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Abstract This paper develops the empirical likelihood (EL) inference on parameters
and baseline function in a semiparametric nonlinear regression model for longitudinal
data in the presence of missing response variables. We propose two EL-based ratio
statistics for regression coefficients by introducing the working covariance matrix and
a residual-adjusted EL ratio statistic for baseline function. We establish asymptotic
properties of the EL estimators for regression coefficients and baseline function. Sim-
ulation studies are used to investigate the finite sample performance of our proposed
EL methodologies. An AIDS clinical trial data set is used to illustrate our proposed
methodologies.
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1 Introduction

Longitudinal data are often encountered in economical, psychological, biomedical,
behavioral, educational and social research. In longitudinal studies, subjects are
observed repeatedly over time and responses of interest are recorded together with
covariates. Semiparametric regression models are often employed to fit various longi-
tudinal data because the parametric part provides an interpretable data summary and
the nonparametric functions provide flexibility to all the data to decide some unknown
or uncertain components such as the shape of the mean response over time. Various
statistical methods have been developed to estimate the regression coefficients and
smoothing functions in a semiparametric regression model in past years. For example,
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see Green (1987), Zeger and Diggle (1994), Lin and Carroll (2001), Ruppert et al.
(2003) and Fan and Li (2004). However, nonlinear relations among the covariates
are important for developing more reasonable and meaningful models, see Bates and
Watts (1988). Recently, semiparametric nonlinear regression models have received
considerable attention, for example, see Zhu et al. (2000), Li and Nie (2008), and
Wang and Ke (2009). These existing theories and methods have been developed under
the assumption that responses or covariates in semiparametric nonlinear regression
models are not subject to missingness. Hence, this paper aimed to develop an infer-
ence procedure for regression coefficients and smoothing functions in semiparametric
nonlinear regression models with missing responses at random.

Since missing data are often encountered in various fields, such as surveys, clinical
trials and longitudinal studies (Little and Rubin 2002) due to some potential reasons
such as study drop-out or study subjects’ refusal to answer some items on a question-
naire or failing to attend a scheduled clinic visit, various methods have been developed
to analyse semiparametric regression models with missing data. For example, see Yi
and Cook (2002), Shardell and Miller (2008), Chen et al. (2008). Particularly, EL
inference for semiparametric regression models with missing data has received a lot
of attention in recent years because it is especially useful for constructing confidence
intervals or regions of parameters of interest in the considered models. For example,
see Wang et al. (2004), Liang et al. (2007), Liang and Qin (2008), Xue and Xue (2011).
Also, nonlinear regression models with responses missing at random were studied in
recent years, for example, see Miiller (2009) and Ciuperca (2011). However, it is more
challenging to deal with semiparametric nonlinear regression models for longitudinal
data with missing responses at random due to nonlinearity of unknown regression
coefficients and the within-subject correlation. Moreover, there is little work done on
the development of the EL method for semiparametric nonlinear regression models
for longitudinal data with missing responses at random.

The aim of this paper was to develop a general EL inference procedure for parame-
ters and baseline function using the complete-case data set or the imputed values in a
semiparametric nonlinear regression model for longitudinal data with responses miss-
ing at random. In our proposed methods, the value for a missing response is imputed
using the inverse-probability weighted imputed method, and the within-subject cor-
relation structure is considered by introducing the working covariance matrix into
the proposed auxiliary random vectors. Particularly, to avoid selecting the optimal
bandwidth and the so-called “curse of dimensionality” in estimating selection proba-
bility function via the kernel method, we employ a logistic regression model, which
is widely used in missing data analysis (see Ibrahim et al. 2001; Lee and Tang 2006;
Chen and Zhong 2010), to evaluate estimation of the selection probability function
by maximizing the corresponding likelihood function of the given logistic model.
Our proposed EL method has the following features: (1) the EL ratio statistic on g
follows asymptotically the central Chi-squared distribution, which can be directly
used to construct confidence regions of the parameters without any extra Monte Carlo
approximation needed when our proposed EL method is not used; (2) unlike normal-
approximation-based (NA-based) method for constructing confidence region on S,
a consistent estimator of the asymptotic covariance matrix is not needed; (3) our
empirical results show that the EL-based method has advantage over the NA-based
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in terms of the coverage probability and the interval width; and (4) our proposed the-
oretical results are new since other literature only considered nonlinear models with
responses missing at random (Ciuperca 2011) or semiparametric linear regression
models with responses missing at random or within-subject independence structure.
We here extend the EL inference for semiparametric regression models with missing
responses at random to semiparametric nonlinear regression models for longitudinal
data with missing responses at random by incorporating the within-subject correlation
into the constructed auxiliary vectors. We systematically investigate the asymptotic
properties of the maximum EL estimators (MELEs) under this new setting.

The rest of the paper is organized as follows: Section 2 outlines the formulations of
two ELs for 8 based on the complete-case data and the inverse probability weighted
imputation technique. We propose a calibrated method for constructing EL ratios and
an imputation estimator for g(f) in Sect. 2. In Sect. 3, we establish the asymptotic
properties of the proposed three EL ratio functions and their corresponding EL esti-
mators. Numerical illustrations including two simulation studies and a real example
are presented to compare the finite sample performance of the proposed methods in
Sect. 4. Some concluding remarks are given in Sect. 5. Technical details are presented
in the Appendix.

2 Methods
2.1 Model and notation

Consider a data set from n independent subjects. For the ith subject, we suppose
that Y;; is the observed value of a scale response variable at time 7;;, and X;; is
the corresponding p x 1 covariate vector fori = 1,...,n,j = 1,...,n;. Under
the abovementioned assumption, a semiparametric nonlinear regression model can be
written as

Yii = f(Xij; B) + g(T3)) + ¢ij (1

fori =1,...,n, j=1,...,n;. Here f(X; B) is a twice continuously differentiable
function with respect to B (a p-dimensional unknown parameter) but is nonlinear
with respect to 8; g(-) is an unknown regression function defined on the interval
[0, 1]. The time points 7;; are known design points. We assume that ¢;; satisfies

E(&ijlXij, Tij) = 0,and €1, . . ., &, are mutually independent with zero mean and the
positive definite covariance matrix X, i.e. var(¢;) = X;, where ¢; = (&1, ..., eini)T
fori=1,...,n.

Throughout this paper, we assume that Y;;’s are subject to missingness and X;;’s
and T;;’s are completely observed. Let §;; = 0 if ¥;; is missing and §;; = 1if ¥;;
is observed. Generally, the missing components may vary across different subjects.
Here we assume that Y;; is missing at random (MAR), i.e. §;; and Y;; are conditionally
independent given Xij and T,'jl P((Sij = 1|X,‘j, Yij, T,]) = P(Sij = 1|X,’j, le) &
p(X;j, T;j). Itis assumed that §;; is independent of §; for any j # k. Without loss of
generality, we also assume that 7;;’s are all scaled into the interval [0, 1].
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For simplicity, we consider the following missingness data mechanism model:

expl{yo + v Xij + 12T}
1 +expiyo + v Xij + Ty}

P(Sij = 11Xy, Yij, Tij) = p(Xij, Tij; v) = (2

where y1 = (V11, -+ - y1q)T, o is a constant term and y = (yp, le, yz)T. The logis-
tic regression model (2) is a widely used model in many missing data literature,
for example, see Ibrahim et al. (2001) and Lee and Tang (2006) and among oth-
ers. In fact, model (2) can be also relaxed by assuming a more complicated interac-
tion/quadratic covariates parametric model or a nonparametric model or an exponential
tilting model for missingness data mechanism as done in many missing data litera-
ture, for instance, see Liang et al. (2007), Wang et al. (2004), Kim and Yu (2011) and
among others. Also, model (2) can be regarded as a first-order approximation to non-
parametric function p(x, t) and it can avoid selecting the optimal bandwidth and the
so-called “curse-of-dimensionality” in estimating selection probability via the kernel
method.
Parameter y can be estimated by maximizing the following binary likelihood:

n n;
L) =[] pXiss Tz % (1 = p(Xij, Tz y)' 5.
i=1j=1

The re-weighted least squares iterative algorithm can be used to obtain consistent
estimator y of unknown parameter y .

