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Abstract In this paper, we present results for testing main, simple and interaction
effects in heteroscedastic two factor MANOVA models. In particular, we suggest mod-
ifications to the MANOVA sum of squares and cross product matrices to account for
heteroscedasticity. Based on these modified matrices, we define some multivariate
test statistics and derive their asymptotic distributions under non-normality for the
null as well as non-null cases. Derivation of these results relies on the perturbation
method and limit theorems for independently distributed random matrices. Based on
the asymptotic distributions, we devise small sample approximations for the quantiles
of the null distributions. The numerical accuracy of the large sample as well as small
sample approximations are favorable. A real data set from a Smoking Cessation Trial
is analyzed to illustrate the application of the methods.

Keywords MANOVA - Perturbation method - Heteroscedasticity - Non-normality -
Local alternatives - Multivariate tests

1 Introduction

Consider the multivariate linear model Y , x, = BpxiXkxn+Epxn Where X is aknown
design matrix, B is a matrix of unknown parameters,and £ = (e, ..., &,) isarandom
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136 S. W. Harrar, A. C. Bathke

matrix whose columns ¢; are independently distributed with mean 0 and positive def-
inite variance-covariance matrix X;. Consider a linear hypothesis Hy : BC = 0 for
some known full column rank matrix C. Assuming that &; has multivariate normal dis-
tribution and that ¥ = - - - = %,,, the theory for testing the hypothesis Hy is very well
developed and documented in the multivariate statistics literature (Anderson 2003;
Muirhead 1985). The most commonly used test statistics are the Likelihood Ratio
(LR), Lawley—Hotelling (LH), and Bartlett—Nanda—Pillai (BNP) statistics. Exact null
and non-null distributions of these statistics take quite complicated forms except in
few special cases. Tabulations have been provided in some cases. Dempster (1958,
1960) devised a test statistic suited to the situation where the dimension is large and
proposed an approximation to the null distribution by matching moments with that of
the F-distribution.

On the other hand, these statistics are known to have an asymptotic chi-square
distribution as the sample size tends to infinity. There are also satisfactory asymp-
totic expansions as a function of chi-square variables, see for example Anderson
(2003) and Siotani et al. (1985). For the situation when the covariance matrices are
not assumed equal, the earliest research appears to be by James (1954) and Ito (1969)
who provided only approximate solutions for the one, two and k sample multivariate
problems.

Under non-normality and equal covariance matrices, the null distributions of these
statistics with the exception of Dempster’s are known to converge to a chi-square
limit distribution as the sample size tends to infinity, under certain restrictions on
the design matrix (Huber 1973). There are also a few recent works on asymptotic
expansions of the distributions of these statistics under non-normality (Fujikoshi 2002;
Wakaki et al. 2002; Kakizawa 2009). Despite its theoretical as well as practical impor-
tance, the more general case without the assumption of constant covariance matrix
has received only little attention. Part of the reason is that the asymptotic theory
tends to be much more involved. Ito (1969) obtained asymptotic expansions for dis-
tributions of the multivariate statistics for testing equality of kK mean vectors when
the covariance matrices are unequal but normality holds. Later, Ito (1980) studied
the robustness of one-way MANOVA problems when normality and homoscedas-
ticity are violated one at a time. In these works, Ito noted that the effect of heter-
oscedasticity is substantially different on the different tests. Under non-normality,
Kakizawa and Iwashita (2008) obtained asymptotic expansions for the null distribu-
tion of Hotelling’s T2-type counterpart of Welch’s 7-test statistic by including terms
of order up to 1/n. Kakizawa (2007) obtained asymptotic expansions of James (1954)
statistic for the one-way MANOVA layout. One major problem with James’ statis-
tic is that its application is rather too complicated when there are two or more fac-
tors.

Besides focusing on the one-way layout problem, all the above asymptotic works
assume that the hypothesis degrees of freedom remain fixed or small. Allowing the
hypothesis degrees of freedom to go to infinity at the same rate as the error degrees
of freedom, Fujikoshi (1975) derived asymptotic formulas for the null and non-null
distributions of some multivariate statistics under normality and equal covariance
matrices. In this paper, we are concerned with testing linear hypotheses in a multi-
variate factorial design setup. For brevity, we consider the two-way cross classified
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design, without making the assumptions of normality and equality of covariance matri-
ces. Our asymptotic framework is that the replication sizes are fixed but the number
of levels of one of the factors is large. It was shown in Harrar and Bathke (2008)
that the distributions of the test statistics are sensitive to non-normality when the
covariances and sample sizes per treatment are not constant. The underlying cause
of this problem appears to be the weighting scheme in pulling the data together to
get estimates of the within and between variabilities. Mindful of that, we redefine
the estimates of these variabilities by using a suitable weighting scheme. Then the
comparison of these measures of variabilities is done via the Dempster, LR, LH and
BNP criteria to construct tests of significance for the main, simple, and interaction
effects.

The asymptotic setup considered in this paper is becoming increasingly popular in
view of the recent inventions of high throughput diagnostics and other biotechnologies
such as fMRI and Microarrays which generate massive amounts of data to be analyzed.
Another practical example in a Smoking Cessation Trial is discussed in Sect. 4.

More motivations for this type of asymptotics in agriculture, health sciences,
and other disciplines are found in Boos and Brownie (1995), Akritas and Arnold
(2000), Bathke (2002, 2004), Harrar and Gupta (2007), in univariate settings, and
Gupta et al. (2006, 2008), Bathke and Harrar (2008), and Harrar and Bathke
(2008) in the multivariate setting. Whereas Gupta et al. (2006, 2008) are restricted
to the equal covariance case, Bathke and Harrar (2008) and Harrar and Bathke
(2008) consider the single factor nonparametric situation. For a recent trea-
tise on high-dimensional multivariate approximations, see also Fujikoshi et al.
(2010).

In this paper, 0 will denote the vector (0, ..., 0), the dimension will be clear
from the context, and 1, denotes an n-dimensional vector (1,...,1)" consist-
ing of ones. The matrix I, is the identity matrix, and J,, P, are defined as

J,=1,-1, and P, = I, — nlJ,, respectively. The symbol £> stands as an

abbreviation for “converges in law to” and 2 for “converges in probability to”.
Throughout the paper, we will extensively use the Kronecker (or direct) prod-
uct A ® B of matrices, the direct sum A @& B of matrices, the vec opera-
tor that stacks columns of a matrix on top of each other, and the commutation
matrix K, ,. See Magnus and Neudecker (1979) for properties of the commutation
matrix.

The paper is organized as follows. Section 2 presents the modified test statistics
and their distributions under the null hypothesis as well as local alternatives. Also
in Sect. 2, the numerical accuracy of the asymptotic distributions are investigated.
Then Sect. 3 devises finite sample approximations based on the robustness results
obtained in Sect. 2 and some existing results under normality and constant covariance
matrices. The analysis of a real data set is presented in Sect. 4. An R-Script which
implements the methods of this paper can be obtained from the authors by request. We
will eventually develop a self contained R-package and make it available via CRAN.
Section 5 contains discussions and some concluding remarks. For the sake of clarity
and efficient presentation of the ideas, proofs and other technical details are placed in
the Appendix.
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138 S. W. Harrar, A. C. Bathke

2 Heteroscedastic MANOVA
2.1 Preliminaries

Let Y;jx be independent p-dimensional random vectors with mean vector u;; and
covariance matrix X;; fori =1,...,a,j =1,...,b,and k =1, ..., n;;. Consider
the model u;; = pu + &; + B; + y;;, where &;, B;, and y;; are unknown constants
corresponding to the effects due to the two factors A and B and their interaction
AB. We assume the identifiability constraints >, &; = >, 8; = 0,2, y;; = 0 for
i = 1,...,a,andziy,»j =0forj=1,...,b.

The hypotheses of interest for this treatment design are as follows.

