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Abstract A specific form of stochastic differential equation with unknown param-
eters are considered. We do not necessarily assume ergodicity or recurrency, and
any moment conditions for the true process, but some tightness conditions for an
information-like quantity. The interest is to estimate the parameters from discrete
observations the step size of which tends to zero. Consistency and the rate of conver-
gence of proposed estimators are presented. The rate is deduced naturally from the
rate for the information-like quantities.
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1 Introduction
1.1 Model

We consider 1-dimensional stochastic processes X P = (X }9 )+>0 each of which solves
the following specific form of stochastic differential equation.

X5 =Xo, dX! =puUX2)dt + oV (X7)dW,, (1)
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546 Y. Shimizu

where W is a Wiener process; X¢ is a random variable independent of W; ¢ =
(u, o) is a 2-dimensional unknown parameter belonging to a compact convex set
® = B x Il € R xR4; U and V are measurable functions. We also denote by
0 = (1o, 00) the true parameter such that o € int(E) and op € int(IT), X := X%
the data generating process. We assume that X is observed at discrete time points
t! :=ih, (i =0,1,2,...,n) for positive numbers 4, and put 7,, := t,/. Throughout
the paper, we assume a non-degeneracy of diffusion coefficient:

inf |[V(x)| > 0. )
xeR

This condition is not essential, but for simplicity of discussion. We can drop off this
assumption by using the data such that X7 := {X’i" |i=0,1,...,n, |V(Xz;7)| > 8}
for ¢ > 0 small enough, and assuming that #X ~ n as n — oo which would not be
so restrictive in practice.

In the sequel, we denote by C(x) a [, co)-valued function such that

U@+ V()| S Cx), 3)
where the symbol A < B means that there exists an absolute constant ¢ such that A <

coB. For example, one of the simplest choices is C(x) = \/1 +U@X)|*+ V(X))
Moreover, we put

“

1.2 Parametric inference for non-ergodic diffusions

Estimation of ¥ from a discrete sample (X " )i_o is a fundamental problem in applica-
tion of diffusion processes, and there are many works on this issue when X is ergodic.
When X is non-ergodic, there are only a few works for discretely observed cases:
Kasonga (1990) proposed a trajectory-fitting estimator (TFE) for a drift parameter
within a nonlinear drift, and gave a sufficient condition for the strong consistency
of the TFE. His condition was essentially valid for non-ergodic case, but invalid in
ergodic case. Jacod (2006) proposed a moment type contrast function which includes

implicit functions ¢, (x, 9) = Ep [X;fn —_ x] and ¢/ (x, 9) = Ey [(X;jn _ x)z] such
that

n

v, = Z #ﬂ) ’A?X - ¢11(Xti"71a ﬁ)‘z
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Estimation of diffusions without ergodicity 547

and showed the consistency, and that an M-estimator
Bn = (fin. 64) := argmin W, () )
Ve®

is (/T,, /n)-consistent if 7, — oo and h, — O under some identifiability
conditions, which are reduced in our case of (1) to that

(Tald. Tde) are tight, ©6)

where

T, T,

"S(Xy) / 1
Ly = ds;  Juk = ———ds;
nk /0 CK(X,) mk= o CRXy)

C is a smooth function satisfying (3) with bounded derivatives. The weights
Cc*k (X t’ll)’s in W, are used to ensure some integrability for W,. Note, in this case,

that (7“,_11,,,4, Tn_lJn,(,) is also tight.

n
Shimizu (2009b) proposed quadratic type contrast functions in closed form based

on discrete data. For instance, one of the simplest contrasts is written as follows:

2
W, 4 (9) i 1 (ax — vy, 4
= — 1080
ok < CE Xy ) 2hao VEXy ) 2%

Note that \V,, 1 is a normalization of a local-Gauss approximation of the log-likelihood
function of (X " )!_o- The weight C~*(X,) is also used for some integrability of W,, x;

that is the meaning of normalization. Then the M-estimator f?n,k via W, x becomes
consistent if

(T,,I,;,l, Tanj,}) and (T,;ll,,,k, Tn—lj,,,k) are tight. %)

The M-estimator attains the same rate of convergence with the estimator by Jacod
(2006).

It would be natural that the quantities 1, x and J, x appear in the inference for 9
since those quantities are related to a kind of information for the distribution (X " -
For example, considering the case where X is ergodic with an invariant probability
measure 7, we see under some regularities that the asymptotic Fisher information
matrix, say Ko, becomes

Ko := diag (/ o5 ' S(x) w(dx), 2—1002) ~ diag (T, 00, Ty o), 1 — oo,
R
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548 Y. Shimizu

Here, we should note that K is also an asymptotic observed information:
- 1 «
_ . . o 2 - 2
Ko = Pf"o',,lfgo dlag(Tn i_El 9, Wn,0(D0), . El 80\11,1,0(190)).

As a result, it follows that the M-estimator 19,1,0 is asymptotically normal with the
asymptotic variance K !, which is also asymptotically efficient in the sense of min-
imum asymptotic variance; see Kessler (1997), Theorem1 and Remark 2, or Gobet
(2002) for details. The rate of convergence becomes (+/T},, /1), which is naturally
derived from the rate of observed information. On the other hand, in cases treated
by Jacod (2006) and Shimizu (2009b), where the contrast functions are weighted
by C7%(X " )’s, the information is lost due to the weights by which the information

processes are normalized so that T}, 1, - ,1 and T, Jn_’,: become tight. Consequently, a
normalized information I,  and J, ; will appear.

Condition (6) or (7) is not so restrictive if X is ergodic, and the rate of convergence
(v/T, \/n) is the best attainable. However, in non-ergodic cases, many examples vio-
late (6) or (7) with a variety of rates of convergence: e.g., for the drift, one is more
rapid, and another is slower than /7,. Therefore, in this paper, we consider more
variety of classes for X such that

(,Bn,klnf,l, Vn,kJn_Ji) and (ﬂn_’,il,,,k, y;,(l Jn,k) are tight

for some numbers S, x and y, x; see Section 2. Considering such a class, one could
expect that the natural rate of convergence of estimator would be (\/ Bk, \/Vn.k/ hn)
from the above consideration in ergodic cases. This paper actually gives such an esti-
mator, which is consistent with one of the estimator given in Shimizu (2009b) if
ﬁn,k = VYnk = Tn-

Our plan of the paper is as follows. In Sect. 2, we introduce a class of diffusions
treated in this paper with some examples. The main results are presented in Sect. 3,
where two cases are discussed separately: the case where B, r/ynk = O(1), and
Bn.k/Vn.k — 0. Section 4 is devoted to some examples, where ergodic models with-
out moments, null- and non-recurrent models are dealt with. We shall show there that
our estimator is possible to attain the best attainable rate of convergence. Section 5 is
for the concluding remarks. All the proofs of our results are given in Sect. 6.

Although we consider just a simple form of SDEs in this paper, it is not essential,
but for the simplicity of notation and discussion. We can deal with more general form
of multidimensional SDEs: see Sect. 5 on this point.

