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Abstract We consider the problems of parameter estimation for several models
of threshold ergodic diffusion processes in the asymptotics of large samples. These
models are the direct continuous time analogues of the well known in time series
analysis threshold autoregressive models. In such models, the trend is switching when
the observed process attaints some (unknown) values and the problem is to estimate
it or to test some hypotheses concerning these values. The related statistical problems
correspond to the singular estimation or testing, for example, the rate of convergence
of estimators is 7' and not /T as in regular estimation problems. We study the asymp-
totic behavior of the maximum likelihood and Bayesian estimators and discuss the
possibility of the construction of the goodness-of-fit test for such models of observa-
tion.

Keywords Parameter estimation - Threshold models - Singular estimation -
Ergodic diffusion process - Goodness-of-fit test - Cramer-von Mises type tests

1 Introduction

The simplest example of the threshold model is the following threshold autoregressive
(TAR) time series:

Xjipi=01Xjlix. gy +02Xjlix 9y +€v1, j=0.,....n—1, (D
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384 Y. A. Kutoyants

where ¢; are i.i.d. N0, s2), 01 # 02 and |g;| < 1. Therefore, we have two different
autoregressive processes depending on the region of observations {x : x < ¥} or
{x : x > ©}. This time series has ergodic properties with invariant density close to a
weighted sum of two Gaussian densities. If we suppose that s%, 01, 2 are known and
¥ € ® = (a, B) is unknown parameter, then we obtain the first problem of threshold
¥ estimation. It is easy to see that the likelihood ratio is a piece-wise constant (dis-
continuous) function of ¢, the Fisher information is equal infinity (see e.g., Chan and
Kutoyants 2008). As usual in singular estimation problems, the rate of convergence of
maximum likelihood &, or Bayesian ¥, estimators is 7 and not J/n i.e.; the quantities
n(z&‘ — ) and n(d, — ¥) have non- degenerate limits.

There are many different threshold regression models of such type extensively
developed in econometrics and, of course, the identification of these models attracts
attention of statisticians (see e.g. the works by Quandt 1958; Tong 1990; Chan 1993;
Hansen 2000; Fan and Yao 2003; Koul et al. 2003; Chan and Kutoyants 2008 and
the references therein). Note that continuous time models actually find a wide range
of applications in econometrical problems and occupy a central place in financial
mathematics (see e.g., the work by Shreve 2004).

Our goal is to study several models of continuous time analogues (diffusion pro-
cesses) of such threshold type time series and to describe the properties of estimators
of the thresholds for these models. Note that the general theory of parameter estimation
(in regular case) for ergodic diffusion processes is actually well developed (see e.g.
Kutoyants 2004; Yoshida 2009 and references therein), but the problems of threshold
estimation are of singular type and need a special consideration. To illustrate these
statements of the problem, let us consider the following process

dX; = —p1 Xy Lix, <9ydt — p2 X, Lix,>9)dt +0dW,;, 0 <t <T, (2)

where W; is Wiener process, p; # p2 and p; > 0. We call it Threshold Ornstein—
Uhlenbeck (TOU) process because it can be considered as a mixture of two different
Ornstein—Uhlenbeck processes with switching. If we suppose that o, p1, p2 are known
and ¥ € ® = («a, B) is unknown parameter then we obtain the problem of parameter
(threshold) ¥ estimation.

It is in some sense similar to TAR (1) and the link between them can be clarified
by the following consideration. Let us consider the discrete time approximation of the
process (2) witht; = j§,j =1,...,n — 1, where § = T /n, then we obtain

Xi = (1= p18) Xy, ]l{x,.<19} + (1 — p28) X, ]l{X,->z9} +o Wiy, — W]
J J—

This process coincides with (1) if we put X; = X,j, 0i = —pid)and ;41 =
o [W,j+l — Wtj] ~ N(0, 028), ie., s2 = 028. Hence, the regression model (1) is a
discrete time approximation of the TOU process (2). Note that these continuous time
threshold processes are studied by Decamps et al. (2006) as interest rates models.

The threshold estimation problems for both models are of singular type and the limit
distributions of the MLE’s n(f}n — 1) and T(1§T — 1) are of argsup type functionals
of the compound Poisson and Wiener processes, respectively.
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On identification of the threshold diffusion processes 385

The process (X;);>0 has ergodic properties, the invariant density is a mixture of two
Gaussian, the Fisher information is equal to infinity and we show that the maximum
likelihood and Bayesian estimators converge to two different limit laws.

We consider several other threshold type models of ergodic diffusion processes and
study the asymptotic properties of the maximum likelihood and Bayesian estimators.
The main result of this work is Theorem 1 in Sect. 3, where we describe the properties
of estimators in the case of nonlinear trend coefficients and many thresholds exist.

We discuss as well the construction of the goodness-of-fit tests for such threshold
models.

2 Threshold Ornstein—Uhlenbeck process
2.1 Threshold estimation

We start with the TOU process
dX; = —p1X; Lix,<9ydt — p2X; Lix,>9)dt +0dW;, Xo, 0t <T, (3)

where we suppose that the following condition is fulfilled.

Condition A,. The constants p; # 03, p; > 0 and 62 > 0 are known and the
parameter ¥ € ® = («, 8), @ > 0 is unknown. The initial value X is independent
on the Wiener process random variable.

The value ¥ = 0 is excluded because in the case ¥ = 0 there is no jump in the
trend coefficient and the properties of estimators are quite different. This is due to the
property: —p1x = —pax = 0if x = 0 and therefore there is no switching at this point.
As p| # pa the MLE is consistent and asymptotically normal with “regular rate” /T .

We consider the problem of estimation of the threshold ¢ by the continuous time
observations X7 = (Xt,0 <t < T) and we are interested in the asymptotic behavior
of estimators as T — oo0.

Note that the conditions £S of the existence of solution and R'P of the ergodicity
are fulfilled (see Kutoyants 2004, Sects. 1.1, 1.2) and the process (X;);>0 has ergodic
properties with the invariant density

o (x2-0%) pa (x2-0%)

f@x)=p(x,®) e 7  +px,Ne o7

Here p; (x,9) = G (9) ' Tjy—p), and pa (x,9) = G (9) "' T(y>p) and G (9) is the
normalizing constant. To simplify the exposition we suppose that the random variable
Xo has the density function f (19, x), hence the observed process is stationary.