(a) H(()A) co; =0fori = 1,2,...,a—which means no main effects of levels of
factor A,

(b) Hf)A‘B) tai -y = Ofori =1,2,...,aand j = 1,2, ..., b—which means no
simple effects of levels of factor A,

(c) H(()B) B j = 0 for j = 1,2, ..., b—which means no main effects of levels of
factor B,

@ HS™ B, +y;; =0fori=12...,aand j = 1,2,..., b—which means
no simple effects of levels of factor B, and

(e) HE)AB) LY = 0fori =1,2,...,aand j = 1,2,..., b—which means no
interaction effects of levels of factor A and levels of factor B.

The asymptotic setup is that the number of levels of one of the factors, say A, is
large but the sample size and the number of levels of the other factor remain fixed.
In this asymptotic situation, the problems of testing main and simple effects of factor
B seemingly fall in the usual large n asymptotic framework. However, the techniques
and the results will be new and nontrivial due to the modification of sum of squares
and cross products matrices to be introduced next.

Define,
a b
1 - N N N
HY = — 3 > Vi =Y )X =Y.,
i=1 j=I
a b
1 _ - _ ~
HOW = o= 2.2 Vi =Y )V = Y3’
i=1 j=I1
a b
1 ~ ~ ~ -
H® == > (Y, =Y )X, =Y., (1)

i=1 j=1

1 a b _ _ ~ _
HEA) — 20-D zZ(Yi,:—Yi..)(Yij.—Yi..)’,
a i=1 j=1

1 a b

DU Yy =Y =Y +Y )Yy -V =Y +Y.),
i1 j=1

HAB) —
(@a—1D(b-1)
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A modified two-factor multivariate analysis of variance 139

and
1 a b njj 1 a b 1
G =— Y CNYir — Y ) = — —Sii,
abzzn,/(nu 1) Z( ijk — l].)( ijk 1].) abZZnij ij
i=1 j= i=1 j=1
v.., _ 1 nij v, _Ixb v..ov., _1lxa v.. v _
Where Ylj = E k= lYljk’ YL_ = I;ZjZI Y[/,, YAJ. = ZZiZI Yl/.’ Y —

ab Zl_l Z] lYlJ » and S’/  (njj —1) an/ (Yijk - Yi/-)(Yijk - Yij-)/'

The mean vectors p;; and covariance matrices %;; differ from cell to cell.
Thus, it does not make sense to use the weighting scheme used in homoscedas-
tic MANOVA when combining the data in the process of forming the hypoth-
esis mean squares and cross products matrices. More specifically, let i, ., =
(B11s -y M1ps 215 - - - » Rgp)- The hypothesis of no interaction effects can be writ-
ten as HY'® : @(P, @ Pp) = 0. Define Y. = (Y1, ..., Yip, Yor, ..., Yap). It
is reasonable to consider Q%) = Y.(P, ® P;)Y’ as a hypothesis sum of squares
and cross products matrix for H(AB) Then, with the aid of Eqgs. (9), one can see
that QUAB) = (¢ — 1)(b — I)H(AB). This idea is similar to the quadratic forms in
Brunner et al. (1997) for their ANOVA-type statistics in the univariate setting. Anal-
ogous arguments can be used to justify the other sum of squares and cross products
matrices.

As an estimate of the within variability, we take the average of the estimators of the
variances of the cell mean vectors. These sum of squares and cross products matrices
correspond to the type III sum of squares and cross products matrices in unweighted
means analysis of multivariate linear models. In the univariate case these types of
mean squares have been used, e.g., by Wang and Akritas (2004, 2006).

2.2 Test statistics

Before we define the test statistics, we show that the sum of squares and cross products
matrices given in the previous section have the same expected values under the null
hypotheses. First, define ¥ by ¥ = ab > Z %;j. From here on, we assume
that ¥ = O(1).

Itis shown in Appendix A that for each of HAB) HQAIB) @A) HB) and HBIA,
the expected value under the corresponding null hypothesis is equal to . That is,

Jln

under H(()w), E (H(””)) _ 1 ZZ;EU =X ()

where 1 can be each of the effects under consideration: AB, A|B, A, B or B|A.

In view of (2) and the fact that E(G) = ¥, we can compare the hypothesis and
error matrices to obtain a meaningful test statistic. In multivariate analysis of vari-
ance (MANOVA), there is a multitude of test statistics to choose from. None of these
statistics perform uniformly better than the others in the whole parameter space. For
this manuscript, we consider the four most commonly used test statistics, namely the
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Dempster, LR, LH, and BNP criteria. In what follows, we present the test statistics for

H((;//). Here also, i can be each of the effects under consideration: AB, A|B, A, B, or
BJ|A.

(a) Dempster’s ANOVA Type criterion: Téw) =tr(HW) /tr(G).

(b) Wilks’ Lambda (Likelihood Ratio) criterion: 7'} = —log(|G|/|H™) + G|).
(c) The Lawley—Hotelling criterion: TL(I‘? =tr(HYG™).

(d) The Bartlett-Nanda—Pillai criterion: Tyl = tr (HY) (HY) 4 G)™).

2.3 Asymptotic distributions under the null hypotheses

We have seen that the matrix G is an unbiased estimator of X. The following theorem
asserts that the difference G — ¥ is asymptotically (@ — oo) negligible.

Theorem 1 Assume that the njj are bounded and that Y ;_, Z?Zln;jz(nij —
1)_121‘]' Q %jj = 0(a?) and > Z?‘:l ni;3K4(Y,~j1) = 0(a?) as a — oo. Then

G—E—p>0asa—>oo.

The conditions in Theorem 1 basically require the weighted sum of the fourth and
second order moment do not grow at a rate faster than a?. Apparently, these condi-
tions become rather mild (in terms of a cell sample sizes) if we assume that the fourth
and second order moments of the data in the different treatment groups are uniformly
bounded.

In the remainder of this section we obtain the asymptotic null distributions of the
four test statistics for testing the main, simple, and interaction effects. Since the results
for testing HAB)  HA  HAIB) and HBIA) are similar in form and their derivations
proceed along the same lines, we group them under the same heading in the following
subsection.

2.3.1 Testing HAB) (A H(AIB) gyq H(BIA)

We know from Theorem 1 that, under two technical assumptions, G — ¥ = 0,(1) as
a — oo and it is established in Theorem 2 below that /a(HY) — G)Q = 0,(1)
as a — oo and for any matrix of constants €2. Then the following expansions can be
easily verified.

TS =1+ % [ﬁ tr(HY) - G) - _tr(lfl)i| +op(a?),

1
T = log 1yt HV G |=plog2+ 5= [Vau@" -Gz +o,@17),
a
1
T = p+ = [ﬁ w(HY — G)E—l] +opa'?) 3)
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A modified two-factor multivariate analysis of variance 141

and
T = tr (HW’)G—](I +HYGH)
BNP — p

p f [fu(HW G)Z’l] +opa'?).

Considering the expansions in (3), one can see that all four test statistics, scaled and
centered suitably, may be expressed as

Va(ery" — h) = Jauw(HY) - G)Q + 0,(1), )

where £ = 1,2,1,4,h = 1,2plog2, p,2pand @ = (1/uX)l,, =1, 2!, £~ for
G =D, LR, LH, BNP, respectively.

In light of the expression (4), the null distributions of the four test statistics can be
derived in a unified manner by obtaining the null distribution of \/a tr(HY) — G) for
any fixed matrix 2. The null distribution of the latter quantity is given in Theorem 2.
The theorem needs the following technical assumptions to hold.

Assumption 1 Forsomed > 0, E|(Y;;1 — [,Lf»;-b))/zi;l(Yij] — ;Ll(}ﬁ))lz""S < 00 where
Y;jr and ;LW') are as defined in Theorem 2.