2.2 MELE of B with the complete-case data

To delete the incomplete cases, we pre-multiply (1) by the observation indicator §;;,
which yields &;;Y;; = 8;; f(Xij; B) + 8;8(1;;) + &;j&;j. It follows from the above
assumptions that E'(8;;Y;;|Tij = t) = E(8ij f (Xij; B)ITij = t) + E6;;|Tij = 1)g(1).
Let g5(t) = E(8;;Yij|Tij = 1)/E(8;j|Tij = t) and g (15 B) = E(8i; f (Xij;: PITij =
1)/E(8ij|T;; = t). Then, we obtain g(t) = g5 (t) — g$(t; B). The kernel estimators
of g]C(t; B) and gg(t) are

non; n n;

B =D Wi f(Xij: p) and §5(1) =D > WSOy, (3)

i=1j=1 i=1 j=1

respectively, where Wg(t) = 8;ijKn(Tij — /{4, Z;’il S Kp(Tyy — 1)} is the
kernel weight function, K, (t) = K(t/h) in which K (u) is a kernel function on the
real line, & = h,, is a positive smoothing bandwidth sequence such that 4, — 0 and
nh, — oo asn — oo. It is easily shown that glc(t; B) and §2C(t) are the consistent
estimators of glc(t; B) and gzc(t), respectively, and g(r) = <ég(r) — gf(t; B) is also a
consistent estimator of g(z). B

Let yij =~Yij—ZZ:1 S WETipD Y, fi7(B) = f(Xijs B)—> ke 2k WE(Ti)
F Xz B.dij (B =dij(B)= 2y 0%, W (Ti)dw (B) with i (B) =0 (Xij: B)/0p
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fOr ,] = 1’ <oy g, yi = (S}ilv o yini)T’ f;gﬂ) = (ﬁl(ﬁ)v R _];ini(:B))T’ Ai =
diag(8;1, ..., 8in;) and D;(B) = (di1(B), . ... din; (B)T fori =1, ..., n. To develop
the EL procedure for 8, we consider the following auxiliary random vectors:

Zin(B) = Df (B AV A Gi — fiB), i=1,...,n, “)

where V; is an arbitrarily specified working covariance matrix. If V; = I (an; x n;
identity matrix), the observations within the same subject are independent; if V; is
the true covariance matrix of n; observations for the ith subject, the within-subject
correlation structures for the longitudinal data are considered. When the working
covariance matrix V; is unknown, we should first use the method of moments (e.g.,
see Lin and Carroll 2001) to estimate it and then discuss statistical inference on S
based on estimator of V;. For example, V; can be estimated by n~1 ZL] ¢ éiT, where
& =30 = fPB). I = GO DT FRB) = (FRB)s - 5 (BN 5 =
YS = 2 X Wi (Tij)Yg, with Ye = 6iYij + (1 = 8i))(f (Xij, B) + &(Tij)),
15 B) = f(Xij; B) — Shet 2 Wi (Tij) f (X ks B), and B is obtained by solving
the following equation: n=! >, Z;1(8) = 0 with V; = I in Eq. (4).

Without loss of generality, we assume that V; is known in this paper. It can be
shown from MAR assumption that E(Z;1(8)) = 0 when g is the true parameter.
Thus, the true parameter § can be estimated from the completely observed data using
the following estimating equations: E{H (8)} = 0, where H(8) =n"! > Zin(B),
which shows that estimate (say Bu) of parameter § can be obtained by using the
following iterative formula:

. -1
glk+h — g {Z DI B)A; V. A D; (,3)]

i=1

X [ZDIT(ﬁ)AiV,'IAiG’i - fi(ﬁ))] , k=0,1,...,

i=1

where ,8(k+1) is the value of B at the kth iteration, and D;(8) and f,-(,B) are eval-
uated at 8. Here BM is referred to as the generalized least squares estimator
(GLSE). It is easily seen from the above iterative formula that when the rank of
> DZT B A; Vi_lA,-D,' (B) is less than p, it is impossible to implement the above
iterative procedure. The EL method of Owen (2001) is a very powerful nonparametric
method for making inference on 8 based on the estimating equation E{H (8)} = 0
and it has many advantages over NA-based method (Owen 2001). For example, it
has better small sample performance than NA-based approach, and EL-based confi-
dence regions are range preserving and transformation respecting and the regularity
conditions for EL-based method are weak and natural. The EL. method has become
increasingly common in recent years and has been used widely in many applied areas
(Wang et al. 2004; Liang and Qin 2008; Ciuperca 2011). Hence, an alternative EL
approach is developed to obtain estimator of parameter 8 and construct the confi-
dence interval of 8 based on estimating equations E{H (8)} = 0 as follows:
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Let p; be the probability weight allocated to Z;;(B) such that >_'_; p; = 1 and
pi > 0 for each i. The EL for 8 based on H () can be defined as

L.(B) = sup[H pilpi=0.> pi=1,> piZa(p) = 0] :
i=1 i=1 i=1

Using the Lagrange multiplier method, the optimal value of p; is p; = n~'{1 +
)»El (ﬂ)Zil(ﬂ)}_l, where 1,1(8) (an p x 1 vector) is the Lagrange multiplier and

satisfies Q1 (B, An1) = n™' 2001 Zin(B)/{1 + Ay, (B)Zi1(B)} = 0. Then, the log
empirical likelihood ratio function (LELRF) for 8 with the complete-case data is

£:(B) = —2log [H(nﬁn} =2 log{l + 45, (B)Zi1 (B)}. )

i=1 i=1

Maximizing —£.(8) yields the MELE of B, denoted by Be. Under some regular
conditions, B, can be obtained by simultaneously solving the following two equa-

tions: Q1 (B, n1) = 0 and Qua(B, A1) = n~' Sy A1 (B) xdpZin(B)/{1 +
AEI (B)Zi1(B)} = 0, where 0g represents taking partial derivative with respect to

B. An estimator of g(¢) with the complete-case data is gc(¢) = §2C (t) — g?(t; Be).

2.3 MELE of B with the imputed values

Clearly, the above-presented EL with the complete-case data do not completely use
all the information contained in the data set {(X;;,Y;;, T, 8;;) : i = 1,...,n,
j = 1,...,n;}. In particular, when the proportion of missing responses is large,
statistical inference such as estimator of parameter 8 and its confidence region based
on {.(f) may lead to unreasonable conclusions. To overcome the above-mentioned
shortcomings, the imputation method is here employed to deal with missing values
of responses in model (1). Inspired by linear regression imputation (Yates 1933),
we impute y;; by ﬁj (3,:)) if ¥;; is missing and obtain the imputed values of y;;
by ¥ = 8ijyij/p(Xij. Tij) + (1 — 8ij/p(Xij, Tij)) fij(Bc))- In this case, when
Vi is unknown, V; can be estimated by n! > éEl.T, where € = y* — ﬁ-(ﬁc),
i =GR S0 and fi(B) = (fi1(Be), - - finy(Be)T fori =1,..., n. Then,
we introduce the following auxiliary random vectors:

Zin(B) =Df (BYV'GF - fiB), i=1,...,n.

The empirical log-likelihood for 8 based on the imputed values can be defined as

£1(B) = —2max [Zlog(np» | pi=0,> pi=1,> piZnp) = 0] :

i=1 i=1 i=1
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Clearly, £;(B8) is more reasonable than the empirical log-likelihood £.(8) because
it fully explores the information contained in the data set. Then, the LELRF for 8 is
0(B) =237 log{l +)\32 Zi2(B)}, where A,» is the Lagrange multiplier and satisfies
Mui (B, An2) = n 1370 Zin(B) /{1 + A1, Zin(B)} = 0. Maximizing —¢€;(B) leads
to the MELE of 8, denoted by /§ 1. Under some regular conditions, ,é ;7 can be obtained
by simultaneously solving the two equations: My1(8, A,2) = 0 and M,2(B, An2) =
n= 3 aLagZin(B)/{1 + 21, Zin(B)} = 0. And an estimator of g(r) with the
imputed values of missing responses is g1() = 85 (1) — g5(t; Br).