2 A class of diffusion processes
Let
DWU;V;0):= {Xﬂ = (X;)i>0 | U, V are measurable functions with (2); ¥ € O}

be a family of random elements X” satisfying (1) for each U and V.
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Estimation of diffusions without ergodicity 549

Definition 1 For a given function C(x) and a real number k& > 0,

Di(u ks yas) = (X" € DW: V; ©) | (Tok Tu) and (T,1. T, ) aretight |,

where

1 T S(Xy) 1 [
Lok = T ds; Tk = —v ds,
ﬁn,k o Cr(Xy) Yk Jo CH(Xy)

Bn.k and ¥, i are deterministic positive numbers.

Note that the tightness of 7, x and 7, are automatically satisfied if k¥ > 2 and
Bn.k = Vn.k = Tn, which is the class treated in Jacod (2006), or Shimizu (2009b). In
what follows, we shall give examples of some classes of diffusions.

Example 1 (Ergodic models without moments) Consider a class Dg; which is a
subclass of D(U; V; ®) with [U®)|> + [V(x)]> < 1 + |x|% such that XV is

ergodic (positive recurrent) with an invariant measure my: for f(x) satisfying
Jr () 79 (dx) < o0,

1 Tn 9 Pﬁo
—/ fX;))dr — / f(x)my(dx), T, — oo.
1, 0 R

If we take k > 2 and C(x) = /1 + |x]|°0, then

LTSy Py [ SO
Tk = /ck(X> _>/RC<)”(d)

1 Pﬁo 1
_/ - ds — / T (dx),
T, Jo CHM(Xs) R C*(x)

Jn,k
even if
/ S(x) m(dx) =
R
Hence it follows that

DErg - Dk(ﬂn,k = Tna Yk = Tn)a

for C(x) = 4/1 4+ [x]% and k > 2.

Example 2 (Null-recurrent models) Let
Dyr = {Xﬁ eDWU; V;0) [UX) =x/(1+x%), V(x) =1, |u| < 02/2} :

@ Springer



550 Y. Shimizu

which is a null-recurrent class discussed in Hopfner and Kutoyants (2003). Then it
follows that, for a constanta = 1/2 — ;L/o2 € (0,1),

Tn 9.2 1. Do @
T UX{) ds — Ko uWy, T,— oo,
n JO

where K, y is a constant depending on « and U, and W is a Mittag—Leffler process
with index «. Hence

DNR C DO(,Bn,k = Tna, Ynk = Tn)v
while liminf,, .o T, > O.

Example 3 (OU processes) Consider the following subclass of D(U; V; ©®):
Doy+ = {Xl9 eDWU;V;0)|Ux)=x,Vx)=1,u > 0},

which is a family of non-recurrent Ornstein—Uhlenbeck (OU) processes. As is well
known,

1 Xo + Zy)*
327/ |Xf|2ds —> (02’7&) a.s., 7-;1 — 00,
"Jo

where Zy = limyooe X, a.s. ~ N(@©O,oQ2u)~"); see e.g. Feigin (1976).
Therefore, we see that

Dou+ C Do(Buo = T, yuo = Tp),

while liminf,_, 7, > 0. Moreover, if we choose C(x) = +/1 + x2 then it also
follows that

DOU+ C ’DZ(,BnJ =T, Yn2 = 1),
since fOT" IXP2(1 4+ 1X2»)~tds = O(T) and [;"(1 + [X2»)~1ds = O(1) as;
here we note that X }9 ~aS- el 75 as t — 00. On the other hand, it follows for any
k > 0 that
Doy- = {Xl9 eDWU;V;0)|Ux)=x,Vx)=1,u < 0} C D (T, Ty),
since Dy~ is a subclass of the ergodic class with higher order moments.

Example 4 (Exponential growth models) An extension of D+ is the following class.

Dixp :={X" € DU; V;0) |U(x) = x +r(x), V(x) =1, u > 0},
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Estimation of diffusions without ergodicity 551

where r is a Lipschitz function with growth condition |r(x)] < K(1 + |x|*) for
constants K > 0 and « € [0, 1). In this case,

Dexp C Do(Bno = e,y 0 = Ty,

since, for a random variable 1, := lim;_, o e MX,a.s.,

1 T, X + 2
W/ UZ(XS)ds — (02—%) a.s., T, > o0;
e mJo no

see Dietz and Kutoyants (2003) for details. Moreover, we see as in Dg,;,+-case that
Dexp CD2(Bup =Ty, Yu2=1),
for C(x) = /1 + |x|2 while liminf,_, o0 T}, > 0.
Example 5 (Polynomial growth models) Let
Dpo = {X’? eDW;V;0)|Ux) = x|, k € (0,1)and V(x) = 1}.

Since it follows for y = (1 4+ «)/(1 — «) that

T, 1— k) 2\ #/(1=k)
X712 dr — -0 (M—) a.s., T, — oo;

77 Jo (1+0) \o

from Kutoyants (2004) Sect. 3.5, it follows that
Dpo C DO(lgn,O = Tnys Yn,0 = T,).

Taking C(x) = /1 + |x|?*, we see that fOT" S(XNHC2(XV)ds = O(Ty) as.
Moreover, noticing that

1
X, ~5 ot T=x |

where ¢g = [(1 — k) 120]"/1), and that [ (14s%)~"ds = O(T'~*) fora € (0, 1),
we see that

/Tn ds . /Tn s _ (Ty/) i 1 -3k
0 CZ(XS) 0 1_|_S1ZTK,( " ’ 1—«’

if 2¢/(1 — k) < 1 & k € (0, 1/3). Therefore, it follows that

D?’o - Dg (IBH,Z =T,, Vn2 = Tny ),

for C(x) = /1 + |x|? and « € (0, 1/3).
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552 Y. Shimizu

3 M-estimator and the asymptotic properties

If X? € Dy (Bn.k» Yn.k) then, as is described in Sect. 1, the natural rate of convergence

of estimators for g would be (\/B.k, v/ Vn.k/ hn). In this section, we shall propose an
M-estimator for ¥ that attains such a rate.
We consider the following quadratic-type contrast functions; cf. Shimizu (2009b):

n

2
1 A'X — K, U;_
Qi) = Pl KW)I)H%%, @®)

X 2
o G hno Vi

where G;_1 = G(X [;171) for any function G, and define the M-estimator 13,,,/C =
(,an,ks 6'n,k) as

~

O = arg inf QO (). &)

If k,, has an inverse for each n, then %,  can be written in an explicit form such as

n n 2 -1
Ui | A7X U
~ —1 1 i i—1
Hnke = Ky~ © Z X 12 )(Z X 1,2 ) ; (10)
! ( G Vi G Vi,

i=1 i=1

-1
LA = k() Uim) Y o |
On k = L . —_— . 11
(B ) (S a

i=1 i=l1

When we discuss the asymptotic properties under the assumption that X €
Dk (Bn.k» Yn.k), we consider the following two cases separately: As n — 0o,

Case 1: Byi/vnix = O(1);
Case 2: B k/Vnx —> 00.

Case 1 includes the case of Dg;, and a null-recurrent case Dnr, where the rate for
6.k will be more rapid than the one for (1, ¢, and po should be estimated in first.

Case 2 includes non-recurrent cases such as D+, Dgxp and Dp,, where the rate
for fi, x will be more rapid than the one for 6, x, and oq should be estimated in first.