Assumption 2 For some § > 0,

— )2+8
alggo a lel 1+5/2 . 1)1+8/2t (€@%i)) =
! J

and

1 < 1 |
M — - - . o) 1+6/2
Jim p Z Z LTT32 15672 (€2 S2%) < 0.
i=1j#j "ij ij

As one can readily understand, Assumptions 1 and 2 are needed for the application
of Liaponauv’s Central Limit Theorem in proving the following theorem. Before stat-
ing the theorem, though, we introduce a notation which greatly facilitates a succinct
presentation. Let

r+o;+B; ify=AB
u}}”: r+B; ify =AorAlB. §)
n+a; if ¥ = B or B|A

Theorem 2 Let v = AB, A, A|B or B|A. Suppose that under the hypothesis

Hg//) , Yijiare mdependently distributed with mean vector M(W) and covariance matrix
Sijfori=1,...,a,j=1,...,bandk =1, ..., n;j. Then, under the assumptions 1

and?2, \Ja tr(HW -6 —‘> N(o, rj,(sz)) asa — oo and n;j and b bounded, where
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142 S. W. Harrar, A. C. Bathke

[ 2 v2(2)
Z v1(Q)+m] when ¥ = AB
2
20 5 {v1(Q) + v2(2)} when W = A
T = .
v %vl(ﬂ) when ¥ = A|B
2 L@+ 2 en y = Bla
[ b2 b—1)?

tr(QEU) — 15 1 a b
Here, U](Q) = hma*)oo ab Zl 1 Z/ 1 mandvz = hma%oo ab Zi:l Zj#j,
tr($2%;; Q%)

- , assuming the limits exist.
ijn l_[

Under the assumptions and notations of Theorem 2, the asymptotic distribution of
Dempster’s ANOVA type criterion can be obtained by setting 2 = (1/trX)/,,. For the
other three criteria, we set = X ™! to get the asymptotic null distributions.

Needless to say, the asymptotic null distributions of 71 r, 7.5 and Tgnp, scaled and
centered as in (4), are the same up to the order O (a~!/?). A comparison of the asymp-
totic variances in Theorem 2 reveals that the test statistic for the interaction effect
has smaller variance than that of the main effect. Also we see from the asymptotic
variances in Theorem 2 that the test statistic for the simple effect of A has smaller
variance compared to that of either the interaction or main effects. In addition, it is
apparent from the theorem that the sizes of the four tests are asymptotically robust.

2.3.2 Consistent estimator of ti ()

In practice, we need a consistent estimator of Tllzf () forQ = (1/tr¥)l,and Q = >-1
to apply Theorem 2. Since G — X = 0,(1) as a — oo, we only need to find a con-
sistent estimator of ré (€2) assuming 2 is a known constant matrix. The following
Theorem provides such an estimator. A similar estimator has been used in a univariate
setting in Wang and Akritas (2009).

Theorem 3 Let the model and assumptions be as in Theorem 2. Further assume the
eighth order moments of Y;ji exist and define

1 n,-j
V@ =1 2 Wik — Yije) Vi — Yijk)
U (1 Kok a)ekC
xQ2(Yijis — Yijk) Yijks — Yijr)'

where IC is the set of all quadruples k = (k1, ka, k3, ka) where no element in « is equal
to any other element in k, and c;j = n;j(n;j —1)(n;; —2)(n;j — 3). Then, as a — o,

ZZ o =" @) - ZZ

lljl

tMQEﬂ =0,(1)

nl/(nl/ nl/(nl[
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and
a b a b
= (28, 28) — — QT Q5) = 0p(1)
ab — ~ n;in;; Y ab ~— ~ n;in;j 4 Y PR
i=1j#j’ i=1j£j
In some cases it may be appropriate to assume that X;; = X; (cf. Bathke

j
15a 1 : _ : . )
4 ijl e Thus, assuming n ; = O(1) as a — 00, a consistent estimator of ¥

2004). Under this assumption, %Z?:l Z?’:] #Eij = le’.zl n;¥j, where n ; =

and, therefore, of ¥ can be obtained by pooling the estimates from each level of factor
A. This estimator will obviously be consistent as a — oo and uses all information in
the samples.

2.3.3 Testing for the main effects of factor B

For testing the main effects of factor B, the asymptotic framework a — oo is con-
ceptually similar to the usual large replication size asymptotics, and therefore, we
expect a chi-squared type asymptotic null distribution. In the proof of Theorem 4 (see
Appendix B), we will see that (b — Du(HB G = O, (1). Thus, the expansion
b—DT = b—Dr(HPG')+ 0,(L) holds for G = LR and BNP. Therefore,
in light of the fact that G — ¥ = 0,(1) as a — oo, the asymptotic null distribution of
the four test statistics can be derived in a single stroke if we have the asymptotic null
distribution of (b — 1) tr(H®) Q) for any constant matrix 2. Before we present the
the result, we state an assumption needed for the application of Liaponauv’s Central
Limit Theorem.

Assumption 3 For some § > 0, E|Y;;1 — [LEJB) [21? < oo where Y;jr and ugf) are
as defined in Theorem 4.

Theorem 4 Suppose Y;ji are independently distributed with mean vector uff) =
i +o; and covariance matrix Xij fori =1,...,a,j=1,...,bandk =1, ..., n;j.

Then, under Assumption 3 and the assumption (1/a) Zle ni_j1 Yij=0)asa— oo,

b=Dp
G-DeHPQE S nxdy 6)
k=1

where n;j and b are bounded and Ay is the kth largest eigenvalue of A defined by A =
(P @) S @) -5 (P @ Q). Here, 47 k= 1,2, (b= 1)p,

stands for independent chi-square random variables each with one degree of freedom.

The application of Theorem 4 requires a reasonable approximation to the right
hand side of (6) and a consistent estimator of A or at least of its p(b — 1) nonzero
eigenvalues Ap, ..., Ap—1)p. A well known approximation to the distribution of a lin-
ear combination of independent chi—squared random variables is a constant multiple
of a chi-square distribution, say g XJZC, where g and f are determined by the method
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144 S. W. Harrar, A. C. Bathke

tr(A)?

of moments. The moment matching principle applied here leads to f = %) and
2 A
= ttrr(([>\))' Now consistent estimators f and g can be obtained by replacing A with

its consistent estimator,

R R 1S (P R
A=med |- — S (P 91/2)
(Pp ® ) a & J.G=91nij ij b @

where €2 is obtained from by replacing ¥ with G. The consistency of G for X is
established in Theorem 1. The same argument as in the proof of Theorem 1 can be
used to establish

b

1 & 1 1 & 1
— — S| == — 3. = 1 .
p @n.j i | =2 | D | =op) asa—oo

i=1 \j=1 " i=1 \j=1 Y

On the other hand, A = P, ® I, for the Wilks Lambda, Lawley—Hotelling and
Bartlett-Nanda—Pillai criteria when the quantity (1/a) >°{_, ni_j1 %;; does not depend

on the index j. In this case A is idempotent and therefore (b — 1)T((}B) £> X(QIF Hp for

G = LR, LH, BNP. In the case of 7\\"), A = P, ® 5. Then,

P
(B £ % .2
T = 2 o K-k @
k=1
where o1, ..., o), are the eigenvalues of X. Here again applying the moment matching

principle to the right hand side of (7), we can use the approximation g X,% where consis-
tent estimators of f and g are given by tr(G)2/tr(G?) and tr(G?) /tr (G)?, respectively.