2.4 Maximum residual-adjusted EL estimator for g(¢)

By Eq. (3), (1) canbe estimated by gc (1) = 31 37, WS 0¥y — f (Xijs Be) £
gzc(t) — g?(t; Be). Then, it follows from Eq. (1) that for any ¢ € [0, 1], we have

n n;

ge(t) —g() = D" D> WSWeij + [ (Xijs B) — [ (Xiji Bo) + g(Tij)} — g0).

i=1 j=1

It follows from >7/_; >0 Wg(t){g(T,- ) —g(t)} = 0,(h?) that the LELRF for g(r)
constructed from g¢ (¢) is not asymptotically distributed as a Chi-squared distribution.
To overcome the above-mentioned difficulties, a modified estimator of g(¢) is defined

by émc() = X7 X0, W,-(j:-(l){Yij — f(Xij: Be) — (8c(Tij) — gc(1))}. Then, we
can define the following auxiliary random variables 7;g(g(?)) = Z;”ZI 8ij{Yij —

F(Xijs Be) — g(t) — (8c(Tij) — c()}Kn(Ti; — t) for i = 1,...,n. A residual-
adjusted EL for g(¢) can be defined as

€R(g(1)) = —2max {Zlog(nmm >0, pi=1D pifir(g®) = 0] :

i=1 i=1 i=1

The LELRF for g(¢) with the complete-case data is £g(g(r)) = 2> 7, log{l +
hn3fliR(g(1))), where A3 satisfies Sy1(g(1), hn3) = n™' D0 fir(g(0))/(1 +
An3Nir (@)} = 0. Maximizing —£g(g(2)) results in the maximum residual-adjusted
EL estimator of g(¢), denoted as g(z).

2.5 Imputation estimator for g(¢)

All the above-presented estimators for g(¢) are obtained from the complete-case data
set and do not sufficiently use the information contained in the data set, which may
yield bias estimator of g(¢). Motivated by the imputation method for missing responses
given in Sect. 2.3, we propose an imputation estimator for g(7) as follows:

Let Y/ = 8;;Yij/p(Xij, Tij) + (1 = 8/ p(Xij, Tyj) (f (Xijs B) + &(T;j)). Under
MAR assumption, it can be shown that E(flg |Xij, T;j) = f(X;j: B) + g(T;;), which

implies Yii' = f(Xij; B) + g(Tij) + € fori =1,...,nand j = 1,...,n;, where
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E(€ij| Xij, Tij) = 0. Let g1(t; B) = E{f(X;j; B)|Tij =t} and g2(¢) = E{?,'§'|Tij =
t}, which implies that g(¢) = g2(t) — g1(¢; B). The kernel estimators of g;(¢; ) and
82(t) are
n ni n ni
grap) =2 > Wiy f(Xiji ) and &)= > WY (6
i=1 j=I1 i=1 j=1
respectively, where W;j(1) = Kp(T;j — 1)/ D5y 20, K (T — 1) is a kernel
weight function. Under some regular conditions, we can show that §{P(t; B) and
g%P(t) are the consistent estimators of g1 (z; 8) and g»(¢), respectively, and g'F (r) =
g;" (H)— g{" (t; B) is aconsistent estimator of g (¢). Unfortunately, Y i’ . contains unknown
parameter 8 and nonparametric function g(7;;). A natural idea for solving this prob-
lem is to replace these unknown quantities by their corresponding estimators. Here,
using B; (defined in Sect. 2.3) and g(¢) (defined in Sect. 2.4) to replace S and
g() in g{P(t; B) and §£P (t) leads to a new estimator of g(t), which is given by
M) = "0 — & (5 Br), where &Y (1) = L, XL, Wi (Y™ with
Y,»I}/HP =6ijYij/p(Xij, Tij) + (1 = 8i/ p(Xij, Tip))(f (Xijs Br) + &(Tij)).

3 Asymptotic properties

Here, we assume that function df (X;;; B)/dB can be written as

af (Xij; B)
Je
where hq(Tij; ) = Ef (Xij; B)/9BalTij). Then, we have dij(B) = uija(B) +
ha(Tij; B), where ha(Tij; B) = ha(Tij; B)—ha(Tyj; B) with ha(Tijs B) =200, 3%,

WG (Ti)df (Xia: B)/3Ba-
Based on the above-mentioned notation, we consider asymptotic distributions of the

LELREFs ¢;(8) and the estimators B; (I = ¢, I) for parameter § presented in Sects. 2.2
and 2.3.

Zha(TUaﬂ)'i'”t]a(ﬁ), i=13-~-7nvj=1a~--aniaa=17~-'apv

Theorem 1 Suppose that the conditions (A1)—(All) given in the Appendix hold. If B
is the true parameter, then £;(B) £> X,2; forl = c and I, where X,% is the Chi-squared

distribution with p degrees of freedom, and £> denotes the convergence in distribution.
2 . . Lo . .

Let x, o be the upper a-percentile of the central Chi-squared distribution with p
degrees of freedom for 0 < a < 1. It follows from Theorem 1 that the approximate
100(1 — &) % EL confidence region (ELCR) for B can be obtained by { : £;(B) <
Xﬁ’a}forl =candl.

Theorem 2 Suppose that the conditions (A1)—(Al1) given in the Appendix hold. If B
is the true parameter, then we have

VB —B) 5 NO, 7 acEY for k=c, 1,
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where A, = hmn%oon 121 luTA V- YAz A 178 'A; u,, B, = hm,,%oon !

S Ul AV Ay, A = limyeonT! YL 1uTV A1 Zi AV Al- =
diag(8;1/P (X1, T;1),. Sznl/P(th,a Ttn,)) Er=lim,_, n~! Zz 1MTV A uij,
up = (Uit ... um,) wwhuu = (uij1, .. uup)

Let 2 = E, Akuk , where Ay = n~! > Z,k(,B)Z (,3) and Ey =
n~! > {3sz(,3)/3,3}ﬂ=ﬂk fork = c and 1. It is easily shown that 2y is the consis-
tent estimator of 5~ "Ar cFy ! for k = c and I. Then, it follows from Theorem 2 that
A2 2B B) 5 N, 1), which yields n(Bi — BT 27 (B — B) 5 12, where
Iy, is the p x p identity matrix. Therefore, the approximate 100(1 — ) % ELCR for
B can be constructed by {f : n(,ék — ,B)TSAZk_l(Bk —pB) < Xlz,’a}for k=candl.

Theorem 3 Suppose that the conditions (A1)—(A11) given in the Appendix hold and
the kernel function K (-) is twice continuously differentiable on [0, 1]. If g(ty) is the

true value of the baseline function g(t), then we have £ (g(to)) £> X]Z.
By Theorem 3, an approximate 100(1 — «) % pointwise EL confidence interval (CI)
for g(ty) can be constructed by {g(tg) : £(g(tp)) < Xlz,oz}'

Theorem 4 Suppose that the conditions (Al)—(Al1) in the Appendix hold. Then, we
have

VNI(10) — g(10)) — blio)lq o) 1)) 5 N(O, y*(10)),

where b(t)) = hy/*[g(t0){q (o) (t0) + q(to)’(t0)} + 38" (t0)q (1) (10)] [ u?

K (u)du, y*(t0)=V>(t0){q (t0)k (t0)} > with V> (to) —as(rwq(to)mo) L K2 Godu,
the definitions of q(ty) and k (ty) are given in Appendix, and hq is a constant defined
in the condition (A3) of Appendix.

Proposition 1 If the condition (A2) is substituted by the condition that Nh?/ log(N)
— ocoand Nh> — 0, then the bias term b(1y) is asymptotically zero and ~/ Nh{g(ty) —

8(i0)) 5 N0, 2 (10)).

To construct the pointwise CI for g(tg) based on the above-presented normal
approximation (NA), we must first estimate b(ty) and yz(to). It is easily shown
from qu(u)du =0and h — O that /NJWE{8(g(T) — g(to)Kn(T — to)} =
b(to) + op(1), which implies that a consistent estimator of b(ty) can be expressed as

b(to) = (ND)™'2 "> 8i{2(Tij) — 8(10)}Kn(Tij — t0).-

i=1 j=1

Similar to Xue and Xue (2011), we can estimate y2(to) by p2(19) = \72(t0){c}(t0)
k(1)) 72, where k(o) = (Nh)™' 30, 300 Ki(Tij — 10), (o) = (N~ 30

ijl Ki(T;; — 10)8: /& (t0) and V (1) = (Nh) U3 ie(g (o)) with ip(g(1)) =
Z;”zl 8iilYij — f(Xij: ,3) — g(O}Ky(Tij —t). Then, it follows from Theorem 4 that
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71 (t0) IV NR{§ (o) — 8 (10)}—b(10){G (t0)& (10)} '] 5 N, 1). Thus, an approximate
100(1 — &) % CI for g(ty) is given by

&t0) — (NI~ 2b(10){G (10) (10)) ™" £ za2 (N2 (10),
where zy 2 is the upper o /2 percentile of the standard normal distribution, “—" and
“+7 correspond to the lower limit and the upper limit of the confidence interval,
respectively.

