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Abstract Stimulated by a study in Bangladesh about the first birth interval, we
propose a semivarying-coefficient model for cluster data analysis. We consider the
estimation procedure for the proposed model and establish the asymptotic results of
the proposed estimators. Furthermore, we employ the cross-validation (CV) to identify
the constant coefficients. The associated asymptotic properties are rigorously exam-
ined. Simulation studies are conducted to investigate the performance of the proposed
estimation and the CV-based model selection procedure for finite sample size. Finally,
our methods are used to analyse the aforementioned data set to explore how several
factors affect the first birth interval in Bangladesh.

Keywords Cluster data - Cross-validation - Local linear modelling -
Semiparametric inference - Varying-coefficient models

1 Introduction

In a typical analysis for cluster data, researchers usually assume all clusters share the
same regression function. The difference across clusters is accounted for by the within-
cluster correlation modelled by a within-cluster covariance matrix. Many researchers
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836 Y. Sun et al.

have studied how to incorporate the within-cluster covariance matrix into the estima-
tion procedure to improve the estimation of the regression function or how to accurately
estimate the within-cluster covariance matrix (see, Chiou and Miiller 2005; Fan and
Li 2004; Fan et al. 2007; Fan and Wu 2008; Sun et al. 2007).

The above approach is essentially to account for the difference across clusters by
random effects only. Whilst this kind of modelling is quite successful in cluster data
analysis, sometimes, it is inappropriate to believe all clusters share the same regression
function. To elaborate this further, let us consider a data set that stimulates this paper.
The data set is from the Bangladesh Demographic and Health Survey 1996-1997. This
survey follows a two-stage design in which clusters were selected at the first stage,
and women were sampled from these clusters at the second stage. The clusters corre-
spond to villages in rural areas and neighbourhoods in urban areas and may loosely
be termed communities. What is of interest is how the factors which are commonly
found to be associated with fertility in Bangladesh affect the first birth interval. The
selected factors in this study are (1) woman’s level of education; (2) type of region
of residence; (3) woman’s religion; (4) year of marriage; and (5) administrative area.
Among these factors, type of region of residence and administrative area pertain to
cluster levels and are called cluster-level variables, and the rest are called individual
level variables.

We use y to denote the length of the first birth interval, X the vector of individ-
ual level variables, Z the vector of cluster-level variables. For j = 1,...,n;,i =
1,...,m,let y;; and X;; be the jth observation of y and X in the ith cluster, Z; the
observation of Z at the ith cluster. If we use a linear model to fit the data and random
effects only to account for the difference across clusters, it would imply that all clusters
share the same coefficients in the regression function, which is equivalent to assuming
the impacts of the factors concerned are the same for all clusters. Apparently, this is not
very convincing. For example, it is evident that the impact of education in the cluster
where Muslims predominate would be different to that in the cluster where Hindus
predominate. There must be some deterministic effects taking part in the difference
across clusters. We have to take such effects into account.

Simply allowing regression coefficients to vary over clusters, we would have

T T . :
yijinjai+Ziﬂ+eij, j=1...,n, i=1,...,m, (1)
where €;;’s are random errors with mean zero and variance o>. While it accounts

for the dynamic of the impacts across clusters, (1) is not parsimonious. A sensible
approach is to model the impacts a; by the cluster-level variables.

yij:XTjai—}—ZlT‘,B—}—e,-j, j=1...,n, i=1,...,m, @)
a =090 +AZ +e, i=1,...,m,
where A = (a1, ..., a,), and ¢;’s are random effects with mean zero and covariance

Y. ¢; and ¢;; are independent. This achieves the parsimony, and the within-cluster
dependency is also accounted for by both random effects and deterministic pattern.
In fact, the number of unknown coefficients in model (2) is p(g + 1) + g which is
usually much smaller than pm + q.
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Varying-coefficient models for cluster data 837

To incorporate the time effect on the impacts into modelling and take into account
that some impacts may not change over time leads to the following semivarying coef-
ficient models

vij = Xj;2i(Uij) + T By + VI Bo(Uij) + €, 3)
a;(Uij) = AWUij)Z; + &,
j=1...,n,i =1,...,m, where T; is the vector of the cluster-level variables
whose impacts do not change over time, we assume it is k1 dimensional. V; is the
vector of the cluster-level variables whose impacts change over time; we assume it
is k» dimensional. Z; = (T}, V), B, is a ki-dimensional unknown constant vector,
and B,(-) is a k dimensional unknown functional vector. A(U;;) is a p x g unknown
matrix. Because the impacts of some individual level variables do not change over
time, some entries of matrix A(U;;) may be constant. Without loss of generality, we
N A Ax(Uij)
assume AUry) = (Aa(Uin A4U;p)
matrix, A2(-), A3(-) and A4(-) are p1 X g2, p2 X g1 and py X g> unknown functional
matrix, respectively. €;;’s are independent of X;;, U;; and Z; while ¢;’s are indepen-
dent of €;;, X;j, U; and Z;. We assume (X}, U;j)" are i.i.d. for all i and j, Z; are
i.i.d. for all i.

As a class of semiparametric models, (3) includes many important models. For
example, the semivarying coefficient models (Fan and Zhang 1999, 2000a,b; Zhang
et al. 2002, 2009; Wang et al. 2009) are a special case of (3) with Z; = 1 and e; = 0;
the functional mixed-effect models of Sun et al. (2007) are (3) with all constant coef-
ficients being zero; and the well-known growth curve models (Demidenko 2004), Ch.
4) are also (3) with all coefficients being constant.

As (3) involves both functional and constant coefficients, in reality, we have to
identify which coefficients are functional, which are constant when using model (3).
In this paper, we will systemically investigate how to use the cross-validation (CV) to
identify the constant coefficients and examine how powerful the CV is on this effect.
It is worth noticing that Xia et al. (2004) and Li and Zhang (2011) applied the CV to
identify the constant components in similar semivarying coefficient models.

) , where A1 is a p1 X g1 unknown constant

2 Estimation procedure

We first estimate the covariance matrix ¥ of the random effect e; and the variance o2
of the random error ¢;;. This is because the estimators of X and o2 will be used when
constructing the estimators of the constant coefficients.