2.4 Asymptotic distributions under local alternatives

In this section, we give the asymptotic distributions under some reasonable local alter-
natives. Here also we present the results for the general cases and the distributions for
each of the four test statistics can be obtained by making the necessary substitution
for 2. Here also we introduce a handy notation which allows a concise presentation
of the results. Denote

yij,a lf w == AB

o if vy=A
wig=nl+1aia+yi, it ¥=AB,

ﬂj,a if W =B

Bjou+tVija it ¥=BlA
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v
ij
the following constraints for each positive integer a: > ¢ @4 = Z?:] Bj.=0,
Z?’:l Vija=0fori=1,...,aand 3/ p;;,=0forj=1,...,b Alsolet

where p;; is as defined by (5) and the triangular arrays &; 4, B; , and p;; , satisfy

1 1 a b ) .
= 2o 2 YiiaYija if v =AB
Ja (b —1) =5

1 a

4 .
N7 Zaiv““i,a if vy=A
\/E i=1
Ov = 1 1L .
TE ZZ(ai,a + yij,a)(ai,a + y,'j’a)/ if w — AlB
a i=1 j=1
1 1 a b
/.
Jab—1) Z};(B/»a t7ija)Bjatvija) if ¥ =BlA
L =1 j=

We assume ®y = O(1). For example, when ¢ = AB this assumption will be
reasonable if y;; , = O(a~'*). So the following Theorem states that the four test
statistics will be able to detect a sequence of alternative points converging to 0 at the
rate a~1/4,

Theorem 5 Let v € {AB, A, A|B, B|A}. Suppose Y;jx are independently distrib-
v
ij,a
of Theorem 2, \Ja tr(HY) — G)Q —£> N(tr®y £, tvzl(Q)) where ri(Q) is as defined
in Theorem 2.

uted with mean p;; . and covariance X;j. Then under the assumptions and notations

Notice that the asymptotic power of the four tests under the local alternative in
Theorem 5 is a monotone function of tr © Q/ rvzj (2). The four test statistics will

have the same asymptotic power if 2 = ¢/, for any non-negative constant ¢. That
would be the case, for example, when X;; = I),.

Next we present the asymptotic distribution of the test statistics for the main effects
of factor B under local alternatives.
Theorem 6 Suppose Y;ji are independently distributed with mean vector ;Lﬁ. 4 and
covariance matrix Ljj fori = 1,...,a,j =1,....,band k = 1,..., n;j. Assume
Bj.= a”'’B j.0 where B ;  are fixed vectors of constants. Then under Assumption 3
and the assumption that (1/a) Z?:l n;jl Yij=0()asa — oo,

b=Dp
b-DeHPQE S Mk (rBPB'Q)
k=1

as a — oo where B = (B, ..., Bp), A is as defined in Theorem 4, \; is the kth
largest eigenvalue of A as a — oo and, n;j and b are bounded where X12 «(0) for
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146 S. W. Harrar, A. C. Bathke

k=1,2,...,(b— 1)p are independent chi-square random variables each with one
degree of freedom and non-centrality parameter 6.

2.5 Numerical accuracy of the asymptotic distributions

To assess the quality of the asymptotic null distributions in Theorem 2, a simulation
study was conducted by generating data from multivariate normal and multivariate
skew normal (Azzalini and Capitanio 1999) distributions with dimension p = 3.
In each case, three different structures for the covariance matrices were considered.
These structures are (i) X;; =free of i and j, (i) XZ;; = (1 — p;j)Ip + pij 1,,1/,, where
pij = (ij)l/z/(l ~+ij)and (iii) X;; = ijI,. We denote these three structures by X1, X,
and X3, respectively. Note that covariance structure X3 violates the assumptions of
Theorem 2.2, and the tests are, therefore, not necessarily expected to perform well
in the simulation study. Five values of ¢ = 10, 20, 35, 50, and 100 were considered,
along with b = 3. For the replication sizes, we set n;; = 4 fora — 1 cells, n;; = 5 for
(b —1) cellsand n;; = 6 for (a — 1)(b — 1) 4 1 cells.

In Table 1, results for testing the main effect of A and the interaction effect AB
are displayed. Considering the results for the structures ¥; and X», it can be seen
from the table that the test statistic Tgnp appeared to be conservative for all values of
a considered, in particular, when testing the main effect. In this case, the quality of
approximation was not quite adequate even for @ = 50 and 100. On the other hand,
Tp and Tpy appeared to be liberal for testing both the main effect of factor A and
the interaction effect. However, the quality of approximation improved quickly and
attained the desired size fairly close at a = 50 and 100. The test statistic 71 r appeared
to be the best in terms of achieving the desired size. More so, in particular, for testing
the interaction effect. Table 1 also shows that heteroscedasticity and skewness did not
adversely affect the size of the tests.

Despite the fact that structure X3 violates the assumptions of Theorems 2,
we see that this did not seem to have an effect under normality. When the data
contained skewness, however, the numerical accuracy of the sizes was only
acceptable for the test of interaction effect, but not for testing the main effects.
Nevertheless, the increasing tendency of the sizes as a gets bigger is undesirable.
This indicates that the assumptions seem to be needed in practice, and that they are
not merely abstract technical conditions. In sum, the simulations give some compel-
ling evidence that the assumptions of the theorem on the covariances are important
only for testing the main effect. Even in this case the assumption seems to be required
only when there is departure from normality.

Overall, the actual type I error rates were better controlled at the desired level for the
interaction effect than the main effect. This is expected because the sampling variance
of the test statistic for the interaction effect is smaller than that of the main effect.

3 Finite sample approximations

Let Y{,Y2,...,Y, be mutually independently distributed as N, (0, X;) where
Y; > 0. Define Q = YCY' where C =(c;;) is an n x n symmetric non-negative
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Table 1 Simulated actual sizes (expressed as percentages) for the four test statistics when sampling from
multivariate normal and multivariate Skew—Normal distributions under the three heteroscedasticity struc-
tures X, Xp, and X3

Cov.  Pop. Test Stat  a =10 a =20 a =35 a =50 a =100

A AB A AB A AB A AB A AB

Y MN  Tp 100 80 73 71 71 55 73 15 63 60
TiRr 40 41 27 50 38 49 49 49 31 65

iy 107 91 76 89 77 72 78 714 55 14

TeNp 13 12 13 26 21 32 33 36 24 51

MSN  Tp 95 67 59 86 71 72 68 59 64 68

TiRr 28 34 41 60 49 55 40 43 48 60

Tin 108 85 82 89 78 76 65 56 69 72

TaNp 13 13 17 39 27 31 27 36 33 50
 MN Tp 73 88 68 75 58 63 60 49 60 68
TR 30 57 38 47 39 55 38 47 44 58

iy 96 118 76 91 73 78 59 69 64 16

TaNp 05 14 16 28 21 34 20 26 29 48

MSN  Tp 78 81 74 712 60 59 80 56 66 48

Tir 32 48 32 56 38 44 51 50 45 52

Tin 96 109 78 87 63 61 719 67 15 69

TeNp 06 17 12 25 20 33 27 33 32 36

Y3 MN Tp 71 88 64 54 60 71 67 59 54 62
TiRr 22 52 31 34 34 48 43 42 38 55

Tin 100 121 86 81 70 86 70 70 59 68

TaNp 06 14 13 17 16 32 22 23 26 35

MSN  Tp 279 78 424 77 591 93 759 73 939 6.1

Tir 1.9 50 244 53 431 74 604 54 863 5.1

Tiyg 328 115 46 96 239 109 775 85 946 72

TeNp 25 18 84 28 239 43 385 34 699 35

Here,b =3, p =3 andn;; = 4fora—1cells,n;; = 5for (b—1) cellsandn;; = 6for (a— (b —1)+1
cells. The desired size of the tests is 0.05
Simulation size is 1,000

definite matrix and Y = (Y1, Y2, ...,Y,). We are interested in approximating the
distribution of Q by a p dimensional central Wishart distribution with degrees of
freedom f and mean fW, denoted by W,(f, ¥), where ¥ > 0. The quantities f
and W are to be approximated by matching the means and the total variances of Q
and W,(f, W). By the total variance is meant the trace of the variance—covariance
matrix.

For arandom matrix W distributed as W, ( f, W), the mean and variance are E(W) =
SWand Var(W) = f (1,24 Kp p)(¥ ® V). On the other hand, the mean and variance
of Q can be obtained using Lemma 1 noting that, under normality, K4(Y;) = 0. Now
setting the means and the total variances of Q and W equal,
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n
v = Zci,-Ei and
i=l1

r(fUe+Kpp)(WeWw) = ZZc,j(12+Kpp)(z ® ;)
i=1 j=1

This leads to

tr (X7 Ciizi)z and W > Zj 1 ,]tr(E %)) Z
- = Cii X
2zl Z'}=1 cl.zjtr(Ei %) tr (Zizl cii zl) -

It must be noted that one can also consider matching other functions of the eigenvalues
of the variances of W and Q such as the determinant to get different approximations.

