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Abstract Some new exact distributions on coupon collector’s waiting time problems
are given based on a generalized Pélya urn sampling. In particular, usual Pélya urn
sampling generates an exchangeable random sequence. In this case, an alternative
derivation of the distribution is also obtained from de Finetti’s theorem. In coupon
collector’s waiting time problems with m kinds of coupons, the observed order of
m kinds of coupons corresponds to a permutation of m letters uniquely. Using the
property of coupon collector’s problems, a statistical model on the permutation group
of m letters is proposed for analyzing ranked data. In the model, as the parameters
mean the proportion of the m kinds of coupons, the observed ranking can be intuitively
understood. Some examples of statistical inference are also given.

Keywords Generalized Pdlya urn - Dirichlet distribution - Exchangeability -
Likelihood ratio test - Permutation

1 Introduction

Coupon collector’s waiting time problems are the following. There are m different
kinds of coupons which come with a product. A coupon is obtained randomly from
each purchase of the product. The problem is how many products should we purchase
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572 S. Aki, K. Hirano

until all kinds of coupons are collected. Mahmoud (2008) explained the problem using
urn models. When each coupon can be obtained independently with an identical prob-
ability, the probability generating function (pgf) of the waiting time distribution is
well known (see, e.g., Exercise 38 in Chapter 8 of Graham et al. 1989). The exact
probability function of the waiting time is given in Charalambides (2005) and gener-
alizations of the problem have been studied (see, e.g., Kobza et al. 2007; Inoue and
Aki 2008).

Let X1, X5, ...be{l,2,..., m}-valued random variables. Suppose that X; means
the type of the coupon at the i-th trial. Fork = 1,2, ..., m, let

7 = inf{n : |{Xy, ..., Xu}| =k} (D

and
Y = Xz 2
Then 1, is the usual coupon collector’s waiting time and note that t; = 1. Let 77 = 11
and fork =2, ..., m,let Ty = tx — 14—1. Here, we derive the joint exact distribution
of (T, ..., T,,) under the assumption that X, X», ... are generated by a generalized

Pélya urn scheme. The generalized Pdlya urn sampling includes the cases of the usual
Pdélya urn sampling and the i.i.d. sampling. We obtain the exact distribution based on
the method of conditional probability generating functions. Further, by considering
that the usual Pélya urn sampling generates infinitely exchangeable random variables,
we give an alternative proof of the case of Pdlya urn sampling using de Finetti’s
theorem. Fork = 1,2, ..., m, let

Wi = inf{n : X,, =k},

i.e., Wy is the waiting time for the first coupon of type k. Let {W(1y, W2y, ..., W)} be
the set of order statistics for (W, Wa, ..., Wy,). Then, it is easy to see that 7, = Wy,
foreachk = 1,2, ..., m. Evenif X1, X5, ... are independent and identically distrib-
uted discrete random variables, (W1, Wa, ..., W,,) are not independent because they
do not have ties. Therefore, the random vector (Y1, ..., Y;,) is a random permutation
of {1, 2, ..., m}. By means of coupon collector’s waiting time problems, we can con-
struct a natural and meaningful distribution on the symmetric group &,,, where &, is
the set of all permutations of {1, ..., m}. We use the notation o = ( b2eem )
0102 - 0Onm
for 0 € G,,. A permutation of {1, ..., m} can be regarded as a ranking of items
{1,2,...,m}. Holland’s model is a well-known parametric model to analyze ranked
data (see Diaconis 1988). The parametric model is an exponential family with a
(m — 1) x (m — 1) matrix parameter. In the model, the parameters are theoretically
given, and it may be difficult to understand practical meanings of the parameters. In
this study, we propose some parametric models on &, through coupon collector’s
waiting time problems. In our model, the probability with which we observe each type
of coupons is parameterized and hence the observed ranking can be explained by the
proportion of each type of coupons.
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Coupon collecting and rankings 573

In Sect. 2, the joint pgf of (T1,...,T,) is given under the assumption that
X1, Xo, ... are generated by a generalized Pdlya urn sampling. Further, some spe-
cial cases of the distribution are studied. In particular, the case of the usual Pdlya
urn sampling is considered based on the exchangeability of the sequence {X,}>° ;.
Section 3 presents statistical inference on coupon collector’s problems. We show that
the maximum likelihood estimation of the proportion of each type of coupons can be
performed based on observations of (71, ..., T;) and (Y7, ..., Y;;). We also investi-
gate the feasibility of a likelihood ratio test for equality of proportions of two types of
coupons among m types of coupons by simulation.

