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Abstract In this paper, we employ the method of empirical likelihood to construct
confidence intervals for a conditional quantile in the presence and absence of aux-
iliary information, respectively, for the left-truncation model. It is proved that the
empirical likelihood ratio admits a limiting chi-square distribution with one degree of
freedom when the lifetime observations with multivariate covariates form a stationary
a-mixing sequence. For the problem of testing a hypothesis on the conditional quan-
tile, it is shown that the asymptotic power of the test statistic based on the empirical
likelihood ratio with the auxiliary information is larger than that of the one based on
the standard empirical likelihood ratio. The finite sample performance of the empirical
likelihood confidence intervals in the presence and absence of auxiliary information
is investigated through simulations.

Keywords Empirical likelihood - Conditional quantile - Truncated data - ¢-mixing -
Aucxiliary information

1 Introduction

Let Y be a response variable with continuous distribution function (df) F(-) and let X
be a random vector of covariates taking its values in R4(d > 1) with joint density I(-).
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766 H.-Y. Liang, J. de Ufia-Alvarez

Throughout the paper, x = (x1,...,x4) € R4, For any X, the conditional df of Y
given X = x, is F(y|x) = E[1(Y < y)|X = x], which can be written as

def Fi(X,y)

}
F<y|x>=/ Fixdr/ 10 & LD, ()

where f(-,-) is the probability density function of (X, Y) (assumed to exist), and
I(-) is assumed to be positive at x. In the context of regression, it is of interest to
estimate F'(y|x) and/or the pertaining quantile function 6, = inf{y : F(y|x) >
q} for g € (0, 1). Indeed, it is well known that the conditional quantile functions
(especially the conditional median function) can give a good description of the data
(cf. Chaudhuri et al. 1997), because of their robustness to heavy-tailed error distribu-
tions and outliers. Many authors have considered this problem under random sampling;
for example Mehra et al. (1991), Fan et al. (1994), and Xiang (1996).

In practice, the response variable Y may be subject to random censoring and/or trun-
cation. This is the case, for example, in regression models with a lifetime as response
variable. Under right-censoring, Dabrowska (1992) established a Bahadur-type rep-
resentation of the kernel quantile estimator; see also Van Keilegom and Veraverbeke
(1998) for the fixed design regression framework or Iglesias-Pérez (2003) for the inclu-
sion of left-truncation. Furthermore, for the censored setup, Xiang (1995) obtained
the deficiency of the sample quantile estimator with respect to a kernel estimator by
using the coverage probability. Ould-Said (2006) constructed a kernel estimator of the
conditional quantile under censoring, and established its strong uniform convergence
rate; Liang and de Ufia-Alvarez (2011) proved the strong uniform convergence and
asymptotic normality of this estimator under dependence assumptions.

In this paper we are interested in the random left truncation model. Left-truncated
data occur in astronomy, economics, epidemiology and biometry; see Woodroofe
(1985), Feigelson and Babu (1992) and He and Yang (1994). Recently, Ould-Said and
Tatachak (2007) constructed a new kernel estimator of the conditional density for the
left-truncation model in the independent data setting. But dependent data may arise
in applications; for example, when sampling clustered lifetimes (family members,
or repeated measurements), see Cai et al. (2000).

There is some literature devoted to conditional df and conditional quantile esti-
mation under dependence. To mention some examples, Cai (2002) investigated the
asymptotic normality and the weak convergence of a weighted Nadaraya—Watson
conditional df and quantile estimator for o-mixing time series. Honda (2000) dealt
with o-mixing processes and proved the uniform convergence and asymptotic nor-
mality of an estimate of 6, using the local polynomial fitting method. Ferraty et al.
(2005) considered quantile regression under dependence when the conditioning var-
iable is infinite dimensional. Non-parametric conditional median predictors for time
series based on the double kernel method and the constant kernel method were pro-
posed by Gannoun et al. (2003). A nice extension of the conditional quantile process
theory to set-indexed processes under strong mixing was established in Polonik and
Yao (2002). In addition, Zhou and Liang (2000) reported asymptotic analysis of a ker-
nel conditional median estimator for dependent data. Lecoutre and Ould-Said (1995)
provided the uniform strong consistency of a kernel-type estimator of the conditional df
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under censoring and strong mixing conditions. However, to the best of our knowledge,
empirical likelihood confidence intervals for the conditional quantile with truncated
and dependent data have not been investigated so far.

In some instances, some auxiliary information about the conditional distribution

function is available in the sense that there exist x (¢ > 1) functions g{(y), ..., & (y)
such that

Y(x) =E(gX)X=x) =0, 2
where g(y) = (g1(y), ..., g ()T is an k-dimensional vector. This model is of inter-

est in many circumstances where some partial information about the conditional dis-
tribution of the sample is known. For example, for given x, if the conditional mean
m(x) = E(Y|X = x) is known, we have (2) by taking g(y) = y — m(x); if the
conditional distribution is symmetric about a known constant yq for a given x, then
(2) holds for g(y) = I(y = yo) — %; finally, if one knows that a proportion p of the
responses falls in a given interval (a, b), i.e., P(a < Y < b|X = X) = py, then one
cantake g(y) =1I(a <y < b) — po.

The empirical likelihood (EL) was introduced by Owen (1988, 1990) for a mean
vector for i.i.d. observations, and has many advantages over normal approximation-
based methods and the bootstrap for constructing confidence intervals (see Hall 1992;
Hall and La Scala 1990). For example, the EL confidence intervals do not have a pre-
determined shape, whereas confidence intervals based on the asymptotic normality of
an estimator have a symmetry implied by asymptotic normality; on the basis of the
coverage probability, the EL method is a competitive and favorable method which
outperforms the Wald-type method and can overcome the under-coverage probability
problem for small sample size (see Zhou and Li 2008); one of the nice features of
the EL method particularly appreciated in censored data analysis is that one can con-
struct confidence intervals without estimating the variance of the statistic; moreover, it
has better performance than the traditional normal approximation (Wald) method (see
Zhao 2011). Furthermore, the EL confidence intervals respect the range of the param-
eter: if the parameter is positive, then the confidence interval contains no negative
values. Another preferred characteristic is that the EL confidence interval is trans-
formation respecting. For complete data setting, the EL methods have been studied
extensively by many authors. We refer the reader to Chen and Hall (1993) for con-
fidence intervals of a quantile; further investigations have been carried out by Zhou
and Jing (2003). Quantile estimation in the context of survey sampling is considered
in Chen and Wu (2002), while confidence intervals of quantiles for weakly dependent
data were constructed by Chen and Wong (2009). Again, an attractive feature of the
EL is that it can be used to make sharper inferences when some auxiliary information
is available (see Chen and Qin 1993; Zhang 1997; Qin and Wu 2001).

In this paper, we propose using the EL for the construction of confidence inter-
vals for 6, in the presence and absence of auxiliary information (2), respectively, for
the left-truncation model. It is proved that the EL ratio admits a limiting chi-square
distribution with one degree of freedom when the lifetime observations with multi-
variate covariates form a stationary a-mixing sequence. Hypothesis test for 6, shows
that the asymptotic power of the test statistic based on the EL ratio with the auxiliary
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information (2) is larger than that based on the standard empirical likelihood ratio.
In addition, we investigate through simulations the finite sample performance of the
empirical likelihood confidence intervals in the presence and absence of auxiliary
information.

Recall that a sequence {&;, i > 1} is said to be o-mixing if the «-mixing coefficient

a(m) = supsup{|P(AB) — P(A)P(B)| : A € F2%, B € F}}
k>1

converges to zero as m — 00, where ;" denotes the o-algebra generated by
&,&41,...,&, withl < m. Among various mixing conditions used in the litera-
ture, a-mixing is reasonably weak and is known to be fulfilled for many stochastic
processes including many time series models. Withers (1981) derived the conditions
under which a linear process is «-mixing. In fact, under very mild assumptions, linear
autoregressive and more generally bilinear time series models are strongly mixing with
mixing coefficients decaying exponentially, i.e., (k) = O(p*) for some 0 < p < 1.
See Doukhan (1994), p. 99, for more details. We only say that the «-mixing has been
used in applications with clustered survival data; for instance, Cai and Kim (2003).