Assuming normality, we propose approximating the distributions of H“4), H®),
HWIB) g BIA) HAB) and G by Wishart distributions with the respective degrees
of freedom denoted by fa, fB, fa|B. fB|a, fap and fg. The rationale behind this
approximation is that it is shown in Sect. 2 that the asymptotic distributions of the
test statistics do not depend on the distribution of the data. Therefore, small sample
size approximations such as those based on asymptotic expansions may give good
approximations for moderate sample sizes under non-normality as well. The degrees
of freedoms for the approximating Wishart distributions of the sum of squares and
cross products matrices are obtained, after lengthy algebra, as:

fa = (%) (ab)?
-1

a b
<[> > w0+ Z (S ) |
L iy 1) T T Nijnij
i=1j,j'=1 i#i'=1j,j'=1
faip = w(Z?)(ab)?
-1
ZZ tr(E Dt T 1)2 Z Zn (T %) |
11,1 17&1'1/1”"
fp = tr(£%)(ab)?
a b -1
< > > () + s Z z (%) |
ii'=17 lnl]nl/] (b ) P Ty iy
i,i'=1j= i,i'=1j#j'=1
fB1a = tr(2?)(ab)?
-1
(ST et n S > )

lljl i=1 j#j'=1
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fap = tr<22)<ab)2

1
ZZ*U‘(Z )+ 1)2 Z Zn tr(zz] lj)+(b—1)2
11,1 1#'111’1’/
X tr(Zij El’j/) +
IZ;H&Z],;I nijn;j (a—1D%b—1)?
—1
x Z Z —— (i T )
i#i'=1 j#j'=1 Mijmni'j
and
-1
fo = () (ab)? ZZ 2( t(z,?,-)
nij —

i=1 j=1

where £ = (ab)~! >¢ Z?:l ni_jlzi]" In practice, X;; and X can be replace by
their unbiased estimators. It may be noted that f diverges as a — oo for each
v € {A, A|B, B, B|A, AB, G}.

In the remainder of this section, we show the details of the proposed approxima-
tions when applied to the test statistics for testing the main effects of factor A. The
details for the others can be obtained along the same lines. Also to facilitate ease of
presentation, we will use the following notations. Let B and W be independent random
matrices distributed as B ~ W,(nj,, ¥) and W ~ W, (n., ). Based on B and W,
define 7 = —log [WB + W), T, = rBW ") and T3 = tr(B(B + W)~}

Since H™ depends on the data only through the cell means Y;; j and G depends
on the data only through S;;, we see that fq H () and fGG are independent. Also
according to the approximation discussed above, f4 H®) and f; G are approximately
distributed as W), (fa, £) and W, (fg, X), respectively.

3.1 x2-Based asymptotic expansion

It is well known in the multivariate literature (see, for example, Anderson 2003) that
the upper o quantile of the distributions of m7; can be expanded as

(p—np+1 2 a(p+n,+1) 4 b
— (1= g SErm T 0
XVO{ + e ([ 2 ] XV,O( + 2( + 2) VO( + ne

where m = n,(1 +d/n.),0 <o < 1,v = p-n, and Xf’a is the upper o quantile
of the chi-square distribution with v degrees of freedom. The values taken by d are
—(p —np+1)/2,0 and ny, — 1 fori = 1, 2, 3, respectively, and those taken by a
are 0, 1, —1 for i = 1, 2, 3, respectively. Notice that this expansions slightly differs
from those given in Anderson (2003) because we are giving the modified versions
after Bartlett’s corrections (accounting for the multiplying factor 1 + d/n,). These
formulae will reduce to those given in Anderson (2003) when d = 0. The sign of the
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second term in equation (22) on page 332 of Anderson (2003) should be corrected to
minus.

This approximation can be applied to the test statistics for the main effects of factor
A by redefining H@ a5 fAH(A) and G as fgG and setting n, = f4 and n, = f;.

In that case, T, T> and T3 coincide with T]fé), T(A) and Téﬁi,, respectively.

3.2 Normal-based asymptotic expansion

In a similar asymptotic framework as in this paper, Fujikoshi (1975) obtained asymp-
totic expansions for the distributions of centered and scaled versions of T, 7> and
T5. More precisely, Fujikoshi’s asymptotic framework is that n, = nh, n, = ne, h >
0,e > 0 and h + e = 1. The asymptotic expansion is in the order of n meaning
that both n;, and n, tend to infinity at the same rate. Accordingly, the Cornish-Fisher

expansion for the upper o quantile of \/(m/t2)(T; — 1) is

¢ + —={a1h1(ze) + a3h3(zq)} — — [bZhZ(Zoc) + baha(ze) + behe(za)

f
1 1 _3)2
+zo (a1 + azhs(za)) (—al +a;3 |:§h3(2a) - 2])] + 0(m™"?) (8)

where z, denotes the upper «-quantile of a standard normal variate and the func-
tions hy, ..., he are the first six Hermite polynomials defined as i1 (x) = 1, ha(x) =
—x,h3(x) = x2 — 1, ha(x) = —x3 +3x,h5(x) = x* — 6x% + 3 and he(x) =
—x% 4+ 10x3 — 15x. The values taken by the coefficients m, 7,1/, ay, az, b2, by and
be depend on i. Fori = 1,m = {(1 +e)n — (p + 1)}/2, 7> = 2ph(ue)~',1 =
—ploge, ar = t 'p(p + DhQue)~' a3 = 2t3ph(1 + e)(ue)‘2/3,b2 =
(17202 p(p+ Dh(ue)~ {[p(p+ 1) +4(1 +)l(we) ' /4=1),bs = *phip(p+
DA + e)h +2(1 + e + €2)}(pe)™ 3/3 and bg = (1/2)a3 where w=2(1+e"
Fori = 2,m = ne, 1> = 2phe 0 = phe lap = 7 'p(p + Dhe a3 =
4t 3 ph(2 — e)(3e3)*1, by =1~ p(p + l)[(1/2)(p2 + p + 8)h? + 3hele2, b4 =
2t ph{(2/3)p(p + Dh(2 — e) + ¢ — S5e + Sle™ and by = (1/2)a3. For
i =3,m = n,1t> = 2phe,l = ph,a; = 0,a3 = (4/3)t > phe(e — h), by =
—t2phe(p + 1), by = 2t 4 phe(e® + h? — 3he) and bg = (1/2)a3.

To use Fujikoshi’s approximation to our case, we first redefine H4) as f4 H4
and G as fgG. For h, e and n, we take h = fA]';f\fG ,e = fA]‘CEfG’ andn = fa + fG.

Finally, note that 77, 7> and T3 coincide with TL(Q), TIE’:I) and Té%, respectively.

3.3 Numerical accuracy of the small sample approximations

We investigated the accuracy of the small sample approximations proposed for the null
distributions of the test statistics 71 r, 71y and Tgnp for testing the main effects of A
and interaction effects A B. Table 2 displays simulation results for the approximations
based on the x2-based asymptotic expansion (AEC) and normal-based asymptotic
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Table 2 Simulated actual sizes (expressed as percentages) for 71 g, 71 g and Tgnp tests based on Normal