2 Coupon collector’s problems based on a generalized Pélya urn scheme

We consider the coupon collector’s waiting time problem in the sequence of a gener-
alized Pélya urn sampling. An urn contains N; balls labeled “i” fori = 1,2, ..., m.
We set N = Ny + Np + --- + N,,. A ball is drawn at random. If it is labeled “i”,
then it is returned immediately together with additional «(>0) balls labeled “i” and
with additional B(>0) balls labeled “j” for every j(#i). Suppose that we repeat
drawing balls in the above manner until all kinds of balls are drawn. Let X, be
the number labeled on the ball at the n-th drawing in the sampling scheme. Then,
Y1,Y2,...,Yy) and (T4, T», ..., T,) are defined by Eq. (2) and the statement just

after the formula. ¢ (¢) = E[lel tsz .-t denotes the joint pgf of (T1, T», ..., Tn),
where t = (#1,...,t,). By definition, we obtain the exact pgf of t,, by setting
f=-=ty="1

Theorem 1 The joint pgf of (T, ..., Ty) is written as:

o0

b= Y > Gl 3

where

G(s2, ...y Sm)
= Nol (Ncn + a)(sz—l)Ta (Naz + 52/3)(N<71 + Noz
+(1 +s2)(@ + B))(s3—)1@+8) Noy + (52 +53)8) - - -
X(Ngy+-++Ng,_+(1 + 52+ -+ sm—)(@+0m —2)B)) (5,,— 1)1 (@+(m—2)B)
X(Nom +(2+s34+-+su)B)
m i1 i-1
=Ny, D Noy+ [ Dlsi| @+ G —Dp)
=2 =l j= (si=D1@+i-2)8)

m i
X

No; + B Sj
2 =2

1
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Here, for every positive integer k, we define

k
Mt = [ [ + G = Da).

i=1
When o = 1, we sometimes omit a like (n)i+. In the above formula, we always set
s1=1.
Proof Conditioning on Y7, we obtain

o) = ELE[]" -1l vi])

m
= D P =0)E[" -1, |V1 = o1]

o1=1

m
T:
=D PN =oDnEly’ -1, |1 =01

o1=1

N,
= Z %HE[IZTZ“-IZ’”Yl =o01].

Further, conditioning on Y> and 73, we have

Elt)* - 1InY) = o1]

00
= Z Z P(Yy) =07, T) =s|Y1 =o01)

o#01 s2=1

s T T,
Xl‘22E[t33 et Yy =01, Y2 =00, Th = s2].

Noting that
P(Yy =02, T) = s2Y1 = 01)
= P2 =Y =01, T2 =s52)P(12 = s21Y1 = 01)
_ Ncrz + 528 ) (Nal + a)(sg—l)Ta(N - NO'1 +s2(m —1)B)
" N — Ny, +s20m— 1B (N +a+ m—1DB)g,t@+m—1)p)
_ (Noy + &) (5,-1)1a(Noy + 528)
(N4 a+ m—DB)gi@tm—1p)

we see that

m m o0
N N,
b(t) = z Z Z (Noy)syta(No, +32,3)t1t52
(N)(1452) 1 (@+(m—1p)

o1=1 gy =1 $=1
0y # 0]
XE[t -t |Y) = 01, (T = 1), Y2 = 02, T» = 1],

By repeating the conditioning like above, we obtain the desired result. O
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Coupon collecting and rankings 575

Setting 8 = 0 in Theorem 1, we obtain the joint pgf of (T1, ..., T;,) based on the
usual Pélya urn sampling.

