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Abstract Mean-preserving and covariance preserving matchings are introduced that
can be obtained with conditional, randomized matching on sub-populations of a large
control group. Under moment conditions it is shown that these matchings are, respec-
tively, equal percent bias reducing (EPBR) and variance proportionate modifying (PM)
for linear functions of the covariates and their standardizations. The results provide
additional insight into and theory for EPBR and PM properties and confirm empirical
and simulation findings that matchings can have the EPBR and PM properties also
when the covariates are not exchangeable, or the treatment means are not equal.

Keywords Discriminant matching - Equal percent bias reducing - Mean—covariance
preserving matching - Variance proportionate modifying matching

1 Introduction

In an observational (non-randomized) study with the objective evaluation of a treat-
ment’s effect, the use of random samples from the treated and control populations
may cause estimation bias. Matched sampling on covariates is a popular technique for
controlling the bias. It all started with “discriminant matching” (Cochran and Rubin
1973; Rubin 1970, 1973a,b) that evolved into propensity matching used in causal
inference (Rosenbaum and Rubin 1983, 1984, 1985). Related theory with applica-
tions and extensions for matching and causal inference for two or more treatments are
presented, among others, in Rubin and Thomas (1992, 1996), Joffe and Rosenbaum
(1999), Imbens (2000), Imai and Van Dyk (2004) and Rubin and Stuart (2006). Stuart
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70 Y. G. Yatracos

(2010, p. 15) provides a review on matching methods for causal inference suggesting
future research directions one of which is covariate balancing for multiple treatments.
Yatracos (2011) presents causal inference for multiple treatments with s-matching
obtained via sufficiency.

Without exact matching, the bias will increase for some linear functions ¥ = o' X
of the covariates X unless the matching method is equal percent bias reducing (EPBR),
i.e. the bias in each coordinate of X is reduced by the same percentage (Rubin 1976a,b);
X € R?, a € RP. This makes EPBR a desirable property in matched sampling.

Matched sampling on covariates is p>-proportionate modifying of the variance

(PM-1) of the matched sample means’ difference Y,;; — Y;,c of the Y’s, when it allows
Var(fm, - Ymc)
Var(Yr; —Yre)
sum of the same variances’ ratio but with X projected, respecnvely, along the best lin-

ear discriminant and its uncorrelated covariate; the weights are p 2and1— ,o Y, ' — Y, e
is the random sample means’ difference and ¢ and ¢ denote, respectively, treatment and

control. Arguments for the desirability of PM-1 property appear in Rubin and Thomas
(1996, Section 2.1, p. 251) where it is mentioned that when Y,,;, = Y,; = ¥; and
for a specific setting that implies also EPBR matching, “The entire differential effect
of the matching on different ¥ variables is determined by p?, the effect of matching
being the same for all discriminant’s uncorrelated covariates.” In addition, analytic
Var(Y; — Ymc)
Var (Y, —
and Thomas (1996, p. 252). Analogous results hold for p2-proportionate modifying
matching of the expectations of the sample variances (PM-2) and make PM-2 property
desirable; see Rubin and Thomas (1996, Section 2.1, p. 252).

Rubin and Thomas (1992) (hereafter R&T) showed that when the distribution of

X is proportional ellipsoidally symmetric (PES), affine invariant matching methods
are EPBR, PM-1 and PM-2. Rubin and Stuart (2006) (hereafter R&S) extended these
results when X follows a “discriminant mixture of proportional ellipsoidally symmet-
ric” (DPEMS) distribution. Crucial for the results is that PES and DPEMS distributions
allow for the reduction of the covariates models in a canonical form with one common
linear transformation and the intention to use affine invariant matching methods (R&T,
p. 1081, 1. —1 to —6). However, it has been noticed that

toexpress forallY = a'X, witha'a = 1, the variances’ ratio as weighted

approximations are obtained for using equations (2.7) and (2.8) in Rubin

(a) when X follows a PES distribution and the number of covariates is large,
exchangeability restricts the covariances to be non-negative, and

(b) when the propensity score or the linear discriminant are used for matching in
examples and simulations with various other distributions, EPBR, PM-1 and
PM-2 properties still hold (R&T, R&S).