We are interested in the asymptotic behavior of the maximum likelihood esti-
mator (MLE) and Bayesian estimator (BE) of the parameter ¢; therefore, we
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need the likelihood ratio function L (19, X T). This function can be written as
(see Liptser and Shiryayev 2001)

T T
Pl 02
InL (29, XT) =—= X1y, <y dX; — = X, 1x,>9) dX,
o 0 o 0
et (T, 2T
_20_2 0 X,]l{x,<19} dr — _262 o Xt]l{thﬁ} dr + lnf (19’ Xo).

The contribution of the term In f (¢, X) is asymptotically negligeable and we will
always omitted it for simplicity of exposition (see the details in Kutoyants 2004).

The MLE f)T and BE (for quadratic loss function) f}T are defined as usual by the
relations

p T
L (éT, XT) =supL (9, XT) and 97 = faﬂHP(Q)L (0. x )de. @
’eo 1P p@L(6.xT)do

Here p (0), @ < 6 < B is positive on ® continuous density a priori.
To describe theirs properties, we need the following notations. Let us introduce

— the random process

Zo (u) =exp[W(u)—%}, uex,

where W (-) is two-sided Wiener process,
— two random variables # and @ defined by the relations

Zo () = sup Zo (u), i = M

sup Ty Zo @) du ©)

— the function

2 _ (pp—pp)? 97 A%
v G ) o2

The function I‘l% is equal to the square of the jump divided by the diffusion coefficient
at the point ¥ and multiplied by the value of the invariant density at the point of jump
(see e.g. (16) below).

The properties of estimators are given in the following proposition.

Proposition 1 Let the condition A, be fulfilled, then the MLE D7 and the BE O are
uniformly on compacts K C © consistent: for any v > 0

sup Py {)57 - 19‘ > v} — 0,
vekK
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On identification of the threshold diffusion processes 387

have two different limit distributions

T(f}r—ﬁ):> , T(ﬁT—ﬁ):>

—
tbl\)| <>
—

%N| <

theirs moments converge: for any p > 0

P
~ P
, Eﬂ‘T(ﬁT—ﬁ)‘ L E

p
~ p

u

T2 2

I I
For the proof, see Sect. 5.

Note that the same normalization and the same type limits (with different I'y),

we have in the problem of delay ¢ estimation by the observations of the following
Gaussian process

Xm:—le_ﬁdt+UdWl, OSIST

see details in Kiichler and Kutoyants (2000) (or in Kutoyants 2004, Sect. 3.3).

Remind that the BEs are usually asymptotically efficient in singular parameter esti-
mation problems (Ibragimov and Khasminskii 1981). The following lower bound is
valid: for all estimators 9

_ Ei?
lim lim  sup T>Ey (Br —0)’ = —
§—>0T—o0 [9—10g| <8 Do

see Ibragimov and Khasminskii (1981), Sect. 1.9 (or Kutoyants 2004, Proposition
2.24). We call an estimator ¢} asymptotically efficient if for all ) € ® we have the
equality

E~2
lim lim sup T?Ey (95 — 0)2 = —Z.
§—0 T%oom_ﬂok(; ]"130

It can be verified that the convergence of the moments of BEs is uniform on the com-

pacts in ® and that the function ['y is continuous. From these properties, we obtain

immediately the asymptotic efficiency of the BEs (in the sense of this lower bound).
The quantities E4” and Eii> were calculated by

Ei’ =26 > Ei*>=16¢(3)~19.2

where ¢ (-) is Riemann zeta function. This relation shows the difference between the
limit variances of the MLE and BE.
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388 Y. A. Kutoyants

2.2 All parameters unknown

It is possible to describe the properties of estimators in the case when all three param-
eters (p1, P2, ¥) = (U1, 92, 93) = # € O are unknown and we observe

dX; = =t X; Lix,<95)dt — 92X, L{x,>9,dt +0dW;, 0 <t <T. (6)

We have ® = (a1, B1) X («2, B2) X (a3, B3). Let us denote by & the random variable
with the density f (¢, x).

Proposition 2 Suppose that f1 < oz and oy > 0, then the MLE 197, BE 1§T are
consistent, have the following limit distributions

ﬁ(&lT—ﬁl)ﬂfle(O )
' E; &2 ]1§<z9;}
ﬁ(l§2T—ﬂ2):>{2NN(O )
' Ey &2 115>19;
n i ~ 7
T(dsr—03) = =, T (har—0:) = =
I3 I3

The BE 151,7, 152’7 have the same asymptotic properties as 1§1j, 192,7, the random
variables ¢1 and &) are independent and are independent of 1, ii.

See the proof in Sect. 5.

The construction of the MLE can be slightly simplified by the following
“separation”.

The MLE of the first two components can be written as

I3 X8y, % b X8y, 45

fOT th ]l{thl%’T} dt

) ﬂZ,T = -

fO X; 1{Xr<l§3,r} dr

but to study these expressions can be quite difficult because the estimator 1931 depends
on the whole trajectory X T and therefore the random function X, 1 (X,<dsr) 0<t<
T depends of the “future”. Hence, the stochastic integral needs a special treatment.
The problem can be simplified as follows: let us estimate the parameter 3 by the

first XVT = = {X;,0 <t < +/T} observation and denote by 9* 3T the corresponding
consistent estimator. We suppose that there exists b > 0 such that

P, {‘ﬂ;"ﬁ— 193‘ . T’b} —50 %)
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On identification of the threshold diffusion processes 389

as T — oo. Then, we define the estimators (see the comment at the end of Sect. 2)

f\T/‘TXt]l{Xt<l7;ﬁ} dXt I}Xt]l{xt>l9*ﬁ} dXt

o —
01,T -

o J—
s Uy =

) S X 4

®)

T 2
fﬁ Xi ]l[X,<19;ﬁ

Now the stochastic integrals are well defined and the consistency and asymptotic
normality of these estimators follow from the usual limit theorems, i.e., we have

fffX’ {X < }dW’

ﬁ(ﬁﬁT—l}l):_ f x21 = d
—_ " t
TV {X’<93.ﬁ}
with (law of large numbers; see Sect. 5)
_/ ‘ x,<§* }dt — B £ 1<y ©)

and (central limit theorem)

f/ X;<19 }dW’ =i~ N(O’ Ey %_2]1{&'«93})'

hence

2
VT (037 — 0 :N(o,a—).
iz =) Eg §21(g<y)

Note that the independence of the random variables {1 and ¢ follows from the fol-
lowing property of stochastic integral

T T
Eqy (/ X1 Lx, <v5) dW; / X1 1ix,>05) th) =0.
0 0

The possibility to simplify the estimation of ¥3 we discuss at the end of the next
section.