The rest of the paper is organized as follows. Section 2 introduces the empirical
likelihood ratio for the conditional quantile in the presence and absence of auxiliary
information, respectively. Main results are formulated in Sect. 3. A simulation study
is presented in Sect. 4. Section 5 lists some preliminary lemmas, which are used in
the proof of the main results. The proofs of the main results are given in Sect. 6. In
Sect. 7, we collect some known results, which are used in the proof of the preliminary
lemmas. The proofs of the preliminary lemmas are deferred to Sect. 8.

2 Estimator

In order to formalize things, let {(Xy, Yk, Tx), | < k < N} be a sequence of random
vectors distributed as (X, Y, T'), where T is the truncation variable. For the compo-
nents of (X, ¥, T'), in addition to the assumptions and notation for X and Y made at
the beginning of the Sect. 1, we assume throughout that 7" and (X, Y) are indepen-
dent, and that 7" has continuous df G. Let F (-, -) be the joint df of the random vector
(X, Y) e R, Without loss of generality, we assume that ¥ and T are both non-
negative random variables, as usual in survival analysis. In the random left-truncation
model, the lifetime Y; is interfered by the truncation random variable 7; in such a way
that both Y; and T; are observable only when Y; > T;, whereas neither is observed
if ; < T; fori = 1,..., N, where the N is the potential sample size. Due to the
occurrence of truncation, the N is unknown, and n (the size of the actually observed
sample) is random with n < N. Let u = P(Y > T) be the probability that the
random variable Y is observable. Since = 0 implies that no data can be observed,
we suppose throughout the paper that 1 > 0. Note that the N is unknown and the
n is known (although random); hence, our results will not be stated with respect to
the probability measure [P (related to the N-sample) but will involve the conditional
probability P with respect to the actually observed n-sample instead. Furthermore,
E and E will denote the expectation operators under P and P, respectively. In the
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sequel, the observed sample {(X;, ¥;, T;), | < i < n} is assumed to be a stationary
a-mixing sequence.

Notethat C(y) =P(T <y <Y|Y >T) = /L_IG(y)[l — F(y)]. Then the empir-
ical estimator of C(y) is defined by C,(y) = n! > (T <y <Y;). Following
the idea of Lynden-Bell (1971), the non-parametric maximum likelihood estimators
of the dfs F and G are given by

) I L

ity <y i:Ti>y

The estimator of p is defined (cf. He and Yang 1998) by wu, = Gu(y)
[1-— F,, (y—)IC l(y) where F (y—) denotes the left-limit of F,, aty.

For any df W let awy = inf{y : W(y) > 0} and by = sup{y : W(y) < 1} be its
two endpoints. Since T is independent of (X, Y), the conditional joint distribution of
(X, Y, T) is given by

H'X,y,) =PX<x,Y <y, T<t)=PX<x,Y <y, T<t|lY >T)

=;f1/ / G(v A 1)F(ds, dv).
s<x Jag=<v<y

Taking 1+ = 400, the observed pair (X, Y) then has the following df F*(-,-):
F*(x,y) = H*(x, y,00) = u~! fs<x fag<v<y G (v) F(ds, dv), which yields that

F(dx,dy) = [0~ G F*(dx,dy) for y > ag. A3)

2.1 Standard empirical likelihood ratio

Note that, by using (A2)(i) and (A7) in Sect. 3, from (3) we have

x —X; _1
th[K(T) (Yo (1(Y; < ) )]

n

= /d KX —hys) [E(I(Y <60,) X =x—hys) —q]ds — 0,
R

where K is some kernel function on R, (hp)n=1 \\Oasn / oo. B
This motivates the introduction of the empirical likelihood function H = []/_, pi,
where p1, ..., p, are subject to the restrictions:

-X; »
) G, '(Y)(I(Y;i <6)—q)=0. (4

n n
pi=0, > pi=1, > piK (X
i=1 i=1
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The maximum of H can be found via Lagrange multipliers. It may be shown that
Hpmax = [/, pi, where

1 1

pi = i=1,...,n,

"1 EK (52) G U < 8) — )

and A.(8,) is the solution of the following equation:

0 K (;_X) G, (U (Y; <6y) —q)

> =0.

ek (52) G ona v <6 —a)

We propose the following empirical log-likelihood ratio function at 6,:

X—X,’

In(6g) =2 log [1 + 10K (

i=1

) G, (YU (Y; <6y) — q)} .

2.2 Empirical likelihood ratio with auxiliary information

By using (3), (2) is equivalent to

EgMG ' (MX=x =0. ®)
To make use of (2), i.e. (5), we introduce the empirical likelihood function H =
H?: | Pi, where pp, ..., p, are subject to the restrictions:
pi =0, zn:pi =1, anpiK(x_X")Gl(Y»g(Yi):o. 6)
- i=1 i=1 hn !

It may be shown that Hyax = [T, pi, where

- 1 1

pi = i=1,....n,

14K () G (g ()

K (556 s(r)
K () G (g ()
we consider the empirical likelihood function H = [T, pi, where pi, ..., p, are
subject to the restrictions (4) and (6). It may be shown that ﬁmax = H?:l Di, where

and n; is the solution of equation > !_, = 0. Meanwhile,

R 1 1 .
bi = i=1,...,n,

50K (S2) G (T (), 1Y = 6) — 9
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and 72 (6,) is the solution of the following equation:

n K (5) G @0, 1Y < 0) — )

Z (X_X!_ =0. (7

3 OK (S52) Gi () gT (), 1Y < 6,) = )F

The empirical log-likelihood ratio function at 8§, with the auxiliary information (2) is
defined by

n A
10 = —21og [T 2
im1 Pi

n -X; .
= 2210g |:1 + 030K (X ; )G,Il(Yi) (g"(Y), 1(Y; <60y) —q) }

i=1

—2210g |:1 +niK (X ; Xi) G,;I(Yi)g(Yi)j| .

i=1

3 Main results

In the sequel, let C and ¢ denote generic finite positive constants, whose values are
unimportant and may change from line to line. Let C (/) represent the set of continuity
points of function /. The norm of a ny x np matrix A = (a;;)n, xn, i defined by
Al = CL, X202 a)'/? for ny,ny > 1. All limits are taken as the sample size
n tends to oo, unless specified otherwise. Let U (x) represent a neighborhood of x.
Put u(x) = E{GT' (V)X = x},v(x) = E{I(Y < 6,)G ()X = x}, V(x) =
E{g(Y)g" (NG (V)[X =x}and W(x) = E{g(V)G (NI (Y < 6,) —qlIX =x}.
In order to formulate the main results, we need the following assumptions.