EPBR and PM are moment properties and moment conditions should be sufficient
for these to hold. In Sect. 2, simulations indicate that EPBR and PM properties hold,
respectively, for randomly obtained exponential covariates and their standardizations
(with respect to the means and variances of the control population), when the matched
control covariates are obtained using a uniform distribution in a neighborhood of each
of the observed exponential treatment covariates. In Sect. 3, mean-preserving (MP),
covariance preserving (CP) and mean and covariance preserving (MCP) matchings
are defined and matching Lemma 1 is provided that is used to obtain MP and CP
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Mean—covariance preserving matching and its properties 71

matchings. In Sect. 4, it is shown that with MP-matching as in the simulation exam-
ple, mild moment conditions on the treatment populations are necessary and sufficient
for the the EPBR property to hold for linear functions of X. In Sect. 5, it is shown that
moment conditions on the populations and CP-matching are sufficient for the PM-
properties to hold for standardized covariates X* and in some cases also for X. These
results provide additional insight into the EPBR and PM properties and explain why
the EPBR property holds often. With MCP-matching, that is both MP and CP, EPBR
and PM properties hold for X*, and the results for X in R&T and R&S are obtained as
special case. The theoretical results suggest sampling from sub-populations of the con-
trol populations to obtain MP and CP matchings via matching Lemma 1. A discussion
follows in Sect. 6 on the Lemma’s assumptions. The proofs are in the Appendix.
The goal of matched sampling is pairing of treatment and control units which are
similar with respect to covariates, with no concern for the difference between these
covariates’ distribution functions. In machine learning, the distribution functions of
the training and test data differ arbitrarily, causing the covariate shift problem (see,
for example, Shimodaira 2000; Sugiyama et al. 2008). In classification problems, for
example, the covariate shift problem affects the minimum value of the risk used to
determine a classifier, as well as the classifier’s choice (Bickel et al. 2007). The intro-
duction of distributional matching methods, with goal similarity of the distributions of

control and treatment populations, will be helpful in reducing the effect of covariate
shift.

2 The motivating examples

The definitions of EPBR and PM properties follow, preceding the examples that indi-
cate moment conditions are sufficient for these to hold. For matched and random
samples of U’s denote, respectively, their means U,,s and U, s = ¢, c.

Definition 1 With the notation in the introduction, let Y = oc/X, o € R?.

(a) The matching is EPBR (Rubin 1976a) if

E(Ymt - _mc)
E(Yrt - Yrc)

is independent of & € R”.
(b) The matching is p>-proportionate modifying of the variance of the difference in
matched sample means (PM-1, R&T) if

Var(Y,,; — Y - -
Varn = Yine) _ 02V + (1= pP)Vy,
Var(Y,; — Y;¢)

with only p depending on &, 0 < ,02 < 1. 171 and 172 are numbers taking the
same two values for all Y.

In R&T, Y,,; has correlation p with the best, standardized linear discriminant D
of X, W is a standardized linear combination of X uncorrelated with D and
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Vi = Var(l_)mt - Dmc) ‘72 _ Var(V_th - V_Vmc)
Var(Dys — Dyc) Var(Wy; — Wie)

(¢c) The matching is p>-proportionate modifying of the expectations of the sample
variances (PM-2, R&T) if

% = Vis+ (U =pHVay, s=t c

with only p dependingon e, 0 < ,02 < I; Vs, Ume, Vrr and vy are, respectively,
the sample variances of n; and n, matched and randomly chosen treated and con-
trol units using (n; — 1) and (n. — 1) in the denominators. \71,“ \72,,, \71,6, ‘72,6
are numbers taking the same four values for all Y.

In R&T,

- Ev,,s(D) = Evys (W)

) = —————, S =1,¢C
b Ev,5(D) 2 Ev,g(W)

2.1 EPBR simulation example

Althauser and Rubin (1970) use a subset V at e-distance from the observed treatment
covariates to obtain matched control covariates. Rosenbaum and Rubin (1985) con-
struct V' using the propensity score and obtain via Mahalanobis distance matching
control covariates with the EPBR property. We also use in this example a neighbor-
hood V of the observed treatment’s covariates X, = Xy,r, and obtain the matching
control covariates X, via any distribution P on V with mean X,,;; + z(Xur — X¢);
z € R, X, is a sample average from the control population used in random sampling
without matching. It is assumed that X, takes values in the control population.

