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Abstract Some quasi U -statistics, unlike other variants of U -statistics, arising in
distance based tests for homogeneity of groups, have first-order stationary kernels
of degree 2, and yet they enjoy asymptotic normality under suitable hypotheses of
invariance. Central limit theorems for a more general class of quasi U -statistics with
possibly higher order stationarity (and degree) are formulated with the aid of appropri-
ate martingale (array) characterizations as well as permutational invariance structures.
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1 Introduction

In a possibly multi-dimensional setup, not necessarily confined to quantitative data
models, some tests for group divergence (or homogeneity), based on appropriate
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1166 A. Pinheiro et al.

metric or distance-norm, involve some variants of symmetric functions (Rubin and
Vitale 1980; van Zwet 1984) structurally similar to the classical Hoeffding U -statis-
tics (Hoeffding 1948a, 1961), and yet they are different from other variants of (such
as incomplete, weighted, and generalized) U -statistics (Janson 1984; Major 1994;
O’Neil and Redner 1993).

We term these statistics as quasi U -statistics. In particular, for qualitative data
models, tests based on the Hamming distance (Pinheiro et al. 2005) give rise to ker-
nels of degree 2, which under the hypothesis of homogeneity, are stationary of order
one. A special feature of such distance-based measures is the subgroup decompos-
ability that allows a partitioning of the pooled group measure into two (between and
within) components with ordered expectations; a degeneracy occurs when the groups
are all homogeneous.

Taking clue from this basic observation, it was shown (Pinheiro et al. 2005) that
under the hypothesis of homogeneity whereas the classical ANOVA decomposition
yields a non-normal distribution, even asymptotically, the quasi U -statistics approach
can have asymptotic normality under appropriate regularity conditions (Pinheiro et al.
2009). For instance, consider G groups with ng observations in group g, for g =
1, . . . ,G. For a symmetric kernel φ(a,b), a,b ∈ R

K , for some K ≥ 1, let U (g)
ng ,

g = 1, . . . ,G, and U (g,g′)
ng,ng′ , 1 ≤ g < g′ ≤ G, be the natural U -statistics estima-

tors for the within gth group and between (g, g′)th groups diversity measures (Sen
1999), respectively. Moreover, the combined sample diversity measure can be writ-
ten as Un = Wn + Bn , representing the sample within-groups and between-groups
measures. When the distributions F1, . . . , FG associated with the G groups are not
all the same, n1/2(Bn − E(Bn)) is asymptotically normal, as expected. Under group
homogeneity, E(Bn) = 0 and these U -statistics will be stationary of order one. How-
ever, nBn can still be asymptotically normal, under suitable conditions. We refer to
Pinheiro et al. (2005) for Hamming distance based genomic studies and Sen (2006)
for microarray studies based on robust U -statistics.

The proposed class of quasi U -statistics, along with the preliminary notion, are
introduced in Sect. 2. The main results on this unanticipated asymptotic normality
through a specific martingale array construction are presented in Sect. 3. Five versions
are discussed, involving either a finite second, (2 + δ)th or fourth moment on the
kernel, and some growth condition on the sum of squares of the coefficients, as well
as two different estimators for the kernel second moment and different stationarity
orders on the kernels. Some general discussions are appended in Sect. 4.

2 Preliminary results on variants of U-statistics

Let Tn be a linear combination defined by

Tn =
1,n∑

i1,...,im

ηn,i1···imφ(Xi1 , . . . ,Xim ), (1)

such that: (i) ηn,i1...im are weight functions, (ii)
∑1,n

i1,...,im
is taken on all strictly ordered

permutations of 1, . . . , n, (iii) φ(·, . . . , ·) is a kernel of degree m, stationary of order
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Asymptotically normal quasi U -statistics 1167

r (1 ≤ r ≤ m), for which we let θ = Eφ(X1, . . . , Xm), and (iv) X1,X2, . . . are i.i.d.
random vectors of dimension K , not necessarily quantitative in nature (Pinheiro et al.
2005).