Theorem 2 If B = 0, that is, X1, X2, ... are generated by the Polya urn sampling,
the joint pgf of (T1, ..., T;y) can be written as:

Sm

b= 33y Gl @

N
eSS, =1 sm=1 ( )(1+S2+S3+ +sm) P

G(s2, ..., Sm)
= Nal (Ncrl + a)(szfl)TotNaz(Nm + chz + (52 + 1)05)(5371)TaN:73
“(Ngy +---+Nop  + (L + 524534+ +Sm—1))(5,,—1)1a Noy,
m i—1 i—1
=N(,1H ZNU.i+ Zsj o Ng, |,
j=1

=2 \y=1 (si—Dta

where s; = 1.

After stating the corollaries below, we shall give an alternative Proof of Theorem 2
as an application of de Finetti’s theorem. By setting Ny = N, = --- = N, = k in
Theorem 2, we have the following corollary.

Corollary 1 If Ny = N» = --- = Ny, = k, the joint pgf of (T1, ..., Ty) can be
written as:

o KT {6 = DK+ (252 5@ -n1a

¢(t>—m'Z >3

sp=1 sm=1

Hiy? -1,

(M) (14534 -+sm) 1

where s; = 1.
By setting @ = 0 in (4), we have the following corollary.

Corollary 2 Suppose that one ball is sampled at random from the urn and it is returned
immediately. If the trials are repeated, that is, the sampling is i.i.d., then the joint pgf
of (T, ..., Ty) is given by

Ny, t No, . N, t
¢(t): Z 011' o2 . o313

vl N N — Ngta N — (Ng, + Noy)tz

Namtm
N — (Nal + NGZ +ot No-mfl)tm .

)
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Further, if N = Ny = - -- = Ny, hold, then we have
31 m Tk
H=m— ] —=L
o mmklj[lm—ktk_H

Proof of Corollary 2 By setting « = 0 in (4), we have

pO)= D> > >

eSS, ss=1 sm=1

Vot No\ ™ Noy (Noy + Nop)**™ Ny -+ (Noy + -+ + Noy, )" ™' No

m

N 1+s2++sm
Nott o= (Vo \? 7' No o (Now + Vo \* 7' No
= Z —a Z 2y 24 Z ——2n —13
N N N N N
oce6, s2=1 s3=1
i Noy + -+ Noyyy | sm—1 Noy
N m N m
sm=1
No Ny Noyy,
_ Noti  wh w0 N Im
- ' Noy Noy+Noy . Noy+—+No
oeGy l-Fn 1-—F=5  1-——F5"=
Therefore, Corollary 2 holds. O

As Theorem 1 has been proved using the method of conditional probability gen-
erating functions, we have obtained Theorem 2 as a special case of Theorem 1.
Theorem 2 derives the joint pg f of (T4, . .., T,,) based on the usual P6lya-Eggenberger
urn scheme. It is well known that the usual Polya-Eggenberger urn scheme generates
an infinitely exchangeable sequence (see Mahmoud 2008; Johnson and Kotz 1977).
From de Finetti’s theorem, we see that an infinitely exchangeable sequence is a mix-
ture of i.i.d. sequences with a directing random measure called the de Finetti measure.
This means that the distributional results based on infinitely exchangeable sequences
can be derived from the corresponding results based on i.i.d. sequences if the de
Finetti measure is given. Fortunately, the de Finetti measure corresponding to the
usual Pélya-Eggenberger urn scheme is known to be a Dirichlet distribution. By giv-
ing an alternative Proof of Theorem 2, let us regard Theorem 2 as an extension of the
1.i.d. case.

We need some properties of Dirichlet distributions for giving an alternative Proof
of Theorem 2. We denote the (m — 1)-dimensional simplex by

Sm—1={(x1, ..., X)) 1 x; 20, x1 +x2+ - +xp1 < 1}.
Definition 1 The distribution on S,,_; with density

Fi+--4vm) -1

Vm—1—1 U —1
X --X l—x;p— = xp_)'™
T T () ! met (= )

SO, xpm1) =
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is called a Dirichlet distribution of parameter (vi,...,Vv;,) and denoted by
D(Ul7 L} mel; Um).