Let Y = «’X, and let 17,,,“, }_’,C,a be Y-averages obtained, respectively, from the
random samples of treatment and control covariates. Let )_’,m,a, )_’mc,a be Y-averages
obtained from the samples of matched covariates. The EPBR property holds when for
any a1, a2, the ratios difference

E(Y_vmt,otl - _mc,al) _ E();mt,otz - _mc,az) _

E(?rt,d| - Yrc,(!]) E(?rt,otz - _rc,otz)

D

In R&T and R&S it is shown that (1) holds for PES and DPEMS distributions.

A sample with size 200 of 2-dimensional, independent, random, treatment and con-
trol covariates are obtained, respectively, from exponential distributions with parame-
ters 6 = (5.211, 3.215) and 6, = (4.019, 4.295); the parameters are absolute values
of observed, independent normal variables with mean 5 and variance 4. For the matched
samples, 200 treatment covariates (X, 1, Xur,2) are obtained from an exponential dis-
tribution with parameter 6| and conditionally on X, ; = Xu;,;, the matching control
variable X, ; is the average of 100 independent random variables obtained from a
uniform distribution on the interval
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Fig. 1 Simulations supporting
the EPBR property 0

Frequency

o

I T T T
-0.2 -0.1 0.0 0.1 0.2
Estimated ratios difference

(xmt,i + Z(xmt,i - ic,i) -1, Xme,i + Z(xmt,i - ic,i) +1), i=12; 2)

z = —0.548231 is obtained from a standard normal distribution, X, ; is the average of
a random sample of size 500 from the control population.

Values a1 = (7.673,8.781), an = (8.486, 8.952) are obtained independently
from a normal distribution with mean 10 and standard deviation 4. We obtain 300
samples of the covariates, calculate )_’mt’a,., Ymc,oc,-, )_’,,,ai, f’rc,an i =1, 2, foreach
sample and their averages are used to estimate the expectations in (1). The procedure
is repeated 100 times, to obtain in Fig. 1 the histogram of estimated values of the ratios
difference in the left-hand side of (1) that have mean —0.0013 and variance 0.0081.
The results support the EPBR property (1) of the matching.

2.2 Variance PM simulation example

Treatment and control samples with size 200 of 2-dimensional, independent exponen-
tial random variables are obtained with parameters, respectively, (1.740, 1.740) and
(1, 1). The samples’ coordinates are standardized in the same way to obtain covari-
ates X', X* with X* having coordinates with mean zero and variance one; ¢ denotes

treatment and ¢ denotes control. The matched treatment covariates X7, and X7 are
obtained from the same population. Conditionally on X, = x ., the matching con-

trol variable X ; is the average of 20, independent random variables obtained from

. R . « « " " .
a uniform distribution on the interval (xm“. +zxg, i — \/5, Xpg i 2% i T \/§), i=

1,2; z = 1.629 is obtained from a standard normal distribution.
For X* = X* | we can write when o’a = 1,

Y=aX" =puA), + l_przntw;rklt’ G)
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where
/ / ’
A::[t = "L:UX*/H"L:UH’ :Omt = ,":;'LI/HIL::””’ W;:“‘ = }’mtX*;

A, is alinear discriminant, p,, is the mean of the standardized treatment population,
Y i is anorm 1 vector orthogonal to p", on the plane determined by e and u",,, ||X||
is the usual Euclidean norm of x. A similar decomposition to (3) holds for X* = X* .
and for the random covariates X* = X7, X¥ ..

In this set-up, Definition 1 (b), (c) is satisfied and the matching is:

(a) ,o,%l ,-proportionate modifying of the variance of the difference in matched sample
means (PM-1) if

Var(W#*, — W* )
— (1= pp ) ——2 M = (. (4)
Var(Wrt - Wr*c)

Var(Yin; — Yone) _ p2 Var(A;,k” - A>rknc)
Var(?rt - ?rc) " Var(A;ft - A;‘fc)

(b) pit—proportionate modifying of the expectations of the sample variances (PM-2)

if
Evy (Y) 2 E vy (A") 2 Evy (W)
- — (1= p2 D, 5
G R T R T ©)
and
Evp(Y) 2 Evpe(A¥) 2 Evpe(W¥)
- — (1= p2 ) —me ), 6
Evet) P Euan TP By e ©

where vy, Ume, Ur and vy are, respectively, the sample variances of n; and
n. matched and randomly chosen treated and control units using (n; — 1) and
(ne — 1) in the denominators.