2.3 Misspecification

Let us return to the initial problem of threshold estimation and suppose that the
observed process is

dXt = _,OlXt 1{X,<190}dt — 102Xt ]l{thﬁo}dt + h (Xt) dt + Uth, (10)
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390 Y. A. Kutoyants

where A (-) is some unknown function (contamination) and ¥ is the true value. We
assume that the statistician uses this model without 4 (-) (wrong model) and tries to
estimate ¥, i.e., he (or she) supposes that the observed process is TOU (3) and con-
struct, say, the MLE D asifh () = 0. Then, he substitutes the observations (10) (of
course, containing / (-)). Such situation can be considered as typical for many applied
problems, when there is a difference between the theoretical model and the real data.
Remind that in regular case the MLE and BE are usually not consistent and converge
to the value which minimizes the Kullback-Leibler distance (see Kutoyants 2004,
Sect. 2.6.1). The Kullback-Leibler distance in our problem is (suppose for instant that
Vo < V)

*

P
_ ok R0 T
Dic—1 (9, 90) = Ef, In -t (X )

—T 2
= 202E§o ['015 []1{§<17}_]1{E<15‘0}]+/02§ []1{5219}—]1{53190}]+h (S)]
T . ,
= 20-2E190 [('01 —02)§ Lpy<e<oy + 1 (E)] )

where E§O denotes the expectation with respect to the measure P;;O which corresponds
to the process (10) (we denote its density as f (9¢, x)). It can be shown (see Kutoyants
2004, Sect. 2.6.1) that

197" —> Uy = arg l;rel(f;) Dk _1 (0, Y).

We are interested in the following question: when ¥, = ¥y, i.e., when the MLE is
nevertheless consistent? Surprisingly, it is possible even for not too small functions
h (-). Suppose, for simplicity, that % € ® = («, ), @ > 0.

Let us introduce the function

2.
Ej [(o1 — p2) § Ligg<e <oy +h ()], if 0 = Do

K (9, v9) =
‘ {E§O [(02 — 1) E Ly <g<po) + 1 (35)]2, if o <

and suppose that p» > p1. Then for ¥ > ¥y we have

Uy e’}
K (9. 9) = [/ 0+/ﬁ }h(X)th(ﬁo,X) dx

9
+ | Wpr—po)x+h @)1 fu D0, x) dx,
0
and
oK (9, V1
% = —h () fu B0, 9) + [(o1 — p2) @ + 1 NI fir (0, D)

[(o1 = 22 9 +2 o1 = p2) 20 (D] i (D0, D).
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Therefore, if

hO) <3 (er—pn). fora<y <.

then for ¥ > 9

K (9, 90)
3

>0
and similarly, if

h(y) > —%(ﬂz—m), fora <y < p.

then for ¥ < 9

K (9, 90)
—_— <
3

0.
We see that if the function 4 (-) satisfies the condition
y
lh (y)] <§(02—p1), a<y<B§B, (11

then ¥, = ¥ and the MLE 97 is consistent even for this “wrong model” (see Kutoyants
2004, Sect.3.4.5 for another example). Note, that there is no conditions on 4 (y) for
y & le, Bl

Let us return to the problem of the construction of the preliminary consistent esti-
mator of the parameter /3 by observations (6). Suppose that 81 — o] < ap — 1 and
B2 — oy < oy — B1. Letus put

ai + Bi 5 a + B

1§‘ = s =
! 2 2 2

and consider the problem of estimation 3 by the “wrong model”
dX; = =01 X L(x, <95yt — 02X, Lix,29)dr +0dW,, 0<1<T
with “known” 91, 9. This corresponds well to the model (10) with
h(x) = B = 9Dx ey + (P2 — 92X D (r295).

We see that the condition (11) is fulfilled, hence the MLE 193 JT is consistent and can
be used in the construction of the estimators (8). Note that the estimator 193 JT even
has “singular” rate of convergence, but its limit distribution is different of that of the

true MLE. Note that the similar problem was considered in Kutoyants (2004), Sect.
3.4.5.
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392 Y. A. Kutoyants

3 General threshold model

Suppose that the observed diffusion process X7 = {X;, 0 < r < T} satisfies the equa-
tion

k+1
dX; =D 8; (X)) Uy, x,<p,)d1 + 0 (X)) dW;,  Xo, (12)

j=1
where 29() = —0Q, l?j (S @j = (O[j,ﬂj),j = l,...,k, 19](_;,_1 = o0, ,3.,' < oj4].
The unknown parameter is # = (¥q,...,%) € @ = O x --- X Of. Our goal is

to estimate ¥ and to describe the asymptotic properties of estimators as T — 00. As
before, we are interested in the estimators obtained by the maximum likelihood and
Bayesian methods.

This model can be called “Nonlinear Threshold Diffusion Process”. Of course, all
considered above models are nonlinear due to the indicator functions. Here, we use
the term “nonlinear” because the linear function px in the trend coefficient —px 1y,
is replaced by more general function S (x).

&S. The functions §;(-) are locally bounded, the function o ( )2 is continuous and
positive and for some A > 0 the condition

X1 () Ljecar) + 8501 () Lz +0 (07 < 4 (14 57) (13)

holds.

This condition provides the existence of unique weak solution (see Durret 1996).
The asymptotic behavior of the diffusion process is defined by the following con-
dition.

A. The functions S; (x), Si+1(x) and o (x) satisfy the conditions
lo ()™ < B (1 +1x|™)

with some B > 0 and m > 0 and

S — S
lim 1) > 0, lim 2kt 2 x)

lim 7 <0.
x—>—00 0 (X) X—=00 g (x)

By this condition the process (X;),>( has ergodic properties. Let us denote by
f (¥, x) the density of its invariant law and by & the random variable with such den-
sity function. Note that by this condition £ has all polynomial moments (see Kutoyants
2004).