Lemmal If (X, ..., Xx) follows D(vy, ..., Vk; V1), it holds that

WDt V)t Vil
W1+ Vet )t D1

EIX] X[ Xi1] =

where X1 =1— X1 — -+ — X
Proof If (X1, ..., X) follows D(vy, ..., Vk; Vgs1), it holds that

Ci+r)- T +r)l i+ 4 veg1)
Fw) T+ + w1 +ri+---+r)
_ (Vl)r1T ce (Vk)rk’r
WL VD) (et

E[XII ...X]Ck] —

Therefore, the result follows by the next calculations.
E[X}" - X! Xpq1]
=E[X]" - X A= (X1 + -+ Xp)]
= E[X]'X? - X — E[X X2 Xk - EXD X2 X
— - E[X]' XD ..Xlzk“]

(Ul)rlT ce (Vk)rkTVkJrl
W1+ Vet D i+ 1)1

The next lemma is a direct extension of the multinomial theorem.

Lemma 2 Let n be a positive integer and let B be a real number. Then the following
equation holds.

n
14+ x2 4 4 Xmnrp = Z (kl X )(xl)leﬁ(XZ)kgTﬁ o (Xm) kw185
s Mm
(6)

where the summation is extended for nonnegative integers ki, ..., k, satisfying
ki + ky + -+ 4+ ky, = n. In particular, the next equation holds for an extension
of binomial theorem.

n

(X + Vnrp = Z (Z) (V) (n—k)1 8- 0

k=0

Remark 1 By setting 8 = 1, 8 = —1 and 8 = 0 in Eq. (7), we have Norlund’s
formula, Vandermonde’s formula and Newton’s formula, respectively. Lemma 2 may
be proved easily. The special case of the formula (6) is given in the exercises of Chapter
3 of Charalambides (2002).
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We give here an alternative Proof of Theorem 2 using de Finetti’s theorem.

Proof (An alternative proof of Theorem 2) It is well known that the infinite sequence
X1, X, ... is exchangeable when the Pdlya-Eggenberger urn model is used for
sampling. Then from de Finetti’s theorem, the joint distribution of the sequence
{X,},n > 1 is obtained by randomizing the parameter of a multinomial. This
randomization is expressed by a random vector P = (P, ..., P,) which takes
values p = (p1,.--, Pm—-1) € Sp—1 and p,, = 1 — py — -+ — pp—1. In the
Pélya-Eggenberger urn model, the random vector P follows the Dirichlet distri-

bution D(%, % ’”) see Johnson and Kotz (1977). Therefore, we can

write
T T;N p—
b —/ EWT TP = plf(p)dp
m 1
p02t2 P03f3
/m 1 GGZGZ 7! 1 — Po 2 1 - (pal + sz)tS
Potm
f(p)dp
1 - (Pm +p02 + -+ Do, 1)tm
_ s2— 1
-y Sy / Por (o)
ceS, s2=1 sm=1
X(Pcrl + -+ Pom,l)s’”_lpamf(l’)dp tltéz cee [;1"’
o0 o0
= Z Z Z AV 'Py 2 (Poy +P(,2)S371P03~~
e, =1 Sm=1
X(Pg'l + +Pa’m l)sm o’m] tltéz : va
where

E[Poy P27 Py (Poy + Poy) ™ Py (Poy -+ Py )V Py

=E|P

§3 —
o (1) Fo@ > ( , )Péf'Péfz Poy

J31tjz=s3—1 31

Sm — 1 Jm Jm,m—1
Koo X Z (jml,- ] )P‘Tll"'P"ml Po,,

jml+"'+jm.mfl:sm_l v Jm’mil

p— P S3_l .. Sm_l
N . Z , Z _1( j31 ) (jmhw-vjm,ml)