Fig. 2 The PM-1 property S ]
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Fig. 3 The PM-2 treatment o
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Fig.4 The PM-2 control
property

Frequency
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Values e = (7.962, 9.381) are obtained independently from a normal distribution
with mean 10 and standard deviation 4. We obtain 300 samples of covariates and the

differences Yy — Yimes Yri — Yres Af;l, — A,’;c, A;‘, — Afc, V_V,’,‘l, — W,*,‘w, W,*, — Wr*c are
used to estimate the PM-1 difference (4). Estimates for the PM-2 differences (5) and
(6) are similarly obtained. The procedure is repeated 200 times to obtain in Figs. 2, 3
and 4 histograms of the estimated values of PM-1 and PM-2 differences. The PM-1
mean difference is —0.00035 and the variance is 0.000078, the PM-2 mean treatment
difference is —0.00319 and the variance is 0.00134, the PM-2 mean control difference
is —0.00623 and the variance is 0.00578. The results support the PM properties (4)—(6)

of the matching.
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3 MP, CP and MCP matchings and the matching lemma

Let X;, X, be p-dimensional covariates obtained randomly from the treatment and
control populations P; and P,, respectively, with mean and covariance matrices
I 2i, R, X, respectively; f denotes treatment, ¢ denotes control. Let X,,,;, X, be
p-dimensional covariate vectors from populations MP; and MP, used for matched
sampling, with mean and covariance matrices, respectively, f,,;s Zmss Bpes Zme-
Often, P, = MP;, P. and MP,. differ, and X,,;; is obtained randomly from P;. In
the examples in Sect. 2, P, = MP;.

Definition 2 (a) Assume without loss of generality u,. = 0. Mean preserving (MP)
matching on covariates X is any matching method for which

EXini) o< EXine), @)

with subscripts mt and mc referring to the selected treatment unit and the matched
control unit, respectively.

(b) Let1 bethe p-dimensional all-ones vector. Covariance preserving (CP) matching
on X is any matching method for which

Var(X,s) x I+ k11, ks € R, s =t, c, (8)
Var(Xom — Xpe) o I+ k11, k € R. )

(c) Mean—covariance preserving (MCP) matching on covariates X is any matching
method for which (7), (8) and (9) hold.

Remark I Relations (8) and (9) mean that in each covariance matrix all the variances
are equal, all the covariances are equal, and this is preserved from covariates X,;; of
the selected treatment unit to the covariates X, of the matched control unit and their
difference X,,;; — Xpne-

A matching Lemma follows which determines the mean and covariance structure

of X, from that of X,,,;; and can be used for MP and CP matchings in practice. Use
the notation

Yt = (amt,ij)a Yme = (GInC,ij)v Var(Xp: — Xine) = (O'mt,mc,ij)y I1<i,j=<p.

Lemma 1 Select X, in MP; and assume p. = 0. Conditionally on X, i = Xmy,i,
Xme,i s obtained at random from a distribution with mean 8x,; ;, and variance
Bom:.ii, and supportin MP.; § € R, B>0,i=1,...,p.Then,

(a) The matching on X,,;; is MP-matching since
Bome = S My (10)

@ Springer
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(b) It holds

Omeii = 82+ B)omeits  Omemeii =B+ 1 =8 1omeii, i=1,...,p.
(11)

(c) If the X,y;-covariates are independent, then
Omec,ij = 0= Omt,me,ij» 1 #Jj. (12)
(d) If the X,,;-covariates are uncorrelated and opc ;i ~ 0, i =1, ..., p, then
Ome,ij ~ 0= Omt,me,ij» 1 #Jj.
(e) In addition to the assumptions for (a), (b), and either (c) or (d), assume that
Omeii = crnzﬂ, i =1,...,p. Then, the so-obtained matching is MCP-matching
and ky = k. = k = 01in (8), (9).

Corollary 1 Under the assumptions in Lemma 1, conditional nearest neighbor match-
ing with one possible choice of matching value X,,c = 8Xp: is MCP-matching.

Remark 2 When p.; = 0, the matching in the EPBR simulation example using the
uniform distribution is MP matching since EX ;i = (14+2)E X, i = 1,2. When
the treatment and control populations follow PES or DPEMS distributions in canonical
form, affinely invariant matching methods are MCP-matching (Theorem 3.1 in R&T
and R&S). The matching in the variance PM simulation example is MCP matching.