(A0) ag <apand bg < bj.
(A1) For all integers j > 1, the joint density l;‘(-, -) of Xj and X1 w.rt. P exists
on R4 x R? and satisfies l;f(s, t) <Cfor(s, t) e UX) x U(x).
(A2) (1) The kernel K (-) is a bounded function with compact support on R,
(i) [ga KX)dx = 1; (iii) [gax]'...x;'K(x)dx = 0 for non-negative
integers iy, ..., iqg withi; +---+ig = 1.
(A3) The sequence «(n) satisfies that
(i) there exist positive integers 1 := n, such that n = 0((nhz)l/ 2) and
limy, oo (nhy, )20 () = 0;
(i1) there existr > 2 and § > 1 — 2/r such that Z?il Bla]'2" < oo.
(Ad) 0207 > ¢ > 0,n Ty YD = 0(1) and nh?H* — 0, where r is the
same as in (A3).
(AS) Forl <k,l <k,j>1land (s, t) € U(x) x U(x),
) E(gr(YDg(YDgr(Y1+)g (Y14 )X =8, X4 =t) <00, E(|gr (Y1)
gk(Y14+ )X =8, X4 =1t) < 005
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(i) E(gr(YDg(Yi+p)IIX1 = 8, Xj4; = t) < oo, E(lgr(YDIIX) = s,
Xi4+j =t) <ooand E(|gk(Y14+)IIX1 =5, X14; =) < 00.
(A6) For1 <k,l <, E(|gr(Y)g1(Y)I"|X =) < oo and E(|gx(Y)|"|X =5) < 00
for s € U(x), where r is the same as in (A3).
(A7) (1) The second partial derivative of W(s) and /(s) is bounded in U (x);
(ii) The second partial derivative with respect to s of F'(6,[s)) and I(s) is
bounded in U (x).
(AS8) (i) u(s) and v(s) are continuous at x;
(i) V(s) is continuous at x and V (x) is positive definite;
(iii) W(s) is continuous at X.
(A9) The matrix X3 in Sect. 5 is positive definite.
(B1) For all integers j > 1, the joint density l;‘.‘(~, ) of (X, X4, Y1, Yj40)
w.rt. P exists on RY x R? x R x R and satisfies l;'f(s, t,y1,y2) < C for
(s,t, y1,y2) € UX) x UX) x U(Hy) x U(By). '
(B2) f(s, y) is continuous at (X, §,) and f(x, 6,) > 0.

Remark I (a) Condition ag < aj in (AO) implies G(Y) > G(ap) > 0, which
ensures G, (Y;) # 0 eventually, so the given empirical log-likelihood ratio func-
tions are well defined for large n. Assumptions (A1), (A5) and (B1) are mainly
technical, which are employed to simplify the calculations of covariances in the
proof of Theorems 1 and 2 below, these assumptions are redundant for the inde-
pendent setting.

(b) Assumptions (A3) and (A4) imply restrictions when choosing the bandwidth.
In order to illustrate the practical implications of these assumptions, choose
hy = en V@ (logn)~1 so nhg+4 — 0 is satisfied. Then, it is easily seen
that this bandwidth satisfies the two former conditions in (A4), provided that
r > max(4,2 + d/2). Furthermore, assume «(n) = O(n=*) for some A ;
then, (A3) automatically holds if A is large enough, specifically A > max(2d +
1,r(d + 1)/(r — 2)) (note that A can be arbitrarily large if a(k) = O(p")
for some 0 < p < 1). We see that, in essence, (A3) imposes a relationship
between the degree of dependence in the data and the dimension of the covar-
iates, so high dimensional data could not be handled under strong dependence
(i.e. small ).

Theorem 1 Suppose that (AO)—(A4), (A7)(ii) and (A8)(i) are satisfied. Let a(n) =
oOn™7) for some y > [r(r + 2)]/[2(r — 2)]. Then l_n(Qq) 2) X]Z, further

1,(6,) 2) xlz(Az) for constant A if (BI) and (B2) are satisfied, where 6, =

ds—1/2 I0=2)v(X)+q>u()ul (X) [pa K2 (s)ds}/?
0, + (nh®H)~V o A

Remark 2 Together with the empirical likelihood ratio test, a Wald-type test statistic
for the conditional quantile may be introduced by using the preliminary Lemmas in
Sects. 5 and 6 below (specifically, Lemmas 5.3(d) and 7.4). However, as discussed
in the Sect. 1, the EL approach avoids the problem of variance estimation while it
performs better when the sample size is small. For these reasons we do not further
develop the Wald approach here.
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Theorem 2 Suppose that (AO)—(A9) are satisfied and that a(n) = O (n~7) for some

y = [r(r + V120 — 21 Then in0,) 3 x2, further [,(6,) 2 x?(0?) for con-
stant p if (Bl) and (B2) are satisfied, where 0, is the same as in Theorem 1, and

o = (1-2)0(0) 4 u(x) A2
= 1200 +¢2u@-W VT W)

Remark3 (a) Choosing 0 < § < 1, let c; satisfy P()(1 > ¢5) = 4. Then, both of
Is = {0]1,(0) < cs} and Iy = {0]1,(6) < cs} are level 1 — § asymptotic confi-
dence intervals of 6, . In view of Theorems 1-2, both of I and 15 have the correct
asymptotic coverage probability 1 — §, and Is reduces to I5 in the absence of the
auxiliary information (2).

(b) Consider the hypothesis test: Hy : 6, = 6y versus Ha : 6, = 6,, where 6, is
defined as in Theorem 1 with 6 in the place of ,. In view of Theorems 1-2,
(X0, Y, ), 1 < i <nlly(00) > s} and {(X;, Y, T;). 1 < i < nlly(60) > c5}
are level § asymptotic rejective intervals of Hy. Furthermore, from Theorems 1-2,
the power of the test is asymptotically, respectively

lim Py, (1,(60) > cs) = lim Py, (10, — Q2 A) > ¢5) = P(x{(A?) > ¢5),
n—00 n—00

lim Py, (1, (60) > c5) = lim Po, (1,6 — QuA) > ¢5) = P(x2(p?) > c5),
n—oo n—o0

1-2 2 l K2(s)ds})!/? .
where Q,, = (nhﬁf)_l/z{[( clid e u?&]’;qu) Jpa KZ0)ds) 7 Using the fact that

the non-central chi-squared distribution is stochastically increasing in its non-cen-
trality parameter for any glven degrees of freedom, we have P (x; 2(p?) > cs) >
P(Xlz(Az) > ¢s) since ,o > AZ. In particular, if W(x) # 0, then ,o > A2,
and hence P(Xlz(pz) > cg5) > P(Xf(A2) > c¢5). These facts indicate that the
empirical likelihood ratio test with auxiliary information (2) has powers at least
as large as the standard empirical likelihood ratio test which does not utilize aux-
iliary information (2), i.e., the asymptotic power of the test statistic based on the
empirical likelihood ratio with the auxiliary information (2) is larger than the one
based on the standard empirical likelihood ratio.

4 Simulation study

In this section, we carry out a simulation study to investigate the finite sample per-
formance of the empirical likelihood confidence intervals for the quantile 6, in the
presence and absence of auxiliary information. We consider the casesd = landd = 2,
these are, a real valued covariate and a two-dimensional covariate, respectively.

(a) First, we consider the simulation in the one-dimensional case (d = 1). In order
to obtain a sequence {X;, ¥;, T;} fulfilling the a-mixing property after truncation, we
generate the observed data as follows.

(1) Drawing of (X1, Y1, T1):
Step I Draw e; ~ N(0, 1), and take X| = ey;
Step 2 Compute Y from the model Y| = 1.5X% + sin(w X1) + 0.6¢€;1, where
€1~ N(@O,1);
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774 H.-Y. Liang, J. de Ufia-Alvarez

Step 3 Draw T1 ~ N (B, 1), where B is adapted in order to get different values
of u. If Y1 < T, we reject the datum and go back to Step 2, do this
until Yy > Tj.

(2) Drawing of (X2, Y2, T»):

Step 4 Draw X, from the AR(1) models X» = pX|+4e2, wheree; ~ N(0, 1)
and |p| < 1 is some constant;

Step 5 Compute Y5 from the model Y, = I.SX% + sin(;r X») + 0.6¢€5, where
e~ N(0,1);

Step 6 Draw T, ~ N(B, 1). If Yo < T, we reject the datum and go back to
Step 5, do this until Y, > 7.