2.1 Estimation of o2 and ¥

We treat all coefficients (regardless of constant or functional) in model (3) as functional
when estimating o2 and . The reasons for us to do so are (1) in reality, we do not
know which coefficients are constant. If we mistakenly treat a functional coefficient
as constant, the estimators of o> and ¥ would be very poor and they are not even

@ Springer



838 Y. Sun et al.

consistent. Although to treat the constant coefficients as functional may cost on the
variance side of the estimators of the constant coefficients, it would have little effect
on the estimators of o> and ¥ as the loss on the variance side of the estimators of
the constant coefficients will be eliminated in the estimation procedure of o2 and .
(2) When using the CV to identify the constant coefficients, we need to compute the
CV, which involves the estimators of o2 and X, for each candidate model. To treat all
coefficients as functional will enable us to use the same estimators of o> and X for all
candidate models without paying any price. This will largely reduce the computation
involved.

By the Taylor’s expansion we have Ay (U;;) ~ Ax(u) + Ak(u)(Uij —u),k =
1,2,3,4, B,(Uij) =~ B;(w) + Bl(“)(Uij —u),l =1, 2, when Uj; is in a small neigh-
bourhood of u, which leads to the following local least squares estimation procedure:

L=>>"(vij—X,l{B+CWUj—w}Z]—T{er + di(Uyj — u)}
i=1 j=1
—Vier + da(Uij — )} K (Uij — u), )

_ ( B1 B; _(C1 . . .
where B = B B4)’C = (C3 C4)’Kh() = K(-/h)/h, h is bandwidth and

K (+) is a kernel function.

We minimise L with respectto B;, C;,i = 1,2,3,4,and ¢;,d;, [ = 1, 2, to get the
minimiser. The initial estimator A} (u) of A; (u) is the part of the minimiser correspond-
ing to B;, and the initial estimator B ;(u) is the part of the minimiser corresponding to
¢, l=1,2.

Letx; = (Xj1,..., Xin). Ri = (Z] ® x;,1,, ® Z)), R = (R}, ..., R)". U; =

diag(Un — w)',..., (U, — w,...,Um — wi,...,Upn, — w)),

W = diag(Kp(Ui1 —u), ..., Kp(Uin;, — u), ..., Kp(Umi — u), ..., Kn(Unp,, —

M))Y = (yllv R y1n17 M} le, MR )’mn,,l), X = (R,UIR), Where ld iS ad dimen_

sional vector with each component being 1. Further, let 1), be a size p identity matrix,

0,x4 be a size p x g matrix with all entries 0, and Hy = (Ip,,0p,xp,), H2 =
1 0

Opyxp1s Ipy). H3 = ( 7 ),H4 = ( q}xqz) =0 il =((p+ g+
q2%q1 a

q. b =(p+1Dg+k, Di =Opxi-1)p)> Ip» Opxg—irp)), D = (D1, ..., Dg). By
simple calculation, we have

A%(u) = H\'THs, A5(u) = H\T Hy, A%(u) = HhTH;, A}(u) = HyT Hy,
B ) = Ok, x(pg)s Ty s Oy xin) XEWX) T IXT WY, ®)
B5 ) = Oy x(pg-+hn)> Lo Oy (pg+q) XTWX) T IXTWY,

where 7 = D(I; ® {(Ipg, 0(pg) <, ) XTWX) I XTWY}).

Let A*(U;;) be the A(U;;) with A; being replaced by Af(U;j)i = 1,2,3,4,
af(Uij) = AUi)Zi, a;(Ujj) = A*(Uij)Zi, and x; = (rit, ..., Fin)' s rij = Yij —
X?ja;k(Uij) —T'By — VIBo(Uij), & = (Fits-- Fin)"\ Fij = yij — X,T-jﬁi(Uij) -
TlTﬂT(U,/) — ViTﬁz(U,'j), X; = (Xl'l, ey X,’ni)T, P,' =X (X—EX,')_IX?. From model (3),
we have the following synthetic linear model:
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T
ri =X;€¢ +¢€, € =(€1,...,€n). (6)

The residual sum of squares of this model rss; = r?(ln,. — P;))r; would be the raw
material for estimating o>, The synthetic degree of freedom of rss; is n; — p since
(6) may be regarded as a linear regression model with n; observations and p predic-
tors. Let RSS; be rss; with r; replaced by r;. RSS; is a natural estimator for rss;.
Pooling all RSS;,i = 1,...,m, together naturally leads to the estimator of o2 as
= — mp)_1 Z:" 1 RSS Finally, we estimate X. From (6), we have the least
squares estimator of e; as e (X X;)~ 1X r, =e; + (XFEX,')_IX{G,'. It is easy to see

m
Ze el Ze,e + Z(x x;) " 'x! e,-e?x,-(x?xi)fl + Z(X?X,-)*lxge,@
i=1

+Ze,~e¥xi(x¥x,~)_l. @)

i=1

The last two terms are of order Op (m'/?) and negligible. This leads to

m m
mt D e ~m! [Ze* 7 Z(x?xirlx?eie?xi(x?xi)—l} ®)
i=1

i=1
{Ze* *T Zi(x"gxi)—l] ) 9)
i=1

Let &; be e/ with r; replaced by F;. We obtain
by =m—12é,-éf—m—l&22(x¥xi)—l (10)

2.2 Final estimation for the coefficients

We first estimate constant coefficients following the profile likelihood idea (Fan and
Huang 2005). By simple calculation, (3) can be written to

l]l

= XTal(Ui)) + VB (Ui) + €ij
[ylj ( ll)—l_ tﬂZ( l./)‘l‘él,/v j=1,”_’ni, i=1,...,m, (ll)
ai(Ul]) =A° (Utj)Zi +e;,

0 A2(Uij) .
where yf; = yij = XjjM1Zin = TiBr. A°(Uy) = (Agqu;) Ay ) X

the vector of the first p; components of X;;. Pretending both A; and B, are known,
we apply the local linear modelling to model (11). As the detail is almost the same as
Sect. 2.1, we present the following results without detailed derivation.