4 MP-matching and the EPBR property
Leto € R?, o’ = 1, and for X in either P; or P, let

Y =a'X. (13)
EPBR is a property that depends on expected values only; thus we decompose Y using

a decomposition of « along u,. Let y, € R?, y;y, = 1, be a vector orthogonal to u,
on the plane determined by & and u,,

a = (pw /N Dp /Nl 4 @y )y,
to obtain the decomposition of Y,
Y =pA+/1—p?W (14)
pr =o' w /el A=wX/lndl, W=ypX (15)

For X in either MP, or MP, (14) and (15) hold with p,;, ¥,,; OF Pmcs ¥ e instead
of pr, ¥,
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In this and subsequent sections, U, (resp. Uys) is the average of obtained U -values
from Py (resp. MPy), s =t,c.

Proposition 1 Assume without loss of generality p. = 0.

(a) If the matching is MP and, in addition, it holds u,,, = ¢p;, ¢ € R, then the
matching is also EPBR,

E(?mt - Ymc) E(Amt - Amc)

— — =i _— 1
E@n =T O R, — A0 (10

where the subscripts rt and rc refer, respectively, to a randomly chosen sample

of n; treated and n. control units. The percent reduction in bias is the same for
E(Amt_Amc)
—=mi_=mel rqkes the same value
E(Ar—Arc)

for all Y. The result is independent of the covariance structure.
(b) Ifthe matching is MP and, in addition, it is also EPBR, then p,,,, = { s, ¢ € R.

any Y (i.e. any linear combination of X), since

Remark 3 The mild moment condition u,,;, = ¢f;, ¢ € R, holds when P; = MP;
with { = 1. Under MP-matching, Proposition 1 provides a necessary and sufficient
condition for the EPBR property to hold.

5 CP-matching and the PM properties

In R&T and R&S conditions (C1), on P, and P, and (C2), on MP; and MP,,
are sufficient for the EPBR and PM properties to hold for the X-covariates and affine
invariant matching methods;

(C1) the control and the treatment populations are in canonical form,

pe=nl, % =01 p.=0, T =1, (17)

with 1 the all-ones vector (called also unit vector in R&T, p. 1081), 0 the zero vector,
1 positive scalar constant,

(C2) under (C1), matching vectors X,,;;, X,,c are obtained, respectively, from the
treatment and the control groups with

(i) means proportional to 1, and B B
(i) the covariance matrix of the sample means difference X,,,; — X, proportional
tol + k11’ k € R.

Under (C1), X is projected along 1 that is proportional to u, because of (17) and
the standardized linear discriminant

A =1X//p, 1=q,...,1), (18)
is used.

There are cases where the X-coordinates have not the same mean and we would like
to know when the PM-properties hold. A new set-up is presented herein to deal with
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this situation. (C1) is not necessary for the results to hold, a discriminant other than
(18) is used and CP-property will hold for transformed covariates X* and in particular
cases for X.

Assume that

(A1) the X-coordinates are uncorrelated in both populations, and

(A2) for the variances at%i, (TCZJ-, of X; in P; and P,, respectively,
2
o-.
=0, i=1...p. (19)
o-.

c,i

(A1) and (A2) hold when (C1) holds. (A2), like the condition of exchangeability in

R&T and R&S, makes the covariates in the treatment and control populations “similar”

and holds when ¥; o« .. (A2) may hold when a subpopulation of P, is used.
Standardize the covariates in P, P, using the means and variances in P,

X?:Xi_l’LC,"

o

i=1,...,p, (20)

and observe that for these transformed covariates

EC(X;“) =0, Varc(X;") =1
* * GI% *2 .
=u;, Vart(X,')=0—2=0 ,i=1,...,p,

Ci ci

Et(Xl*) — :uti - ch,'

with E;, Var,, E., Var. denoting, respectively, the means and variances in the treat-
ment and control populations. The means u;, p’ and covariance matrices X} =
(U:i j), = (a:i j) of X* = (X¥, ...,X;‘,), respectively, in the treatment and
control populations are

wy = up ), =0, @1)

TF = o™, TF=1 (22)

Note that (21) holds by construction but (22) holds from (A1) and (A2). (A2) is the
assumption oy ;i = U,%”, i =1,...,p, needed in Corollary 1 for M C P matching

of the X* covariates.
Remark 4 When . =0, ¥; = o’Iand £. =1, (Al) and (A2) hold and X* = X.
The analogous of the standardized linear discriminant (18) is

A* =l X ] (23)
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For Y = ' X*, the analogous of (14) is

Y = p A 41— pF W, (24)

pr =o' uy/llngll,  W* =y X" (25)

A similar decomposition holds when X* is obtained from either MP,,; or MP,,,
with oy, »,,; instead of p;, p,.