]31+]32:S3_1 Jm1+Jmm—1=Sm
Gy — i3k 3o 1+
XE[P(}IJF(“ DA+j314+jmi P;2+j32+ +jml | .. P, /m m— IPO'W]
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Using Lemma 1, we obtain
E[Poy P27 Poy(Poy + Poy) ™ Poy v (Poy 4+ + Po, )" ' Py, ]

— S3_1 Sm_l
- Z Z ( J31 ) (jmls“-ajm,m—l)

J31+j3=s3—1 jm|+"'+jm,m—]:5m*1

@ St D+tjmt N E S (st i)t

X(Nam_|) (Na,,,) (ﬂ) _
o A+ jmm—1)1 o (o4 (I4so+-+5,)1

— S3_1 Sm_l
- Z Z ( J31 ) (jmla ajm,m—l)

J31+j32=s3—1 Jmi+ -t jmm—1=sm—1

x (N01)1+(sz—1)+~~+jm1T<¥ (N"z)<1+j32+~~+jmz>¢a o
-1
X (NUmfl)(l-i-jm,m—l)'Ta (Ndm) {(N)(1+52+“'+Sm)¢‘x}
(Nﬂl)xzm No,

T (N) (1ot st

s3— 1
X Z ( . )(Nal + 520) j31 12 (Noy + @) j3r1a

. . 1
J31tja=s3—1 J3

Sm—1 ) )
X Z ( " )(N01+(52+]31+'"+]m1)05)jm1Tc¢
jm l+‘+jm,mfl:sm_1 Jml ’ ’ ]m’mil

e (No'mfl + a)jm.mflTC‘ NUm'

Using Lemma 2 for each summation, we complete the proof. O

3 Statistical inference on coupon collector’s problems
3.1 Parametric estimation

In this subsection, we study two statistical problems for estimating parameters con-
cerning coupon collector’s waiting time problems.

First, we study a very simple problem. Let X, X5, ... be independent identi-
cally distributed random variables with P(X; = j) = p;. For estimating the prob-

ability (p1,..., pm) based on observations of (Y, ..., Y,) and (T, .. o Tm), we

. . .. 91—]
parameterize (pi, ..., pm) With a positive parameter 6 as p; = e T

i =1,2,...,m.Since the joint probability function of (Y1, ..., Y,,) and (T}, ..., T),)
and the marginal probability function of (Y7, . .., Y},) can be easily obtained by replac-
ing % with p; in Eq. (5), we can estimate the parameter 6 by the method of maximum
likelihood. To be precise, the pgf of the waiting time can be written as:
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Estimated densities of the mle’s

o -
— mle 1
-- mle2
2
‘@
S A
[0}
(a)
o -- TTeee-l
T T T T T
1.0 15 2.0 25 3.0

Fig. 1 Estimated densities of the distribution of él and éz based on 500 estimates, respectively

Porl2 Po313 o Poytm
L= pot2 1= (po; + poy)t3 I = (po; + Poy + -+ + Pop_i Vm '

pO) = D poti-

eSS,

where each p; is parametrized by 6 as above. Then, for calculating the probability
P((Y1,....,Yn)=0,(T,...,T,) = (ki, ..., kn)), we can expand

Por 12 . Po3 13 . Do tm
1— Po 12 1— (Pm + paz)t3 1 - (Poy + Doy + -+ + pam_|)tm

Poy -

in the Taylor series around ¢ = 0 and pick out the coefficient of tf' e t,]f[”.