For any matrix M, let vec(M) be the vector by simply stacking the column
vectors of matrix M below one another. Moreover, let x;| be the matrix of the first p;
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columns of X;, Z;; the first ¢; components of Z;, x; = (Xj1,Xi2), Zi = (Z},, Z},)",
Gi=(Z}, ®xi2, Z, ®%i, 1, ® V1), d = pag1 + pga + kab (u) = ((vec(A3(w)))",
(Vec((ATz(u), AE(u))T))T, B, (u)")'. The estimator of 6 (u) is

0" (u) = (Ig, 045q) (ATWA) ' ATW Y™, (12)

where A = (G,U1G),G = (GY,..., G )I,Y* =Y —Fb,b = ((vec(A1))T, BT,
F=(, ... Fi=(Z], ®xi1,1,, ® TH).

Let A;j and W;; be the A and W with u being replaced by U;;, respectively. Replac-
ing the A°(U;;) and B, (Uj;;) by the corresponding components of 6 (U;;), we have the
following synthetic regression model:

Y —Fb =S(Y — Fb) +r, (13)

wherer = (7}, ..., )\,

(Z5 @ X4, 28, @ X1, VD Ua. 04 (AT, Wi a1 AT Wy
1ng

Z], ® XF{mzs ZLext, . vha, ded)(AF{,,l Win, A]n])_lA’{,ll Win,

Wini

ml® "'m ml

(2l @ XY 1, 20, @ X1 VI, 00xa) (AT Wiy A1) 71 AT

VI, 0axa) (AL, Wi, Ay, )T AT

mny, mnpy

(Zo1 ® X320 Zn © X,

mny, mnpy

Winn m

Xij2 is the vector of the last p> components of X;;. Applying the weighted least
squares estimation to model (13) with weightA = diag(x; f]le, e Xy f:xfn) +621,,
we obtain the final estimator of b:

b={F,—-S'A 1, —SF'Fu, —S'A U, —9S)Y. (14)

Substituting b for b in (12) and changing the bandwidth # to a slightly larger one A1,
we arrive at the final estimator of @ (u)

0(u) = (Ig, 0gxa) (A"W A) ' ATW (Y — Fb), (15)

where W is the W with i being replaced by 5.

From the asymptotic properties presented in Sect. 4, we can see that the optimal
bandwidth for the estimators of constant coefficients is smaller than that for functional
coefficients, and that is why we need to replace & by a slightly larger bandwidth /4
when constructing the estimators of functional coefficients through (12).
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Varying-coefficient models for cluster data 841

3 Model selection

Suppose (3) is the true model. We may delete the ith cluster and estimate the
A(), By, B2(-), X and o2 based on the remaining m — 1 clusters. Denote the resulting
estimators of A(+), B, B»(-), X and o2 by A\l ), I}}!, B;l (), 2\ and 62V, respec-
tively. The cross-validation sum of squares is defined as

m
CV =m ' > e SV + 62V, e (16)

i=1

where rf = (rfy, ..., rf O, = yij — XgA\’(Uij)zi — T8, — VIBy (Uij). We
compute the CVs for all candidate models; the selected model is the one with the
smallest CV.

Let L be the number of the coefficients in the model. Denote the vector consisting
of all coefficients in the model by «(-) = («1(:), ..., @r(-)), the model with coeffi-
cients o, (-),l =1, ..., k, being functional, others being constant by {i1, ..., ix}. In
the following, we will present the following backward elimination algorithm for the
model selection:

(1) We start with the full model, {1, ..., L}, and compute its CV by (16). We denote
the full model by My, its CV by CV.

(2) Suppose the model is My = {iy, ..., i;} at some step. We define Mj_; as the
model with the smallest CV among the models {iy, ..., 7j_1,ij41,.... 0k}, j =
1,..., k. We use CVy to denote the CV of model My, which can be computed
by (16). If CV; < CVj_1, the chosen model is My, and the model selection is
ended; otherwise, compute Mj_» and CVy_», and continue until reaching some
[ such that either CV; < CV;_jor/ =0.

4 Asymptotic properties

Throughout this paper, for any matrix C, we use C > 0 to denote that C is positive
definite, and C > 0 to denote that C is semi-positive definite. Further, denote u, =
[ 12K (t)dt, vo = [ K*(t)dt and let f(-) be the density of Uy;.

Theorem 1 Under the conditions (1)—(7) in Appendix, when nh* — 0, we have

n2{b—b} —> N(O,TI;" + I1; 'TILIT; "), where Ty > 0, T1, > 0 and are defined
in Appendix.

Theorem 1 implies that we have to choose & = o(n~'/4), which is at a higher order
of the optimal bandwidth for functional estimation, to make the estimators of constant
coefficients achieve the convergence rate of n~!/2,
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Theorem 2 Under the conditions (1)—(8) in Appendix, when hy = O(n='3) and
h/hy — 0, we have

. 1
Vnhy f () [0(14) —0(u) — Euzhﬁo"(u)]
L5 N O, vof 21 ) @210 + 072107, (17)
where Q;(u) > 0,1 = 1, 2, and are defined in Appendix.

Comparing previous asymptotic results (Zhang and Lee 2000) for standard vary-
ing-coefficient estimation with Theorem 2, we note that the asymptotic distributions
of the proposed estimators of the functional coefficients are the same as those obtained
when the constant coefficients are known.

Theorem 3 When the working model is the true model, under the conditions (1)—
(8) in Appendix, if n2h3 — 0, h/h1 > 0, and {nh1}2h®> — 0, we have CV =
m=! S e AT sk + (o h + A} + op{ht + ), where >
0,A; > 0 are defined in Appendzx, and Moo= 07t ijl E{f(U,‘j)_lGZ
QU GylAG 1} e = a7 3L S ELFU) T GL@1 (Ui T a(U)
Ql(Uij)flG,'j[A&l]jj}, with [A&l]jj being the jth element on thediagonaloanl.1 =
x; =xL 4+ o%1,) 7L

We are now presenting the asymptotic form of the CV when the working model
mistakenly treats some constant coefficients as functional. Without loss of generality,
we assume the first element on the diagonal of A; is mistakenly treated as functional.