Remark 5 Under (A1) and (.A2), one can use on X*-covariates the matching described
in Lemma 1 with ‘7:”,1' i = 0 to obtain MCP-matching with k; = k. = k = 0.

The following proposition decomposes the effect on ¥ of CP-matching on X*, into
the effects of the matching on A* and on W*,

Proposition 2 Under (A1) and (A2), for the transformed covariates (20)

(a) CP-matching with k = 0 is p,znt-prop()rtionate modifying of the variance of the
difference in matched sample means (PM-1),

Var(Yoi — Yme) 5 Var(Ak, — A%)

Var(W, — W)
Var(Y_vrt - Yrc) P Var(Aj:t - Afc)

+ (1 = p? L _mel 06
(0 = o) i ey 20

where the ratios
Var(A¥, — A% ) Var(W, — W)
Var(A}, — A%) Var(W) — W)

take the same two values for all Y.
(b) CP-matching with k; = k. = 0 is ,orznt-proportionate modifying of the expecta-
tions of the sample variances (PM-2),

Evy: (Y) 2 Evp (A¥) 2 Evp (W)
= 1— 7 27
Evn V)~ P a8 TP Ty e @7
and
Evp(Y) 2 Evpc(AY) 2 Evpc(W¥)
— 1— R — 28
Evet) = P an TP Ty 28

where Vs, Ume, Vpr and Ve are, respectively, the sample variances of n; and
ne matched and randomly chosen treated and control units using (n; — 1) and
(ne — 1) in the denominators. The ratios

Evy (AT) Evy (W) Evpc(A¥) Evp (W)
Ev. (A*) ' Ev, (W*) ' Ev,.(A*) ' Ev,c(W*)

take the same four values for all Y.

@ Springer
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Corollary 2 When the X-covariates in the control population have the same variance,

ie. UCZI, = 062, i=1,...,p, Propositions 1 and 2 hold for linear functions of X.

The next result implies results in R&T and R&S.

Corollary 3 When the distributions of X are in canonical form (17), MCP matching
on X with w,,; = ¢p,, ¢ € R, is for linear functions of X

(i) EPBR, and
(ii) proportionate modifying of the variance of the difference in matched sample
means and of the expectations of the sample variances.

6 Discussion

When treatment samples are obtained from one population, i.e. P, = MP;, the EPBR
and PM properties hold, respectively, with MP and CP matchings on sub-populations
of the control population according to Lemma 1. Most conditions in the Lemma are
moment conditions that hold when M P, is continuous, has a smooth density and we
can sample from uniform distributions in neighborhoods of the observed treatment
values. The EPBR property holds since we can easily have EX,;,c; = EX i, | =

1,..., p. For the CP property to hold, the X* covariates have to be either indepen-
dent or uncorrelated with (a) Var(X;‘w ; |th ;= xmt D)= ﬁa,m, b) O’mc ;i ~ 0and
(c) amt i = o (1.e. (A2) holds), i = 1,..., p. Condition (a) is satisfied when

sampling from a uniform distribution on an interval with length proportional to ;.
Condition (b) holds when, as in the variance PM simulations example, the matching
value is average of p-values with p large. The most stringent condition (c) may hold
when using only a subset of P, chosen such that the variances ratios (19) all coincide.

For a large, discreet control population M P,, assume that when X,;; ; = Xp;z; its
nearest neighbors x¢ ; 1., Xc.;, v inthe control group satisty xc ; 1. < X < Xciv, 1 <
i < p. For the EPBR property to hold use probabilities ¢; = g; (x,.;) = ~ehy—mei

Xe,i,U —Xe,i,L
such that g;xc i1 + (I — gi)Xciv = Xm; and draw an observation X from
{xci,Ls Xe,i, U}WlthP[chz = XxciL] = qi SUChthatEXct =EXpi,i=1,...,p.
For CP matchlng, use nelghbors {x* eilL’ Cl U} such that the conditional variance
(le U xmt l)(xmt P X L) is the same for i = 1, ..., p, in order to satisfy a). This

is feasible if M P. is large More than two neighbors can be used in this matching.