The case where 7;, — oo is important since the joint estimation of (i, op) can
be possible. We shall also add a remark describing what the asymptotic distribution
should be if the joint convergence holds for the score vector Vy Q, k(o) and the
normalized information (L, i, Ju.x); see Corollaries 1 and 2.

3.1 Assumptions
Letk, (1) be atwice differentiable function in u, satisfying the following assumptions.

Assumption 1 sup,,_z |3j.ica (1) — 8}, (hyp)| = O(h2); j =0,1,2, asn — oo,
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Estimation of diffusions without ergodicity 553

Assumption 2 There exist some functions Rj(x); j =1,2,4, such that
() |Eoo [AIX = knuo)Uima [ X ]| < Ruicat
.. 2
i) | Eoo [ (A2X = knuo) Vi) X | - hnao‘/,._1\ < Rojoih;
4

(i) Eoy [|AX = ku(uo)Uina[* X | S Raicah,

32,

where R ;| = Rj(Xli'l,l)'
Moreover, we assume some regularities on functions R; and ck:

Assumption (HI[k])

(H1) |R\UC™¥| is bounded;
(H2) |R,C~*| is bounded;
(H3) |R4C~ % is bounded.

Remark 1 The simplest choice of , for X? € D(U; V; ®) is k, () = ph,. Then
Assumption 2 is satisfied with R;(x) = CJ/(x) if U,V € C? and the derivatives are
uniformly bounded: see Jacod (2006), Sect. 3.1. In this case, Assumption (H [2]) holds
true. Furthermore, if U and V are also uniformly bounded, then all R;’s become con-
stants since the above C can be taken as a constant; e.g., Dnr-class, and Assumption
(H[0]) holds true.

Remark 2 For Dgyy+, a choice k, (1) = eMhn — 1 is useful; see Sect. 4.3. One can
calculate the conditional expectations in Assumption 2 (i)—(iii) directly since, in this
case,

2u0 _
op(e
X s = Xy — iy 7 (0, B D),

210

which is independent of X " . As aresult, R;’s become constants, especially R} = 0,
and Assumption (H[0]) holds true.

We further require a situation that the following convergences hold true:

Assumption (LLN)

Iy <= 1 Py,
(LLN1) —= — Tk — 0;
Yn.k ; Czk—l "

My ~— S P
LLN2) > 2L 7, S0,
'6 l]Cll

Note that, if 7, x ﬂ Jrand Z, ﬂ I for some positive tight variable I and Jj
as in Examples 2-5, then (LLN1,2) are, so-called, the law of large numbers. However,
we do not require the existence of the limits I and Ji. Although we often assume
directly that the above (LLN1,2) hold true below, we can give some sufficient (but not
necessary) conditions that ensure those convergences: see Appendix A for details.
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554 Y. Shimizu

3.2 Results for Case 1

Theorem 1 Assume that X € Di(Bn.k, Vnk) With Bux/vak = O(1). Moreover,
suppose Assumptions 1, 2, (H[k]), (LLN), and that

nhyy, = 0: hy =0, (12)

. D .
asn — 00. Then oy, —2 60. In addition, suppose that

Byl (1 + nhf/z) 0. (13)
N Pl’()
Then [l k —> [o-
Remark 3 Note that Case 1 also includes the case where T, is fixed, say 7, = 1

without loss of generality. Indeed, X € Dy(1, 1) while fol S(Xg5)ds > 0 a.s. In this
case, the consistent estimates for oy is possible. We remark that, in that case, we need
not assume the tightness of 7 - (1) to estimate oy.

. . . . . Pl’o
Remark 4 1tisrequired that 8, x — oo in (13) to estimate juo. In this case, Z,, y — 0
if limsup,,_, o, T,, < oo. Therefore, it should be that 7, — oo to ensure the tightness
of Z, ;.

Theorem 2 Suppose the same assumptions as in Theorem 1, and that

nhinﬁrzli/z — 0; (14)
nhay, ;= O(1). (15)

Then the sequence (\/ ,Bn,k(ﬁn,k — 10), vV Vn,k/hn (&n,k - 00)) is tight.

Remark 5 We notice that Condition (14) does not need to show the tightness of the

sequence \/ Vn.k/ hn(Gn.k — 00). In the light of Remark 3, the sequence (G | — 00)
is tight even when 7, is fixed since (15) is satisfied for y,, x = T,,, where T,,/ h, = n.
This is consistent with the well known result.

The following corollary is clear from the proof of Theorem 2.

Corollary 1 Suppose the same assumptions as in Theorem 2, and that the following
Jjoint convergence holds true:

1 h D
——3, 00k (00), | —85 Ok 00, Zuks Tnk | — (L1, Lo, I, Ji) -
\/,Bn,k Vn.k

Then

. . D (00 ,_ _
(\/ Bk ln ke — 140)s v/ Yk / hn (O — 00)) — (—Ik 'Ly, 08, 1Lz) .

2
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3.3 Results for Case 2

Theorem 3 Assume that X € Di(Bnk, Vnk) With Bui/vank — ©00. Moreover,
suppose Assumptions 1,2, (H[k]) and (LLN2), and that

nhy*By ) — 0; hy — 0. (16)

N Py N .
Then [in LY o. Moreover, the sequence /By k(fn.k — o) IS tight.

Theorem 4 Assume that X € Di(Bnk, VYnk) With Buik/vnk — 00. Moreover,
suppose Assumptions 1, 2, (H[k]), (LLN) and that the sequence \/Bn k(fin.x — Ho) is
tight. Furthermore, suppose that

hay, = 0; nhy?y, [* = 0. (17)

.~ P N .
Then o, k - 00. Moreover, the sequence \/yy i/ hn(0nk — 00) is tight.

Corollary 2 Suppose the same assumptions as in Theorem 4, and that the following
Jjoint convergence holds true:

1 h D
3,00k (90), | 85 Ok 90, Tukes Tnke | —> (L1, Lo, I, Ji) .
\/,Bn,k Vn,k

Then

~ ~ D (00 ,_ —
(\/ Bk (nk — 140)s v/ Yok / B (O ke — UO)) - (_Ik lLl’ 002]k 1LZ) .

2
4 Examples
Examples in this section are the continuation of Examples 1-5 described in Sect. 2.
We shall propose some explicit forms of «, (@) and the value of k > 0, and study
the asymptotic properties of those estimators. In Sect. 4.6, we describe a relationship
between the TFE and our proposal estimator.
Throughout this section, we consider the case where
h, — 0 and T, —> o0,
as n — oo for the joint estimation of (g and oy.
4.1 Ergodic models without moments
Assume that X € Dg,, with an invariant measure 7, and that U, V € CZ(R) satisfying

U@+ VIS 1T+ x>0,

with bounded derivatives. Here, we do not assume any moment condition on X.
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556 Y. Shimizu

In this case, we can choose C(x) = 1 + |x|° for some ¢y > 0. Then

DErg CDyBu2 = Tn Vn2 =Ty).

Therefore, this is Case 1.

* When «;, (1) = pth, then Assumptions 1 and 2 are satisfied with R (x) = CJ(x).
e Assumption (H[2]) is satisfied.
e Assumption (LLN) hold by Corollaries 3 and 4 if #, — 0:

Py, S(x) Py, /
7 ——— n(dx) =: Ip;
n2 — /R 20 n(dx) =1 Iy T2 —> .