By repeating step (2) above, we generate the observed data (X;,Y;, T;),i =
1,...,n, where X; = pXi—1 +ei,e; ~ N(0,1),Y; = 1.5Xl.2 + sin(r X;) + 0.6¢;
where ¢; are i.i.d. random variables with distribution N (0, 1) and 7; ~ N (B, 1), and
everything is distributed conditionally on Y; > T;. Besides, the o-mixing property of
the observable X; is immediately transferred to the (X;, Y;, 7;). Obviously, the regres-
sion function is m(x) = E(Y|X = x) = 1.5x2 + sin(srx). Assume that m(1) = 1.5
is known. For illustration of the proposed empirical likelihood method, we use this
as auxiliary information, by considering function g(y) = y — 1.5. The target is 6,
with ¢ = 0.5 (i.e. the conditional median). Note that the true value of 6, at x =1
is 1.5. The sample size is n = 300. The Gaussian kernel for K (-), and the bandwidth
h,, = 0.3, are used in the computations.

In Table 1 we report the coverage probabilities and average lengths of 95% confi-
dence intervals for 6, = 1.5 at point x = 1, constructed from the empirical likelihood
method with (ig) and without (/5) the auxiliary information, along M = 1,000 Monte
Carlo replications. We take p = 0.3 and three different values of the truncation
parameter: © ~ 0.7, 0.8 and 0.9 (which results in approximately 30, 20 and 10% of
truncation, respectively). At the same time, we also report the achieved coverage prob-
abilities of I_g and i,s for 6, = 1.4, 1.3, 1.2. These coverage probabilities are identical
to one minus the power of the corresponding empirical likelihood ratio two-sided tests
for the null hypothesis Hy : 0, = 6 at level § = 0.05.

From Table 1, it can be seen that (i) the average interval lengths of [5 are smaller than
those of 1_5, i.e., the empirical likelihood confidence interval with the auxiliary infor-
mation improves the standard empirical likelihood confidence interval in the sense of
achieving a certain amount of reduction in interval width; (ii) for values of ¢, other
than 6; = 1.5, the achieved coverage probabilities of Is are always lower than those
of I5, reflecting that the empirical likelihood ratio test with the auxiliary information is
more powerful than the standard empirical likelihood ratio test; and (iii) both empirical
likelihood methods behave a bit better under lighter truncation proportions.

To study the influence of the dependence of the observations, we consider different
degrees of dependence; specifically, we take p = 0.2, 0.4, 0.6 and 0.8 in model (a)
above. We report in Table 2 the coverage probabilities and average lengths of 95%
confidence intervals for the conditional median 6, = 1.5 at x = 1 in the presence and
absence of auxiliary information along M = 1,000 Monte Carlo replications, with
u ~ 0.9. Table 2 shows that (i) as the dependence of the observations increases (i.e.,
as the value of p increases), the attained coverages apart more from the nominal 95%,
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Table 1 Average lengths (AL) and coverage probabilities of 95% confidence intervals (CI) for 6, =
1.5 (true) and other 6, values (wrong) along 1,000 trials for simulated model (a) and several truncation
proportions (1 — p): empirical likelihood with (ig) and without () auxiliary information

n I AL b, =15 0, = 1.4 b, =13 b, =12
0.7 Is 0.3569 0.8890 0.6840 0.3890 0.0810
Is 0.2142 0.9030 0.6390 0.2100 0.0030
0.8 Is 0.3492 0.9120 0.6890 0.3030 0.0390
Is 02118 0.9190 0.5880 0.0830 0.0020
0.9 Is 03163 0.9250 0.6860 0.2430 0.0340
Is 0.1941 0.9290 0.6510 0.1450 0.0010

Table 2 Average lengths (AL) and coverage probabilities (CP) of 95% confidence intervals (CI) for ; =
1.5 along 1,000 trials for simulated model (a) and several dependence degrees p: empirical likelihood with
(Is) and without (/g) auxiliary information

CI p =02 p =04 p=0.6 p=0.8

AL CP AL Cp AL Cp AL Cp

Is 0.3319 0.9130 0.3309 0.9080 0.3601 0.8940 0.3944 0.8590
Is 0.2004 0.9250 0.2074 0.9220 0.2156 0.9180 0.2340 0.8720

while the intervals get wider; and (ii) for each fixed p, the average interval lengths of
I5 are smaller than those of Ij, and the coverage probabilities of I5 are closer to the
nominal than those of I5. This is in accordance with the results displayed in Table 1.

(b) Now, we consider the simulation in the case d = 2. Using the same method
as in (a) above [step (1) and repetition of step (2)], we generate the observed data
X;, Y, T;),i =1,...,n,where X; = (X1, X2,;), from the following model:

Yi = L.5X7, +sin(mXa;) +0.72¢;, X1 = 0.1X1,;-1 +0.73ey;,
X2;=04X5;-1+0.8e2,

where e ;, e7,; and ¢; are i.i.d. random variables with distribution N (0, 1) and 7; ~
N(B, 1), and everything is distributed conditionally on ¥; > T;. From Lemma 2
of Cai (2001), it follows that {X;} is a sequence of «-mixing random variables. As
before, the o-mixing property of the X; is immediately transferred to the (X;, ¥;, T;).
The true regression function is given by m(x) = E(Y|X =x) = 1.5x12 + sin(rxp) at
x = (x1, x2), and the conditional median coincides with m (x). Assume thatm (1, 1) =
1.5 is known. Hence, for the proposed empirical likelihood method, we introduce
the auxiliary information through the functiong(y) = y — 1.5. The product kernel
K (x1)K (xp) with a Gaussian K (-) is used. We consider n = 300 as sample size and
the bandwidth ks,, = 0.33. Similarly as in Table 1 for the one-dimensional case, in
Table 3 the coverage proportions and average lengths of the empirical likelihood 95%
confidence intervals (with and without the auxiliary information) for ¢ = 0.5 and
6; = 1.5 [which is true value of 6, at x = (1, 1)], as well as for 6, = 1.8,2.1, 2.4,
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Table 3 Average lengths (AL) and coverage probabilities of 95% confidence intervals (CI) for 6; = 1.5
(true) and other 6, values (wrong) along 1,000 trials for simulated model (b) and several truncation pro-

portions (1 — p): empirical likelihood with (12;) and without (1_5) auxiliary information

n I AL 0, =15 6, =18 by =2.1 b, =24
0.7 Is 1.1645 0.8460 0.5770 0.2710 0.0730
Is 0.6712 0.8960 0.5550 0.1120 0.0060
0.8 Is 1.1872 0.8860 0.6460 0.3380 0.1020
Is 0.6639 0.9100 0.5420 0.1150 0.0050
0.9 Is 1.1848 0.9020 0.6750 0.3510 0.1180
is 0.6656 0.9150 0.5630 0.0980 0.0040

are reported. As above, we take three different values for the truncation parameter
(u =~ 0.7,0.8 and 0.9) and 1,000 Monte Carlo replications.

From Table 3, it can be seen that the relative performance of the two empirical
likelihood confidence intervals Is and I5 for d = 2 is similar to that corresponding
to the case d = 1. We can also get similar conclusions about the influence of the
truncation proportion and of the chosen value for 6. Indeed, the numerical results in
Table 3 suggest that the introduction of the auxiliary information in the construction
of the confidence interval has more relevance in the two-dimensional case, both in
terms of interval length reduction and statistical power.

5 Preliminary lemmas

Let wiin(®) = K (52) 6,1 00U (4 = 0) — ), wi ) = K (52) 670
(1Y =0) — ),

X—X,‘

X—X,‘ -1
woin = K G, (YDgYy), wy =K

—lcy. :
I )G (Y)g(Yi),

n

wain(®) = K (S2) 6,1 (V) @m (1), 1% < 6) = )F, and wai 6) = K (%)

Gl D) (Y = 6) = @) Then wiin(®) = wiy(0) [ 1+ CUP=gs00 |
(l=1,2,3). Set

21 = [0 = 29)v®X) + g2 u®)]ul(x) /]R (K2 ()ds, 3y = ulx)V (%) /IR  K2(s)ds

V(x) W(x)

and X3 = (WT(X) (1 = 2q)v(x) + q*u(x)

) ul(x) [pa K2(s)ds.

