (23) as

i(_l)i Mik)i(1/8+ 1=k _ (m+n—kn(l/s—m—k),
S ilm A )i (1/S—m)i (A m)a(1/8 —m)y
This follows from Dougall’s identity,
ZS: (@)i (Bi($)i _ ety + LB +y + 1
iy + i@+ B+y+si  ly+1kla+B+y+11

i=0

using the substitution@ — k, B +— (1/§+1—k), y > (—m —n —1)and s — n,
see [Dougall 1907, eq. (2)]. O
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