Some configurations of ηn,i1...im lead to special classes of (generalized) U -statistics,

as follows. If ηn,i1...im ≡ (
n
m
)−1 and r ≥ 1, Tn is a degenerate U -statistics of degree

m whose projection variances are such that 0 = σ 2
1 = · · · = σ 2

r < σ 2
r+1; then Tn

has a degeneracy of order r and n(r+1)/2(Tn − θ) converges to a (possibly) infinite
linear combination of independent random variables, each distributed accordingly to
a (r + 1)-dimensional Wiener integral (Dynkin and Mandelbaum 1983).

If K = 1 and the ηn,i1...im assume 0 or 1 values only, Tn is said to be an incom-
plete U -statistic. Asymptotic distribution of Tn will be either a linear combination of
independently distributed. Wiener integrals or a mixture of such a distribution with
an independent normal r.v., under suitable sampling conditions (Janson 1984). For a
class of so-called conditional U -statistics, where the weights can be decomposed as
ηn,i1...im = e(i1) . . . e(im), being e(·) the marginal weight function, asymptotic nor-
mality follows from Stute (1991). Moreover, the conditional nature of the class derives
from the fact that weights are defined as random functions of another set of i.i.d. r.v.’s.

For K = 1, O’Neil and Redner (1993) and Major (1994) present asymptotic results
in a more general setup for the class of weighted U -statistics, defined by (1). The case
m = 2 using moment matching techniques to determine the asymptotic distribution
of Tn is discussed in O’Neil and Redner (1993). Under some regularity conditions on
ηn,i1...im , a non-normal limit is proven for either r = 1 or r = 0. For r = 0, a class of
weighted U -statistics is proved to be asymptotically normal under a second set of con-
ditions on weights. Asymptotic normality is also established for r = 1 and incomplete
designs. The common idea behind all weight-designs is the orthogonality on the set of
(possibly random) weights. Major (1994) points out that the aforementioned approach
cannot be adapted for m ≥ 3; Poisson approximation is used to pursue asymptotic
behavior of Tn . Four main results provide asymptotic distribution of weighted U -sta-
tistics, under different weighting schemes. In three situations r ≤ m, and in all four
cases X1, X2 . . . is supposed to be a sequence of i.i.d. uniformly distributed r.v.’s.

A class of quasi U -statistics based on a general mth degree kernel, stationary of
order r , and having the novelty that it can be applied for any i.i.d. random vectors of
arbitrary (and even increasing) dimension K , is considered here. The fact that K ≥ 2
precludes the use of Major (1994)’s results, which are based on the inversion theorem
for immediate adaptation for non-uniform distributions. More generally, the proposed
class is constructed in such a way that, although φ can be degenerate, the chosen
weights lead to a contrast, i.e., such that

1,n∑

i1,...,im

ηn,i1...im = 0, (2)

providing asymptotically normal distributions. We should notice, for instance, that
Theorem 4.1 (O’Neil and Redner 1993) attains asymptotic normality for degenerate
kernels under restrictions m = 2 and incomplete design, which are not assumed in this
work. Conditions for asymptotics in the proposed setup are mild, and can be easily
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expressed and interpreted in terms of �p norm, p ≥ 2. Motivated by the commonly
used Hamming distance in the genomic context (Pinheiro et al. 2000, 2005, 2009),
it appears that for the quasi U-statistics, the contrast condition (2) is an essential
requirement. Sans (2), for degenerate U-statistics of general order m the asymptotic
distribution is non-normal (O’Neil and Redner 1993; Major 1994). As another classi-
cal example consider the one-way ANOVA test statistic. The weights do not sum zero
and the asymptotic distribution is not normal.

3 Martingale representation and asymptotic normality

In this section we present a martingale representation for Tn when m = r + 1, leading
thereby to a martingale central limit theorem for Tn . In case r < m −1, it is shown that
Hoeffding’s decomposition of the kernel and mild assumptions on the weights can be
used to ascertain that, for large n, Tn behaves like a martingale plus a stochastically
negligible remainder term.