7 Appendix

Proof of the matching Lemma 1 (a) Fori =1, ..., p, it holds

E(ch,i) = E[E(ch,i|th,i)] = E(axmt,i) = 8/‘Lmt,i~
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() Fori =1,..., p,itholds

Var(ch,i) = Var[E(ch,i |th,i)]+E[Var(ch,i |th,i)] = (82 + ﬂ)o'ml,iiv
E(Xm1i Xme,i) = ELEXmti Xme,i| Xm,)] = SE(Xp, ).

mt,i

CoV(Xmris Xmei) = EXmi Xme,i) — Sy i = 80muii,
to obtain

Var(th,i - ch,i) = Var(th,i) + Var(ch,i) - 2COV(Xml,iv ch,i)
=B+ (1 —8)lowii-
() Forl <i, j < p,i# Jj, Xmei, Xme,j are conditionally independent given
th,ia th,j’ thus
E(ch,ich,j) = E[E(ch,ich,j |th,i9 th,j)] = 52E(th,ixmt,j)»

Cov(Xome,i ch,j) = E(ch,ich,j) - lelvmt,ill«mt,j = 820—mt,ij,
E(th,ich,j) = E[E(th,ixmc,j |th,iv th,j)] = 8E(th,ith,j):
COV(th,h ch,j) = E(th,ich,j) - 8Mmt,i,umt,j = (SUmt,ija

to obtain
COV(th,i - ch,ia th,j - ch,j)
= Cov(Xp,i» th,j) — Cov(Xnr,i» ch,j) — Cov(Xpe,is th,j)
+ COV(ch,i s ch,j)

2 2
= Ome,ij — 280mt,ij + 8 Omeij = (1 — 8) Omy,ij-

(d) Theresult oy, ; j ~ 0 follows from the inequality |Cov(U, V)| < +/Var(U)+/Var(V).
The result oy me,i;j = O that improved my result oy pe,ij ~ 0, i # j, follows
because, as the referee cleverly observed, X, 1, ..., X, p are uncorrelated and the
calculations of E(Xus,i Xme, ;) and of Cov(Xus, i, Xime,j), i # j, in ¢) do not use the
assumed conditional independence.

(e) Follows from the definition of MCP matching. O

Proof of Corollary 1 Since EX;,. = §EX,;; and
Var(Xone,i) = Var[E(Xpe.i| Xme.i)] = 8 Var(Xpnz.i) = 820, i = 1,..., p,

the result follows. O

Proof of Proposition 1 (a) For A and W in (14), it holds from (15)

Ed(A) = o /Il = iell, Ex(W)=y'm, =0,
Ec(A) = pp /Il =0,  Ec(W)=p'p, =0,
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and for random samples from P; and P,

EA) =lmgll,  EWe) =0,  EY) = prllpll, (29)
E(Are) = E(W,e) = E(Y,e) = 0. (30)

If the matching is MP and, in addition, w,,; = ¢p;, ¢ € R, Egs. (14) and (15)
with oy, = sign($)ps, Yy = ¥4, imply

EWpt = Yne) = sign(@ o EBmt = Ane) + /1= 07 EWint = Wine).
By (15),
EWnt = Wine) = V1 EXr = Xine)s Vil = Y158 =0,
and by the MP-matching, E ()_(m, — )_(mc) X oz, thus
EYmt = Yone) = sign(©)p E(Dme — Bpc).
Relation (16) follows from (14), (29) and (30) by noting that
E(Yri = Yre) = prE(Apy — D).
(b) From the EPBR property, there is » € R such that for any & € R?,

E(?mt - Ymc) —ph= pmtE(Amt - Amc)
E(Yy: — Yre) PE(Ar — Aye)

’

with the last equality due to the MP-matching assumption, or
Pme =b*pr, BT ER, de oty /Il ]l =D /1],
and this holds for any vector & in the usual orthonormal basis in R” implying that

w | 1B ||
I1he ]

Wmei = b Weis  i=1,...,p.