Lemma 1 Suppose that (A0)—(A9) are satisfied. Let a(n) = O(n~") for some y >
[r(r +2)1/12(r — 2)]. Set ©,, = ﬁ Do w3i (0w (0y). Then

(@ On = 3/ +0p(1); () a(By) = Op((nh)™172);
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D
(©) m2() =0y -5 Sy w3 (Og)+op (nhi)™/D); (@)~ 3y wai(B) =
N(0, X23).
Further, let 6, = 0, + (nhd)_l/zcl for some c¢; > 0. Assume that (B1) and (B2) are
satisfied, then (a)—(c) still hold for 6, = 0,, and «/_ Do w3i(By) 2 N(¢, X3)
with § = (07, ¢1 f (X, 6,))".

Lemma 2 Suppose that (AO)—(A6), (A7)(i) and (A8)(ii) are satisfied. Let a(n) =
O(n™Y) for some y > [r(r +2)]/[2(r — 2)], then

(@) 57 S waiwg; = Ba/u+op(1); (0) i = Op((nhy)~'/2);

© m= (g Sl wawy) ke S waitop (k1)
D

(d) ﬁ > wai = N(O, X).
Lemma 3 Suppose that (AO)—(A4), (A7)(ii) and (A8)(i) are satisfied. Leta(n) =
O(n7) for some y > r2/(r — 2), then

(a) # S whOp) =Zi/n4o0p(1); () A(6y) = O0,((nhd)~1/2);

-1
© 20 = (7 Xio wh @) - i X wi @) + 0, () ™;
D

(d) ﬁ Dimiwii(Bg) = N(O, ).
Further, let 6, = 6, + (nhg)_l/zcl for some c1 > 0. Assume that (Bl) and
(B2) are satisfied, then (a)-(c) still hold for 8, = 0,, and \/%T‘,{ Z?:l wi; (6,) 2)
N(C[f(x, 0(])3 El)

Lemma 4 (Srivastava and Khatri 1979, p. 64, Corollary 2.11.2) Let A« ,, be a sym-
metric matrix with Rank(A) = k, X ~ N (o, Zpxp), where ¥ is a positive definite
matrix and matrix ¥ A is idempotent. Then X" AX ~ x¢ (/,L Aup).

6 Proof of main results

Proof of Theorem 1 First we prove I, (0g) 2 Xlz- By Taylor’s expansion we have

In(Bg) = 21(05) D w1i(B) — A*(0y) D wi; (0
i=1 i=1
G(Y;) — Gu(Yy)

+21(6,) Z w1 (0g)——5 T

i=1

P G(Yi) —Gu(Y))  (G(Y:) — Gnm
2 (%)iju(%)[z G0 +( G

GY)—G,(Y;
+O(IA(9q)|3 max |w“"(94)|zwh(9q ( ( é (Y)( )) )
a

i=1
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Since E|wy;(6,)|" < oo from (A2)(i), maxi<;<, |wi;(8)| = o(n'/") a.s. from the
proof of Lemma 3 in Owen (1990). In view of (3), from (A2)(i) and (A7)(ii) we have
—7 >0 Elwii(0)] = O(1), which implies —Lr 7 [w1;(6,)| = O, (1). Hence,
in view of Lemmas 3 and 8 we obtain that !

" G(Y) — G,
O
i=1 n l

w1 =0 )
= Glap) - SUpy, 1G(y) — G(y)| P 1i (bg p

“ ) — - N N 2
20> w6y [ZG(Y,) Gn(Y,)+(G(Y,) Gn(yl)):|
i=1

Gn(Y) G (Y:) =o0,(1), (10)

G(Y;) — Gnam)2

n
2O max [wiin ()] D wi; 6,) (1 )

i=1

= 0,(("" 2RIy = 0, (D). (1)

Therefore, using (a) and (d) in Lemmas 3, (8)—(11) yield that

2 n -1 n 2 -
I,(6,) = (n%zw%i(eq)) (\/%Zwu(%)) +o0,(1) = xi.
ni=1

nny, g

Next we prove I, (6,) z x7(A?). Lemma 3 shows that ﬁ > wii(6n) z

_ 2 2 12
N(c1 f(x,6,), X1), where ¢| = =2etota "}fi],gjgx) Jye K009

(c1 f(x, Qq))zilfl = AZ. So, by using Lemma 4, similarly to the arguments as in
(8)—(11) one can get

A. Note that

2 n -1 n 2
i N 2 s . D 20A2
zn(en)—(nhgl;wh(en)) (WZwmen)) +op(1) = x7(AY).

n j=|]

. a D .
Proof of Theorem 2 First we prove [, (0;) — X]Z. By Taylor’s expansion we have

n n
[n(0g) =2 log[1 + 15 (B)w3in (0)] — 2> log[1 + 0} wain]
i=1 i=1

= [2775 Og) D w3i(0g) — 3 (6,) (Z w3 (0w}, <9q>) 772(94)]

i=1 i=1
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n n
— [217{ > woi —nf (Z wziwél-) m]
i=1 i=1

. G(Y;) — G (Y; S
I waiwq)% +o0 (Z |n2(9q)w3m<9q)|3)
n(L iz

i=1

C G Yi - Gn Y,‘
—15(6g) [Z w3 (0w (6,) (QM

p Gu(Y))
G(Y;) — G (YD)’ e G = Gu(Yy)
( G (¥i) ) )} 20} =2 ;“’2’ G (¥:)

n n
GY;) — Gu(Yy)
+0 Z|flfw2in|3 + i sziwﬁi 2%
i=1 n(Yi)

i=l1
G(Y;) — G, (YD)
() )} " (2

From (3), (A2)(i) and (A6) we have #Z?:lEHwy(Gq)H = O(1), then
i iy lwsi @)l = 0,(1). Similarly, Jo S [lwsi 6112 = 0p(1). g S0,
lwai | = 0,p(1) and L 37 [lwai[|> = 0, (1). Note that w3 (6) = w3; (6)[1 +
(G(Y:) — G, (Y1))/ G, (Yi)], so from Lemmas 1-2 and 8 it follows that

S G — Gu(Y;
n;(eq)zwy(@q)%y')()
i=1 niti

11209l suPyza, 1Gn () = G| &
i) = 0p(D), 13
= Glagp) = supy=,_ |Gn(y) = G(y) Z lw3i @)1l = 0, (1) (13)

i=1

and by using (23) in Sect. 8

S - GY)—-G,(Y;
Z|’7§(9q)w3in(9q)|3 =0p(1), nltZwZiM
i=1

i=1

Gavy | ot

n
> Infwainl* = 0, (1), (14)

i=1

. S . GY)—G,(Y)) (G —G.(Y)\*
nzwq)[Zwai(eq)wy(eq)(z G +( A ))}72(6’(,)

i=1

=o0p(1), (15)
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n 2
G(Yi) — Gu(Y;) G(Y;) — G (Y;)
nt wo;wi | 2 + ( ) N1
: [2 e ( Gn(Y) G (Y)

Therefore, on applying Lemmas 1, 2, from (12)—(16) we have

A~ 2 n 71
ln<eq)=( Zw& q)) (%Zwy(eq)w;i(eq)) ( Zwsl(e ))
n i=1 noj=1 n i=1
1" < -
( Thn; 21) (Wngiwﬁi) ( Thnlz;‘wzl)-l—op(l)
w3 (0) w3; (6g) |+ op(1),
(fzZm) r(FgZ )+

—1
where ' = (23_ L (26 8)) Note that '3 is an idempotent matrix, and

Rank(I") = Rank(I'S3) = 1. Therefore [, (6,) = x? by Lemmas 1 and 4,
Next we verify [, (6,) z xi(p?). Since ﬁ > w3i(6n) z N (¢, £3) with
n n

= 0,(1).