We assume that φ(·, . . . , ·) is a symmetric stationary kernel of order r , centered
at 0, and forms an orthogonal system for which

E[φ(X1, . . . ,Xm) | X1, . . . ,X j ] = 0 a.e., ∀ j ≤ r (3)

and the Xi are i.i.d.r.v.’s with a distribution F . Further, the (nonstochastic)ηn,i1...im , 1 ≤
i1 < · · · < im ≤ n, satisfy (2) and

1,n∑

i1,...,im

η2
n,i1···im

= Mn(↗ in n ≥ m). (4)

Lemma 1 Consider Tn as in (1), with m = r + 1. Define

Znj =
1, j−1∑

i1,...,im−1

ηn,i1...im−1 jφ(Xi1, . . . ,Xim−1 ,X j ),

for every j = m, . . . , n, and Tnk = Znm + · · · + Znk, for m ≤ k ≤ n. Also,
let Bnk be the sub-sigma fields generated by Xi , i ≤ k, for m ≤ k ≤ n. Then,
{Tnk,Bnk : m ≤ k ≤ n} is a (zero mean) martingale (array), closed on the right by Tn.

Proof Since Tn = Tnk +∑n
j=k+1 Znj , E(Tn | Bnk) = Tnk, a.e., ∀k : m ≤ k ≤ n if

and only if E(Znk+1 | Bnk) = 0 a.e., for every k < n.
As φ is stationary of order m − 1, for every k = m − 1, . . . , n − 1, by (3),

E(Znk+1 | Bnk)

=
1,k+1∑

i1,...,im−1

ηn,i1...im−1k+1E
[
φ(Xi1, . . . ,Xim−1 ,Xk+1)|X1, . . . ,Xk

] = 0 a.e. (5)
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Asymptotically normal quasi U -statistics 1169

Let

τ2 = Eφ2(X1, . . . ,Xm) > 0. (6)

Five theorems are presented below. Theorems 1 and 2 state that Tn , conveniently nor-
malized, will have an asymptotically normal distribution, under finite second moment
kernel and an additional uniform integrability condition. Theorems 3 and 4 introduce
a finite (2+δ)th and fourth moment condition on φ, respectively, avoiding the uniform
integrability assumption. Moreover, a natural estimator of τ2 can be obtained under
convenient permutation schemes on the latter version. Theorem 5 deals with the gen-
eralization of the aforementioned theorems to the case where the stationarity order
r < m − 1.

Define

mnk =
1,k∑

i1,...,im−1

η2
n,i1,...,im−1,k, (7)

νnk = mnkτ2, (8)

νn = νnm + · · · + νnn = Mnτ2, (9)

for m ≤ k ≤ n. Note that Mn = ∑n
k=m mnk . Typically mnk = O(km−1) and that

would be sufficient for (10).
Assume that as n → ∞,

max
m≤k≤n

mnk/Mn → 0, (10)

Z2
nk/mnk are uniformly integrable. (11)

Theorem 1 Let φ(·, ·) be a degree m kernel, centered, stationary of order m − 1, for
which (A) (2), (4) and (6)–(11) hold.

Then as n → ∞,

Ln = (νn)
−1/2Tn

D−→ N (0, 1). (12)

Proof Let

Z
nk = ZnkI(|Znk | < εν
1/2
n )− Ek−1

(
ZnkI(|Znk | < εν

1/2
n )

)

= ZnkI(|Znk | < εν
1/2
n )+ Ek−1

(
ZnkI(|Znk | > εν

1/2
n )

)
, (13)

as Ek−1 Znk = 0 a.e.. Further, note that Znk − Z
nk = ZnkI(|Znk | > εν
1/2
n ) −

Ek−1

(
ZnkI(|Znk | > εν

1/2
n )

)
, for every m ≤ k ≤ n. Therefore, the martingale array
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difference property extends to all {Znk}, {Z
nk} and {Znk − Z
nk}. Thus,

1

νn
E

(
n∑

k=m

{
Znk − Z
nk

}
)2

= 1

νn

n∑

k=m

E
{

Znk − Z
nk

}2

= 1

νn

n∑

k=m

E
{

ZnkI(|Znk | > εν
1/2
n )

− Ek−1

(
ZnkI(|Znk | > εν

1/2
n )

)}2

≤ 1

νn

n∑

k=m

E
{

Z2
nkI(|Znk | > εν

1/2
n )

}

=
n∑

k=m

νnk

νn
E

{
Z2

nk

νnk
I(|Znk | > εν

1/2
n )

}
= o(1), (14)

by (11), so it suffices to show that as n → ∞, ν−1/2
n

∑n
k=m Z
nk

D→ N (0, 1).
We let ν
nk = EZ
2nk , m ≤ k ≤ n and ν
n =∑n

k=m ν


nk . Then, we have

ν
n/νn ↑ 1, as n → ∞. (15)