Theorem 4 When the working model mistakenly treats the first element on the diag-
onal of Ay as functional, under the conditions (1)—(8) in Appendix, if n%h? —
0,h/h; — 0, and{nh]}Zh2 — 0, we have CV = m_lzl 1 l A; 1I‘,- +3 1 2h47r1 +
2 to 2+ 2 op (4 ) wherex“—n*‘z, 3 E{f(U,j) G,
lelxljll)\yl(Ulj) 1(G€j» 111Xl]11) [A Oi ]]] akgl)—”_l ijl Zl;l:] E{f(Ul]) !
(GZ, Zillxijll)\l’*(Uij)(Gz;j’ ZillXijll)T[Aail]jj}’ and V*(U;j) = W(U;j)~!
(U)W U)W ) = (%((5))7 ngj))) () = (%((5))7 Zj((;’)))
Ti(w) = E[GuZinXunlUn = ul, pr(w) = E{ZinXun Ui = ul, Ya(u) =
EIX),2X11GuZinXunlUn = ul, p2(w) = E[X, SX1{Zin Xnu P IUn = ul,
with Z111 and X 1111 representing the first component of Z11 and X111.

Remark 1 As we can see, by simple calculation, that

(G, Zin Xi)W1(Ui)~ (G, Zin Xijn)' — G Q1 Ui) ™' G
= p3(Ui))" (G (Ui) ™' 11(Ui) = Zin Xijin)? (18)
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Varying-coefficient models for cluster data 843

where p3(U;;) = p1(Uij) — Y1(Uij)' Q1 (U;;) "' T1(U;j) > 0 since ¥;(U;;) > 0.
Therefore, k(ll) — A1 > 0, and k(ll) — A1 = O(1). It follows that

(GE, Zi11Xij11)‘I’1(Uij)_l‘l’z(Uij)\I’l(Uij)_l(GE-, ZinXiji)"
—GLQ Ui 0 UNQ UGy
= (Gij, Zm XinDLWij)(Gyj, Zin Xipn)' + LU W2 (Uil (Uij), — (19)

_ QUiH'o
where L(Uyj) = p3(Us)) ™ [W(Uyj) + W3(Uy )11, W (U) =( 0 "O“)
X
WL UNTUNTUN, 3UHT = (MU' Ui~ =1, and 1(U;))
=,03(Uij)_1T3(Uij)T3(Uij)T(ij,Zi11Xij11)T.

It can be shown that W3(U;;) +W3(U;;)" > 0, hence A;l) —Xs > 0, and )Lg) —l =
O(1). Therefore, A(ll) — A1 > 0O and )Lg) — Az > 0. This together with Theorems 3
and 4 indicates that the increment in the CV is detectable up to O ({mh;}~!) when the
working model mistakenly treats a constant coefficient as functional.

We next give the asymptotic form of the CV when we mistakenly treat some func-
tional coefficients as constant. Without loss of generality, we assume that the (1, 1)th
element of A, () is mistakenly treated as constant.

Theorem 5 When the working model mistakenly treats the (1, 1)th element of
A3 (+) as constant, under the conditions (1)—(8) in Appendix, we have CV=m—! z:":]
riTAi_lr,' 4+ +op(1), where mo > 0, mp = O(1), and is defined in Appendix.

Remark 2 Comparing Theorem 5 with Theorem 3, we can see that the increment in
the CV is detectable up to O(1) when the working model mistakenly treats some
functional coefficients as constant.

5 Simulation study

The kernel function involved in the estimation is taken to be the Epanechnikov kernel
K(t) =0.75(1 — t2)+. The bandwidth 4 is selected by the cross validation when all
coefficients are assumed to be functional. The selection is among a set of 20 equally
spaced grid points over the support of U. The & that minimizes CV is taken for the
estimation of constant coefficients as described in 2.2. To estimate the final functional
coefficients, we set i1 = 1.25h. It has been shown in Li et al. (2011) that CV can pro-
vide optimal bandwidth that satisfies the order requirements in general semiparametric
regression models.

We generate data from Model Q) with py = ppo=qr=qp =k =k =1, A =
5,A2(U) = =9U (1 — U), A4(U) = 3sinQnU), A3(U) = 3.5[exp{—(3U — 1)?} +
exp{—(@U —3)%}] — 1.5, and B; = 3, Bo(U) = 3sin(6mw (U — .5)%).

We set the number of clusters to be m = 120. For each cluster, the cluster size, n;,
is generated through 3 plus a random variable with binomial distribution B(S, 0.5).
Ui; are generated from uniform distribution U[0, 1]. Components of X;; and Z; are
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844 Y. Sun et al.

Table 1 The MSEs and MISEs of the estimators

Parameter TRUE EST MSE Function MISE
A 5 498 1.6 x 1074 A () 0.45
B 3 3.01 1.0 x 1073 A3() 0.45
o2 1 1.04 1.14 x 1073 As() 0.46
o1l 3 2.59 6.96 x 104 B2() 0.35
o 25 2.12 5.67 x 1074

o1 1 0.73 2.59 x 1074

The parameter column is the unknown parameters, the TRUE column is the true values of the unknown
parameters, the EST column is the estimators of the unknown parameters obtained from the simulation
with median performance, the MSE column is the MSEs of the estimators of the unknown parameters, the
Function column is the unknown functions, and the MISE column is the MISEs of the estimators of the
unknown functions

independently generated from uniform distribution [—1, 1]. The random effects e; are

generated from bivariate normal distribution with mean zero and covariance matrix

X. The random errors ¢;; are generated from normal distribution N (0, 2). We set
2 011 012 31

oc-=1land ¥ = (012 022) = (1 2.5).

We conduct 100 simulations and use the mean squared error (MSE) and mean
integrated squared error (MISE) to assess the accuracy of the estimator of a constant
parameter and the estimator of a functional coefficient, respectively. The MSEs of
the estimators of Aq, o2 and ¥ are presented in Table 1, which shows our estimators
are very accurate. We have also computed the MISEs of the functional coefficients
Aj(9),j =2,3,4,and B,(-), and presented them in Table 1. From Table 1, we can
see our estimators of functional coefficients are also doing very well.

To give a more visible picture about how well our estimation is, we single out the
one with median performance among the 100 simulations and report the estimators
of constant parameters in Table 1 and estimators of functional coefficients in Fig. 1.
From Fig. 1 and Table 1, we can see the estimators are indeed very good.