1
20 m(dx) =: Jp,

the limits of which are constants.
¢ Conditions (12)—(15) in Theorems 1 and 2 are satisfied if nh% — 0.

Hence we see that («/Tn(ﬁn’z — 10), /1 (Gu 2 —ao)) is tight. Moreover, by
Corollary 1,

~ ~ D . _ _
(\/ Ty (fin.2 — 10)s V1 (6n2 — oo)) - N> (0, diag (60212 ! 2002]2 1)) .

4.2 Null-recurrent models
Assume that X € Dngr. Then it follows that
DNk € Do(Buk = Ty vuk = Tn). o :=1/2— po/og € (0, 1).

Therefore, this is Case 1. We see the following:

* When «,(n) = wh, then Assumptions 1 and 2 are satisfied with R;(x)’s being
constants.

e Assumption (H[0]) is satisfied; see Remark 1.

* Convergences (LLN1,2) hold if

nhy*B,} = hy!*T) = — 0; (18)

see Remark 8.
¢ Conditions (12) and (13) in Theorem 1 are satisfied under (18).

Therefore, it follows from (18) that 19,!,0 — Yo if

§+L
2 1 2(1—
nh,; 7 = 0.

For the tightness of Dn(lz}n,o — ¥9) with D,, = diag(T,,a/ 2, A/n), we need a further
condition

1+5L

nh, — 0.
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Estimation of diffusions without ergodicity 557

The rate D, is the best attainable since Tna/ 2 is consistent with the rate of the MLE
based on continuous observations which is asymptotically efficient in the asymptotic
minimax sense; see Hopfner and Kutoyants (2003) for details.

4.3 Non-recurrent OU processes
Assume that X € Dqy+. As in Example 3, it follows that
Dou+ C Do(Buk = €7,y = T).

Therefore, this is Case 2. In this case, a naive choice «,, (1) = h, is not suitable since
Assumption (H[0]), e.g., (H1), is not satisfied. Actually, the M-estimator for y( via the
above choice is +/T},-consistent but not e*°7"-consistent which is the optimal rate of
convergence in this model. However, it implies that we can obtain at least (v/7},, /7)-
consistent estimator by such a naive choice even if the sign of u is unknown (ergodic,
or non-ergodic). See Shimizu (2009a), Theorems 1-3 for details.

To obtain 07" -consistent estimator for 1o, the TFE proposed by Kasonga (1990)
is one of the candidates. We can obtain the TFE-type estimator in this model by setting
Kkn() = e — 1; see also Sect. 4.6. Then we see the following:

o If k() = e — 1 then Assumptions 1 and 2 are satisfied with Rj(x) = 0 and
R», R4 are constants.

e Assumption (H[0]) is satisfied; see Remark 2.

* Convergences (LLN1,2) hold true if #,, — 0: see Remark 9. In particular,

Poy (Xo+ 2)*
Tno — ———— = 1lo; Tno =1,
211000
where Z ~ N (0, o9(2110) " 1).
« Condition (16): e*0Tn /n — o0 and T,e "0 — 0, which are satisfied if there
exists some § > 0 such that nh,ll*“S — 00, which is a mild condition in practice.

Hence it follows from Theorem 3 that e*07n (1, o — o) is tight if nh}*® — oo for
some § > 0. Moreover, if nh% = O(1) then

¢ Condition (17) is satisfied since nhf,/zynflcl/z = /nh% = 0(1),

which implies that /1 (5,0 — 00) is tight by Theorem 4. Therefore, the joint estimation
of (uo, 0p) is possible. Note that 1?7,,,/( can be written in explicit form by (10) since
Ko (1) = hy Mog(1 + ).

According to Shimizu (2009c), Corollary 1 type result is also obtained, and the
asymptotic distribution becomes a mixture of normal:

N ~ D . -
("™ (10 = 10), V(G0 — 00)) —> N2 (0, diag(U ", 208))

Furthermore, 1?),,,0 becomes asymptotically efficient in the sense of maximum concen-
tration probability: Wolfowitz's-sense.
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Remark 6 In Jacod (2006), or Shimizu (2009b), the identifiability conditions
described in (6), or (7) are invalid for joint estimation of (wg, 0¢); see the comment for
OU processes in the end of Sect. 2, p. 388 in Jacod (2006), or Remark 4.2 in Shimizu
(2009b). This is because the normalization rate for 7, x and J, x is T, in both cases.
However, in this paper, we admit more flexible rate of normalization according to k:
Bn.k and y, k, which enables us the joint estimation.

Remark 7 Condition (17) is actually redundant for the tightness of /1 (6, x — 09) in

the case where X € D+ since the condition is used in the proof of Theorem 4 to
P

show, e.g., the convergence in (47): Z?:] | Eyol p;?|X f{'_l]| j> 0. However, in OU

cases with k, (n) = etTn — 1, 37, |Ev,[p;'1 X 1l = 0, exactly.

4.4 Exponential growth models

Assume that X € Dgyp, which is a general class including Dgy+. Moreover, we
assume that » € C? with bounded derivatives. Note from Example 4 that

DEXp C DO(eZMOTn’ Tn) N DZ(Tns l)s

if we choose C(x) = +/1 4 x2. In this case, we could not take a good «,, (i) for which
Ri(x) = 0 and Ry, R4 are constants as in the case where X € Dgy+. Therefore,
Assumptions (H1) with k = 0 may collapse. Now, we shall regard that

DExp C Dy(Ty, 1).

Then this is Case 2, and we see the following:

* For k, () = phy, Assumptions 1 and 2 are satisfied with R;(x) = CJ(x).

e Assumption (H|[2]) is satisfied.

e (LLN1)is checked by an easy calculation; (LLN?2) is also be checked by Corollary 4.
« Condition (16) is clear: nhy >} = /Tty — 0.

¢ Condition (17) is satisfied if nh,3/2 = 0(1).

Therefore, if nh>/> = O(1), then

(VT Gitn2 = 10) V1762 = 00)) is tigh.

4.5 Polynomial growth models

Assume that X € Dp, with U (x) = |x|“, « € (0, 1/3). In this case, as in the exponen-
tial growth model, k = 0 would not be suitable for our purpose. However, we know

by Example 5 that it also holds that, for C(x) = /1 + |x|2,

' 1 -3k
Dp, C DZ(ﬁn,k =Tu, Vnk = Tny ), )// = 1

€ (0, 1).

— K
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Therefore, this is Case 2, and we see the following:

e For k, () = phy, Assumptions 1 and 2 are satisfied with R;(x) = CJ(x).

e Assumption (H[2]) is satisfied.

* Assumption (LLN) is checked by Corollaries 3 and 4 with slight modifications.
« Condition (16) is clear: nhy >} = /Ty — 0.

1

1+51
« Condition (17) is satisfied if nh, > = O(1).
1

1+51
Therefore, if « € (0, 1/5) and nh,, > = O(1), then

(m(ﬁn,z — 1) VI [ hy(Gnp — 00)) is tight.