and Chi-Square asymptotic expansion approximations

TS 2 p0)
MYV Normal MYV Skew Normal MYV Normal MYV Skew Normal
Tir Tin Tene Tir Tim  TBNP Iir Tim TeNne Tir Tim  TBNP
a=6
AEC 54 56 6.1 55 58 5.9 45 43 5.1 56 65 6.1
AEN 49 58 55 49 59 5.2 3.8 4.7 46 50 65 5.5
AB
AEC 5.1 5.1 6.8 48 49 7.0 46 4.8 6.6 5.1 5.3 7.3
AEN 46 5.1 48 43 49 4.8 36 438 42 4.1 5.3 4.4
a=10
A
AEC 54 52 6.0 55 54 6.1 43 4.1 46 46 46 5.1
AEN 53 52 53 49 54 5.4 39 42 42 44 46 4.6
AB
AEC 44 42 63 48 4.1 6.5 59 6.0 98 48 49 7.8
AEN 3.6 42 4.3 36 42 3.9 56 6.0 5.1 44 49 4.6
a=20
A
AEC 4.1 44 48 48 4.7 5.2 44 45 5.1 42 40 4.7
AEN 38 44 39 46 47 4.8 42 45 43 40 40 4.1
AB
AEC 58 52 99 68 62 10.1 63 55 10.1 6.8 6.5 9.9
AEN 5.1 5.2 5.1 6.1 6.3 6.0 49 55 53 56 65 5.6
a=35
A
AEC 48 4.7 54 6.1 6.2 6.8 49 46 56 46 45 5.2
AEN 45 4.7 47 60 62 6.0 44 4.6 47 43 45 4.2
AB
AEC 58 438 11.1 6.1 5.1 11.7 6.6 5.7 11.1 52 45 10.4
AEN 48 438 48 5.1 5.1 5.2 58 57 59 44 45 4.2
a=50
A
AEC 58 59 6.9 48 4.6 5.8 49 45 56 64 6.1 7.0
AEN 57 59 56 44 46 4.3 46 4.6 46 6.1 6.1 6.0
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Table 2 continued

TS % >,
MYV Normal MYV Skew Normal MYV Normal MYV Skew Normal
Tir Tig Tsne Tir Tim  TBNp Iir Tim Tene Tir Tim  TBNP
AB
AEC 69 5.1 13.6 54 45 10.3 6.6 45 12.0 6.0 4.6 11.2
AEN 50 52 5.2 4.5 4.5 4.5 4.5 4.6 4.7 48 4.6 4.7

Data are generated from multivariate normal (MN Normal) and multivariate Skew—Normal (MV Skew
Normal) distributions under the heteroscedasticity structures X1 and 2. Here, b =3, p =3 and n;; =4
fora — 1 cells, n;; = 5 for (b — 1) cells and 6 for b — 1 cells and n;; = 6 for (@ — 1)(b — 1) + 1. The
desired size of the tests is set at 0.05

Simulation size is 1,000

expansion (AEN). For the sake of brevity, we consider only the heteroscedastic struc-
tures X1 and X».

The results shown in Table 2 demonstrate that both the chi-square and normal based
small sample approximations maintained the desired size (¢ = 0.05) fairly accurately
for Tp.r and 71 g. On the other hand, we notice that the quality of the chi-square based
approximation for Tgnp when testing the interaction effect deteriorated as a increased.
So the chi-square approximation for this test can not be recommended.

4 Real data example: randomization for a smoking cessation trial

The Greek Health Project (NIH RO1 CA107191) was intended to assess the efficacy
of a motivational interviewing (a form of counseling) versus an attention matched
control on smoking quit rate. The subjects for the research are students in the Greek
houses (fraternities and sororities) of the University of Missouri-Colombia. To avoid
a contamination effect, the researchers decided to use a cluster-randomized design
(individual fraternity or sorority chapters taken as clusters). That is, a whole chap-
ter is assigned to either the treatment or control arm. Prior to the assignment of the
chapters to the treatment and control arm, it was necessary to know whether nico-
tine dependence of the subjects depended on the chapter they came from, in order to
avoid unintentional selection bias. Another important variable believed to be highly
associated with nicotine dependence, in particular in the context of college students,
is depression. The level of depression for each subject was determined as low or high
based on the Center for Epidemiologic Studies Depression Scale (Kohout et al. 1993).
Three well known scales of nicotine dependence are the Fagerstrom Test for Nico-
tine Dependence (Heatherton et al. 1991), Hooked on Nicotine Checklist (Wellman
et al. 2005) and Minnesota Tobacco Withdrawal Scale (Hatsukami et al. 1984). In
the analysis that follows, we shorthand these variables as FTSD, HOOKNCTN and
WDRSYPTM, respectively. For this data set we have two factors (Chapter with twenty
levels and Depression with two levels) and three dependent variables (FTSD, HOOK-
NCTN and WDRSYPTM).
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Fig. 1 Three-dimensional scatter plot of the cell covariance between two variables against cell means
separately for each pair of the dependent variables

In Fig. 1, the sample covariances (for each pair of the dependent variables sepa-
rately) against the sample means of the variables are plotted to assess if the assumption
of constant covariance matrix is reasonable. It is clear from the three plots that cell
covariances change with the cell means indicating the violation of the constant covari-
ance assumption. A univariate Levene test for homogeneity of variance (Levene 1960)
for FTSD, HOOKNCTN and WDRSYPTM resulted in p-values < 0.001, 0.011 and
<0.001, respectively, all of which leading to the rejection of the homogeneity of var-
iance assumption. Given the linear dependence between the means and covariances
discerned in the plots of Fig. 1, one might think that the heteroscedasticity may be
resolved after a log transformation of each of the dependent variables. That does not
appear to be the case in view of Levene’s test p values < 0.001, 0.242 and 0.009
for the log of FTSD, HOOKNCTN and WDRSYPTM, respectively. Also, a plot of
the covariances against the means for the log-transformed data (not shown here in the
interest of space) indicates that the transformation does not seem to remove all of the
heteroscedasticity.

Having strong evidence against homogeneity of variance—covariance matrices, we
analyzed the data using the standard homoscedastic MANOVA procedures as well
as the heteroscedastic MANOVA procedure of this paper to investigate the effect of
heteroscedasticity on these methods. We conducted a homoscedastic MANOVA on
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Table 3 p values x 100 for testing the effect of Chapter and Chapter x Depression interaction

Chapter Chapter x Depression

Approximation Tp Tir Try Tnp Tp TrrR TrH TeNP
Heteroscedastic MANOVA

x2-Asym. Exp. 363 353 411 465 469 513
Normal-Asym. Exp. 37.1 35.2 38.3 47 35.2 383
Large-a Asym. 41.3 47.7 28.5 66 49.6 55.1 41.3 67.6
Data Tp Tir TrH Tnp Tp Tir Tin Tpnp
Homoscedastic MANOVA

Original 1.7 1.5 1.9 8.0 7.5 8.5
log-Transformed Data 5 4.6 54 15.2 15.2 15.1

both the original as well as the log-transformed observations. The results for the main
effects of Chapter and the interaction between Chapter and Depression are displayed
in Table 3. In the heteroscedastic MANOVA analysis, we computed p-values based
on the two small sample approximations of Sect. 3 for the likelihood ratio, Lawley—
Hotelling and Barlett—Nanda—Pillai Criteria and the large a asymptotic null distribu-
tions of Sect. 2 for the three statistics as well as Dempster’s ANOVA-type statistic.

It is clear from Table 3 that if we analyzed the data assuming a constant covariance
matrix and utilized a standard homoscedastic MANOVA, we would conclude that
nicotine dependence varied by chapters. Also the evidence for Chapter x Depression
interactions would not be negligible at the level of significance 0.1, though insig-
nificant at the 0.05 level. On the other hand, the heteroscedastic MANOVA results
agree with each other and do not show evidence of nicotine dependence variation by
Chapter nor presence of Chapter x Depression interaction. The log transformation
which has somewhat reduced, but not fully removed, the heteroscedasticity led to
borderline insignificant results for the Chapter effects. This gives a clear indication
that in this data set, heteroscedasticity was disguised as Chapter effects, which do not
actually seem to be present. Since heteroscedasticity was indicated by the original
as well as the transformed data, the heteroscedastic MANOVA results appear more
trustworthy, and we conclude that a selection bias due to randomizing chapters is not
supported by the data.