We have also examined how well the proposed CV coupled with the backward
elimination algorithm for the model selection works. It turns out, out of 100 simula-
tions, 92 times the CV picks the correct model, which suggests the CV coupled with
the backward elimination works reasonably well.

6 Analysis of the first birth interval in Bangladesh

The data come from the BDHS of 1996-1997 (Mitra et al. 1997), which is a cross-
sectional, nationally representative survey of ever-married women aged between 10
and 49. The analysis is based on a sample of 8,189 women nested within 296 primary
sampling units or clusters, with sample sizes ranging from 16 to 58. We allow for
the hierarchical structure of the data by fitting a two-level model with women at level
1 nested within clusters at level 2. A further hierarchical level is the administrative
division; Bangladesh is divided into six administrative divisions which are Barisal,
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Varying-coefficient models for cluster data 845

A2 A3

A2(V)
A3(U)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1 Nonparametric estimates for functional coefficients in simulations

Chittagong, Dhaka, Kulna, Rajshahi and Sylhet. Effects at this level are represented
in the model by fixed effects since there are only six divisions.

The dependent variable, y;;, is the duration in months between marriage and the
first birth for the jth woman in the ith cluster. We consider several covariates which are
commonly found to be associated with fertility in Bangladesh. The selected individual-
level categorical covariates include the woman’s level of education (x;;1) (none coded
by 0, primary or secondary plus coded by 1), religion (x;2) (Muslim coded by 1, Hindu
or other coded by 0). Another individual-level covariate is year of marriage (U;;). We
also consider two cluster-level variables, administrative division and type of region
of residence. We take rural as the reference and the differences between urban and
rural clusters is modeled by a dummy variables (z;2). We take Barisal as the reference
and the differences between Barisal and Chittagong, Barisal and Dhaka, Barisal and
Kulna, Barisal and Rajshahi, and Barisal and Sylhet are modelled by dummy variables
Zi3, - - -, 2i7, respectively. We set z;1 = 1 to include the intercept into the model.

The proposed model (3) with X;; = (x;j1, x,-jz)T and Z; = (21, ...,zi7)" is used
to fit the data set. The kernel function involved in the estimation is still taken to
be the Epanechnikov kernel. The bandwidth is selected by cross-validation when all
coefficients are assumed to be functional.
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We first use the proposed algorithm to identify which coefficients are constant and
end up with the following choice:

AU;) = oyl app a3Uj) aaUij) a5 a16Uij)  ar7
Y a21(Uij) ann(Uij) ao3(Uij) aoa(Uij) aos(Ui) ae(Usj) ao7(Usj)

and B(U;j) = (B1(Uij), B2, B3, Bs., Bs(Uij). Bs. B1(Uij)).

The proposed estimation is applied to obtain the estimators of the unknown con-
stant or functional coefficients. The estimated functional coefficients are displayed in
Figs. 2 and 3, and the estimated constant coefficients are reported in Table 2.
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Fig. 2 The estimated functional coefficients for the first birth interval data in Bangladesh
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Fig. 3 The estimated functional coefficients for the first birth interval data in Bangladesh (continued)

Table 2 The estimated constant

coefficients for the first birth Coefficients Estimates S:f;liard
interval data in Bangladesh )
arq 0.053 0.109
a2 —0.036 0.084
a5 —0.067 0.107
a7 0.050 0.103
Ba —0.069 0.112
B3 —0.015 0.044
Ba 0.026 0.056
Be 0.034 0.102

From Fig. 3, we can see the estimator of the function S (-), which is the intercept
and corresponding to the trend of the length of the first birth interval, is decreasing
over time. This is largely due to an increase in the age at first marriage in Bangladesh;
a nationally representative survey of women in 1996-1997 (Mitra et al. 1997) found
that the median age at marriage was 13.3 years among respondents who were aged
45-49 years at the time of survey, compared with 15.3 years for respondents aged
20-24 years. There has been a slower increase in the age at first birth; the median
age at first birth was 16.9 years among women who were aged 45-59 and 18.4 years
among the younger cohort. These trends in age at marriage and age at first birth imply
that the length of the first birth interval has become shorter over time.
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Table 2 shows the estimator of B is negative which suggests the women in rural
areas have longer first birth interval than those in urban areas. We notice that the esti-
mator of f3 is negative, which suggests the intervals are shorter in Chittagong than in
the other divisions. This regional effect is as expected and is most probably explained
by lower use of contraceptives in Chittagong (the most religiously conservative part of
Bangladesh) compared with other divisions. The estimators of B4 and f¢ are positive,
which indicates the intervals are longer in Dhaka and Rajshahi than in Barisal. The
estimate of B¢ also suggests the first birth intervals in Rajshahi are longer than in the
other divisions. The regional effect (85(-)) of Kulna is changing over time, so does
the Sylhet’s (B7()). We can see clearly the dynamic patterns of the changes in Fig. 3.
The standard errors in Table 2 may be used to construct asymptotic significance tests
for the regression coefficients. We notice that none of the coefficients is significantly
different from zero in this case.

Let A(u) be the A(u) with each entry replaced by its estimator. The estimated
impacts of the individual-level covariates on the length of the first birth interval in
a specific cluster, say the ith cluster, can be obtained through a; (1) = A(u)Z,-. For
example, the estimated impact of a woman’s education in a rural area in Chittagong is
a1y + @13(u), u is the time. Notice that we take Barisal as reference when modelling
the regional effect. It is interesting to note, from Fig. 3, that the function &3(u) is
mainly negative, which suggests that education has less impact in Chittagong than in
Barisal.

Appendix
Conditions

(1) The function K(¢) is a symmetric bounded density function with a compact
support.

2) Eefy < oo, Eller|* < 00, E|Z1P*H) < oo, E[IX11[**™) < oo,
E(I1Z1 1791 X11]12%9) < 00, and maxj<;<p E||Ag; 1P < oo, for some
s > 0, where Ag; = x; Zx? + 021,,,., and ||d|| denotes Euclidean norm if d is a
vector and Frobenius norm if d is a matrix.

(3) The marginal density f(-) of U is continuous and positive on its compact support.

@) Ax(),k=2,3,4, and B,(-) have continuous second derivatives.