(16)

— _ (1-2q)v(x) +¢%u(x) 2 _ 2
¢ = O afx60)" and ¢°T¢ = G-y Towm S~ P

on applying Lemmas 1 and 4, from [, (6,) = (\/ﬁ > wgi(éq))’r‘(ﬁ >
w3i(6,)) + 0, (1), we obtain that 7, (6,) = x2(p). O
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7 Appendix A

Lemma 5 (Volkonskii and Rozanov 1959) Let Vi, ..., V,, be ajmixing random vari-
ables measurable with respect to the o-algebra .771.] 1 ,.7-7’", respectively, with
I<ii<ji<-<jm<mnm, ij4y1— jl>w>1and|V|<lf0rl j=172,.

Then |E(H'}1=1 V) — H;flzl EV;| < 16(m — )a(w), where F2 = o{V;,a <i 5 b}
and a(w) is the mixing coefficient.

Lemma 6 (Hall and Heyde 1980, Corollary A.2, p. 278) Suppose that X and Y are
random variables such that E|X|P < oo, E|Y|? < oo, where p,q>1, p~'4+q~ 1 <1.
Then

—1_ -1

I-p~ —q
[EXY — EXEY| < 8|IXIlpllYllq sup [P(AN B) — P(A)P(B)]
Aeo(X),Beo(Y)
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Lemma 7 (Shao and Yu 1996, Theorem 4.1) Let 2 < p < g < 00,2 < A < ¢q
and {X,,n > 1} be an a-mixing sequence of random variables with EX, = 0 and
the mixing coefficients {a(j)}. Assume that a(n) < Cn~" for some C > 0 and
y > 0. Then there exists Q = Q(p,q,*,y,C) < 00 such that E|>"}_; X;|P <
OnP? maxi<i<, | Xill§ if v = pq/[2(q — p)].

Lemma 8 (Liang et al. 2011) Suppose that a(n) = O(n~7) for some y > 3. Then,
under (AO) we have SUPy>4 IGn(y) — G(y)| = OP(n*I/Z).
8 Appendix B

Proof of Lemma 1 (a) It is easy to see that

- g(Ypegt (Y g(YpU(Y; <6g) —q)
D) .
=i 2 () oo

SUNUY <) —q) Y <6y —q)?

It is easy to verify that E®,, = # Dot E(wsi (0w (0,)) = 23/ + o(1). Then,

according to X, = EX, + O,(s/VarX,), to prove (a) we need only to prove that
Var(®,) — 0, further it suffices to show that for 1 < k,[ <«

n—Var( 7 ( ) (Y)8k(Y)gl(Y))=0((nhZ)_1)—>0;
(17)
(nhdz ( ) 2V gk (Y U (Y; < 6g)— q))zO((nhﬁ)_l)—>O;
(18)
(nhdeZ( ) (Y)(I(Y<9)—q))=0((nhZ)1)—>0.
(19)

5 Xi\ gc(Yi)g(Y)
P, = (nhd) [ZVar(K ( i ) G2() )

2 (X =X\ &k (YD (Yi) 5 (x—X;\ g(Yj)gi(Y;)
+ZC°V(K( Tt ) G2(Y;) K( Tt ) G2(Y;) )
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From (3), (A2)(i) and (A6) it is easy to verify that P, = O((nh¢)~!). Let & =

L K2 (";—X) % Fori < j, applying (A1), (A2)(i) and (A5)—(A6) we have

uz L [(X—S L (x—t

W/Rd/ﬂ&"K ( I )K (W)

E (gk(Yi)gl(Yi)gk(Yj)gl(Yj)
G2(Y)G?(Y))

2 2
_H 2 (XS sMau) o
e (/RK ( o )E( G(Y) 'X_S)l(s)ds)

|Cov(&;. §))| =

X; =sX; = t) l}‘_i(s, t)dsdt

=0().

(20)

On the other hand, from Lemma 6 it follows that |Cov(§;,&;)| < Cla(j —

D=2 (E|E ) and E|&|" = O (h,*“ ™). Then from (A3)(ii) we have

d\—
Pu=—1 2 + 2 Cov.&)=0nhp™.
li—jI<lha ] li—jl>[hy ]

(b) Write n2(6,) = AB2(,), where A > 0 and || 82(6,)|| = 1. From (7) we find

0~ A5 (0)Onf(Oy)
— 14+ AMmaxi<i<p |ﬁ§(9q)w3in(9q)|

B30 > wii(6))
noi=1

SUPy>q 1Gn(¥) = G| Lo~ .
_ — 6 i (6
Glap) = supyea 1Gn) =Gl \ ;Wz( w3 (0)]

2085 (0,) O B0 SUP,= 1Gn(3) =G (D) ?
e —Ts (eq>w3m<0q)|)_(Gwﬁ)—supymi 1Ga ) G<y>|)
B3 (04)8nB(0y)

14 Amaxi<j<u |83 (0 w3in (6]

21

Note that X3 is positive definite by (A9). (a) implies B3 (6,)©,B2(64) > to + 0, (1)
where 1o is the smallest eigenvalue of X3/u, (d) follows ﬁ S wsi(By) =

0,((nhd)~1/2), and it is easy to verify that oz 2i=1 1B 0 w3i (6] = 0p(1).
Therefore, from (21) and Lemma 8 we obtain that

A
1 4+ Amaxi<i<p |,32T (eq)w3in (94)|

= 0,((nh) ™). (22)
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Since E|/32r (O w3 (0y)|" < oo from (A2)(i) and (A6), max|<j<y |/32r Ow3i (0y)| =

o(nl/ ") a.s. from the proof of Lemma 3 in Owen (1990). Hence, from Lemma 8
we have

T R T .
[max. 182 (0g)w3in(0g)| = [nax 182 (0g)w3i (6g)|

SupyZ(r |Gn(J’)—G()’)| 1
x| 1+ L =o0,(n"").
Glap) = supy>,. |Ga(y) = G(Y)

Therefore, " “2h¢ > ¢y > 0 and (22) yield that . = O,((nhd)~1/?), n2(6,) =
0,((nh®)=1/2), and

max {173 (0 )wsin(6g)] = Op (k)™ H)op(n'/") = 0, (1),

(23)
(c) From (7) we write
0= n% gwai(9q> + # ; wy(eq)% — ©um2(0,)
i iZZI:UBi (O w3 0 12(0,) [ZG(Yg;(g';(Y") +(G(Yg;(§’;(y"))2}
e
Using (A6) and (A2)() it follows that g 37 flws, 61> = 0,(1) and

ﬁ S llwsi (6]l = O, (1). Hence, in view of max <; <, |w3; (0y) | =o(n'/") a.s.,
(b) and (23) we have

n
"
il le lwsi O)w3i 0) (01| <

n
"

= > lwai ) 17105 6 |
nhy i=1

= 0,((nhd)'/?)

s wsin O O wain @)
”hgg 1+ 15 (Og)w3in (6y) “—Op(("hn) ).

Therefore, on applying Lemma 8, from (24) it follows that n2(6,) = O, -
ﬁ S w3i(0g) + 0, ((nhd)=12).

i n , . D I
(d) It suffices to show that «/Tf{ > i [wsi(6y) — Ewsi(6,)] = N(O, X3), \/TW

>y Ews;i(6;) — 0. In order to prove ﬁ >y Ewsi(6;) — 0, we need only to
n n
verify that
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gz (<

I‘ll]

I (x) =

w)e )
G XNUT;=0)—q)) =0

and b, (X) := \/%7 > E(K(X;:(")G_I(Y,-)g(Y,-)) — 0. By using (3) and (2),

from (A2)(iii) and (A7) we have I1,(x) = (nh)'/? [pa K(©)I(x — hys)[E( (Y <
0,)1X = x — hys) — glds = O(mhd*t4)1/2 — 0. Similarly, I, (x) — 0.

e S i B) — Ewsi(f)] 2 N(0, =3), it is sufficient to

prove that for a = (ay, ..., a, det+1)" = @7, ae41)" # 0, \/”a_ Do wsi(By) —

Next we prove

D
Ews;(04)] — N(0, a* X3a).
Note that (A3)(i) implies that there exists a sequence of positive integers §, — 00
such that §,n = o((nhg)l/2),(Sn(nh;d)l/Za(n) — 0. Letmw :=m, = [ﬁ]’ B =