O

When (A1) and (A2) hold, for the transformed covariates X* under treatment and
control it holds

Var (A%) = i S /i1 = 02, Vare(AH) =pf S /lleflP=1. (31
For the variances of W* in the treatment and control populations it holds

Var,(W*) =y Sy, = o*2, Var,(W*) =y, Z¥y, =1, (32)
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and the covariance of A* and W*

«

Covy (A%, W*) = Covy(u X*/|If I, y/X*) = H’; GEv=0. s=te
(33)
Relations (32), (33) hold for any W* for which
Wr=p X",y =0, yy, =1 (34)

From (24), (31) and (32), for random samples of size n, in the treated population
and of size n. in the control population it holds

*2
Var(A¥,) = Var(W}) = Var(Y,,) = c, (35)
ny
_ i} . 1
Var(A),) = Var(W;) = Var(Y,.) = —. (36)
n

c

Remark 6 Decomposition (24) and (25) are used in the sequel for the selected and
the matched samples, with p} replaced by u),, the mean of the selected treatment
sample, and with y,,,;, pm; instead of y;, p;.

Proposition 3 Matched treated and control samples on X* are obtained, respectively,

. . W * *
with sizes n;, n. and means X5,,, X7 ..

(a) If the matching is MP-matching,
EX:,) o< EXEL). (37)
(b) If the matching is CP-matching withk; = k. =k =0,

Var(X% ) oc Var(X% ) o Var(XZ, — X% ) oc 1, (38)
E (0t (X)) o E (e (X)) o 1, (39

where vy, (X*) and vy, (X*) are the unbiased sample covariance matrices of X*
in the matched treated and control samples.

Proof It follows from the definitions of MP-matching and CP-matching. O

The following results are useful:

Corollary 4 Under the hypotheses of Proposition 3 b), the quantities Var(V_V,;‘l, -
W:w), E (v (W) and E (v, (W™)) take the same values for all W* satisfying (34).
When in addition (22) holds, the analogous three results apply for statistics in random
samples indexed by rt and rc. Since A* is the discriminant, defined without regard to
the choice of Y, the analogous quantities for A* are also the same for all Y.

@ Springer



Mean—covariance preserving matching and its properties 85

Proof Since
W=y, X5 Wy = Woe = v, (X5, = X500,
it holds that
Var(Wys, — Wpi) = ¥, Var(Xs, — X2 )y,
which from (34) and (38) takes the same value for each p,,;. Since
Ums (W) = vy (¥0, X¥), s =t,c,
from (39) the results for E (v, (W*)) and E (v,,,c(W*)) hold. The analogous results

for random samples follow from (32), (35) and (36). The remaining results follow
easily. O

Proof of Proposition 2 (a) For the matched samples, (24) implies that
Var(Yo: — Yine) = prszar(Aj;, —ArD)+ (- pi,)Var(W;';lt - Wk,

since from (23) and (34)

_ _ ”,*, _ _ _ - _ _
A;knz - A:w = ||[LZ“|| (X;knt - X;;kw)v Wntt - Wn*u' = )’Zm(X:(m - X:w)’
mt
and from (38)
Cov(Ak, — AX W — Wk oo pk Var(X:, — X¥ )y, =0. (40)

Decomposition (26) of the variances ratio follows from (35) and (36) since for
random samples from the treated and control populations
_ _ - - - - o*2 1
Var(Y,; — Yre) = Var(A}, — AY) = Var(W), — W) = — + —.
n; ne

The results for the ratios (27) follow from Corollary 4.
(b) For the matched treated sample

Evp(Y) = pay EVie (A*) + (1 = p2) Eve (W)

because from (39) the expected matched treated sample covariance of A* and W* is
proportional to

* E(,'L;kntUWll‘(X*)ymt) X ”’;kntl)’mt =0. (41)
[ 1]

@ Springer



86 Y. G. Yatracos

Noting that
Evy(Y) = Evy (A") = Evp (W)

(27) follows. Analogous derivations for the matched control sample establishes (28).
The proof is completed using Corollary 4. O

Proof of Corollary 2 Observe that o/ (X%, — X* ) = Uita/ Xonr — Xone) and that o

mt
cancels because all the results concern ratios. O

Proof of Corollary 3 From Remark 4, (A1) and (A2) are satisfied and X* = X.

(i) follows from Proposition 1 (a).
(ii) follows from the proof of Proposition 2 since g, = nl and the equivalent to
relations (40) and (41) are, respectively,

10+ k11)y =0,
and
1A+ k11)y =0, s =1,c.
O
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