5 Discussion and conclusion

In this paper, we considered a heteroscedastic MANOVA model. The usual MANOVA
sum of squares and cross products matrices were modified to adapt to heteroscedastic-
ity. Although these sum of squares and cross products matrices were motivated from
suitability for testing the corresponding hypotheses, as it happens they can neatly be
expressed as matrix quadratic forms. Defining the four standard multivariate test sta-
tistics based on the new sum of squares and cross products matrices, their asymptotic
distributions were derived in a unified manner both under the null as well as reasonable
local alternatives.
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Adjustment factors to the sum of squares and cross products matrices were derived
so that their first two moments match those of respective Wishart distributions. With
these factors, the asymptotic expansion approximations for the Likelihood ratio,
Lawley—Hotelling and Bartlett—-Nanda—Pillai statistics under normality and homo-
scedasticity were shown, in a numerical study, to perform quite well even when both
non-normality and heteroscedasticity were present.

The asymptotic framework considered here is such that the number of levels of one
of the factors tends to infinity. A real data example has been provided to illustrate the
practicality of the asymptotic framework and the application of the methods.

The quadratic form expressions for the sum of squares and cross products matrices
vividly suggest a formal extension to the multi-factor case. Although similar asymp-
totic results appear to come through, the technical details seem cumbersome unless
handy notations and techniques are introduced. We plan to explore this in a future work.

The results of this paper may also serve as a theoretical tool for obtaining the cor-
responding results in a fully nonparametric setting. The test statistics computed on
componentwise ranks are typically asymptotically equivalent to the same statistics
based on so-called Asymptotic Rank Transforms (e.g. see Harrar and Bathke 2008).
In the two-way layout case, the asymptotic rank transforms would still be heterosced-
astic even under the null hypotheses. However, the asymptotic equivalence alluded to
above needs to be established and consistent estimators of the asymptotic variances
need to be found. In the interest of space, we chose to delegate this problem to a
separate treatise.

Appendix A: Moments of sum of squares and cross products matrices

The following lemma is handy in calculating the first two moments of matrix quadratic
forms. Its proof is given in Bathke and Harrar (2008).

Lemma 1 Suppose Y = (Y1,...,Yy) is a p x n random matrix whose columns
Y;,i =1,...,n, are independently distributed with mean 0 and covariance %;. Let
A = (ajj) and B = (b;j) be n x n symmetric matrices. Then, E(YAY') = >, a;i Z;
and Cov (vec(YAY'), vec(YBY')) = >, Z?:l aijbij(Ip + Kp p)(Zi ® Zj) +
Z?:l a,-,'b,-,' K4(Y,'), where K4(Y,') =E (VCC(Y,‘Y;)VCC(Y,'Y;)/) — (1,,2 + Kp,p)(Zi ®
;) — vec(Z;)vec(Z;) .

Let Y = (Y1,....Y0),Y; = (Yi1,...,Yip) and Y,‘j = (Y,’jl, ceey Yijn,-j)-
The sum of squares and cross products matrices H4), HAIB) [ BIA) [ (AB) apq

G can be written as YCAY', YCapY', HEY = YCp Y, YC4pY' and YCGY/,
respectively, where

@ Springer



156 S. W. Harrar, A. C. Bathke

b a

1 1 1
C = —1,.. 1 P — s
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It is straightforward that £(G) = X both under the null and alternative hypotheses.
The expected value of the random matrix H4) can be expressed as E(YCAY') =

EYCLY) — E(YCYY), where

a b

m _
Ca b(a —1) @

i=1 j=I

Q

1 b
n_ nij g ® Jp) 69_ ;’l,]

n
Y i=1 j=1""Y

and

Each of the expected values on the right hand side, under the null hypothesis H4),
can be computed with the aid of Lemma 1 to get

a

b
" 1

ll]] i= ij
a b

1 1
Zﬁzznu ij=23.

i=1j=1

The calculations for E(YC43Y’), E(YCg|aY') and E(YCApY’), under their respec-
tive null hypotheses, are similar.
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Appendix B: Asymptotic distributions

Proof of Theorem 1 In view of Lemma 1,

1S 1 1 . /
= a—z Z z 2 mvar vec YU I"ij — n_l.j‘]"ij Ylj
i=1 j= 1
=Up+Kp)p) 222 2(71;] )(E’J®EU)

i=1 j=1

— ZZ K4(Y,,1)

11/1

which becomes asymptotically negligible provided > ¢_, Zl]’-zl n;jz(n,- i—D7H(Z;®
Tij) = o(a®) and X, 35 n P Ka(Yij1) = 0(a?) as a — oo. o

Proof of Theorem 2 Ttis evident from (1) that HY) and G are invariant to the location
translation Y jx — (]//) . Hence we can, without loss of generality, take [wa) = 0 when
considering the test for H(()w).

Let us write /Ja(HY) — G) = /aY(Cy — C;)Y'. One can then, after lengthy
algebra, express

1 1
Cu—Cg=— S
ab 163]62 njj(nij — 1)

1[4 1 b
5 (BD ot | et -1 (DD, -1,

Uy = Tnyy)

a b

1
a(a—l)b @ @ nij ”zj ((Ja—1a) @ Jp) (i

i=1 j=1
Cap —Co = —EB@ n”(n” =y Y~ )
b 1 a b 1
Jo—1, 1 —1 ],
a(a—l)b @@n” nij (« ) ® Ip) \ @nu nij

i=1 j=1
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Then in view of Lemma 2,

Va-uw{Y(Ca - Co)Y'R}

= Ja-uwlyY @@nu(m] Uy = Iny)
a b

i=1 j=1

a b 1
—(Jy;; — Iy,
vaimh 162 nij(nij — y rar = i)

b b
! 1
B |- (D1, | | Vie

1
T va-tn Y ———(Jny; — Iy,
FVan Y| S DD G~ )
i=1 ]:1 . y
—liltYé L =t [V} =LY
Vaizb l =) i (i = 1) e Ja i

a b
+i @@%lﬂl‘j (Ia®(~]b_[b)) @@ !
) ij

b
L,
b
) ( @ nlj

Y'Q

a
7(AIB)

i=1

)
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Va-w{Y(Cpa — CG)Y’Q}

a b 1 b 1
:ﬁzlltr Y <b—1) EBn_ n D
1= : —

@‘I'—‘

b a
1
(B|A)
@ Y, Qf = — Z. ,
i1 "t (”lj Py | Xi Va ; l

J

and

Va -t {Y(Cap — CG)Y/Q}

= Va-wly EB@ e g — ) — 1

1 g ("tj ab(b —1)
4 b 1 a b 1
(BBt | e =1 (BB, ) ¥
i=1 j=1 i=1 j= 1”11
1) 3513 AT A
Va i=1 b j=1 nl](nlj s nij
1 b b
/ /
oo (Do |G =1 (D0, ) Vi
j=1 t j=1 i
1 a
(AB)
-3
l
Va5

where V, = W, means V, — W, 2 0asa — oo. It can be verified that E(Z,.(A)) =0
and,

b
1 1
Var(Zl(A)) = lzvar vec(Q)’vec Yi @ m(]nw — I"ij)
j=t I

b b
Dot | o= | D1 ) | Vi
j=1 i j=1 "
1 b 1
= —vec(Q) var | vec | Y; - (J,.. — I,
sz ( ) v Vv i Y nl/(nlj — 1)( njj I’l,j)
b 1 b
_ @Fl”"f Jp — Ip) EB U, | [ Y] ] vee(.
j=1 tj j=1 nij

(10)
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Applying Lemma 1

b b b
1 1
- ( (Yi [GB"'f<"'j—1)(1"""_1"“)_(@"‘/ 1"”>(Jb_1b)<® 1;,”” ))
j= I 1 ]:1 13 =1

b b
1 1
=Up +Kpp) Z}““T2ﬁ®3f+§:ffnzﬁ®&f
i njj(ng; ) iz njjngj

Putting this in (10),

Var(ZY) = Z —tr(QE,/)z + Z -r(QE;; Q)
= nl]( ij 1) oy nijnjj
(11)
Furthermore,

(A) 2

lim — var(Z; = —| lim — (Y
a—o0 Z ( ) a—oco \ ab zzllj 1 I’ll](l’ll] ) ( l/)

1 a b
+ lim | — tr(QX; i Q2X;
a—oo \ ab ;g/ nijnij ( ij ij )