The identifiability condition in this statistical problem is the following one

inf  [S;(») =S+ >0, j=1,... k. (14)

ye(a;.B;
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We suppose that all measures {PI(,T), e 9} induced by this process in the space

(C(,T),B(0,T)) are equivalent to the measure P which corresponds to the
process

dXt =0 (Xl‘) th, XO, 0 S t S T

(see Liptser and Shiryayev 2001). The likelihood ratio

L) = (). ace

in this problem is the random function

k+1

S; (X
L (9, X Z/ oj(i( ;; (9,1 =xo=0,)4%;

k+1

S, (X,)? d
_z 20 (X, )2 {19 1<X7573.i} .
The MLE ;ﬂ is defined by the same equation
L (5% XT) =sup L (0, XT),
0cO

where the function L (¢, XT) is not differentiable with respect to 9.
Note that

Ty <xsoy} = Lasoy} = Lasoj

Hence
k+1 k+1 k+1
2SOy caspy = D08 ) Ljasyy) = ZSJ () Wy )
j=1 j=1

= Sp1 (0) + Z [S; (0) = Sj41 O] Ljezpy

j=1

and we can write the likelihood ratio as product of k£ + 1 “likelihood ratios”

(o) = G55 () = o () T (7). s

(T)
dPy j=1
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394 Y. A. Kutoyants

where

T S (X T Si1 (X0)?
lnLk+1 (XT) :/ k+1 ( 21) Xm _/ k+1 ( lz dr
o o (Xy) 0 20 (X;)

and

T'Si(Xe) — Sjs1 (X))
1 L~(19~,XT)=/ J J Loy —yn dX
RN 0 o (X)) (=0} €5

_/TDN&V—SHM&V]
0 20 (X,)?

{x,<0;} dt-

This allows us to reduce the calculation of the MLE 57 of multidimensional param-
eter # to k one-dimensional problems :

A T .
ﬁj,Tzargmaxl,jGG)j L; (ﬁj,X ), j=1,...,k,

and to put 57 = (él,T, ce 5k,T)-

To introduce the BE # 1 we suppose that # is a random vector with a known contin-
uous positive density a priori p (#), 8 € @ and the loss function ¢ (u) > 0, u € Z*
is symmetric £ (—u) = £ (u), strictly convex and has polynomial majorant. The esti-
mator # 7 is defined as solution of the following equation

/ Eot (97 —0) p(#)do = inf / Eol (9 — 6) p(0)do.
e} ?e® J@

Remind that in the case ¢ (z) = |u|? this estimator is

_ JofL (0. xT) p(6)do

dr = .
T oL (6, XT) p(#)d6
Let us introduce 1y = (ﬁlﬁﬂ, e ﬁk,,y), where
2
. u; Siv1(95) —S; (95
uj,l? — J 5 y] (1})2 — ( J ( ]) 2] ( .])) f (1}’ 19])’ (16)
yj (#) o (9;)
and i1y, ..., iy are independent random variables defined by the equalities
N 1
uj =argsup,cq | W; (u) — 5 lul |.
Here W; (-), j =1, ..., k are independent two-sided Wiener processes.
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Let us define the random vector &y as solution of the following equation

/ E(u,;—u)Z(u)du_mf/ L(v—u)Z (u)du,
R R

veZk
where
k

Z (u) = exp Z|:y,(ﬂ)W i) - | | (17)1|. (17)

Theorem 1 Suppose that these conditions ES, A and (14) are fulfilled, then the MLE
17T and BE ¥ 1 are consistent, have the following limit distributions:

T(’I;T—I?):>f419, T(’&T—ﬂ)zﬁg
and the moments converge : for any p > 0

lim TP Ey |97 —0|" =E|iy
T—o0

~ p
P lim T?Ey ’1?7 - 19‘ —E|ig|”.
T—o00
The proof is given in the Sect. 5.

4 Examples of threshold models

Below we consider several other threshold type ergodic diffusion processes and discuss
the properties of parameter estimators for these models.

4.1 Simple threshold model

Suppose that the observed process is
dX; = p1 I(x,<pydt — p2 L{x,>9)dt +0dW;, 0=<t<T, (18)

where p; > 0 and ¥ € («, §). Then this process is ergodic with exponential type
invariant density

20 (x,9) |x — |
expl———— 1,

SO0 =55 o2

where p (x, 1?) = ,olll{x<l9} + p21(x>p) and G (¥) is the normalizing constant.

The MLE &7 and BE 197 have the same properties as in Proposition 1 and the
corresponding function I‘T9 =02 pap1 (2 + p1).

The proof see in the Sect. 5.

@ Springer



396 Y. A. Kutoyants

4.2 Simple switching

Suppose that in the model (18), we have p; = p» = p > 0. Then, the observed
process is

dX; = —psgn(X; —¥)dt +odW,, 0=<t<T, (19)

where ¢ € ® = («, B). This Simple Switching Process was studied in Kutoyants
(2004), Sect. 3.4.1. Remind that it has Laplace type invariant density

_2
% lx—v|

Fon =2
o

The likelihood ratio formula has the representation

p°T

T
L(z?,XT) =exp[—ﬁ2/ sen (X, — 9)dX, — 2=
o* Jo 20

Hence, the MLE 97 is defined by the equation

T T
/ sgn (X, _ @T) dX, = inf / sen (X, — 9) dX,.
0 de(a,p) Jo

Note that the last stochastic integral we find in Tanaka—Meyer representation of the
local time A7 (x) of diffusion process (see Revuz and Yor 1991)

T
Ar () = |XT — 0 —|Xo — 7| —/ sgn (X; — ) dX;
0

and the maximum likelihood is in some sense asymptotically equivalent to the max-
imum local time estimator. Remind that f7 (x) = Ar (x)/ To? is the consistent,
asymptotically normal and asymptotically efficient (in nonparametric statement) esti-
mator of the invariant density (see Kutoyants 2004 for details), and we have obviously

sup f (P, ?) = f (Po, Do).
Ve®

We have the same asymptotic properties of the MLE and BE as in the Proposition 1.

The proof can be found in Kutoyants (2004), Sect.3.4.
Note that the observation window (—o0, 00) can be essentially reduced. Let us put

1 JT
Y= — X; dt.
=) ®
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This is an estimator of the method of moments (Ey& = ). It is consistent and asymp-
totically normal

1/4 (g% 2
T (ﬁﬁ 9) — N(O,d (19))
(see Kutoyants (2004), p. 270, where d? () is calculated). Introduce the window

C[ax  _ p—1/8 g« —18
IB%T_[z?ﬁ TS 9 T ]

The MLE and BE we define with the help of the following LR

T
P
L (9. X7) =exp [_ﬁ /ﬁ sen(X; — )1 (x, B, dX;
,02 T

—20_—2 ﬁ ]l{XtEBT}dtl .

Then, these estimators have the same asymptotic properties as if the observation win-
dow is By = (—o0, 00).

This a bit surprising result is probably typical for singular estimation problems.
The analyse of the proof of the properties of estimators (see Kutoyants 2004, Sect.
3.4) shows that only the values of X; close to the true value ¥y have contribution to the
limit likelihood ratio. Hence, all other observations are irrelevant and can be deleted
by introducing this window. This is a general property of threshold models and the
similar construction can be done in the case of all other threshold models studied in
this work.