4.6 The TFE and our contrast function

The trajectory-fitting estimator (TFE) based on discrete sample was introduced by
Kasonga (1990) in the context of drift estimation for non-ergodic diffusions. When
we can find the explicit solution to the following ordinary differential equations:

dxl' = pUx/yde, xh = Xt{ll’ 19)

L
foreachi =1, ..., n, the contrast function is given by

TFE o[ IX =l
) =2, ’

i=1

—— +logo
h"UViz—l

This is an extended version of Kasonga (1990)’s contrast functions for joint estimation
of (u, o).

The TFE can be a candidate that has a good rate of convergence. Actually, in the
case of Doy +, our contrast function with k, (©) = ethn — 1 gives the TFE, which is
asymptotically efficient as is described in Sect. 4.3.

In the case of Dp,, where U (x) = |x|*, (19) is also explicitly solved such that

/17 = sgn(Xpr il — )t — 1) + [ X 17, (20)
in a neighborhood of # = #_|. Then the TFE for 1 is expected to have more rapid rate
than +/T,, given in Sect. 4.5 although one can not get /i in explicit form. However, the
contrast WIFE with (20) does not belong to the class of our contrast functions at the
present form, and it seems difficult to find a suitable choice of «,, (1) by which O, «
is close to ‘-IJ,T FE For example, assuming for simplicity that X o> 0 for each i, we
see from (20) that

1
=Xy | [1 (- K)hnxj,rlk] T~ Xy ha X5 oy =0,
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which just leads us a naive «, (1) = ph, as in Sect. 4.5. This consideration gives
us an insight that it seems difficult to find some «, (1) that gives a better rate for
than /7, in our class of contrasts. Research of the convergence rate of the TFE is a
separate issue.

Asin the case of Dy, it would be difficult to solve (19) in general. When we could
not find the solution explicitly, a simple approximation of the solution, say X', is as
follows.

o= Xp A pUia (0 —1y),

which yields a version of our contrast function O, o withasimple choice k, (1) = ph,.
As aresult, we need weights, e.g., C; 21 ’s, to obtain some limit theorems. That is why,
we naturally obtain our contrast function Qj . The case of Doy is a rare example
where we can choose an explicit k, (1) yielding the TFE.

5 Concluding remarks

We investigated parametric inference for discretely observed diffusion processes
which may not be ergodic (positive recurrent), but may be null- or non-recurrent. To
specify the rate for information, we restricted the class of diffusions to Dy (B, .k, Vn.k)
defined in Definition 1, where (B, k, ¥n.k) 1S the rate for some normalized information.
We proposed a simple contrast function, which is due to a (weighted) local-Gauss
approximation for the likelihood function, and gave a pair of sufficient conditions
depending on k > 0 to ensure that a proposed estimator 19,,,;( = (fln.k» On.k) becomes

(v/Bnks /Y k] hn)-consistent:
(\/ Buk (Bn ke — 140)s / Vo] hn G e — oo)) is tight.

If the conditions hold true for k = 0, the rate can be the best attainable (rate-optimal).
Indeed, we gave, in the previous section, some concrete examples where the estimator
becomes rate-optimal. Otherwise, we can often check a condition for some k£ > 0, and
can find an estimator the rate of convergence of which is at least (/B k, \/¥Vn.k/ hn)
for some k > 0 though it may not be optimal. Obtaining more sharp results: to present
a contrast function which always gives a rate-optimal estimator, is an open problem.

In the paper, we considered only 1-dimensional, and a special form of stochastic
differential equation as in (1) for simplicity of notation and discussion. As is com-
mented in Introduction, we can extend the result to more general cases. Now, suppose
that X is a I-dimensional diffusion process satisfying

dx? = Ux?, wdt + V(X?, o) dW, 2D

where U and V are measurable functions defined on R x E and R x IT, respectively.
Then it would be easy to imagine due to the argument as in Shimizu (2009b) that we
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should consider the class f)k (Bn.k» Yn k) such that

Lok (10) + Tn k(00) = Op, (1); (22)
lim lim sup Py, [ inf {jn,k(u)} < 77] =0; (23)
=0 posoo wilp—pol>e

lim lim sup Py, [ inf [jn,k(a)] < n] 0, (24)

n—0 n-soo o:lo—og|>¢

- T @2 (Xy, 1, o)
7 ;=L/ RS IR0 g e, o) == Ux, o) — Ux, )
n.k (1) Pk Jy CR(XO)V2Xs. o) Ux, 14, 140) (s 10) — Ulx, p)
- T §(Xy, 0, V2(x, V2(x,

ok 1 /0 v(Xy, 0, 00) 3(x. 0. 00) == (x, 00) o (x, 00) 1

= ds; —
T CK(Xy) Vo) 2 V2o

It would be clear that Condition (22) is reduced to the tightness of (Z,, x, Jy k). and that
Conditions (23) and (24) are reduced to the tightness of (Z,; }c, Jn_’kl) in the case of (1).

In this case, a local-Gauss type contrast function with weights Cf_kl is also utilizable
with some further regularities on U and V to ensure some uniform convergence in the
parameter ¥ of the contrast function and its derivatives; the regularities are not needed
in our simple case since the parameters and functions U, V are separated. Similarly,
our methods would also easily extend to a higher dimensional framework.

6 Proofs
6.1 Auxiliary results

Let W, (¥) be contrast functions on ®: a compact convex subset of RY, and Dy € ©
be an M-estimator such that

W, (9,) = inf W, ().

The following propositions given by Shimizu (2009b), are useful to show our main
theorems. One can find the essence of the proofs in the paper by Jacod (2006). Here,
we present the statements without proofs: the first result is for consistency of B, for
some value ¥ € ©.

Proposition 1 Suppose that there exist functions F,(9), possibly random, such that

Py
sup |W, (9) — F,(9)| —> 0 (25)
ve®

as n — 00, and that there exists some Uy € © such that, for each ¢ > 0,
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-1
|: inf  (F,(¥) — Fn(z?()))i| is uniformly tight. (26)
9:]0—0o|>e€

A . . A P
Then ¥, i is consistent for Vo: ¥, —> Vg asn — 00.

The nextresultis for the rate of convergence of z§n .Hereafter, for = (¢!,..., 99),
we denote by Vy = (91, ..., 9p4) | the differential operator, and by V2= V; V.

Proposition 2 Suppose that 9 € int(0), and that z§n is consistent for ¥y. Moreover,
suppose that \V,, (%) is twice differentiable in ¥ for each n, and that there exist some
g x q-matrices K,, invertible q x q-matrices D,, and F, (), all of which are possibly
random, such that, as n — 00,

K, VW, (¥0) is uniformly tight, 27
~ -1
‘det(Fn(ﬂo))‘ is uniformly tight; (28)
2 1 g Poq
sup | K, V3 U, (0) Dt = F()| =3 0; (29)
Ve®
~ ~ PI?Q

sup | By (w + ) = Fu(90)] =% 0, (30)
|lw|<en

where &, is arbitrary sequence tending to zero. Then D,, (D — Do) is uniformly tight.

The next lemma is obtained immediately from Lemma 9 by Genon-Catalot and
Jacod (1993) and its proof, so we omit the proof.