So, we show that (ν
n)
−1∑n

k=m Z
2nk
p→ 1, as n → ∞. Note that

⎧
⎨

⎩E

[
1

ν
n

n∑

k=m

Z
2nk − 1

]2
⎫
⎬

⎭

1/2

≤
⎡

⎣(ν
n)−2E

{
n∑

k=m

Z
2nk

}2
⎤

⎦
1/2

(16)

Since Znk is a martingale difference sequence, we can employ inequality (3.5) from
Burkholder (1973) to get

ν
n
−2E

{
n∑

k=m

Z
2nk

}2

≤ C(ν
n)
−1,

for C = 18
√

2 so that (4) and (15) assure that (ν
n)
−1∑n

k=m Z
2nk
p→ 1.

We then apply Corollary 2.8 of McLeish (1974) to (ν
n)
−1/2∑n

k=m Z
nk and the
proof is complete. 	

Theorem 2 Assume the regularity conditions in Theorem 1. Let

U (m)
n =

(
n
m

)−1 1,n∑

i1,...,im

φ2(Xi1 , . . . ,Xim ). (17)
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Asymptotically normal quasi U -statistics 1171

Then as n → ∞,

Ln = (MnU (m)
n )−1/2Tn

D−→ N (0, 1). (18)

Proof Since U (m)
n , a U -statistic and unbiased estimator of τ2, is a reverse martingale

(Sen 1981), U (m)
n

a.s.→ τ2, as n → ∞. (18) then follows from (9) and (12). 	

Theorem 3 Let φ(·, ·) be a degree m kernel, centered, stationary of order m −1 such
that

(B.1) E |φ(X1, . . . ,Xm)|2+δ < ∞, for some positive δ,
(B.2) (2), (4) and (6)–(10) hold.

Let U (m)
n be defined by (17). Then as n → ∞,

Ln = (MnU (m)
n )−1/2Tn

D−→ N (0, 1). (19)

.Proof Since U (m)
n is a nondegenerate estimator of τ2, U (m)

n
a.s.→ τ2, as n → ∞. More-

over, the finite (2 + δ)th moment avoids the necessity of (11), and (19) follows in a
similar manner. 	


Theorem 4 addresses the situation in which the fourth moment of φ is finite, and uti-
lizes a permutation-based argument. Let b( j)

n = ∑1,n
i1,...,im

∑1,n
j1,..., jm

ηn,i1...imηn, j1... jm ,

for j = 0, . . . ,m. Note that
∑m−1

j=0 b( j)
n = −Mn , and assume

m−1∑

j=0

b( j)2
n /nm+ j−1 = o(M2

n ) as n → ∞. (20)

Theorem 4 Let φ(·, ·) be a degree m kernel, centered, stationary of order m −1 such
that

(C.1) Eφ4(X1, . . . ,Xm) < ∞,
(C.2) (2), (4), (6)–(9) and (20) hold.

Then, as n → ∞,

Ln = (MnU (m)
n )−1/2Tn

D−→ N (0, 1). (21)

Proof (17) leads to U (m)
n = EPn [φ2(X1, . . . ,Xm)], and let

U (2m− j)
n = EPn [φ(X1, . . . ,Xm)φ(X1, . . . ,X j ,Xm+1, . . . ,X2m− j )]

= 1

n(n − 1) · · · (n − 2m + j)

1,n∑

i1,i2m− j

φ(Xi1, . . . ,Xim )

×φ(Xi1 , . . . ,Xi j ,Xim+1 , . . . ,Xi2m− j ); j = 0, . . . ,m; n ≥ 2m. (22)

123
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Note that Pn is a conditional (given the collection of n observations) probability
measure. As noted in Theorem 3.3, U (m)

n
a.s.→ τ2 as n → ∞. U (2m− j)

n is a degenerate
U -statistic of stationary order m + j − 1, for j = 1, . . . ,m. Then

EPn (Tn) =
1,n∑

i1,...,im

ηn,i1...im EPn (φ(Xi1, . . . ,Xim ))

=
⎛

⎝
1,n∑

i1,...,im

ηn,i1...im

⎞

⎠U (m)
n

= 0 a.e.,by (2). (23)