”»

Proposition 2 [f the condition presented in Proposition I holds, the approximation
100(1 — &) % CI for g(to) can be expressed as g(to) £ zo 2 (N) ™2 (t9).

Theorem 5 Suppose that the conditions (Al1)—(A11) given in the Appendix hold. Then,
we have gMP (1) — g(1) = OP((nh)_% + (nb)_% + b + h). In particular, if h =
O3y andb = 0(n='3), we have gMP(t) — g(t) = 0,(n=1/3).

Theorem 5 shows that §MP (t) attains the optimal convergence rate of nonpara-
metric kernel regression estimator when h = O (=13 andb=0n=13) (Stone 1980).

4 Numerical examples

4.1 Simulation studies
(1) One-dimensional case

In the simulation study, the dataset {Y;; : i = 1,...,n, j =1,..., n;} was generated
from the following semiparametric nonlinear model: ¥;; = exp(X;;8)+cos(4n T;;)+
¢;j with the true value of parameter 8 being 8 = 1.5. To generate Y;;, we independently
simulated X;; and the time point 7;; from the uniform distribution U (0, 1) and then
generated ¢;; via ¢;; = e; + v;; in which ¢; and v;; were independently generated
from N (O, 082) and N (O, 03) with the true values of parameters aez and ouz being
O’ez = 1.0 and 61)2 = 1.0. This structure for generating &;; ensures dependence among
the repeated measurements Y;; for each subject i because cov(e;j, &ix) = %2 and
the correlation coefficient between Y;; and Yi is 02/(02 + o2) for j # k. For
simplicity, we consider the balanced design, i.e. ny = --- = n,, = J. To create the
missing data for responses Y;;, we consider the following four cases for the selection
probability function p(x, ; y) = exp(yo+ y1x +y2t) /(1 +exp(yp + y1x + y2t)) with
y = (Yo, ¥1, y2) specified by (1) y = (1.85,0.02, 0.05), (2) y = (1.0, 0.5, 0.05),
3) y = (1.0,0.001, 0.012) and (4) y = (0.4,0.01, 0.02). Clearly, the considered
missing data mechanism is MAR. For each given case of the selection probability
p(x,t;y), the missing data Y;;’s were created via the following steps: (a) we first
generated a random number t from the uniform distribution U (0, 1) and then (b)
the observation Y;; was missing if T < 1 — p(X;;, Ti;; y) and we set §;; = 0, and
8;j = 1 otherwise. In evaluating MELE and CI for 8 and estimating the parametric
function g(¢r) = cos(4mt), we took the kernel function to be the Gaussian kernel
K@) = 2r)~1/2 exp(—u2/2) and set the bandwidths / and b to be n~1/3; we use the
reweighted least squares iterative algorithm to estimate the parameter y . We considered
the following three different kinds of working covariance matrices in the simulation
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study, that is, we took V = [; (working independence), V = X (true covariance
matrix) and V = ‘7, (estimator of V), where \7, is evaluated using the formulae
introduced in Sects. 2.2 and 2.3.

For each of the above-specified four cases for y, we independently simu-
lated 500 random samples of incomplete data set {(X;;,Y;;,Tij, &) : i =
l,...,n,j = 1,...,J} with n = 50 and 100 and J = 4. The mean response
rates for the above given four cases were roughly E[p(X,T;y)] =~ 90.07,
83.47, 79.87 and 70.10 %, respectively. Results are reported in Table 1 in which
’Bias’ is the absolute difference between the true value and the mean of 500

Table 1 Bias, RMS, coverage probability and average length of g under different missing functions
P(X, T) and sample sizes when nominal level is 0.95 and p = 1

Methods n = 50 n =100
CEL IEL CEL IEL
IS ' S VN I ' E A B T 7
Case 1
Bias  0.003 0.003 0.004 0.003 0.003 0.004 0.003 0.000 0.000 0.002 0.000 0.000
RMS 0.087 0.0710 0.073 0.087 0.073 0.076 0.062 0.050 0.051 0.062 0.051 0.052
NACP 0.922 0.938 0.920 0.946 0.938 0.908 0.932 0.934 0.926 0.966 0.944 0.926
NAAL 0.319 0.266 0.256 0.356 0.271 0.262 0.226 0.186 0.182 0.251 0.190 0.187
ELCP 0.922 0.936 0.918 0.922 0.932 0.912 0.930 0.940 0.930 0.930 0.946 0.940
ELAL 0.325 0.267 0.256 0.325 0.273 0.263 0.225 0.184 0.180 0.225 0.188 0.184
Case 2
Bias  0.003 0.003 0.004 0.003 0.003 0.004 0.002 0.000 0.000 0.002 0.001 0.001
RMS 0.091 0.074 0.077 0.091 0.079 0.083 0.063 0.052 0.053 0.063 0.053 0.055
NACP 0.912 0.940 0.926 0.974 0.934 0.920 0.946 0.936 0.928 0.980 0.944 0.924
NAAL 0.331 0.278 0.269 0.395 0.287 0.279 0.233 0.194 0.191 0.277 0.201 0.198
ELCP 0.920 0.936 0.924 0.922 0.924 0918 0.946 0.932 0.932 0.944 0.944 0.930
ELAL 0.337 0.280 0.270 0.336 0.290 0.282 0.232 0.192 0.188 0.232 0.199 0.196
Case 3
Bias  0.004 0.005 0.006 0.004 0.004 0.006 0.003 0.001 0.001 0.003 0.000 0.000
RMS 0.092 0.078 0.081 0.092 0.082 0.087 0.064 0.053 0.055 0.064 0.055 0.057
NACP 0.924 0.942 0.918 0.978 0.930 0.916 0.944 0.932 0.934 0.982 0.944 0.930
NAAL 0.340 0.288 0.280 0.429 0.298 0.292 0.239 0.201 0.198 0.300 0.209 0.207
ELCP 0.924 0.940 0.916 0.928 0.926 0.916 0.944 0.936 0.932 0.942 0.948 0.940
ELAL 0.347 0.291 0.282 0.344 0.302 0.295 0.239 0.199 0.196 0.238 0.208 0.205
Case 4
Bias  0.002 0.002 0.003 0.001 0.001 0.002 0.002 0.002 0.002 0.002 0.001 0.000
RMS 0.099 0.084 0.087 0.099 0.092 0.098 0.067 0.058 0.060 0.067 0.061 0.063
NACP 0.922 0.936 0.922 0.984 0.922 0914 0.944 0.942 0.934 0.998 0.944 0.938
NAAL 0.361 0.314 0.307 0.521 0.328 0.326 0.255 0.219 0.216 0.364 0.230 0.229
ELCP 0.918 0.940 0.928 0.920 0.930 0.908 0.944 0.942 0.938 0.946 0.954 0.942
ELAL 0.369 0.318 0.310 0.365 0.335 0.331 0.255 0.217 0.215 0.253 0.230 0.229

@ Springer



650 N.-S. Tang, P-Y. Zhao

estimates, and ‘RMS’ is the root mean square between 500 estimates and its true
value; ‘CEL’ and ‘IEL’ represent the EL methods with the complete-case data and
the imputed values for missing responses, respectively; ‘NACP’ and ‘ELCP’ denote
coverage probabilities of NA-based and EL-based CIs for B with 95 % confidence
level, respectively; ‘NAAL’ and ‘ELAL’ denote average lengths (AL) of NA-based
and EL-based CIs for g with 95 % confidence level, respectively.

From Table 1, we have following observations: (1) the CEL method has shorter
interval length than the IEL method; (2) the EL-based method produces shorter inter-
val length but larger coverage probability than the NA-based method; (3) the coverage
probabilities for our considered EL-based CI and NA-based CI are close to the prespec-
ified nominal level when the sample size is large or the average proportion of missing
data is small; (4) the widths for the EL-based CI and the NA-based CI decrease as
sample size n increases for every fixed selection probability function; (5) the aver-
age length depends on the selection probability function, namely, the average length
increases as the missing rate increases; (6) the EL-based estimate for § is reasonably
accurate under different cases for the selection probability function and all considered
sample sizes including small sample case; and (7) the values of Bias and RMS via
the true working covariance matrix are smaller than the other two cases, whilst the
method via the estimated working covariance matrix performs better than the method
with the identity working covariance matrix; the CI via the estimated working covari-
ance matrix outperforms the CI via the identity and true working covariance matrices
in terms of the length of CI. These results show that increasing n or reducing missing
rate can improve the accuracy of estimators.