5) E{RURT11 |U11 = u} is continuous, where Ry is the first column of RTI. Further
assume that E{R“RT11 |U11 = u} is positive definite.

(6) ni,i = 1,...,m, are bounded, n — oo,h — 0,h; — 0, and nh? —
0o, nh? — oo, nh® — 0.

@) E{R,-jR?l[Aail]jﬂU,-j =u},j,l =1,...,n;,i = 1,...,m, are continuous,
where R;; is the jth column of Rf, and [Aal.l]jl is the (j, [)th element of A&.l.

@8 E {XT”EX 11R11R{1 |U11 = u} is continuous and positive definite. Moreover,
E[X}, X RiR Uy = u, Uy =vl,r,l =1,...,n;,i =1,...,m are con-
tinuous, respectively, for r # /.
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Notations in Theorem 1 To present the expressions of I1; and I, in Theorem 1
clearly, we first introduce the following notations: 21(u) = E [G11GT11 |Ui1 = ul,

Q3(u) = E[G 1 F{||U1| = ul, QE- = F}}—G¥jQI(Uij)_IQ3(Uij)’ o' =(Qi1, ...,

Qin;), where Fjj is the jthcolumnof F!, j =1,...,n;,i =1,...,m.

It is easy to see that conditions (1)—(7) guarantee the following limits exist and
are finite. IT) = lim,oon™ ' 30 E[QTAG Qi1 1T = limy— o n! > E[TT
Aoili], where I'; = (I'iq, ..., F,’ni)T with r‘?j = GP{]-Q](UU)_IF(U,'./), and I'(u) =
lim, 0o n™" 2011, Z'}’:l 1 E{Gij f,[A(;l]jle,-j = u}.

Notations in Theorem 2 The Q1 (u) is defined in Theorem 1, and Q,(u) = E [XT11
X161 G |Ui = ul.

Notations in Theorem 3 A; = X,-fl\ilg + 6N Ly io=1,...,mm =m 13N,
E{y} Mg 1), where yy; = (G10"(Ui), ..., G, 6" (Uin))'.

Notations in Theorem 4 Denote the constant which the working model mistakenly
treats the (1, 1)th element of A;(-) as by Ay 1. Let G?j be the vector of G;; with

its (p2q1 + 1)th component deleted, F}; = (FlTJ Zin1Xij1)" with Z;; being the
first component of Z;, Qf(u) = E[GTIGTTllUn = u], Q3(u) = E[GT1F1*1T|U11 =
ul, Yau) = E[GHZinXij11lUii = ul, o = (21, -, V2in;)', Where yp;j =
[ZmXijll — G?}‘QT(U,'I')_IT4(U,'j)]{A2(1’1)(U,'j) — A2(1,1)}- MOI’eOVBI’, we assume
that the following limits exist and are finite, 1’5 = plim,, m~! > Q;“TA&Iyzi,
I3 = plim,, , ,,m™! >y Q;‘TA&l Q7, where denotes convergence in probability,
and Q7F is the Q; with Fj;, Q3(-), Q1(-) and G;; replaced by Fi*]‘., Q3(-), Q7(-) and
G}, respectively. Let y3; = (y3i1, - - -, V3in;)¥ with

ysij = (G QUi ' Q3 (Uy) — Fms ' rs
+[Zi21 Xij11 — G;?Q)lk(Uij)_lT4(Uij)]{A2(1,1)(Uij) — Aya,n). (20)

The 7 in Theorem Sis 1o = m~! > | E[ygiAailyy].

Proofs

For easy description, we write H = ((1) 2) ® Iy, 13 = p1q1 + ki1, y, = (}'Tll, cees

yTlm)T’ q>l = (G’£10(U11)7 sy GP{nia(UiVll‘))T5i = 11 sy m’ q> = (¢T1 sy Q’EH)T'

Lemma 1 Let {U;;} bei.i.d. randomvariables, {§;;} be identically distributed random
variables, and &;; be independent of &, for i # I. Further, assume that E(élzi) < 09,
and K (-) be a bounded positive function with a bounded support. When nh” — oo,

for any nonnegative integer A, we have
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supn™' D" nij WK (Ui — 1) — Elnij o) K (Ui — w)]] = Op((nh*) ™'/,
u i=1 j=1

where 1;j ;. (u) = Eij{hil(Uij —u).

Proof As K(-) is a bounded function with a bounded support, sup, [uh K ()|
is bounded, then it follows by Jensen’s inequality that var(sup, S, ;) =
O((nh*)~1), where S, = n 130", > mija @)Ky (Uij — u). Therefore, the
result follows. O

Lemma 2 Under the conditions (1)-8, we have 6% = o2 + Op(n—1/?), =3+
Op(n~Y?%). Moreover, neither of the asymptotic distributions of 6% and % depends
on whether the coefficients in the true model are functional or constant.

Proof The lemma follows from the same arguments as that in Sun et al. (2007) for
the proofs of Theorem 1 and 2 there. O

Lemma 3 Under the conditions (1)—(3), (5) and (6), we have n="F' (I, —SY' A~ (I, —
SF -5 1.

Proof 1t follows from Lemma 1 that

H'A"WAH™" = nf(u) ((1”?2) ® Q1 w){1+op(1)}, 21
and
H'ATWF = nfu)(1, 0" @ Q3u){1 + op(1)}, (22)

uniformly for . Combining these two results yields that (Iz, 0gxq)(ATWA)~1AT
WF = Q1 ()~ 'Q3(u){1 + op (1)} uniformly for u.

Equivalently, we have SF = (M11, ..., Mip,, ..., Mp1, ..., anm)T{l +op(1)},
where Msz = G?j.Q] (U,-j)_1S23(U,-j). Therefore, it is easy to show that nF (1, —
SIA~' (I, = SF = n~' 371, OTAG Qif1 + 0p(1)} = Ty + 0p(1) by Lemma 2
and the Markov inequality. O
Lemma 4 Under the conditions (1)—(6), we have n~'"F (I, — SY A~'(I, — S)® =
Op(h?).