4.3 Multi threshold O-U process

Suppose that the observed process is

k+1
dX; = =D o X; Ly, _x,<pydt +0dW,, 0<1<T, (20)
=1
where p1 >0, ppr1>0, o # pm >0, 9g=—00, hq1 =00 and # = (P, ..., %) €

O =0 X X 0, 0, = (a, Br), fi < ay41. Then this process is a particular
case of (12) and conditions of ergodicity and identifiability are fulfilled. Therefore we
obtain the mentioned in the Theorem 1 properties of the estimators for the details, see
Sect. 5.

@ Springer



398 Y. A. Kutoyants

5 Proofs

First note that the parameter estimation problems for the models of the observations (3),
(18)—(20) are particular cases of the threshold estimation problem for stochastic pro-
cess (12). Therefore, it is sufficient to prove the Theorem 1.

5.1 Proof of Theorem 1

The proof of this theorem is based on the two remarkable theorems by (Ibragimov
and Khasminskii 1981; Theorems 1.10.1, 1.10.2) and some results obtained before in
Kutoyants (2004). Let us remind the main steps of this approach. Introduce the random
function (normalized likelihood ratio)

L(#+% XT)

Zr (u) = L(2.X7)

s uEUTZULTX”-XUk’T,

where Uj 7 = (T (j — ;). T (Bj — 9;)). The properties of estimators follow,
roughly speaking, from the weak convergence of this function to the limit random
field (17): Z7 (u) = Z (u).

Suppose that we have already this convergence and (for simplicity) assume that
k = 1 (for the multidimensional case see. Then for the MLE we have (¥ is the true
value):

T T — 19 }

T(@—0)<x TO—0)>x

P

(
P[ sup  L(0,X") > sup L(@,XT)}
LX) L (v, XT)
> —_—
T(@ 19)<x 190,XT) T@O—9)>x L (190, XT)

=P [sup Z7r (u) > sup Zt (u)]

u<x u=x

— P[supZ(u) > supZ(u)]

u<x u=>x
P ( d ) ie. T(dr —0) = d (21)
= <x]), 1e. T — .
y (9)? y (@)?

where we put @ = 9 + T 'y and y; (9) = y (9).
To describe the behavior of the BE we take we for simplicity the square loss function
and use the same change of variables 8 = ¢ + u/T = 6, and,
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5o [Pep@®)L (6, x7)do . 1 Jy, up 00 L (6. X") du

T FproyL.x7)de T [y, pO)L(6u XT) du
L0, XT)
ol Jug up @0 Ty dw - fy, up 60) Zr () du
T Sy, P @) LL((G;:;T)) du T [y, p6u) Zr () du

Then, using the convergence p (6,) — p (¥), we can write

~ fUTu p6y) Zr (u) du
Py {T(ﬁr—l?) <x] —PH fUTP(Qu)ZT(M) W <x

HP[M@C]ZP( “ <x). (22)
V)

JrZ @) du ¥(

The random variables # and i are defined in (5).

We see that to prove the theorem we need to prove the convergences (21), (22).
These convergences together with the estimates on the large deviations of estimators
will provide the convergence of moments. The corresponding sufficient conditions
are given in the mentioned above theorems by Ibragimov and Khasminskii. Let us
introduce the conditions

A. The finite dimensional distributions of the random function Z7 (-) converge to
the finite dimensional distributions of the function Z (-).

B. There exist constants B > 0,m > 0, b > 0 and d such that for any R > 0 and
lul < R,[v| <R

2m

1 1
Ey |22 ) — 22 v)| <B (1 T Rb) lu — vl . (23)

C. Forany N > 0, there exists constant Cy > 0, such that

1 C
EyZ2 (u) < # (24)

These conditions are the version of the conditions of Theorems 1.10.1 (withd > k)
and 1.10.2 Ibragimov and Khasminskii (1981), which we will verify in this work.

We start with the condition A. Let us consider the case when all u; > 0 and denote
hj(x) =S; (x) /o (x). Note that

]1{17]'71+LT_1 <X1519j+u%} N ]1{’9/'*1<Xf519j}

- ]l{ﬁ_,<x,§z?_,+”%} N ]l{z?j_1<xrsz9_,v_|+"-’%'} =1} — Iip, 1)
in obvious notation.
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Then, the likelihood ratio Z7 (u) can be written as follows

k+1

T
InZy () = Z/O hj (X)) [11{13]-} _ ]1{3]_71}] aw,
j=1
1 (T 2
-5 Z/O [hj (X)) = hjm1 (XD)] 1yp,dr.
j=l1
Using the local time estimator f (x) of the invariant density f (¢, x) we write

T
s 60 =y GO 1

= T/ [7j () = hjn (x)]z]l{ } 7 (x)dx

uj
. . J
j<x=<dj+

9+ 5
T/l9 [7j ) = hjr1 (O] f7 () dx

J

0+ ,
T/ [hj(x) —hje1 0] f @ x)dx

0;

Oj+1
+T/ [h; () —hjpr O] [f200) = f @, 0] dx.

J

For the random function n7 (x) = T ( fr ) — f (@, x)) we have the estimate: for
any p > 0 there exist constants C,, > 0 and ¢, > 0 such that

Ej In7 (X)|P < Cye N (25)

see Proposition 1.11 in Kutoyants (2004). This estimate allows us to prove that the
last integral tends to zero as T — oco. We have as well

l?j"t‘uT! 2
T/ [hj(x) —hjp1 0] f @ x)dx

0;

—> uj [y (9)) = hjer ()] F (8.9;) = ujv; )2

Therefore,

k T k
Z/o [hj (X)) —hjq (Xr)]z]l{ﬂazj}df — Zuj)/j @)
j=1 j=1
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The central limit theorem for stochastic integrals yields the asymptotic normality of
the vector &, = (El,% A 5k,T)

T
§ir = /0 [7j (X)) = hjw1 (X)) Ly 1 dW, = N(O, Ujyi (17)2)
with asymptotically independent components, because

Es&jr&r =0, [ #].

Moreover, if we put &7 = &7 (uj) and consider the vector & T =
(Ej,T (ujgl), & (ujn)) where uj 1, ..., u;, is some collection of values from
Uj,r, then
§j+u/r;\"uj,q 2
Ep&jr (ujr) &1 (ujg) = T/ [ () = hjy1 )] f (@, x)dx
v

—> [uj,r N uj,q] 14 (17)2 .
Using this equality and preceding limits, we can show the convergence

(Er (in) s &ir (wjn)) = v; @) (W) (uj1) 5o Wy (1))

Therefore, the condition A is fulfilled.