To investigate the performance of the constructed pointwise Cls for g(¢), we com-
pute the 95 % confidence bands of g(r) with 400 simulation runs via the residual-
adjusted-EL-based method (see Sect. 2.4) and NA-based method (see Theorem 4)
under the first case for the selection probability function p(x,t;y). Results for
n = 100 are presented in Fig. 1, which indicates that the proposed EL-based method

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Fig.1 95 % Confidence bands for g(r) based on EL (dashed curves) and NA (dotted curves) with n = 100
and p = 1 for the first case of the selection probability function. The solid curve represents the real curve
of g(t)
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n =50, p1(x,t) n =100, p1(x,t)

t t

Fig.2 Simulated curves of g¢ (¢), g[MIP] (t) for four missing functions P (x, t) and two sample sizes when
p = 1. The red solid line represents the true curve of g(t), the dotted curve represents the estimated curve
8¢ (¢) based on CEL method, the dashed lines are g[MIPJ (1), respectively

behaves satisfactorily. Although the NA-based method gives a slightly narrower
confidence band than the EL-based method, the latter does not require consistent esti-
mator for the asymptotic variance, it is much easier to implement than the NA-based
method.

To investigate the accuracy of the proposed gc (r) and gMP(¢) for g(t) under dif-
ferent missing cases for p(x, t; y) and sample sizes, we compute 1, 000 simulated
values of gc(t) (see Sect. 2.2) and g,I;/HP(t). Figure 2 presents their corresponding
simulated curves on the inner points against the true curve of g(¢). Figure 2 shows that
our proposed estimated curves are rather close to the true one in general.
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(2) Two-dimensional case

In this simulation study, we consider the following two-dimensional semiparametric
nonlinear model for longitudinal data ¥;; = exp{X1;; 81+ X2;; B2} +cos(4m T;;) +&;.
Here, X1;;, X;; and T;; were independently generated from the uniform distribution
U(0, 1), &; was generated by ¢;; = e; + v;; in which e; and v;; were independently
generated from N (0, 02) and N (0, o2) with the true values of 62 and o2 being 02 =
03 = 1.0, leading to a correlation structure for y; = (y;1, ..., yini)T. Then, Y;;’s
were generated from the above specified two-dimensional semiparametric nonlinear
model with the true value of 8 being 8 = (81, f2)T = (1.0, 0.5)T. We set the number
of repeated measures n; to be the same, say m. The selection probability p(x, t; y) =
exp(yo + yix + y20) /(1 4+ exp(yo + y1x + y2t)) with y = (yo, ¥1, y2) is taken to
be (1) y = (1,0.5,0.5,0.05) and (2) y = (0.4, 0.01, 0.02). For each of two cases,
the missing data are created as done in the one-dimensional case. In evaluating EL
estimates and confidence regions for 8 and estimating g(¢#) = cos(4xt), we took the
same kernel function and bandwidth % as done in the one-dimensional case; we also
used the reweighted least squared iterative algorithm to obtain estimate of parameter
y . For each case, we independently generated 500 random samples of incomplete data
set {(Xlija XZij, Yija T,'j, (S,’j) Q= 1, ..oy I’l,j = 1, RPN m} with n = 50 and 100
and m = 4. The mean response rates for two cases are E[p(X, T)] ~ 86.44 and
70.23 %, respectively. Based on the generated 500 data sets for each given selection
probability function p(x, t; y), we computed the values of Bias and RMS, and the
coverage probabilities and interval lengths for the 95 % Cls of 81 and B, via the
EL-based method and the NA-based method under n = 50 and 100 with m = 4.
Here, a grid search algorithm was used to evaluate the EL-based CIs for 81 and S,
via the following steps: (i) arbitrarily give two intervals which, respectively, contain
the true values 81 = 1.0 and B> = 0.5; (ii) given a search step length, we evaluated
the LELRF £;(B) (I = ¢, I) at each search point belongmg to the given interval and
found the gridpoint ﬂo = (,810 ﬂzo) such that E;(,Bo) < X2 «» Which indicates that

,30 is just the upper or lower bound of the EL-based CI. Results are presented in
Table 2. Examination of Table 2 shows that (1) MELEs and the 95 % CIs for 8; and
B> are rather accurate; (2) the efficiency of MELE can be improved by considering
the within-group correlation structure; and (3) the CP of the CEL method with true
covariance matrix is closer to the prespecified confidence level than that of the CEL
method with estimated covariance matrix when sample size is small (e.g., n = 50),
but the CEL method with true covariance matrix becomes more conservative than that
with estimated covariance matrix when sample size is large (e.g., n = 100) whose
main reason is that the missing rate corresponding to n = 100 is higher than that
corresponding to n = 50.

We computed the 95 % confidence band of g (¢) with 400 simulation runs via the EL-
based method and the NA-based method for the first case of the selection probability
function. Results for n = 100 were shown in Fig. 3, which implies that our proposed
EL-based method behaves satisfactorily. In addition, Fig. 4 displayed the simulated
curves on the inner points against the true curve of g(¢) based on 1, 000 simulated
values of gc(t) and gMP(¢) under different missing functions p(x,t) and sample
sizes, which shows that the same findings are observed as in Fig. 2.
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Table 2 Bias, RMS, coverage probability and average length of 8 under different missing functions
P(X, T) and sample size when nominal level is 0.95 and p = 2

Methods n =50 n =100
CEL IEL CEL IEL
1 D | o 1 D | 5
Estimate of B with py(x,t)
Bias 0.001 0.004 0.004 0.002 0.003 0.002  0.001 0.001 0.000 0.001 0.000 0.001
RMS 0.121 0.100 0.105 0.122 0.103 0.110  0.088 0.072 0.072 0.088 0.076 0.078
NACP 0.946 0.868 0.922 0.944 0.948 0.924  0.938 0.876 0.944 0.942 0.936 0.926
NAAL 0.477 0326 0.386 0478 0.414 0.403 0.339 0.227 0.275 0.337 0.289 0.284
ELCP 0.937 0.953 0.930 0.945 0.945 0.928 0.957 0.965 0.943 0.949 0.967 0.947
ELAL 0.280 0.228 0.217 0.279 0.236 0.226  0.194 0.158 0.154 0.193 0.161 0.158
Estimate of 81 with p(x, )
Bias 0.001 0.002 0.003 0.001 0.004 0.005 0.006 0.003 0.003 0.006 0.003 0.003
RMS 0.134 0.115 0.119 0.134 0.123 0.132 0.099 0.083 0.085 0.099 0.088 0.092
NACP 0.950 0.884 0916 0.944 0.946 0.928 0.950 0.864 0.932 0.950 0.940 0.940
NAAL 0.534 0.375 0.449 0.529 0.490 0.486  0.378 0.261 0.319 0.375 0.342 0.339
ELCP 0.941 0.932 0915 0.930 0.939 0.909 0.945 0.963 0.949 0.947 0.943 0.926
ELAL 0.319 0.267 0.261 0.319 0.287 0.282  0.215 0.183 0.180 0.213 0.191 0.188
Estimate of S, with py(x, 1)
Bias 0.004 0.009 0.008 0.003 0.007 0.005 0.007 0.004 0.004 0.006 0.003 0.002
RMS 0.141 0.112 0.118 0.141 0.116 0.124  0.099 0.079 0.081 0.099 0.083 0.086
NACP 0.944 0.892 0944 0942 0.952 0926  0.948 0.902 0946 0.952 0.954 0.944
NAAL 0.539 0.372 0.438 0.538 0.469 0.455 0.381 0.255 0.309 0.379 0.324 0.319
ELCP 0.937 0.953 0.930 0.945 0.945 0.928 0.957 0.965 0.943 0.949 0.967 0.947
ELAL 0.280 0.228 0.217 0.279 0.236 0.226 ~ 0.194 0.158 0.154 0.193 0.161 0.158
Estimate of Sy with ps (x, 1)
Bias 0.009 0.010 0.009 0.009 0.012 0.011 0.004 0.004 0.003 0.004 0.002 0.001
RMS 0.160 0.135 0.141 0.160 0.140 0.152  0.113 0.093 0.095 0.112 0.102 0.106
NACP 0.938 0.892 0.924 0.942 0.944 0.938 0.936 0.868 0.928 0.944 0.928 0.924
NAAL 0.604 0.426 0.509 0.600 0.556 0.551 0.426 0.294 0.358 0.421 0.383 0.381
ELCP 0.941 0932 0915 0.930 0.939 0.909 0.945 0.963 0.949 0.947 0.943 0.926
ELAL 0.319 0.267 0.261 0.319 0.287 0.282 0.215 0.183 0.180 0.213 0.191 0.188