Proof By Taylor’s expansion of @ (v) with respect to v around |v — u| < h, Lemma 1,
(21) and straightforward calculation, we have

1
(I, —S)® = —Eh%m{l +op(1)}. (23)

Therefore, n~'F' (I, — STA™!(I, — )@ = n~' 31, OTAG (—3h2 oy ;{1 +
op()} = 0p(h?), by Lemma 2 and the Markov inequality. O

@ Springer
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Proof of Theorem 1 1tcanbe seen from Lemmas 3 and 4 that the bias termin /n (b—b)
is n{F (I, —S'A™ (1, —S)F}Y'F (1, — STA~ (I, — S)® = Op(/nh?). Obyvi-
ously, it is negligible when nh* — 0.

It follows from similar straightforward calculation and Lemma 2 that

nleov{F' (1, — S'A™ (I, — S)r} = T} + M1 + o(1). (24)

Hence the theorem follows from Lemma 3, the Lindeberg Feller Theorem and
Slutsky Theorem. O

Proof of Theorem 2 Since

Vnhy f ()@ (u) — 6(u))
= nhy f@)(Lg, 0gxa)(ATW1 A) "L ATW F(b — b)

0
+v/nh f @)L, 0axa) (ATWi A) T ATW (<I> - A( o ))

0’ (u)
+/nhy f () (L, 0axa) (AW A) TP ATWir = Ly + Lig + Lis,

by (21), (22) and the proof of Theorem 1, we have L,;; = «/nhl]‘(14)521(14)_193@1)113
Op(h* +n~Y2) = op(1) when nhj = O(1) and h/ hy — O.

Using the same arguments as establishing (23), we can show that L,, =
%«/nh1 F@)p2h30” w){1+ op(1)}. Further, by (21) and straightforward calculation,
we get Ly = {[nf )]~ A} 21w~ XL, Z L1 GijrijKn, (Uij—uw){1+op(1)}.
It can be shown that E{\/[nf (u)]~1h, Zl: j=1 GijrijKp, (Uij —u)} = 0, and
var{y/[nf )1 h1 7L, 30 Gijrij Ky (Uij —u)} = vo{Qu) +0>Q21 ()} +o(1).
Therefore, by the Lindeberg Feller Theorem and Slutsky Theorem, we have L3 N
N©, vo{21 ) ' Q)1 w) " + 21 w) ™).

Combining the results on L1, L,» and L,3 leads to the theorem. O

Proof of Theorem 3 Let A\l Wl\ll] be the A, Wj obtained when the ith cluster is
deleted and u replaced by Ul j, respectively, and Y V[ F\ be the Y and F obtained when
the ith cluster is deleted, b" = ((vec(A})), B and 8" ) = ((vec(AY (@),

(vee((AYT (), A" )N, B By WV, It can be seen that
A\'
=i — Fib— Gl Ui) + (FY — GLaUiid -5 25)
VSV Y.
where 0, (-) is @ (-) with b replaced by b, and

NUip) = (g Oasa) (AW AT AT W Y

= QUi)) ' QUi + op (1)} (26)
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uniformly; therefore,

m m . )
CV=m S FA S +m > - b TRTATR b - B
i=1 i=1
+2m > b —b ) RTAY,, 27)
i=l1

where §; = (it..... i)' with 5i; = vij — Fib — GL8y (Uyj), and RY =
Ry, Ry O with RE = Fj; — G}n(Uy)).

It can be seen, from the proof of Theorem 1, that (l; — b) is of convergence rate
{(h? +n~/2}. When n%fﬁ > 0,h/h; — 0and {nh1)2h% — 0, the asymptotic form
of the CV is the same as that when b is known. Thus, we only need to consider the
first term in (27) in detail, and we denote it by CVj.

Let 90(-) be the 9(-) with b replaced by b. For two matrices A and B, itis easy to see
(A+hB)~' = A~V —hA"'BA=' + O(h?). Also, B (u) — 0 (u) = op(1), h1[0y () —
0’ (u)] = op(1), uniformly for u by Lemma 1 and straightforward calculation, where
Bo() = Ogwa, 1) (ATW, A) "' ATW, (Y — Fb). So, we have

QU™ <

By (Uyj) — Bo(U;j) = — S
L

GuKn (U — Uijrig +op({nh1} ™) (28)
=1

\

holds uniformly. Let <i>l~ and <i>l~i be the ®; with 0(-) replaced by éo(-) and é(\)i(),

respectively; we have

m
CVi=m~' > (¥i = Fib— &) A7 (Yi — Fib— &)
i=1
: \i \
— o) =\l _ = T\
+mT Y (B — @ A @ - @)
i=1
A 2 A\l
+2m™ > (Y — Fb— & A& — @)
i=1

= Jy1 + Ju2 + 24,3, (29)
It is easy to see

T =m~ (1, = ST AV, - S @

+m (1, = SHT(AN) (T, — S

+2m ' @' (1, — S)'(A\) (1, — Sp)r

Jut1t + Jn12 + 20513, (30)
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where S is the S with & replaced by h1 and A\ = diag(Ay, ..., Ap). It follows

from Lemma 2 and (23) that J,,1; = h],uzm_l > yTll.Aailyli{l +op()} =
Thiudm + 0p(h ), and J,13 = —lhfugm_lyTl 61(1 — S)r{l + op(1)}. Since
E[mfl TAy Y1, =S1)r] = 0, and var[m 'y TAy Y1, —S)r] = O(m™"), we have

Ju1z = op(h]m 3) = op({mhy}~ {).Wlthregardto Jn12, Jnia = m~ I (AN) e 4
m ST ANV) IS r — 2m I (AV) IS r. By Lemma 2, (21), and the Markov
inequality, we have

m_er(A\i)_lslr
e s G (Ui ! .
= — —K Uiy — Ui)riiril A
mn ZZZZ (U m (Uit DrijritlAg; e

i=1 j=11t=1I=1
+op({mhy}™h.