Notice that Zi(A) ’s are independently but not identically distributed. In the follow-
ing we will show that Liaponauv’s conditions hold. Applying Lemma 3 by setting
s=1446/2,

A A
o 2 Bz - Bt

a—00 246
(\/ > Var(zi(A)))

. A
lima— oo (et XL, (var(Z{ )1 +972)
)1+3/2

< cBE(Y,]lzi;‘Yijl)H

. A
limg— o0 (Ll{ > Var(Zi( )

provided lim,—, o0 (1/a) 27, (Var(Zi(A)))l“"s/ 2 < 00 where ¢s does not depend on a.
But from (11),

(Var(Z»(A)))H‘S/z
L
1+8/2
ol48/2 [ b 1 ol
= 755 Z g — tr(Q%;;)> +Z tr(QE; Q%)
=1 nlj(nl./ ) i nijjnij
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21T 1402 Zb: 1 245
< (bp) tr(QX;)
2448 146/2 J
b?+ o nij+ / (nij — 1)1+6/2
21+5/2 1+4/2 S 1 14+8/2
+ oy (b — 1) Wu(m,m,)
J#J' ij’

The last inequality follows from |Zl;:1 ajl* < b Z?:l laj|* which holds true

for any s> 0. This later inequality also implies (tr(A))* < p° Zip:l A= p'r

(A)* for a non-negative definite matrix A with eigenvalues Ay,...,A,. Thus,

limg— oo (1/a) X0, (var(Zi(A)))“L‘s/2 < oo as long as Assumptions 1 and 2 hold.
Likewise, E(Z*'"") = E(z*™) = £(z"P) =0,

i=1 =1 j=I

I B, _ 2 32
Jm ZW(Z )= alif%o (ab ZZ n,,(n,, i ny — 1 ) ) ’
(BIA) 2
alergonvar(Z ) = bz(b 2 |:(b 1) 11m (abz E nl](nu tr(QE,j) )
1 &
+lim | G 2 2 TR | |

o1 Ay MM

all>nolo a ZV&I‘(Z(AB)) ( ) |:(b 1)2 hm <ab z Z njj (nlj tr(QEU) )

i=1 i=1 j=I

|
+ Jim <ab 22 P tf(QEtz/QEu')ﬂ

i=lj#)

and Liaponauv’s condition can be verified in a similar manner. O

Lemma 2 Asa — oo,

a b
1 1
Ql = \/(;Y |:m . @ n_lnij ((Ja — 1a) ® Jp)

i=1 j=1
1 A
=JaY| ——— — 1, | (Ja— 1) ® 1,
Q2= VaY | o @j@n, nij | (Ua = 1) @ 1)
a b 1
! —_
x @Elnu 0p(1)
i=1 j=1 "
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and
1 a b
03 = VaY | Zo TG T D L

i=1j

X @@ Elgm Y =o0,(1).

1
_lnii ((Ja — 1) ® Pp)
A

Proof Write Q; = YM;Y' where M; are defined in the obvious way. Since the diago-
nal elements of M;s are zero, we can easily verify by applying Lemma 1 that E(Q;) =
0 and, as a — oo, var(Q;) = o(1) fori =1, 2, 3. O

The following Lemma extends an inequality in Rao and Kleffe (1989, pp 39) to a
matrix quadratic forms.

Lemma3 Let £ = (&1, &, ..., Ey) such that & = E;U; where U; are independent
p dimensional random vectors with mean E(U;) = 0 and covariance matrix
Iy, and B; is a matrix of constants for i = 1,2,...,m. Let D be an m x m
symmetric matrix. If the diagonal entries of D are all zero, then E|ttEDE’ —
E(EDE)|* < 25°C(2s)B(2s){max_, E(U,U;))* Hvar(t€ DENY fors > 1 where
C(2s) = 2°712m)~120 (s + 1/2), B(2s) = (18(25)*/%2(2s — 1)"Y/2)2 and T'(-) is
the Gamma function.

Proof First note that when the diagonal entries of D are zeros from Lemma 1 we see
that var(rt€ DE’) = 2tr{(D ® 1,) (P, Ti)}* where =; = E; E.. On the other hand,
note that tr(EDE’) = vec(E') (D @ I,)vec(E’) and that var(vec(E)) = PJL, Z.
Now applying inequality (2.3.10) in Rao and Kleffe (1989) yields the desired
result. O

Proof of Theorem 3 Noting that ; j(82)is a U-statistic (cf. Serfling 1980), itis straight
forward to show that

1 a b R 1 a b
E|— tr(U; 1 (Q)) — — tr(Q%;)? | =0
ab ZZ nij(nij — 1) =g ZZ‘ nij(nij — 1) e
i=1j=1 i=1 j=1
and
1 a b 1 a b
—> r(QS; QS — — D> > r(QE; Q%) | = 0.
ab oz nijn;j ab Pl nijn;j

Then it suffices to show that the variances tend to 0 as @ — oo. This can be achieved
by a repetitive application of Holder’s inequality to the second moments. O
(B
ij
the other sum of squares and cross products matrices, express H ®) as quadratic form

Proof of Theorem 4 Here also we can set ) = 0 without loss of generality. As for
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b
(b-1DH® =Y @@%1

Noting that a~'(J, ® Pp)is an idempotent matrix,

b—-DH® = @@ oy i ( Ja ®Pb)

i=1 j=1

x Y @@Elnu ( J®Pb)

i=1 j=1

/

Now, V(€ Bl L) G Ja® Py) =_}, i Yins o Yip) Pl = Za P,
where Z, = (1/a) Z;‘zl Z; and Z; = (Yi1,...,Yp,). It can easily be seen that
var(vec(yaZy)) = + Ise, EBI]’ . t ij

To establish the asymptotic normality of Z, it suffices to show that tr(T'Z,) has an

asymptotic univariate normal distribution for each T € RP*? (see, for example, Rao
1973). Assuming (1/a) >°7_, n_lE,] = O(l) asa — oo, Liaponauv’s condition will

be satisfied if a= 179/ 3°¢_ | E|tr(T'Z;)|*™® — 0 as a — oc. This latter condition
holds if E||Y;j [>*? < oo. Therefore, we have

JaZ, —>pr,, 0, —Z@—z,, ) (12)

i=1 j=1

Observe that (b — Dr HBQ = a tr(Z, P,Z,,Q) = a t(QY/?Z, Py) (QY?Z, Py)) =
vec(\/a' 22, Py) vec(Ja2' *Z, Py). In view of (12), vec(/aQQ'/?Z, Py) £
Npp(0, A). As the rank of A is p(b — 1), the above pb variate normal distribution is a

singular one. At any rate, from the theory of quadratic forms in normal random matri-
ces (see Gupta and Nagar 2000), we have that a H ) Q = aZ, PyZ,Q = 0,(1) and

thatif Ay, A2, ..., App—1) are the nonzero eigenvalues of A then (b — l)trH(B)Q £>
b—1
Zl(czl " )‘inz,k' =

Proof of Theorem 5 Here we present the proof for ¢ = A. The proofs for the others
follow along the same lines.

Let HA(Y) and G(Y) denote H4) and G matrices, respectively, based on Y.
Given that Zle Qg = 2’/’.:1 B ja = 0 and G(Y) = G(U), a direct manipulation
reveals that
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Va tr(HY(Y) — G(Y)Q = a tr(HY (U) — GU)Q

+21 f " QU +tr®,Q+ 0 1)
— o i r —.
Ja LatteL A Ja

i=1

It is straightforward to show that a~'/? > ag, u QU; . converges to 0 in probabil-
ity. Further, the asymptotic distribution of the first term on the right hand side is
the same as that given in Theorem 2. The proof is complete by applying Slutsky’s
Theorem. O

Proof of Theorem 6 In the notations of the proof of Theorem 4, we can see that

vec(y/a2' 1?7, Pp) £ Npp(vec(y/a2'/2 B Py), A). Then the final result follows from
normal theory of quadratic forms. O
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