4.2 A real example

A longitudinal data set from the pediatric AIDS clinical trial group ACTG 315 study
was used to illustrate our proposed methodologies. In an AIDS clinical trial, plasma
HIV RNA copies (viral load) and CD4+ cell counts were two important surrogate
markers for evaluating antiviral therapies (Saag et al. 1996; Mellors et al. 1996).
Clinical investigators’ main purpose is to study their relationship during antiviral treat-
ment. In this study, viral load and CD4+ cell counts from 46 patients were measured on
treatment days t = 0,2,4,5,6,7,8,9,10, 11, 12,13, 14, 15, 16, 25,27, ..., 175,
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Fig. 3 95 % confidence bands for g(¢) based on EL (dashed curves) and NA (dotted curves) with n = 100

and p = 2 for the first case of the selection probability function. The solid curve represents the real curve
of g(r)

n =50, p1(x,t) n =100, p1(x,t)

a(t)

a(t)

Fig.4 Simulated curves of g¢ (1), §[MIP] (#) with two missing functions P (x, t) and two sample sizes when
p = 2. The red solid line represents the true curve of g(t), the dotted curve represents the estimated curve
8¢ (¢) based on CEL method, and the dashed line represents the estimated curves IMIP] (1, respectively

182, 196 after initiation of an antiviral therapy, and 361 complete pairs of viral
load and CD4+ cell count were obtained. The number of the measured time
points on individual patients ranges from 4 to 8. The data set has even been
analysed by Liang et al. (2003) and Xue and Xue (2011). The preceding studies in
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Liang et al. (2003) and Xue and Xue (2011) suggested that viral load depends linearity
on CDA4 cell count but nonlinearly on treatment time; however, the scatterplot between
viral load and CD4 cell count shows that there is no rigorous linearity between viral
load and CD4 cell count. Therefore, here we used the following semiparametric non-
linear model to formulate the relationship between viral load and CD4 cell count:
Yij = exp(X;;B) + g(Tij) + ¢ij, where Y;; and X;; are the viral load and the CD4+
cell count for subject i at treatment time 7;;, respectively. To illustrate the application
of our proposed methodologies, we created missing data via the following selection
probability function: p(x, t; y) = exp(yo+y1x+y2t)/(1+exp(yo+yi1x +y2t)) with
y = (Y0, ¥1, ¥2) = (0.4,0.05, 0.1). Based on this selection probability function and
the assumption that ¥;; was always observed, the missing data for Y;; were created with
the following steps: (a) we generated a random number 7 from the uniform distribution
U0, 1), (b) Y;; was missing if T < p(X;;, T;j; y) fori =1,...,46,j=1,...,n;.
The corresponding missing proportion is roughly 15 %. As commonly done in AIDS
clinical trials, we used log; scale in viral load and 100! scale in CD4 cell counts to
stabilize the variance and computational algorithms.

In the real example analysis, we took the kernel function to be K(u) =
(2m)~ /2 exp(—u?/2), the bandwidth & to be h = 24.35 (Xue and Xue 2011) and
used the reweighted least squares iterative algorithm to obtain estimate of parame-
ter y in the selection probability function. Based on the above-given kernel func-
tion and bandwidth, we computed estimate for 8 and its corresponding 95 % EL-
based and NA-based CIs. Estimate of 8 is ,31 = —0.5713, which indicated that the
CD4+ cell counts have a negative effect on viral load during antiviral treatments; this
result is consistent with that given in Liang et al. (2003) and Xue and Xue (2011).
The 95 % EL-based and NA-based (NA-based) CIs for g are (—0.7200, —0.4620)
and (—0.6964, —0.4462), respectively. In addition, we evaluated the 95 % EL-based

4.5
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Fig. 5 95 % confidence bands for g(¢) based on EL (the dotted curve) and NA (the “x-symbol” curve) in
the real example. The star curve represents the estimated curve of g(¢)

@ Springer



656 N.-S. Tang, P-Y. Zhao

(see Sect. 2.4) and NA-based Cls for g(¢) (see Theorem 4). The corresponding results
were reported in Fig. 5, which shows that (1) the viral load RNA levels rapidly decrease
after initial antiviral treatment, then rebound a bit little and finally become nearly flat,
(2) the EL-based method gives a narrower band than the NA-based method; these
results were consistent with those given in Xue and Xue (2011).

5 Conclusions

By introducing the working covariance matrix into the auxiliary random vector, we
develop an EL-based inference procedure for a semiparametric nonlinear regres-
sion model for longitudinal data with response missing at random. Two MELEs for
unknown parameter § in our considered semiparametric nonlinear regression models
were presented on the basis of the complete-case data and the imputed values of miss-
ing responses. Also, a maximum residual-adjusted EL estimator and an imputation
estimator for the smoothing functions were proposed. We systematically investigate
the asymptotic properties of the MELEs under this new setting. Our main contri-
bution is that (1) our considered model is more general than nonlinear regression
model and semiparametric regression model with response missing at random, which
indicates that our proposed theoretical results are new; (2) the working covariance
matrix is introduced to accommodate for the within-subject correlation, which can
be used to improve the efficiency of MELE; and (3) we proved that our constructed
EL ratio statistic for B follows asymptotically the central Chi-squared distribution,
which can be directly used to construct confidence regions of parameters in our con-
sidered semiparametric nonlinear regression model without any extra Monte Carlo
approximation needed when our proposed EL method is not used. We extended the
EL inference procedure for semiparametric regression models with missing response
at random to semiparametric nonlinear regression models for longitudinal data with
missing response at random by incorporating the within-subject correlation into the
constructed auxiliary vectors.

Appendix

For convenience and simplicity, let ¢ denote a positive constant which may represent a
different value at different cases throughout this paper. Denote g (1) = E(§|T = t) and
assume that variable 7 has the probability density function « (). Denote N = >"7_, n;
and suppose n = O(N). The following conditions are required for results given in
Theorems 1-5:

(A1) The selection probability function p(x, ) and the X-density function I"(x)
have bounded partial derivatives up to order s with s > 2.

(A2) Let S(y) be the score function of the partial likelihood L(y) for parameter
¥ = (o, v{, y2)T defined in Sect. 2.1 and y* be in the interior of com-
pact set Y. We assume var(S(y)) is a finite and positive definite matrix,
and E(0S(y)/dyly=y+) exists and is invertible. The missing propensity
p(Xij, Tij;y) > co>O0foralli € {1,...,n}and j € {1,...,n;}.
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(A3) The bandwidth satisfies & = hoN~'/3 for some constant iy > 0, and b =
boN~1/3 for some constant by > 0.

(A4) The kernel function K () is a symmetric and bounded probability density func-
tion with support [—1, 1].

(AS) For each design, points {T;; : i =1,...,n,j =1,...,n;} are assumed to be
independent and identically distributed from a super-population density « (7).
Both ¢(#) and « (¢) have continuous and bounded derivatives on (0,1) and are
bounded away from zero and infinity on [0,1].

(A6) The residuals ¢;; and u;; are independent of each other, and ¢;; and u;; are,
respectively, independent of &;; and u;/; for any i 3 i’. Further, we assume

that E|sij|4+’ < 00, maXi<j<p |uijll = op{nﬂz“itr")(logn)_l} for some r > 0.
(A7) The matrices A; and &; (i = c, I) defined in Theorem 2 are positive definite.
(A8) The functions g(¢) and A (¢) are twice continuously differentiable on (0,1).
(A9) The function f(X; ) is continuous with respect to 8 in a compact set ©.
(A10) There exit two positive constants ¢ and ¢ such that

0 < min A;; < min A, < < 00,
I<i=n I<i<n

where A;1 and A;,; denote the smallest and largest eigenvalues of X, respec-
tively.
(A11) There exit two positive constants c3 and ¢4 such that

. / . /
0 < min A;; < min 4;, <c; <00,
1<i<n 1<i<n !

where )‘;’1 and A;ni denote the smallest and largest eigenvalues of V;, respec-
tively.