Also,

m~ ST (AN) IS r
e O & G U G G @1 (Uin) ™1 Gy

- nzmZZ ,;l F W) T e

i=1 j=I1t=1 1 s=1

XKp (Uki — Uij) Kpy (Ugs — Uit)[Aail]jt
Sk Bk e GLQu(UG) T Gl Gy (Uk) T Gy

+EZZZZZZ o f(Uk ) = f(Uk[) Tkl vs

k=1 I1=1 j=1t=1 v>k s=1
x Kp, (U — Uk,->1<hl(Uus — U)[Ag e
mony ny ny o G QI(UUJ) le GT Ql(th)ilGut

+mzzzzzz Y f(Uv]) = f(th) Tkl vs

k=1 I1=1 v>k s=1 j=1t=1

m ng m

XKy (Unt = Un) Ky (Uns = Un)[A g, e + —— ZZZZWW
k 1 I=1 v>k s=1

m n; n;

XG};I Z ZZ{Nklvs,ijt - E(Nklvs,ijt|Ukl’ Uvs)}Gos

itk j=1 1=1
m np m m ni nj
n2 ZZZZrklrvSle Z ZZE(Nklvs ljl|Uk17 Uys)Gos
k=1 1=1 v>k s=1 i#kv j=1t=1

x{1+op(1)} ={Ln1 +2Lu2 +2Lp3 +2Lps +2Lus5 {1 +0p (1)}
where Nigysijr is [f (Uij) f(UiD)) ' QUi j) 7 G GE, 1 (Ui) ™' K, (U — Uij) K,
(Uys — U,-t)[Aail] jz- By straightforward calculations and the Markov inequality, we

obtain L, = m”—;’”{ozkl + A} +op({mh} 1.
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By simple calculation, we get EL,» = 0, and var(L,>) = 0p({nh1}_4); there-
fore, L,y = op({mh1}™"). Similarly L,3 = op({mh;}~"). Obviously,

2
ni nj
E n_lG ki Z ZZ{Nklvvz/z‘ E(Nyus, ljt|Ukla Uys)}Gus
i#k,v j=11t=1
ni nj
<tr _2 Z ZZE Niivs lthUYGvg*NklUYllelekl] = O(n_lh ).

i#k,v j=11t=1

Hence, var(L,s) = O(n_3h1_2), this together with EL,s = 0 leads to L4 =
op({mh1}~"). Further, it can be easily shown that EL,s = 0, and var(L,s) =
O(n’zhl_l), which implies L,5 = op({mhi}™h). Combining all the above results
relating J;,1, we have that

—1 T Vo [ 2
= ;A r h —A{o“A A
Jup=m E i + Mz 7T1+mh1{0 1+ A2}

ni nj  nj T -1
G, Q1 Ui) G .
2§58 AR G g,

i=1 j=11t=11I=1

+op(ht+ {mhi}™h. 31)

Next, we consider J,,» and J,3. It follows from Lemma 2, (28) and the Markov

inequality that J,» = op({mh1}~'). Moreover, J,3 = ﬁ > lz l 1
GLaiwin~'

T Ky Ui — UirijralAg e + op({mhy)~"). This together with the
result about J, leads to CV| = m ™! > I{A;Irl 4,u,2h4711 + o {02)»1 + X2} 4+
op{ht + mth}. Therefore, whenn%h3 — 0 h/h1 — 0 and {nh1}2h2 — 0, we have
CV=m=" 3" A ' + 4M2h4m + om-{o i1 + 22} + opth] + i) O

mhy

Proof of Theorem 4 The working model mlstakenly treated the first element on the
diagonal of Ay, denoted by Aj(i,1), as functional Al(l 1y(-). That is, the working
model is Yij = F*Tb + lelxljllAl(l l)(Ul]) + G 0(Ul]) + rij where Fjs b*
are Fj;, b with thelr first component deleted, respectlvely, while the true model is
Yij = F};b + G,jo(Uu) + rij.

Then by similar standard arguments as the proof of Theorems 1, 2 and 3, we
get that CV = m™! > ITl.Aflr,- + ‘—llu%h‘l‘m + mhl{ozk(l) + Aél)} + Op{h4

+ 11 O

mhy

Proof of Theorem 5 The working model is
vij = Fiib+ Zim XijunAz.ny + G0 (Uij) + rij, (32)

where 0**(u) is the 0 (u) with its (pag + 1)th functional coefficient deleted, while
the true model is Yij = 1'7*Tl)*>’< + G*To**(U,/) + rij + Zinn Xij1{A2a,nUij) —
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Ax1,1)}, where bT = (b, A(1,1)). By the same arguments as that in the proof of

Theorem 1, it can be shown that b — b — 81 = Op(h® 4+ n~1/?), where §; =
{F**T(In _ S**)TA—I(In _ S**)F**}—IF**T(In _ S**)TA—I(In _ S**)V, with v =
(VI oo Vlngs e ooy Ul oo oy Uy )5 Vij = Zint Xij1i[A2a,1)(Uij) — Aza,nl, and
F**, §** ®** are defined in the same way as F, S, ® but based on the working model
(32). It is easy to see 0" () — 0" (u) = 8,(u) + Op (h% + {nh%}_lﬂ) uniformly for
u, where A** is defined in the same way as A but based on the working model (32),
and 8, () = (Iy—1, O(d_l)x(d_l))(A**Twl A**)71 A**TW1 {V—F**Sl}. The estimated
residual rZ‘/. defined in (16) based on the working model (32) is r;;. = rl?f‘/.*—i-vl- j— Fl.*j‘.TS}i —
G;k}"‘s;i(Uij)’ where r;;_* — Fla;T(b** . B**\l n 3}1) + G?}[O**(Uij) _ é**\l (U,'j) "
8¥(Ui )] + rij is the estimated residual when the working model (32) is the true
model, and S\i, 6>i (Ui}) are, respectively, the &1, 8> (U, ;) obtained when the ith clus-
ter is deleted. It can be shown that §; —S}i =o0p(1), 8 LN H;lTs, Sz(u)—Séi (u) =

P -
op(1), and 82 (u) —> ()™ Yu(@){ Az, 1) () — Az 1y} — 25 @)~ Q)T s
uniformly with respect to u by the straightforward calculation and Lemma 1, hence

;ll*l = ;j'* + y3ij +op(1). By Theorem 3, Lemma 2 and the Markov inequality, we
ave

m m m
CV =m! Zr;**TA;Ir;‘* +m! ZygiA;1y3i +2m~! ZyEiA;Ir;** +op(1)

i=1 i=1 i=1

m
=m™ D AT+t op(D), (33)

i=1

Kk )k \T'
il""’rin;)' |

where 17" = (r
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