To verify B, we do it twice. The first time we check this condition with m = 1,
which is sufficient for BEs (multidimensional case) and then (for MLE), we verify
it for the partial likelihoods Z; 7 (u). Following Kutoyants (2004), Lemma 3.28, we
write (we suppose that v; < u;)

J

E,,)z‘/z(u)— (v)‘ <—ZE*/ [h; (X0) = hj (X021 (5 }dt
K oo
1 2
-iX T/m [ =i O Ly, Ly oo
=_z / [h @) =1 O] fi () dx
§CZ|uj—vj|§C||u—v||. (26)
j=1
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Here E, and f, (-) are expectation and invariant density which correspond to the
stochastic differential equation

k1
dX; = Z;Sf (X1) |:]l{ﬂj_1+”-";'<x,<z9_,+"rf} + ]1{19,_1+vf;‘<x,<0_,-+”{}] de
=

+o(X)dW,, Xg, 0<t<T

(see details in Kutoyants 2004, p. 379).
The condition B in the case of the study the MLE we check for the components
Zjr (u j), u; € U; r separately as follows. Let us introduce the stochastic process

Zin () 1/16
V,-,,:(L) , Vio=1, 0<t<T

and denote

Sj(x) — 841 (x)

gj (x) = o )
Then the process
L [18; (Xs) = Sj+1 (Xy)
Vi, = — ! 1 Ty, v w1 dX
M eXp|16/0 o (Xs)? {p+F<x,z044) 77
1 / Sj (Xs)? = Sj1 (X5)? | s
32 Jo o (Xs) {044 <x,=0,+%]

by Itd formula admits the representation (under measure PI(,T))

T Si (Xs) — Sj+1 (Xy)
Vip=1+— [ v, 222 14 v iy dW,
pr =1t 16/0 gt o (Xs) [ps+F<xoso+ 4} 5T
15 (" Sj (Xs) = Sjt1 (X0
— ij[ 9 Q<X <9 uj dt,
512 Jo o (Xy) Jtr <Xs=Vjt7

Remind that

k+1

]l{l’/+¥<x5ﬁ./+ufr"} ;Sl ) Ly <<y} = Sj1 () 1{9,/+¥<x50j+LTj}'
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Therefore we can write
By |2)1 (u) - Z)3° (0))] = Baz!/f (o)) [1 = Vo [*

12 12
= (Bs2)7 (v) " (Ea |1 = Vir[)

172
< (Eﬂ |1 - Vj,T|8)

because EgZ}(% (vj) < 1. Further

T 8
v o (X2 .
Ey [1 - V7|  <CiEp (/0 Vii gj (X0 ]1[19,-+—1<X3519,-+—f} dt)

T T

T 8
+C, Ey (/0 Viigj (Xt)]l{ﬁj Y xyep, i dw,) .27

For the last (stochastic) integral we have the estimates

r 8
Ey (/0 Vi 8j (X) ]l{ﬁj+¥<xs§z9j+‘}—f} dW’)
- 4
2 Lo (x? , ‘i
= CEy (/o Vi 8i (X0) ]l{ﬁj+vTj<XsSz9j+7"} dt)

4

T
<CEy sup V} YOO % T wjy dt
¢ 2 () 8000 1 ) %)

1/2
<C|Ey sup V16
0<t<T

T 8\ 1/2
. 2 _ v
x (E” (/0 8 (X0 ]1{19_,-+%’<xxsﬁ_,-+—f’} dt) ) '

Remind that V,'® is martingale and E4V,} = 1. Using once more the local time
estimator of the density we write

T ) l9j+?j 5
/0 gj (X1) ]1{19 % ox, <0+T}dl / o 85 )7 fr (x)dx.

Ui+
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Hence
T 8
. 2 v u;
Es (/0 8 (X1) ]l{ﬁ_,+Tf<x5<ﬁ_,+T’}dt)

7. [T 16 o 18 8
S(uj—vj) T . gj (x)” Ey fr (x) dxfC(uj—vj).

The expectation Ey f7 (x)® due to the estimate (25) is a bounded function. For the
first integral in (27), the similar calculations yield the estimate

r 8
. , 2 . . s
Ey (/O Vii gj (X1) ﬂ{0j+l;—f.<XS§z9j+Tl} dt) <C(uj—vj).

Therefore, for ’u j| <R,

vl =R

8
Ea [ 200 (4)) = 2)3° ()] = € (= 03)" + (= v’

= C (14 R2) Juy = v (28)

To verify condition C, we follow the proof of the Lemmas 3.29 and 2.11 in Kutoyants
(2004). By condition (14), we have

k T
2
Ey Z/O [hj (X7) —hjn (Xt)] ]1{19.,.<x,519/-+3_i}dl‘
j=1

k ¥j+30; 5

=T 2/9 [hj ) = hjp1 O] f @ x) dx

j=1"Yi

k

=T k;8; (1+0(1) = «T 3]
=1

with some positive constants «, k ;. Here § = (d1, ..., d;) and we suppose for sim-
plicity that all §; > 0. Hence, the inequality (24) follows from the mentioned above
lemmas.

The properties of BE follow from the Theorem 1.10.2 in Ibragimov and Khasminskii
(1981) because the conditions A, (26) and (24) are sufficient for this theorem.

For the MLE, we do not apply directly the Theorem 1.10.1 in Ibragimov and
Khasminskii (1981) because it requires in condition B that d > k. We follow
the modification of this theorem discussed in the proof of the Proposition 2.40
in Kutoyants (2004). Let us consider the vector of likelihood ratios Y (u); =
(Zi/}‘(ul), o Z,i’/;(ul)). For the components Zjl.(? (uj),j=1,..., k wehave the
joint convergence of'its dimensional distributions to the distribution of the limit random
field
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Y(u) = (Z i/ 4(u1), e, Z,i/ 4(u1)) with independent components and the conditions

B and C. Therefore, we have the tightness of the corresponding vector of measures
and for each component we have the large deviations estimates: for any L > 0 and
N > 0 there exists Cy > 0 such that

(T) 1/4 1 Cy
P, { sup Zj'r (uj) = —} < LR

These estimates and the factorization of the likelihood ratio (15) allows us to ﬁ{lish
the proof of the properties of MLE mentioned in Theorem 1. Note that the MLE #; 1
can be written as

1A9j’T = argmaxy, e, L}/4 (9;, XT)

too. O

5.2 Proof of Proposition 2

To prove the Proposition 2, we consider the normalized likelihood ratio (we take
u > 0)