Condition (A1) is the standard assumption for nonparametric regression problem.
p(x, t) being bounded away from zero in condition (A1) indicates that data cannot be
missing with probability 1 anywhere in the domain of the (X, T')-variable. Condition
(A2) is a regular condition for consistence of MLE for parameter y in the selection
probability. Smoothing conditions (A4), (AS) and (AS8) are the standard conditions
for nonparametric problems. Conditions (A6) and (A7) are necessary for asymptotic
normality. Condition (A3) gives the rate of the optimal bandwidth for estimating g(z)
and ensures that undersmoothing g (¢) is not needed so that we can use the data-driven
approach to select the optimal bandwidth. Condition (A9) is a regular condition for
the general nonlinear models (Wu 1981). Conditions (A10) and (A11) are widely used
in longitudinal data analysis.

To complete Proofs of Theorems 1-5, the following Lemmas are needed:
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Lemma 1 Suppose that the conditions (Al)—(All) hold. Then, for any constants a
and b with) <a < b < 1, we have

sup E{|8S (Ti;; B) — e5(Tyj: BPIT;; =t} = O((mh) = + b,

a<t<b

supr{|§§n(T,»j) — gS(Ti)*ITij = t} = O((nh)~' + h*),
a<t<

sup E{|h(T;j; B) — h(Tij; B2 Tij =t} = O((nh)~" + h%).
a<t<b

Proof For simplicity, we only prove the second equation. The other two equations
can be similarly proved. According to the inequality (A + B)?> < 2A? + 2B? for any
constants A and B and > ;_, Z"’ W/S(Tij) = 1, we can prove that E{|§2Cn(Tij) —

85 (Ti)PITij =t} < L) + (1), where I (1) = 2E{| >3_; 2%, WG(Tij) (Yu —
gS(Tkz)>|2|nj = t}and (1) = 2E{| Xy 205, W (Tij) (g5 (Tu) — &5 (Tip)P|
T,'j =t}.

We first prove that sup,, <, I2(f) = O~ 'h + h*). Let q(t) = E@|IT =
1), m() = q)«x(t) and m(t) = (nh)_lzl'.’:l z;f"zlé,-j K (T;; — t). Follow-
ing the standard procedure in a nonparametric regression, it can be shown that
maxg<;<p |mt) — m(t)| = O(n~'/3) as.. Hence, it follows from condition (A4)
that there are two positive constants ¢; and ¢ such that ming<;<; m(¢#) > c; and
Mino<r<1 (1) > ¢ as.. Let Yy (Tij) = Kp(Tia — Tij)8a{g5 (Ti) — g5 (T;j)}. Then,
by conditions (A3), (A4) and (A7), we have max, <, <p | E{¥ki (Tij)|T;; = t}| = o(h3)
and max,<;<p |E{1ﬂ,§l(Tij)|Tij =t} = 0(h3). Based on these results, it is easy to
show that I>(t) < cn~'h + ch®.

Again, it is easy to show that E{5x; (Y3 — gg(Tkl))} = 0. Then, we can obtain that
L) < c(nh)~ L. Combining the above inequalities finishes the proof of the second
equation. O

Lemma 2 Suppose that the conditions (A1)-(A11) hold. Then, we have

w23 Za(B) 5 NO A, 02> Zin(B) 5 N, A,

i=1 i=1
where A. and A are defined in Theorem 2.

Proof Let §(Tij) = g(Tij) — &(Tyj) = g(Tyj) — &5,(Tij) + &%, (Tij; B). Denote
kl be the (k,l)th component of V_l Then, we have n—1/2 > 1Z,l(,B) =
U1 + Uz + Uz + Uy, where Uy = n -172 > k D 1{81k‘stl”zk0' leit}, Uy =
DD I Zz=1{5ik5i10i h(Tik,ﬂ)_szl}, 3 = A RD I
{5,~k8ua,-k’u,~k§(m)}, Up=n"12370 300, Z?L {8ixdi1] lh(Ek, B&(Tin)}.
We first prove U = 0, (1) for k = 2, 3, 4. It follows from Lemma 1 that E||U2||2
< ¢{(nh)~" + h*} — 0. Similarly, we obtain E||U3]|> < c{(nh)~' + h*} — 0. By
Lemma 1 and the Cauchy—Schwarz inequality, we can obtain E || U3 || < ca/n{ (nh)~'+

h*} — 0. Based on the above equations, we can prove that Uj £ 0for j = 2,3 and

4. These results show that we only need to prove U E) N (0, Ay) to show that Lemma
2 holds. It is easy to show that var(U;) = A, because U is a sum of independent
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random variables. Thus, we only need to check whether U satisfies condition of the
Cramer—Wold Theorem and the Lindeberg—Feller condition. For any @ € R? and
e>0let L, & 30 var{3]L, > o&'8ixduiko ey} = O(n) and 1(-) be an
indicator function. Then, we can show

1 n n; n;
(&) =12 [1 (Z > o sudiuin (o e > s\/Ln)
=1

k=1 I=1

n; n; 2
x (ZZa’aik&zuik(ﬂ)a{dau) — 0.
k=1 [=1
Therefore, it follows from the Cramer—Wold Theorem and Lindeberg—Feller Theo-
_ L . _

rem that n~1/2 > Zin(B) = N(0, Ap), where A, = lim,—, oo % > uiTAiVl. !
AiEiAiVi_lAiui.

Denote P;;j(y) = P(X;j,T;j:7), where )7 is a consistent estimator of y =
(o, v, v Since §;/Pi(9) = 18P (nHI= P,(NG — v)/Pij(y) +
0p(n~1/?)}and Vi = fij(B) = SijP,-_l(J/){yij — fiiBY+H{1 = 8/ Py} Fij (B) —

E] (B)}, we can obtain

n~'2" Zin(B)

i=1

f ZZZ ’{u,k(m (T, o = 5 ( ){e,l + (Tl + o,;(l)}]
i=1 k=1 I=1
+- ZZZ[ di(B)o; ( ) ,z(ﬂ)]f(ﬁ p).
i=1 k=1 [=1
éJl-i-Jz.
For J;, we have
1 n n; n; i
i {1 1
B = ﬁ[Z;;lZ;[ ()oK e seinll + 0 )}]
1 n n; n; y i
+ﬁ§k§§ u(Bof' g )g(nz>{1+op(1)}]
1 n n;j n; . 5[
+ﬁzzz h(Tik,,B)al.le(ly)sil{l +o,,(1)}]

1 < y 8i1
+ﬁgzz h(Tw ot 50 )g<T,1){1+op<1>}]

£ Ji 4+ Ji2+ Dz + s
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Since /nJq; is sum of i.i.d random variables, it follows from the Central Limit The-

orem that Ji; —> N0, Ap), where A; = lim,,_, o = 1 Zl luT(,B)V lA X A 7 !
u; (B). Similarly, for Ji;(k = 2, 3, 4), we can prove that Jik = 0p(1) fork =2, 3 4.

Under the MAR assumption and the fact that ﬁ(ﬂA — B) = 0,(1), we can show

that J, = 0,(1). Combining the above equations yields that n=1/2>""_| Z;»(B) £
N, Ap).

Lemma 3 Suppose that the conditions (A1)—(Al11) hold. Then, we have

n n
9Z; P
LY Za®ZhB) S A 1Y B S 5,
i=1 i=1
n n
Z; P
LY Zo®Zh®) > A b Y R L E,
i=1 i=1
where B, =—lim,, 0 % > ul.TA,- VflA,-u,', and B1=—1im,_ o0 % > u;fol

A~iu,-.

Proof Let V;1 = ZZ':I Z’lh=1 5,’/(5,'11/{,'](0’1»“81'1 and V, = ZZ[:I Z;’;l Sik(sildikl
{h(Tix, B)eir +uixg& (Ti) +h(Tik, B)g(Ti1)}, where h(-; -) and g(-) are defined in proof
of Lemma 2. Then, it follows from the definition of Z;{(8) that Z;1(8) = Vi1 + Vj2,
which leads to

- Z Zi(B)Z}\ (B)

1 n T 1 1 n T
- -El‘lil‘/il+; E Vle + = E ViV, +r_z ‘§1Vi2Vi1
1= i=1 1=

Hi + H + H3z + Ha.