Example 1 We illustrate the feasibility of estimating the parameter 6 using simulated
dataform = 4and 6 = 2. We set sample size n = 50, and we repeat the estimation 500
times. We have estimated the parameter using two kinds of maximum likelihood esti-
mators. One is the mle él based on the observations of (Y1, ..., Y4) and (T, ..., Ty).
The other is the mle éz based on the observations of only (Y7, ..., Ys4). Of course,
él is better than éz, since the former uses more information than the latter. In order
to compare the mle’s, we have estimated the densities of the mle’s based on the 500
mle’s 0) and 65, respectively. Figure 1 displays the estimated density of the mle’s 0,
and ég. The mean and variance of the maximum likelihood estimates él are 1.99281
and 0.01203. The mean and variance of the maximum likelihood estimates éz are
2.026877 and 0.044261. As shown in Fig. 2, the estimators are not highly dependant
though they use the same observations of (Y1, ..., Y4). The value of the correlation
coefficient between the 500 pairs of the estimates is 0.5330742. From the simulation
study, we see that the additional use of observations of the waiting time fairly improves
the mle for 6.
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mle2
2.0 2.2 2.6 2.8
o
o
o
(o]
o

1.8

1.6

mle

Fig.2 Scatterplot for 500 estimates éz against the corresponding o 1 based on the simulated data of sample
size 50

Next, we give a numerical example of maximum likelihood estimation of the para-
meters « and B by applying Theorem 1 in Sect. 2. Under the generalized Pélya urn
sampling given in Sect. 2, we can estimate the number of additional balls « and g
based on observations of the waiting times for drawing all the kinds of balls.

Example 2 We assume that m = 3, Ny = N, = N3 = 10 are known and that
the parameters o and 8 are unknown positive real numbers. The following data are
simulated by settingm =3, ¢ =2and g = 1.

4, 9, 3, 11, 3, 13, 4, 3, 9, 5, 3, 5, 7,
4,

3, 15, 5, 4, 4, 10, 10, 3, 4, 3, 4,
4, 4, 4, 8, 5, 5, 10, 11, 3, 9, 4, 4, 6,

5,
7, 3, 5, 6, 4, 13, 5, 5, 7, 5, 3.

Using Theorem 1, we can calculate the log-likelihood function £(«, B) based on the

data. The graph of £(c, B) is given in Fig. 3. Maximizing the log-likelihood function
£(a, B) with respect to « and 8, we obtain the mle’s @ = 1.73949 and = 0.76000.

3.2 Statistical inference on the symmetric group
In this subsection, we introduce a parametric model on the symmetric group by means
of the coupon collector’s waiting time problem. Holland’s model is well known to

analyze ranked data. Let p be the m — 1 dimensional irreducible representation of G,,,.
Then, the probability function of 7 € G,, is given as:

Po() = c(0)e TP for 6 € Mat(m — 1),

where c(0)"! = > eTr(Q/’(”)), Mat(m — 1) is the set of matrices of size
(m — 1) x (m — 1), and Tr[A] means the trace of A (see Diaconis 1988). The model
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582 S. Aki, K. Hirano

Fig. 3 The graph of the
log-likelihood function £(c, B)

KV VN Y L W W W W ¥

3 alpha

is an exponential family introduced theoretically based on an irreducible represen-
tation of the symmetric group &,,. However, it may not be easy to understand the
practical meaning of the matrix parameter 6. On the other hand, in many cases of
treating practical ranking data, it is supposed that an independent random variable
for each item is observed and a permutation is obtained from the ranks of the val-
ues of random variables (see, e.g., Hall and Miller 2010 and the references therein).
Then, the distribution on the symmetric group &,, depends on the random vari-
ables which determine rankings, and it may be difficult to study statistical inference
on the symmetric group &,, generally. Further, though the distributions of the ran-
dom variables are assumed to be continuous theoretically, ties may occur in practical
data.

Here, we give a parametric model on the symmetric group &, based on the coupon
collector’s waiting time problem. Assuming that X1, X», ... are {1, ..., m}-valued
independent identically distributed random variables with P(X; = j) = 0;, we have
from (5),

Htfztz 903t3
o(t) = 0o, 11 - .
z 1 —0tr 1= (B, + 00,13
oS,
Os tm

m

B 1- (661 +002 +oee +00-mfl)tm.