L(01+\/LT,192+%,193+%,X7)

InZy (v, w,u) =1n
T (w0 L (91, 02, 93, XT)

v r w T
= T/o Xilix, <v5)dW; _ﬁ/o Xil(x,293)dW;

Y PR W vt aw
2T ) o Jo T pexisaar T

1 /T v w
2, —ﬁﬂm«?a}—ﬁﬂ{xzzﬁs}

2
}i| Xlzdt

w—v
(2 ) ocnznes

Az + wA +(ﬁ2_ﬂl+w_v)A W) — 2
=vAi T +wArr 3ru)— = Jr,
o g’ﬁ 2

where the last equality introduce the notation for these integrals. For the last integral
we can write

U2 T ) w2 T )
Jr = ﬁ/o Xilix, <pyydr + ﬁ/o Xilix,>v,)dt
T — 2
2=

T
— /O Xi 0y, <x, 42347 + 0 (1) (29)
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For the first two integrals by the law of large numbers we have

1 T

7/ X7 Uix,<v3) dt —> Ep&lizopy), (30)
0

1 /T ) 5

?/ Xi Lix, =05y df —> Ep& Lig>vy), 3D
0

and for the last one using the local time estimator of the density we obtain

U3+

() B, . T 2
/0 Xt]l{193<xt§793+%}dt = T/l9 x° fr(x)dx = T/I9 x“ f(#,x) dx
3 3

O3+
+T/ 2 (ff @ —f @.x) dx=ud? f @, 03)+0(D),
s

3
where in o (1) we used once more the estimate (25). Therefore,

U2

(W — 1) 93
Jr — P Ep& N ig<py) +

2
2 3
—7 Eob gz Hu ————— f(3.93).

w

For the stochastic integrals Ay 7 and A 7 from (30), (31) and by the central limit
theorem we have the convergence

1 2

AMr=10 ~N©OIL) §LLI= p) Ep& Nz <vs) (32)
! 2

AT =86 ~N(O, L), h= =3 Ea87 15z, (33)

where the random variables ¢ and ¢, are independent.
Let us consider A7 = A1 A3z 7 (u1) + A2A3 7 (u2). We have

T
At :A I:)‘le]l{z93<X,§193+'%l} +)‘2Xt]1{193<X,§ﬁ3+”%}] dw;.

Note that

T 2
/o I:)”Xf]l{z?3<X,§193+u7]}+)“2Xf]1{193<X,5193+u72}i| dt

, T
_2 [ x 3 x?
B )Ll/o XLy <x, <oy 5y 41 —HQ/O XLy <x <o)

+2Mx2/T xf]l[ M]dt
0 T

3 <X <3+

— [ul 32+ uy A2+ 2000 (1 A uz)] 92 £ (@, 03) = d°.
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Hence A7 is asymptotically normal A7 = A with the limit variance ¢2. Remind that
the same variance has the random variable

A =103V f B, 03) W (1) + 23/ f (3, 93) W (u2),

where W () is a Wiener process. Therefore we have the convergence of the finite
dimensional distributions of A3 7 (#) to the finite dimensional distributions of the

process 34/ f (F, ¥3) W (u):

(A7 (1), ..., Az (up))

— (VT @B W) T @) W) (4

This convergence together with (32) and (33) allows to write the likelihood ratio
random field as

2 2

Zr (v, w, u) = exp [UALT - 1)711 +wAorr — w?lz

+ (’92 — 191) A @) — 4 gy +o(1)].
o 2

where Ay 7 and Ay 7 are asymptotically normal, and

By — 91)> 02
y () = % f@,03) =%

Therefore we have the convergence of the finite dimensional distributions of Z7
(v, w, u) to that of the random function

_ _w? _lul2
Z (v, w,u) = 6177l W= Tl oYW=y u e B

where {1, ¢ and W (-) are independent.
To check the condition B in the case of Bayesian estimation we following (26) write
(ur > uy > 0)

2
12 1/2
Eﬂ‘ZT/ (vl,wl,ul)—ZT/ (v2, wz,uz)‘

Sl /T[(vl—vz)]l{x,wﬁ+(w1—w2)1{xeﬂs1
~ 462 0 JT VT

2
V2 — U] — W2 + W 2
"‘(191 — v+ JT )]1{03+”T1<X,<z93+?}} Xpdr

< C1 (v —v2)* 4 Co (w1 — w2 ) + C3 |ug — uyl.

In the case of MLE this estimate is not sufficient because the condition d > 3 is
not fulfilled. We slightly modify the proof of (28). Let us denote u = (v, w, 1) and
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put
1
(ZT (v2, wo, uz)) 32
Vi={—"—7—7-— .
Z7 (v1, wi, up)
Then
1 1 8 1 o
Ey |Z7 (v, wi uy) — Z7 (v2, wo, u2)| =EgZ; (v2, w2, u2) [1 — Vr|

1

1 2 1 1
< (Eﬂ% <vz,wz,uz>) (Es 11— vrl'®)" < (Eg 11— vrI'®)".

The process V;, 0 <t < T by It6 formula admits the representation

T T
Vi =1 —a/ V, (AS (X)) dt +b/ V, (AS (X)) dW,
0 0

with corresponding constants @ > 0 and b > 0 and AS (X;) = AS; is the difference

of two trend coefficients. Hence
T
+ BEjy (/ Vi (AS;) dt)
0
8

T
+ CEy (/ V,Z(AS,)zdt) )
0

16 16

T
Ey |1 — Vr|'® < AEy (/ v, (AS,)zdt)
0

T
< AEy (/ v (AS,)zdt)
0

16

Further

8

T T
Es (/ V,Z(As,)%lt) <E; sup V6 (/ (AS,)zdt)
0 0<t<T 0

3 T 2N 3
§(E,9 sup v,24) (E,, ( / (ASt)zdt) )

0<t<T 0

T 24 %

S(E,, (/ (AS,)zdt) )
0

because Ey supg, <7 V2* < 1. Now with the help of (29) we can write

8

24

T %) 24
Ey (/ (AS(XZ))zdr) —E, (T / (AS(x))zf;’u)dx)
0 _

o0

< C1 (v —v)® + Cy (wa — w)® + C3 (w2 — u)*.
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After substitution of these estimates we obtain

8

i i
Ey |Z77 (vi, wi,u1) — Z7° (v2, wa, uz)

<Alvy— B+ Blwy —wi[® + Cluy —uy|*.