Using Laws of Large Number, we can obtain H £ A.. Next, we study the asymptotic
properties of H, for v = 2, 3 and 4. We first study asymptotic property of Hy. Let Hy
be the (r, s)th component of H;, and V»; , be the rth component of V;>. By the Canchy—

Schwarz inequality, we have || Ha sl < (1" 30 V2 )3 (0" 30, V2 )3 . Tt fol-
lows from Lemma 1 that % Z?:l V22i’r —P> 0, which indicates H» —P> 0. Similarly, we
can show that H3 £o and Hy £o. Therefore, combining the above results yields

)11 Zl 1 le(,B)Z (ﬁ) —> A
Again, by the deﬁnmon of Z;1(B), it is easy to show that

1 <97 (,B) L dd; B),
1320 1S5S st 0

i=1 i=1 k=1 I=1

+- Zzlzt[ Sikdiol! ZII;(IB)V(TU)]

i=1k=11=1

np nj

n
—% > {Sik5i10,-kluiku,-T1}

i=1k=1I1=1
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__222{ Sidiof uikh™ (T, )]
i=1 k=1 1=1

__zii{a,ka,la (T, B}
i=1 k=1 I=1

__zz’z’{ Sudiuoh (T, BT (T, )
i=1 k=1 I=1

£ My + My + M3 + My + Ms + M.

By the Law of Large Number, we obtain M —P> 0 and M3 f) E.. It follows from
Lemma 1 that M, —P> 0 for v = 2,4, 5, 6. Combining the above equations yields

, P . :
% > 325—;3('3) — &,. Similarly, we can show that other two equations also hold. O

Proof of Theorem 1 Let £;(B) = 22, log(1 + X (BYZi(B)) = 221 1 log(1 +
ri1), where ri; = k /(B)Zii(B) forl = cand 1. Taklng Taylor expansion of £;(f8) at
ri; = 0 yields

elw)—zZ(m ll+mz)—2n?~ [ Zz,z(m}—nxn,mnﬁzZmz

i=1

n T
1 _
_n[;iélzil(ﬁ)} S, 1{ E le(ﬂ)]_”gnlsl E”l+22nll’

i=1

_1
where &, = n~! 30, Zy(B)r3 /(1 + ri) = 0p(n™2), 8 = 2 30, Zu(B)Z}(B)
and n;; is the remainder term with respect to r;; for/ = ¢ and 1.

From Lemmas 2 and 3, we obtain n{% > Zi[(ﬂ)}TSl_l{% > Zu(B)} £ X;
as n — oo. It follows from the definitions of &, and S; and the above equa-
tions that n&TS &y = no,(n"2)0,(1)0,(n"2) = o,(1) and 237 0y <
2C 1 1P 0, 1 Zit(B) P = Op(n~3)0,(n?) = 0,(1). Then, combining the above

equations leads to ¢;(8) £> Xlz, forl =cand . O

Proof of Theorem 2 Let Tiu(B, 2n) = n~' >0 Zu(B)/{1 + AL, Zi(B)} and
Tot (B, ) = 0~ 3 {0Zit(B)/9BY hom /{1 + Ay Zu(B)) for I = c and I.
Then, B; and A,; are the solutions of the following equations: T7,;(8, A,;) = 0 and

Toni (B, Ant) = 0. Taking Taylor expansions of Ty (81, Anr) and Tou (B1, dnt) at (B, 0)
yields

0T (B,0) 0T1(8.0)

0 = Tiu (B hnt) = Ti (B, 0) + —g BB+ 0t + 0p(om),
:3 8)‘«11[
PN n 8Tn ,0) A
0 = Toui(Brs Ant) = Tomi (B, 0) + #(ﬂ B) + Q(fj;—(é)/\nz +op(onl),
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which leads to

(Ainz ) _ g (—Tm(ﬂ,O) +op(an1))
Bi—B n Op(anl) ’

where o = || — Bl + Al and

0T (B,0) 371 (B,0)
B

S _ 8)%[
=\ 9T (B.0) 9Tou(B.0)
axn, ap
0Z;
—-zz,zw)z (ﬁ)lZ o
_ SN (Slll 1012)
1 3Z; 121
e o
iz

Then, we have

-1_» Sl_l%+SI_I%S11281_2%.15122SI_11 3111511251221

Snl - s-1og, 871 S, ’
TO122.1°021911 1221

where Sp01 = —512151_1115112. It follows from Lemma 3 that T1,;(8,0) =

L Zu(B) = Op(n~7) and |kl = O,(n~?), which indicates that 0,y =

||,él — Bl + ||in1|| =0, (n_%). Combining the above equations leads to ﬁ(,él —

= S;0 1521871/ Tin(B,0) + 0,(1) for I = ¢ and I. Then, it follows from the

above equations and Lemmas 2 and 3 that \/ﬁ(,él —-B) £> N (0, Efl A; Efl) forl =c¢
and /. O

Proof of Theorem 3 Using Taylor expansion as done in Theorem 1, we obtain

~ A 2 N ..
£(g(t0)) = (Xf—i Mir(g(t0)))” / 2i; f7g(g(t0)) + 0,(1). By the definition of
nir(g(t)), it is easy to obtain that

1 < .
mZﬁim(m)):[ \/_ZmE(g(to) b(m))]—[b(m)—b(m)],

anR(gao))—Z g (g(t0)) — 2 Z 07 (8(10)@i (t0) + D §F(t0),

i=1

where ¢ (t0) = 11 {&7 (Tij) — &, (10)}8i; Kn(T;j — t0).
According to Lemmas 4,5 and Theorem 8 given in Xue and Xue (2011), we have

=

f g nie(g(to) — b(1y)) A N(O, V2(t)), «/;NT zi 72 (g(t0)) i V2(10).
bito) 2 b(to), PR Lo, A 3 (a0 ) 2 o,

Combining the above equations, we prove that Theorem 3 holds. O
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Proof of Theorem 4 By the definition of 7; g (g(¢)), we obtain

T it Mie(g(t0)
m(to)

VNRh{g(t0) — g(10)} = + 0, (D).

From Lemma 4 of Xue and Xue (2011), we can show that Theorem 4 holds. O

Proof of Theorem 5 By the definition of $MP(r), we have

M (1) —g(t) = (Y () —g2(1) — V(15 B) — g1(t; B)) — (g1 (t; B) — g1(t; B))
—[8MP(t; By — &M (1; B) — g1(t: ) + g1(1; B)),
2 Hi(t) — Ha(t) — H(t) — Ha(1).

Again, it follows from the definition of gIZVHP(t) that

n;

Hi(t) =) Wi (OIY/), — g2(1)] +Zzw,,(r)( W)(f(x,, B
ij» Lij

i=1 j=1 i=1 j=1
n n; Sii
—f(X;i: Wi, 1_#) T:)) — o(T;;
(X ﬁ))+§j§ ,(z)( X T (8S(T;j) — g(T;j))
2 Hyi(t) + Hip(t) + Hi3(1).

Taking Taylor expansion of f(X;;; ,3) at ,3 = B yields f(X;;; /§) = f(Xij; B)+
Vij(BY(B — B) + 0, (I8 — BI), which leads to g1(1; B)~g1(t; ) + (B — BYM(t; B)
and g1 B) ~ @13 B) + (B — BYM(t: p), where Vi;(B) = of (Xij: B)/0P,
M(t; B) = E{V;j(B)|Tij =t} and M(t; B) = >}_, ZF Wij (@) Vij(B). Thus, it fol-
lows from the definitions of H3(t), H4(t) and Hj,(t) that H3(t) ~ (,3 — BM(t; B),
Hy(t) ~ (B — BM(t; ) — Mt B)), Hin(t) ~ i, 30, Wi —
8ij/ P(Xij. Ti))Vij(B)(B — B). Note that E{V/|T;; = 1} = g(1) and E{|(1 —
8ij/p(Xij, T;)))of (Xij; B)/9B]} = 0 under MAR assumption. Hence, by standard
kernel regression theories (Wand and Jones 1995), we have

sup Hy1 (1) = Op((nb)_%) + 0,(b), sup EN§S(Tij) — g(TiplITij = 1]
t

= 0((nh)™2) + O(h),
sup Ha(1) = 0, (nb)™2) + 0, (b). sup B ) — M(t: B)

= 0,((nb)"2) + 0, (b),

;Zwl,u)( m)wﬂ) 0,(1),
i j=1
23w (1 i) =000

i=1 j=1
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Hence, it follows ffrom the above equations and ,3 —-B=0, (n_%) that

sup [8MP (1) — g(1)] = 0, ((1b)™2) + 0,(b) + Op(n™2) + 0, ((nh) " 2) + O, (h)
t

+0,((nb)"2) + 0,(b) + 0,(n"7)
+{0p((nb)_%) + Op(b)}Op(n_%)
= 0,((nb)"2) + 0, (b) + 0, ((nh)"2) + O, (h).

Then, we prove Theorem 5. O
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