Lemma 1 Let g? (i=1,...,n)beo(X ,iu)-measurable random variables, and let

Ay = ZEﬂO [

n
] B, = Z Eﬂo |:|g;l|2‘xt{'_l:| .
i=1

If both A, and B, are uniformly tight, then {Z?:l g’ }n N I8 also uniformly tight. In
P, P, P
particular, if A, - A forarandomvariable A, and B, il 0, then > ", g Sy

Lemma 2 Assume that X € Dy(Bn.k, VYn.k). Moreover, suppose Assumptions 1, 2,
(H[k]) and (LLN2). Furthermore, suppose that h, — 0, and that a positive sequence
{0, } satisfies that

nhy 2o + Burat = 0, (31)
asn — oo. Then
n
Uz 1 P'O
—Z (AX — kn(1o)Ui—1) —> 0. (32)
k 2 n 11—
i=1 Cl 1V
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In addition that,
Bukoy ' — 0. (33)

Then

n

1 Ui Py
e Z X l 2 (Aan - Kn(M)Ui—l) -20. (34)
e | i Gy Vis

Proof Note the following decomposition:
n n
U;_1 1 Ui
_z X — ke (WUi—1) = — >~ (AIX — ke (00)Ui1)
kK y2 n k y2
i=1 Cz IV *n i=1 Ci—IVi—l

1 < U,
+— E — = (& —k
o Ck—lviz—l (e (o) — Kkn (1))

n n
= > P+l
i=1 i=1
It follow from Assumptions 2 (i), (ii) and 1 that
3/2 n 3/2
5 hy Z |Ui— l|lez 1 — Opﬁ nhy @) 0:
n . C—l 0 C{l’l
i=1 l
o Sic1 ) Bk (e <o Sic1Raic
Eao [1P1P1%, ] S 5 ) e
; 0 i iy Bk Z Cik—l 0‘;% Bk Z CjZfl

i=1
B\ Po
— 0p, (? Dy,

n

)

Note that here we used (H1,2) and (LLN2). Hence, we see that z 4 ﬂ) 0 by
Lemma 1. Moreover, it follows from Assumption 1 that

hn ~— Sic1
su — )1
P Zq, (/3 ; Z . F o

HeE |;
,Bn k Py,
= Opy, ( Luzuey ) — 0

This completes the proof. O

<f

Lemma 3 Assume that X € Dy(Bn k. Vn.k). Moreover, suppose Assumptions 1, 2,
(H2,3) in (H[k]), (LLN1), and that

havyp — 0.

@ Springer



564

Y. Shimizu
Then
2
1 & (A —«k Ui— Py
(A] kn(M;)) i-1) ook 20,
Yok T Ci1Visa
Proof Let
2

o _ 1 (A —kn(uo)haUiz1)”  ha 09
" ek Ci Vi, Yk CK

It follow from (H2,3) and (LLN1) that

Xtt'n—l]

n 2 n

h R4
> Eoo [l8P| X, ] S =2 :
i=1

~

n
> Ens!
i=1

Hence, by Lemma 1, we have the consequence.

Lemma 4 Assume that X € Di(Bnk, Ynk) With Bnik/vnk = O(1). Moreover,

suppose Assumptions 1, 2, (H[k]), (LLN), and that

nh? yn_kl — 0.

Then, uniformly in u € E,

1 — 1
Z—

(MY — k(01 = 00Tk~ 0.
Yk ;27 G Vit

h My~ 1 P
e Taal —( LN ) 0,
Vak iz Cita Yk \ Vnk * :

(35
Proof Note the decomposition:
1 Z":(A;lx—xn(mui_l)z S (A — o) Uin) 36)
Ynk (T CEiVi, Ynk = Ci Vi,
LI S RSP (37)
— Kn (10) — Kn (1
Vnk i=1 Crkflviz—l
2 < Genpt0) = kn () Uit
4+ A'X — &y Ui—1).
it 2 V2, (ATX = Kkn(po)Ui-1)
(38)
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The term (36) is asymptotically equivalent to 97, x by Lemma 3, and it follows for
(37) that

1 < U%, huBuk hn < Sici Py
b S

sup Z W (e (110) — Kn (0))* vk Pux CTI
! ’ =1 i

WEE Vn,k

by (LLN2) and the assumption B, /vs.x = O(1). Moreover, the term (38) also con-
verges to zero in probability uniformly in u by Lemma 2 (34) since (31) and (33) hold
with a, = ¥y k/ hy. This completes the proof. O

Lemma S Assume that X € Dy (Bn k. Vn.k). Moreover, suppose Assumptions 1, 2,
(H[k]) and (LLN2). Then, uniformly in u € &,

2 Pig
T k() — (o — )~ Iy — 0, (39)

where
n

1 2
To k(1) == Z W (ATX — kn()Ui—1)
i= i—1Vi-

n
1 2

- D —— (AIX — k(o) Ui1)".

,-Zhnck v e

Proof Note that

13 (A = k(W Ui1)’ RN

= =l n — Kn 2 40
ﬁnA,k im1 hnclk_lvl-z_l h ﬁnk z Clk IV»z (K (MO) . (M)) ( )

2 Ui—1 (kn (o) — k0 (1))

AX — Ui—

*h ﬂnk; ck v, (A1 = u(po)ic)
(41)

N I (42)
i=1 i=1

It follows by Assumption 1 and (H2) that

ZP— sz (1 — 10| =% 0,

i=1

uniformly in u. Since

My <= Sici Py,
ﬂ_nkzcl" (= 10)* = (o — 1)* Lnx — 0,
n, 1 “i—1
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P
by (LLN2), we see that Z;’zl Pl — (o — M)z Lok ﬂ> 0. Finally, it follows from

P
Lemma 2 (32) with a, = B,k that Zf: 1 ql." ﬂ> 0 uniformly in p; the uniformity is
obvious since (k;, ((o) — k, (1)) is separated. This completes the proof. O

6.2 Proofs of main results
6.2.1 Proof of Theorem 1
Note that an estimator 6,, x is a minimizer of

hy
Vn.k

V(o) = {Oni(fink.0) = Qui(fink.00)} -

It follows from Lemma 4 and (LLN1) that

Pz?g
sup |W1 k() = Fi k()| — 0,
oell

where Fy , k(o) := (‘;—0 +log & — 1) In.k- Moreover, it follows for any ¢ > 0 that

00

) . 00 o
inf (Fl,n,k(a) - Fl,n,k(UO)) = inf (; + log % - 1) Tn ks

o:lo—op|>¢ o:lo—op|>¢

the inverse of which is tight since j;,g is tight from the assumption. Hence, applying

. Py, . .
Proposition 1, we obtain that o, & Y o09. Next, we consider the following contrast
function:

1
lgn,k

lIl2,n,k(,bL) = {Qn,k(ﬂv &n,k) - Q}’l,k(l’LOs 6n,k)} .