Therefore for the values |v;| + |w;| + |u#;| < R we have

8

i 1
Ey |Z;7 (v1, wi, u1) — Zy (v2, wa, ua)

SC(1+R4) (|v2—v1|4+|w2—w1|4+|u2—u1|4). (35)

Hence the conditi]on B is fulfilled with m = 4 and d = 4 > 3 for the random field

Yr (v, w,u) = Z; (v, w, u).
To verify the condition C we follow the proof of Lemma 2.11 in Kutoyants (2004).
We write (1 > 0)

U2 T 5 w2 T )
EyJr = m/o Ep X1 (x, <py)dt + ﬁA Ey X[ 1(x,>9,dt

ot vo vy TE X1 d
+ o + O’ﬁ 0 BAy {193<X75793+%} I

w [V — v—w T 2
+2ﬁ( o + aﬁ)/() E,}X[]l{193<xt5193+%}dt.
Note that
a—p 1 w ( v )‘ B2 —
0<k= <—h+——-N"h+—=])| < =K.
o o JT JT o
Hence
02 w2 8 N
EpJr > —E0€ Lig<on) + —Ep&Lgz0,) + & T/ x° f (¥ x)dx
3
|wl /”“r >
—2—KT x“ f (@, x)dx.
\/T 93

Let us put § = x2/4K, then for |“| 7t lwfl + % 8 we have

EsJr > 021 +wlh + ul Sa? inf (), (36)
Taz<x=<ps
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and for the? vector h = (hy, hy, h3) with h; = #,hz = %,hg = %, and |k > §
we can write
93 00
Eo Jr =h%/ xzf(#,x)dx—i-h%/ x2f (9 x)dx
T —0o0 93+h3
W3+h3
+ (0 — 02 + h1)? X2 f (9 x)dx
V3
D3 00
= h%/ xzf(ﬂ,x)derh%/ X2 f (9 x)dx
—00 B3
93+h3
+ (o2 — ,31)2/ x2f (@ x)dx >k > 0. (37)
3

Here we used the representation

= Lxcpy) — P2 Lxzpq) + (1 + A1) Lixcpyrng) — (P2 + h2) Tix>95405)
=il cpy) + holixsps4ns) + 01 — 02 + A1) Lips<x<o3+h3)-

Now having (36) and (37), we can follow the proof of Lemma 2.11 in Kutoyants
(2004) and obtain the estimate (24). m]

5.3 Proof of (9)
The properties of modified (simplified) estimators defined by the equalities (8) will be

proved if we verify the law of large numbers (9). For any ¢ > 0 using the consistency
(7), we can write

ol

>s]§P,;{

1 r .
— | x?1, . di—1 3 ‘ > T—”}
o?T /ﬁ xi<ds ) : SR

1 r .
+P,9[ —/ X21 s, dr =T > ¢, |95 —193‘<Tb]
02T J 77" {X,<193,ﬁ} 3.T
T T,
<Py sup —/ X x copdt — 11| > et +0(1).
\9_193\<be O'ZT ﬁ t H{X: <6}
Further
1 r,
sup —/ X 1ix,<oydt — Iy
0370 |02T Sy 11
T,
= sup =7 X 1ix,<pydt — 11| +0 (1)
|0—03]|<T—b 1O 0
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+o(1)

sup
|0—d3|<T b

6 )C2 93 X2
/ G—zf}’(x)dx—/oo;f(ﬂ,x)dx

—00

W3+T° %2
+/ — fr (x)dx +o ().
o

3

93 x2
< ‘/ = 70— @ x0]dx

—0o0

Here f7 (x) = o 2T~ A7 (x) is the local time estimator of the invariant density. To
finish the proof we just mention, that

93 )C2
/ ;[f}’(x)—f(#,x)]dx—)O

by the law of large numbers. O

6 Discussion
6.1 Goodness-of-fit testing

Suppose that the basic hypothesis (/%) is simple: the observations X7 = (X;,0 <
t < T) come from the Eq. (12) with known #(. There are several ways to construct
the goodness-of-fit tests. It is possible, for example, to use the Cramér-von Mises and
Kolmogorov—Smirnov type statistics proposed in Dachian and Kutoyants (2007) or in
Negri and Nishiyama (2009). Let us discuss another approach developed in Kutoyants
(2010) which is more close to classical statement. Introduce the empirical distribution
function Fr (-) = T~} fOT 1(x,<x) dt and the corresponding C-vM statistics

VZ = T/Oo H (#9, x) [ﬁ]‘ (x) — F(ﬂo,x):rdF (9, x),

with weight function

v’ (9, x)
f 0, x) [F (#o, x) — 117

H (90, x) = M (W (0, x)).

where M (-) is some function providing the finitness of this integral and

¥ F(®0,y)?
@)= | ——
@o,x) /m o2 foBory) "

 (F @, y) — 1) dy
+F ‘0 ' 2/ ( ) .
@o.x) v \F@0.x)—1) o)?f@o,y)

It is shown that if M (s) = e¢* then

o0
VI (90) = /0 W (s)? e~ ds,
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where W (-) is a Wiener process, i.e.; we have asymptotically distribution free test
Yr = ]I{VzT B0)>ra) (see Kutoyants (2010)). The threshold 7, of course, is solution

of the following equation P { fooo w (s)2 et ds > ra} = «. The similar result can be
proved for the large class of functions M (-) satisfying the obvious conditions.

In the case of composite basic hypothesis it is supposed that the observed process
satisfies the equation (12), but the value of # is unknown. Then we can use the same
statistic with parameter replaced by some estimator(MLE or BE) and show that the

test tﬁr = 1/ with the same r, is asymptotically distribution-free (see
5 (197)>ra

Kutoyants 2010 for details).

6.2 Conclusion

The studied estimators have some particularities which are typical for singular esti-
mation problems. Let us mention some of them.

1. The rate of convergence is 7' and not /7 as in regular models.

2. The asymptotically efficient estimators are BE and not MLE.

3. The likelihood ratios (LR) converge to the exponential functional of Wiener pro-
cess (not LAN).

4. The estimation problem is more robust than in regular case and admits the con-
sistent estimation even for wrong models.

5. The one-step MLE does not exist but it is possible to “localize” the problem by
the first /T observations and to use the narrow windows for observations.

6. Inmultidimensional case the limit LR is a product of one-dimensional independent
LRs.

7. The goodness-of-fit test even with parametric basic hypothesis is asymptotically
distribution-free.

Of course, there are a lot of open problems. For example, it can be interesting to
study the properties of estimators for multidimensional threshold diffusion processes,
partially observed linear switching systems or to use the multithreshold model for
approximation of some trend coefficients.
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