Bn = [(nhﬁ)l/z/an]. Then
n/B—0, ma(m) =0, mn/n—0, B/n—0, B/mhH)Y* 0. (25)

Next partition the set {1,2,...,n} into 27, + 1 subsets with large blocks of size
B = Bn and small blocks of size n := n,. Let ymn, ¥),, and y, . be defined as
follows:

km+ﬂ_1 T

na
Y= D = (w3i(6y) — Ews;(6,)),
e Vi
lm+'7_1 Mar
!
Yo = D = (w3 (0g) — Ew3i (6)),

where y7, = > (g +1 %(w3i(eq)—Ew3i(eq)),km = (m—1)(B+n)+1, Ly =
m-1)B+n+B+1,m=1,..., 7. Then

b/ T
Z[we, (6) — Ewsi(6,)] = n~'/? [ D Vit D Y+ yZn]
m=1 m=1

’111

=n2{Ss + 8+ 5}

Hence, it suffices to show that

n'ESH? -0, nT'E(S")? - 0, Var(n~Y%S') > a"%3a, (26)
g g
E exp (it Z n_l/zymn) — H Eexp(itn_l/zym,,) — 0, 27
m=1 m=1
1 T
gn(e) =~ > Eypu I (1yunl > e/n) - 0 Ve > 0. (28)
m=1
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We first establish (26). Note that

T Ip+n—1 o)
E(S!Y = V; ( . ) z Ly,
> Var (uhy a3 (6,) += 2 Coviyy ¥
m=1i=l, I<i<j<m

o
+% Z Z Cov (Mh; a'ws; (0y), nhy d/zarw3/ (Qq))

m=11l,<i<j<lp+n—1
= J1n(X) + J2n(X) + J3,(X).

It is not difficult to verify that

/2

Var (uh a%ws; (eq)) —a’a +o(1), (29)

which yields that Ji,(x) = O(mwrg/n) = o(1l) from (25). Since both of J,(x) and
J3n(x) are bounded by 23", ., |Cov(uhy, *aTwsi(0), why *aTws;(6,))),
to prove |J2, (X)| = o(1) and [ J3n (x)| = o(1), it suffices to show that

1
— > ICov@ wsi(8,). a"ws;(6,))] — 0. (30)

1<i<j<n

Next, let ¢, (specified below) be a sequence of integers such that ¢, — oo and
c,,hfl — 0. Write

1
—7 2 |Cov@Twsi(t), a%w3;(6,))]

nl<i<j<n

—7 2. |Cov@wsi(0),a%ws;(6,)|

n 0<] i<cp

hd Z |Cov(a®ws; (0y), a" w3 (0y))]. €1y

Jj—i>cy

Note that Cov(a®ws;(6,).a%ws;(6,)) = a’ (E(w3,-(éq)w§j(9q)))a _ (E(a’wgi

2
(eq))) and

—X; x—X;
K (5) & (5

w3; (Gq)ng (Qq) =

G(YNG(Y,))
X( g(Yig"(¥)) g (Y} < 0g) —q) )
g YNUYi =6 —q) (Y =0)—)U(¥; =0)—q) )
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Similarly to the arguments as in (20), for 1 < &, < x we have

()52 :
E\—Gayary ~ e = 0w,
k (72) x (72) y
£ G(Y)G(Y)) g (YD) (Yj <0g) —q)| = O(h,"),
n n : B - B B d
El—Gmcay ~ (Wi=0) - U <8)=q) = 000.

Then from [E(a®w3;(0,))1*> = O(h2?) we have |Cov(a®ws;(6,), a%ws3;(6,))| =
O (h2%), further

1
g 2 ICov@Twsi(6y). a%ws;(0)] = Oleyhiy) — 0. (32)

n0<j—i<cy

On the other hand, from Lemma 6 we have [Cov(a®w3; (6,), a"w3;(6,))| < Cla(j —
i)]l_z/’(E|afw3,~(9q)|r)2/’ and Ela*ws3; (6))]" = O(hjf). Therefore, choose ¢, =
Ry Y0721 and in view of (A3)(ii) we obtain that o7 2 iz, [Cov(aTwsi (6)),
a"ws;(6,)] < Ce;°hy T 3 Pla)]' 27 — 0, which, together with (31)
and (32), yields (30).

Similarly, from (29), (30) and 78/n — 1 it is easy to show that n_lE(S,’[’)2 -0
and Var(n~!/25/) — a?¥3a. As to (27), according to Lemma 5 we have

< l6ra(n+1),

w T
E exp (it Z I’l_l/zymn) - H E exp (if”_1/2Ymn)
m=1

m=1

which tends to zero by (25).

Finally, we establish (28). In Lemma 7, taking p = 1 4+ r/2,A = g = r, then
v = pq/12(q — p)] = [r(r + 2)1/[2(r — 2)], and from E|a"w3;(0,)|" = O(h?)
we have

EYpn I (1ymn] > €/n)
2
< 61—r/2n—(r—2)/4E|ymn|1+r/2 < Cn—(r—2)/4ﬁ(2+r)/4hg(4 r )/4r.

Therefore, (A4) and 8, — oo yield that g,(¢) < C8, "2/ (n=1p, 41T/ r-2)8
— 0.
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(e) We first prove that

M ZIK( )G—l(w(eq <Y <6) =c1f(x,0) +0,(1). (33)

Put = K (";—X) G=(Y))I (8, < Y; < 6,). The proof follows the line as in (a). In
view of x € C(l), (A2)(ii) and (B2), from (3) we have

\/W Zl‘,Es, = c1f(x,0,) +o(1). (34)

Note that “ Z, L Var(g) = O0((nhd)~12) and |Cov(&,&;)| < Cmin{hd/n,
hd /n)l/r[a( j —i)1'=%/7}. Then, from (A3) (ii) it follows that

()
> Var(g) + >+ D Cov(é. &)
i=1

O0<j—i<[(n/hD?]  j—i>[(n/hd)1/?]
= O0((nh®)~1/?). (35)

Therefore, (34) and (35) yield (33). Note that

> w3i(6y) Zwsl(eq)+(0’ ZK( ) LI, <Y < 9,,)) .
i=1

Therefore, from (d) and (33) it follows that ﬁ > wsi(6y) BN (¢, ¥3) and
n n
n n
H . _ . dy—1/2
i ; w3i (6y) = i ; w3 (0,) + 0, ((nhd)=1/2). (36)

Next we verify (a) when 6, = 6,. Obviously

-Xi\ _
w3i(9n)w§,‘ (On) = w3; (Gq)wg,'(eq) + K2 (Xh—) G 2(Y,)

8" (Y)I(bg <Yi =0y 10 <Yi <6)[14+2I(Y; =6y —q)])"
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Note that for | < k < «, by using (A2)(i) and (A6) it follows that

nhdz ‘Kz( X)
Z

=1

—0; (38

- X

( ) G 2(Y) (O < Yi <01+ 2(1(Y; < 6,)— q)]‘eo

n

(39)
Therefore, in view of (a), from (37) to (39) it yields that
n I,L n
— 7 2 W OW5On) = —7 > wai 0w 0) + 0p(1) = Ta/ + 0p(1).
ni=1 =1

(40)

By applying (36) and (40), similarly to the evaluate in (b) and (c) above, the conclusion
in (b) and (c) remains true for 6, = 6,. O

Proof of Lemma 2 Following the line as in the proof of Lemma 1, Lemma 2 can be
proved. O

Proof of Lemma 3 Results (a)—(d) in Lemma 3 are obtained from Lemma 2 for the
particular choice g(y) = I(y < 6;) — g. Then, we prove only the last statement of

the Lemma, that is, ﬁ > wii(6y) z N(c1 f(x,0,), £1). From (33) we have

Zwl,(e,» F Zwu(@ )+ c1f (%, 0) + 0p(1),

Yl i=1 i=1

and then the result follows by (d) in Lemma 3. O

References

Cai, Z. W. (2001). Estimating a distribution function for censored time series data. Journal of Multivariate
Analysis, 78, 299-318.