Note that a statistic ji,  is a minimizer of W ,, x in &, and that

n

1 2 (kn (o) — kn () Ui -1
Wy k() = = AYX = kn(no)Ui—1
" O—n,khn,Bn,k ; Clk—lvizfl ( l ’ l )
1 - Uizfl 2
+- (kn (o) — K0 ()~ .
On khn Pk ; Czk—lviz—l ’ ’

Using Lemma 2 (32) with o, = B, x and (LLN2), we obtain that

Pl’()
sup |Wa k(1) — Fanx(w)| — 0,
HEE
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where F2 , k(1) 1= 00—1 (o — y,)zIn‘k. Moreover, it follows for any ¢ > 0 that

inf  (Fana() — Fanx(uo)) = inf o5 (o — 10)* Ty
wilp—pol>e wilp—pol>e

the inverse of which is tight since I i 1s tight from the assumption. Hence, applying

P
Proposition 1, we obtain that /i, - 0.

6.2.2 Proof of Theorem 2

. A Py
Note that the assumptions ensure that o, x - Yo by Theorem 1. Let

) = *lvz —1. = \/m O )
0ni(®) = D;'V30ukND;; Dy ( 0 Vywilhn)

According to Proposition 2, the proof ends if the following (a) and (b) are shown:
(a) There exist random matrices F, (1) satisfying (28) and (30)-type conditions in

- - P,
Proposition 2 such that |Q, x(9) — F,(0)| ﬂ) 0 uniformly in ¥ € ©, which
corresponds to (29);
(b) Sequence {D;lv,y Q”’k(ﬂO)}neN is uniformly tight.

Note that
Kn(/'L)Uz 1
A Oni(®) = 2 Sten () Ui (A'X — Ky (WUi—1)
* hyo C_ hpoCE_v2
n 2
L (AIX =k (0)Ui-1)
0, ¥ = — L :
o Oni(?) ileLCf S i v

Opren()Ui— 1)2_82’(}1(“)(]1 1( nX_Kn(/'L)Ui—l).

02 Qu i (9) —22

k 2 ’
i1 hno G\ Vie,y
n 2
20,y =3 | ZAX WU 1]
’ P hao3CF V2, o2Ck

Ui- 1(AnX—Kn(,bL)U, 1)
hyoCk V2,

0,00 On k() = Z Pukinlit)

Then it is easy to see the point (a) since, by Lemmas 2 (32) with o, = B,,.x/ h, and

/ Bn.kVn k/hn and Lemma 4, we can take

2 200 1
F (1-9) - dlag —Ink, - - _2 Jn,k )
0o 03 o
which clearly satisfies (30), and also (28) because of the tightness of 7~ ,i and jn_kl

@ Springer



568 Y. Shimizu

Finally, we shall show the point (b). Putting

Pn L =2 ap,Kn(/’L)Ui—l
l v Bn.k hnUC,k_l V,2_1

2
P 7 R R Y S A1)
b Yn.k '

(AIX = kn (o) Ui-1) ;

3 20k 12
oCiy hno“Ci_ Vi,

we see by Assumption 2 that

32\ p
Z Rll 1Uz L Or, nhy 2%
vV IBn VvV ,Bn,k

> [ ot <

i=

" S2] h2 ! Ry nh?
Eao |17 P| X,z ]N T =0, (I,k+ )
Z oL ;C,k1 ﬂn,kg‘ c*, o\ Bk
(43)
32 n
hy Ryi—1 Py
5 len o ] £ 25 Rt
i= Yk = G Vi,
n n
1 hn R4 i1 nhy
Ea, [la'12[X, ]s—” +o N S =0, (Tt ).
Z o [la 17 X chkl Vn,k,;C?fl o \ Tnact 2=

Therefore, by Lemma 1, we see the tightness of >/, p; and > g . This completes
the proof.

6.3 Proof of Theorem 3

Consider the following contrast function for pu:

n

1 2
Tox(p) := —_— (A”X — K (M)U'fl)
0= 2 oy (Aol
1 2
- > ———— (AIX —ka(uo)Ui—1)" .
,Zh Clvi, T

Then an M-estimator for T}, ; is consistent with i, ; defined in (9), that is,
T, k([ = inf T, .
n,k(,un,k) Eyera) n,k(,u)

By Lemma 5, it follows that

~ Pﬁo
sup T () — Ty k()| — O,

neE | Pn,k
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where f",,, () == (uo — u)zlmk. Moreover, it follows for any ¢ > 0 that

-1
[ inf (Tn,k(u) - Tn,k(Mo))] <&,
wilu—pol>e ’

P
which is tight. Hence, by Proposition 1, it follows that i, & ﬁ) o-

To show the tightness of /B, «(fin.k — 1t0), We use Proposition 2. We will show
the following:

(a) There exist random variables ﬁn (w) satisfying (28) and (30)-type conditions in

- P,
Proposition 2 such that |ﬂ;,1€8iT,,,k(19) — F,(w)| i) 0 uniformly in u € ©,
which corresponds to (29);

(b) Sequence {,6;,1(/2% Tn,k(MO)} N is uniformly tight.
’ ne
The point (a) is easy to see since
n

1 2 U;_1
— Tk (1) = —
ﬁn,k o ,Bn,k Z hnclk,l Vlz,]

i=1

2
x [ (Busen (00) Uit = 0260 () (AIX = KnG)U;1) | ~ 2T, under Py,

uniformly in 4 € E by Lemma 2 (34) with o, = B, x/ h,. The point (b) is clear by
the same argument as in the proof of Theorem 2. This completes the proof.

6.4 Proof of Theorem 4
Consider the contrast function
01 k(0) 1T(A>1<A>+i1
o) :=1— - —
n.k pu n,k\Mn k o n,k\Mn, k k_

i=1 "1

o
log —,
1 00

where T}, x is given in the proof of Theorem 3. Then the estimator 6,  is a minimizer
of 0, k. Here, we note that \/f,, « (,&n,k — Mo) is tight by Theorem 3, and that

hn R 1 n 1 5
Tok(fng) = — > ——— (AIX — ky(uo)Ui—1 (44)
Vn k " " Vn k ; Cf_IViz_l ( ! " ! )
1 ! U? 1 2
+ VB (kn10) = k() | 49)
Bn.k¥n.k ; ck vz (e (iin 0))
1 =~ Ui
= AIX — kn (o) Ui -1
,Bn,kl/n,k P Clkil‘/lal ( i n 1 )
VB (kn(10) = Kn(Pin i) - (46)
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Then it follows from Lemma 3 that the term (44) is asymptotically equivalent to o9 7, «
under Py, and the term (45) tends to zero in probability by the fact that

V ,Bn,k (Kn(MO) - Kn(lln,k)) = OP,yo (hn),

and (LLN2). Moreover, the term (46) also tends to zero in probability by Lemma 2
(32) with o, = /Bn k¥n.k- Consequently, we have

P, 190

sup
oell

n ~ 00 o
Oni(0) —|—+log— = 1) Tux
Yn.k o o0

Hence, by the same argument as in the proof of Theorem 1, we have the consistence.
Next, along Proposition 2, we shall show the following:

(a) There exists a random variable F, (o) satisfying (30) and (28)-type conditions in

_ - P,
Proposition 2 such that |h,, yn_kl 83 On k(o) — Fy(o)| ﬁ) 0 uniformly in o € I1,
which corresponds to (29);
(b) Sequence {‘/h /Vn.kOc Qn k(oo)} N I8 uniformly tight.