Therefore, Y = (Y1, ..., Y,) is a G,,-valued random variable (random permutation)
and the probability Py(c) = P(Y = o) for 0 € G,,is given as

0167 - - - Oy

Py(o) = ;
(1 _901)(1 _001 _902)(1 _901 _90'2 - _90',,,,1)

®)
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Coupon collecting and rankings 583

where
( 12 .---m )
o= ,
O"l 0’2 e O’m
and @ = (01,62, ...,60,—1) € S;—1 is the parameter of the distribution. Here, we set
Op=1—01—6,— - —6,_1.

Based on the coupon collector’s waiting time problem, a statistical model on the
symmetric group G,, is constructed. The meaning of the parameter is clear since it is
the vector of probabilities with which the coupons of the corresponding type occur. An
observation of the coupon collector’s waiting time problem determines a permutation

on G, uniquely, because a tie in 71, .. ., 7, does not occur.
Let Yi, Y5, ..., Y, be independent random permutations which follow the distri-
bution (8). Since each Y; is G,,-valued, we denote it by Y¥; = (Yi1, ..., Yiy), where

Yii=o0o1,....Yiw=0,1fY =0 =
il 1 im m i o1 09 - Oy

define the statistics

).Fork=1,2,...,m—1,we

n

Nj oo = Zl({Yil, Yio, ... Yul = {j1, jo, -5 Jik D),

i=1

where 1(A) is the indicator function of A and {Y;1, Yi2, ..., Yit} = {j1, j2, - - -, Jk}
means the equality as sets.
Then, we have the next proposition.

Proposition 1 If S, -valued random permutations Y1, Ya, ..., Y, independently fol-
low the distribution Py, 0 € S;,_1, then {Nj, .. i}, (k=1,2,...,m, 1 < j1 <
J2 < -+ < jrx < m)are sufficient statistics for 6.

Proof The joint probability function of Y1, Y, ..., Y, is written as:
PY1 =11, -5 Xtm)s oo Y = (Xn1, - -+, Xnm))
n

_1—[ 9192"'9m
i=1 (1- 9}6;‘1)(] - Qxil - sz‘z) (1= exil - sz'z T gxirn—l)

m
=01 0n)"exp [ — D Njlog(l —0;) — D Nj j,log(1 —6j, —0},)

Jj=1 J1<j2
. Z Niiojme log(l—ej, —sz—...—ejm_l) s
J1<J2<-<jm-1
where 6,, = 1—6; —- - - —6,,_1. Then, the result holds from the factorization theorem.

O
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Example 3 The following G4-valued data are simulated by setting m = 4 and § =
(0.4, 0.3,0.2) € S3 in the above model. The sample size is n = 50.

(2, 3, 4, 1), (3, 4,1, 2), (3,1, 2, 4, (1, 3, 2,4, 4, 3,1, 2), (3,1, 2, 4,
(2, 3, 4, 1), (2, 3,1, 4, (2, 4,3, 1), 3,1, 4,2, (4, 2,1, 3), (2, 1, 4, 3),
2,1, 3,4, 3,1, 4,2, (1, 2,4, 3, (1, 3,2, 4, (1, 2, 3, 4, (1, 4, 2, 3),
1, 2, 3, 4, (1, 3,2, 4, (2,1, 3, 4, 1, 3,4, 2, (2,1, 3, 49, (1, 2, 3, 4,
1, 2, 4, 3), (1, 2, 4, 3), (4, 2, 3, 1), (1, 2, 3, 4, (4, 3, 1, 2), (2, 4, 3, 1),
1, 3, 4, 2), (1, 4, 2, 3), (1, 3, 2, 4), (2, 4, 1, 3), (1, 2, 3, 4), (3, 2, 1, 4),
2, 3,1, 4, (1, 2,3, 4, 1, 3,2, 4, (2, 3,1, 4, (1, 2, 3, 4, (2, 3,1, 4,
1, 2, 3, 4, (1, 2, 4, 3), (1, 4, 2, 3), (1, 3, 2, 4, (2, 1, 4, 3), (4, 3, 1, 2),
1, 2, 4, 3), 3,1, 4, 2)

For the above data, the values of the sufficient statistics are given by

(n1, n2, n3, n4, niz, N13, N4, 123, N24, N34, N123, N124, N134, N1234)
=(24,14,7,5,18,13,3,7,5,4,24,12,9,5).