Cai, Z. W. (2002). Regression quantiles for time series. Econometric Theory, 18, 169-192.

Cai, J., Kim, J. (2003). Nonparametric quantile estimation with correlated failure time data. Lifetime
Data Analysis, 9, 357-371.

Cai, T., Wei, L. J., Wilcox, M. (2000). Semiparametric regression analysis for clustered failure time
data. Biometrika, 87, 867-878.

Chaudhuri, P., Doksum, K., Samarov, A. (1997). On average derivative quantile regression. The Annals
of Statistics, 25, 715-744.

Chen, J., Qin, J. (1993). Empirical likelihood estimation for finite populations and the effective usage
of auxiliary information. Biometrika, 80, 107-116.

Chen, J., Wu, C. (2002). Estimation of distribution function and quantiles using the model calibrated
pseudo empirical likelihood method. Statistica Sinica, 12, 1223-1239.

@ Springer



Empirical likelihood for conditional quantile with left-truncated and dependent data 789

Chen, S. X., Hall, P. (1993). Smoothed empirical likelihood confidence intervals for quantiles. The
Annals of Statistics, 21, 1166-1181.

Chen, S. X., Wong, C. M. (2009). Smoothed block empirical likelihood for quantiles of weakly dependent
processes. Statistica Sinica, 19, 71-81.

Dabrowska, D. (1992). Nonparametric quantile regression with censored data. Sankhya, 54, 252-259.

Doukhan, P. (1994). Mixing: Properties and examples, lecture notes in statistics (Vol. 85). Berlin:
Springer.

Fan, J., Hu, T. C., Truong, Y. K. (1994). Robust nonparametric function estimation. Scandinavian
Journal of Statistics, 21, 433-446.

Feigelson, E. D., Babu, G. J. (1992). Statistical challenges in modern astronomy. New York: Springer.

Ferraty, F., Rabhi, A., Vieu, P. (2005). Conditional quantiles for dependent functional data with application
to the climatic El Niflo phenomenon. Sankyha, 67, 378-398.

Gannoun, A., Saracco, J., Yu, K. (2003). Nonparametric prediction by conditional median and quantiles.
Journal of Statistical Planning and Inference, 117, 207-223.

Hall, P. (1992). The bootstrap and edgeworth expansion. New York: Springer.

Hall, P, Heyde, C. C. (1980). Martingale limit theory and its application. New York: Academic Press.

Hall, P, La Scala, B. (1990). Methodology and algorithms of empirical likelihood. International Statistical
Review, 58, 109-127.

He, S., Yang, G. (1994). Estimating a lifetime distribution under different sampling plan. In S. S. Gupta,
J. O. Berger (eds.), Statistical decision theory and related topics (Vol. 5, pp. 73-85). New York:
Springer.

He, S., Yang, G. (1998). Estimation of the truncation probability in the random truncation model. The
Annals of Statistics, 26, 1011-1027.

Honda, T. (2000). Nonparametric estimation of a conditional quantile for «-mixing processes. Annals
of the Institute of Statistical Mathematics, 52, 459—470.

Iglesias-Pérez, M. C. (2003). Strong representation of a conditional quantile function estimator with
truncated and censored data. Statistics & Probability Letters, 65, 79-91.

Lecoutre, J. P., Ould-Said, E. (1995). Convergence of the conditional Kaplan-Meier estimate under
strong mixing. Journal of Statistical Planning and Inference, 44, 359-369.

Liang, H. Y., Ufia-Alvarez, J. (2011). Asymptotic properties of conditional quantile estimator for censored
dependent observations. Annals of the Institute of Statistical Mathematics, 63, 267-289.

Liang, H. Y., de Uﬁa—Alvarez, J., Iglesias-Pérez, M. C. (2011). Local polynomial estimation of a
conditional mean function with dependent truncated data. Zest, in Press.

Lynden-Bell, D. (1971). A method of allowing for known observational selection in small samples
applied to 3CR quasars. Monthly Notices of the Royal Astronomical Society, 155, 95-118.
Mehra, K. L., Rao, M. S., Upadrasta, S. P. (1991). A smooth conditional quantile estimator and related

applications of conditional empirical processes. Journal of Multivariate Analysis, 37, 151-179.

Ould-Said, E. (2006). A strong uniform convergence rate of kernel conditional quantile estimator under
random censorship. Statistics & Probability Letters, 76, 579-586.

Ould-Said, E., Tatachak, A. (2007). Asymptotic properties of the kernel estimator of the conditional
mode for the left truncated model. Comptes Rendus de I’Académie Des Sciences I Mathematics,
344, 651-656.

Owen, A. B. (1988). Empirical likelihood ratio confidence intervals for a single functional. Bio-
metrika, 75, 237-249.

Owen, A. B. (1990). Empirical likelihood confidence regions. The Annals of Statistics, 18, 90—120.

Polonik, W., Yao, Q. (2002). Set-indexed conditional empirical and quantile processes based on dependent
data. Journal of Multivariate Analysis, 80, 234-255.

Qin, Y. S., Wu, Y. (2001). An estimator of a conditional quantile in the presence of auxiliary information.
Journal of Statistical Planning and Inference, 99, 59-70.

Shao,Q., Yu, H. (1996). Weak convergence for weighted empirical processes of dependent sequences.
The Annals of Probability, 24, 2098-2127.

Srivastava, M. S., Khatri, C. G. (1979). An Introduction to Multivariate Statistics. New York: North-
Holland.

Van Keilegom, I., Veraverbeke, N. (1998). Bootstrapping quantiles in a fixed design regression model
with censored data. Journal of Statistical Planning and Inference, 69, 115-131.

Volkonskii, V. A., Rozanov, Y. A. (1959). Some limit theorems for random functions. Theory of
Probability and its Applications, 4, 178-197.

@ Springer



790 H.-Y. Liang, J. de Ufia-Alvarez

Withers, C. S. (1981). Conditions for linear processes to be strong mixing. Zeitschrift fiir Wahrschein-
lichkeitstheorie Und Verwandte Gebiete, 57, 477-480.

Woodroofe, M. (1985). Estimating a distribution function with truncated data. The Annals of Statis-
tics, 13, 163-1717.

Xiang, X. (1995). Deficiency of samples quantile estimator with respect to kernel estimator for censored
data. The Annals of Statistics, 23, 836-854.

Xiang, X. (1996). A kernel estimator of a conditional quantile. Journal of Multivariate Analysis, 59, 206—
216.

Zhang, B. (1997). Empirical likelihood confidence intervals for M-functionals in the presence of auxiliary
information. Statistics & Probability Letters, 32, 87-97.

Zhao, Y. (2011). Empirical likelihood inference for the accelerated failure time model. Statistics &
Probability Letters, 81, 603-610.

Zhou, M., Li, G. (2008). Empirical likelihood analysis of the Buckley-James estimator. Journal of
Multivariate Analysis, 99, 649-664.

Zhou, W., Jing, B.-Y. (2003). Adjusted empirical likelihood method for quantiles. Annals of the Institute
of Statistical Mathematics, 55, 689-703.

Zhou, Y., Liang, H. (2000). Asymptotic normality for L1 norm kernel estimator of conditional median
under o-mixing dependence. Journal of Multivariate Analysis, 73, 136—154.

@ Springer



	Empirical likelihood for conditional quantile with left-truncated and dependent data
	Abstract
	1 Introduction
	2 Estimator
	2.1 Standard empirical likelihood ratio
	2.2 Empirical likelihood ratio with auxiliary information

	3 Main results
	4 Simulation study
	5 Preliminary lemmas
	6 Proof of main results
	Acknowledgments
	7 Appendix A
	8 Appendix B
	References