The point (a) is easy to see since, by the same argument as above,

" 020,4(0) = 5 T i) — h—"i—l
Vn,k 7= o3 Y.k " " Y,k y ach_l
200 1
~ (? — 0—2) Jn,k under Py,

uniformly in o € II. To show the point (b), note that

hy . = 1 2
) o — A'X — U;_
,/m o Onk(00) = Z o Loc aghncf_lv,-{l( IX = ke (120) Ui 1)}

z U, .
+ S o \K — K (. 1
Vn .k Uoh Czk | V2 ( n(ﬂo) n (Mn,]\))

+ Z - W (A2X — kn (o) Ui=1) (Kn(10) — Kn (fin0))
= pr + qun + Zrln X hyjlv,Bn,k (’Cn(ﬂ()) - Kn(lln,k)) s
i=1 i=1 i=1

where it means that

[ hn Ui
rt = A'X — kn(no)Ui-1) ,
' IBn,kVn,k OOZC{{—lViZ—l ( ! ! ' )
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and note that h;l Bn.k (Kn (o) — kn (,&,,,k)) is tight. It follows that

32 n 3/2
h Ryi—1 nh;y,
Z‘Eﬁo[p’m’z"u]‘s — D o = On, ;
Vak i3 G Visy v Vnk

! 1 h ! Ry nh
> [0, ]S 3 o 3 R =0, ().
n.k i—1 i—1 v

Ynk = CiZ

which are tight. Therefore, >, p} is tight by Lemma 1. Moreover,

hn ~— Si-i MRV
S ZCTlxﬂn,k (ke (120) = K (f1n 1))~ —> 0,
3

Vnk,Bnk

P
and Z:': 1 rlﬂ ﬂ) 0 by Lemma 2 (34) with «, = \/Bu.kVn.k/ hn. This completes the
proof.

6.5 Proof of Corollary 2

Note that, for T}, x given in the proof of Theorem 3,

1
Qui(®) = — nk(u>+zgf",
i—1

and that
—D;7 'V 0k (90) = Qi (97) - Dy (D i — Do),

where 0,f = (u}, o)) is between 19,[,;{ and ¥, Q,Lk(ﬁ) = Dn_lvg Q,,’k(ﬁ)Dn_1 and

D, — (\/ ﬂn,k 0 )
" 0 vV Ynk/ hn .

We have already shown in the proofs of Theorems 3 and 4 that D, LAV On k(Do) is
tight, and that

diag (Qn,k(ﬂ;f)) ~ diag( 20 nk: —5 jn )
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Therefore, the proof ends if we show that

[ hy
———— 0,05 On ik (V) )—> 0.
Bn.kVn k
Here, we note that
T 00 0k ) Z
Bn.k¥Vnk ok ,Bnk)/nk (a*)2c WV

X (A-X - Kn(,bLn)Ui—l) +0P190(1)

Ui-1 n ‘
IBH k)/n k z Ck Vz AlX — Kn(MO)Ul_l)
2
i - Ui
Buavak = CE V2,

X (1n (10) — Kkn (1)) + 0y (1)

n n
=2 Pl + 2 af +om, (.
i=1 i=1

Py
Then it follows from Lemma 2 (34) with o, = /B kVn.k/ hn that z;’zl p l) 0.
Moreover, noticing that i1, ' \/By i (kn (97) — kn (D0)) is tight, we see that

Zq [ (s V)t B ento) = ntu) 222 0
' VYn.k ,Bn,k i1 Cf_lViz_l " " " e '

This completes the proof.

Appendix A: The law of large numbers

In this section, we use the following notation: for p >0 and a measurable
function G,

Gz, : SupEz?O [IGXHI7].

The following result is an L”-version of the law of large numbers.

Proposition 3 Let f(x, ) : R x ® — R be a function which is twice differentiable
in x such that the following three quantities are bounded: for some p > 1,

WU F NS, IVaFC I, IVORFC oI, (48)
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]z

n 1 T,
D fin) - —/ F(X,, 9)ds) .
i—1 oy Jo

1/2+1/p _]

In addition, suppose that nhy — 0asn — oo. Then

Zﬁ 1(0)——/ f(Xs.0)ds

n—o0 Ve

lim sup Ey, |:
Proof Let

hy,
Ap(f;0) = o

Thanks to Jensen’s and Minkovskii’s inequality, we can deduce that

1 1/p
/ Eo [Ific1®) — F(Xs, 9)17] ds) _
tll

i—1

1 n
188 CF3 Ly < o~ Z(
n

i=1
By It6’s formula, it follows for any # > #' | and p > 1 that

t p

1
fX =X 0| (U(Xs)axﬂxs, N+ 5 VAEDB [ (X, ﬁ)) ds
iy

p P
+ / V(X5)ox f (X, 0) dWs
t)l

i—1

Thanks to Condition (48), Jensen’s and Burkholder-Davis—Gundy’s inequality yields
that

p 2
sup Eg, [| £ Xy, 9) = FXp 0[] S b2,

e
and
12+1/p —
sup | An(f5 DIz, (pyy) S nha > Pty
Pe®
The last term tends to zero under the assumption. This completes the proof. O

Corollary 3 Suppose that functions U, V and C are twice differentiable with bounded

derivatives. Moreover, suppose that nhl/ 2+l/p yn_kl — 0 for some p > 1. Then

By, <o 1 1 /o1 g
Eg, | |[— z / ds — 0,
VYn.k o1 Clk 1 Vn,k 0 Ck(Xs)

Sfor any k > 0. In particular, if X € Di(Bn k., Yn.k), then (LLN1) holds true.

Proof Check Condition (48) with f(x, ) = C ¥ (x). m|
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Corollary 4 Suppose that functions U, V and C are twice differentiable with bounded
1/24+1/p 5—1
B

derivatives. Moreover, suppose that nh, Wi — 0for some p > 1, and that the
following either (a) or (b) is satisfied:
@ |U3CcT*|] <o
P
(b) ” U2Cc* ”z < 00, and V is constant.
P
Then

n

h Si_ 1 Tosx P
Ey, — Z_lk L _ / —k( ) ds — 0.
,Bn,k Ci—l ,Bn,k 0 C (Xs)

i=1

Proof Put f(x,9) = S(x)C*(x), and denote by f/(x) = 3, f(x, ?). Then, by the
direct computation, we have the following estimates:

U uzv’
|f/| S ‘W ‘W )
" < U U2v// UZ(V/)2 U2
|f | ~ Ckvz Ckv3 + Ckv3 Ckv4 .
Use them to check Condition (48). O

Remark 8 Assume that X € Dy (B k, Yn.k), and that all the conditions in Corollary 4
are satisfied. Then (LLN2) holds true. Condition (a) or (b) is satisfied if k > 3, or
k > 2 when V is a constant. Moreover, Condition (a) is satisfied for any k > 0 if U is

bounded. In particular, (LLN1,2) hold for Dxg if i/ > T~ — 0.

Remark 9 For D+ and Dgxp, (LLN2) holds true with k = 2 and 8, 2 = T, since
DOU+’ DExp C DZ(Tn, 1);

see Examples 3 and 4. However, (LLN2) also holds if k = 0 and B,0 = e2noln
although || X2 ||z] is not finite in these cases; see Lemmas 1 and 2 in Shimizu (2009a).
It implies that (a) and (b) are not necessary, but sufficient.
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