Then, from Proposition 1, we can write the log-likelihood function of 6 as

116y, 02, 03)
= —241og(1 — 6;) — 141log(1 — 62) — Tlog(1 — 03) — Slog(6y + 62 + 63)
—18log(1 — 61 — 6) — 131log(l — 0; — 63) — 7log(1 — 6, — 63)
—31log(6 + 03) — 5log(61 + 63) — 4log(6 + 01) +261log(l — 0; — 62 — 63)
+451og(01) + 411og(62) + 381og(63).

Maximizing the log-likelihood function with respect to 6, we obtain the mle of 6 as
0 = (0.40454,0.27290, 0.20484).

Next, we study a testing problem of the statistical model. For example, whenm = 4,
we consider testing the null hypothesis Hy : 62 = 63 based on S4-valued observations.
In the following example, we assess the likelihood ratio test of our model.

Example 4 Setting m = 4 and ©¢ = {0 € S3 : 6, = 63} we consider testing the null
hypothesis Hy : # € ©g versus the alternative hypothesis H; : § € S3 \ ©g based
on G4-valued observations. Since the hypotheses are composite, the likelihood ratio
test may be used for the testing problem. Let A be the likelihood ratio for testing the
hypothesis, i.e.,

_ SUPpcp, L(9)
Supges, L(0) ’

where L(0) is the likelihood function. If sample size is large enough, the likelihood
ratio test can be used and the distribution of —2log A is expected to be approximated
by the Chi-squared distribution with 1 degree of freedom ( XZ(I)). In order to assess
whether the likelihood ratio test can be useful for a moderate sample size, we have
done the following simulation study. We repeated 100000 times to calculate values
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Estimated density and the theoretical density
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Fig. 4 Estimated density of the 10000 values of the test statistic based on 50 ranked data with parameter
6 = (1/3, 1/4, 1/4) and the density of x2(1)

of —2log A based on simulated 50 realizations of G4-valued random variables which
follow the distribution with § = (1/3,1/4,1/4) € ©¢. The mean and variance of
the 100000 values of —21og A are 1.016940 and 2.081478, respectively. Further, the
number of values which exceed the value 3.841459 with P(x2(1) > 3.841459) =
0.05is 5131 in 100000. Figure 4 compares the estimated density of the 100000 values
of the test statistic with the density of Xz(l). Two densities look almost the same.
Further, Fig. 5 shows the quantile plots against the theoretical distribution [(x?(1)
distribution in this case]. Since the line of the sample quantiles of the 100000 values
of the test statistic against the x>(1) distribution is almost straight, we may consider
that the test statistic follows the x2(1) distribution. To investigate the distribution of
the likelihood ratio statistic —2 log A under the alternative hypothesis, we considered
two values of the parameter §; € S3 \ ®g fori = 1, 2. Here, 8; = (1/5,1/3,1/4)
and 6, = (1/5,1/6, 1/3). We repeated 10000 times to calculate values of —21log XA
based on simulated 50 realizations of &4-valued random variables which follow the
distribution with @ and 6,, respectively.

For 61, the mean and variance of the 10000 values of —2log A are 2.387879 and
7.654581, respectively. The number of values which exceed the value 3.841459 with
P(Xz(l) > 3.841459) = 0.05 is 2173 in 10000. For 6;, the mean and variance of the
10000 values of —2log A are 8.402736 and 30.64335, respectively. The number of
values which exceed the value 3.841459 with P(x2(1) > 3.841459) = 0.05 is 7855
in 10000.

Figure 6 shows the estimated densities of the likelihood ratio test statistic under the
null hypothesis based on the 100000 values of the above test statistic, under § = 8 €
H; and under § = 6, € H; based on the 10000 values of the test statistic. Since the
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Fig. 6 Estimated densities of the test statistic based on 50 ranked data

distribution of the likelihood ratio test statistic is far from the distribution of Xz(l),
we can use the likelihood ratio test in our model.
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