This also implies that E(Tn) = E(EPn (Tn)) = 0, VarPn (Tn) = EPn (T
2
n ), and

VarPn (Tn) = EPn

⎛

⎝
1,n∑

i1,...,im

ηn,i1...imφ(Xi1, . . . ,Xim )

⎞

⎠
2

=
⎛

⎝
1,n∑

i1,...,im

η2
n,i1...im

⎞

⎠U (m)
n

+
m∑

j=1

⎛

⎝
1,n∑

i1,...,im+ j

ηn,i1...imηn,i1...im− j im+1...im+ j

⎞

⎠U (2m− j)
n . (24)

Let i = {i1, . . . , im} and j = { j1, . . . , jm}. Let also c be the cardinality of common
indexes on i and j. For n ≥ 2m, c = 0, . . . ,m, and (24) can be written as

VarPn (Tn) =
m∑

c=0

⎧
⎨

⎩

1,n∑

i1,...,im

1,n∑

j1,..., jm

ηn,i1...imηn, j1... jm

⎫
⎬

⎭U (2m−c)
n

= MnU (m)
n +

m∑

c=1

⎧
⎨

⎩

1,n∑

i1,...,im

1,n∑

j1,..., jm

ηn,i1...imηn, j1... jm

⎫
⎬

⎭U (2m−c)
n

= MnU (m)
n +

m−1∑

c=1

b(c)n U (2m−c)
n . (25)

Further,

E

⎛

⎝
m−1∑

j=1

b( j)
n U (2m− j)

n

⎞

⎠
2

=
m−1∑

j=1

b( j)2
n E

[
U (2m− j)

n

]2

=
m−1∑

j=1

b( j)2
n O(n−(m+ j−1)). (26)
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Asymptotically normal quasi U -statistics 1173

Therefore, the second term on the RHS of (25) will be op(Mn) as long as (20) holds,
which in turn means that

(VarPn (Tn)− MnU (m)
n )2

M2
n

= op(1), (27)

i.e.,

U (m)
n Mn/E(T

2
n )

p→ 1, as n → ∞. (28)

Led by the martingale array representation of Tn , we let

vnk = E(Z2
nk | Bnk−1), m ≤ k ≤ n and Vn =

n∑

k=m

vnk . (29)

Then, by the martingale property (Lemma 1), for every n ≥ m,

E(Vn) =
n∑

k=m

E(Z2
nk) = E

(
n∑

k=m

Znk

)2

= E(T 2
n ). (30)

Further, note that for every k ≤ n,

vnk =
1,k∑

i1...,im−1

η2
n,i1···im−1kϕm−1(Xi1 , . . . ,Xim−1)

+
m−1∑

j=1

1,k∑

i1,...,im+ j−1

ηn,i1...im−1kηn,i1...im+ j−1im ...im+ j−1k

×ϕm+ j−1(Xi1 , . . . ,Xim+ j−1) (31)

where

ϕm−1(Xi1 , . . . ,Xim−1) = E[φ2(Xi , . . . ,Xim−1 Xk) | Xi1 , . . . ,Xim−1 ]
(→ Eϕm−1(Xi1 , . . . ,Xim−1) = τ2); (32)

ϕm−1+ j (Xi1 , . . . ,Xim−1+ j ) = E[φ(Xi1, . . . ,Xim−1+ j ,Xk)

×φ(Xi1 , . . . ,Xim−1+ j ,Xim , . . . ,Xi2m−2+ j ,Xk)

| Xi1 , . . .X2m−2+ j ], (33)

for i1, . . . , i2m−2+ j < k so that Eϕm−1+ j (Xi1 , . . . ,Xim−1+ j ) = 0. Therefore,

Evnk = τ2
∑1,k

i1,...,im−1
η2

n,i1···im−1k , ∀ k ≤ m, and hence, EVn = ET 2
n , as expected

from Lemma 1. Further,
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1174 A. Pinheiro et al.

Vn/ET 2
n =

n∑

k=m

1,k∑

i1,...,im−1

η2
n,i1...im−1kϕm−1(Xi1 , . . . ,Xim−1)/ {Mnτ2}

+
n∑

k=m

m−1∑

j=1

1,k∑

i1,...,im−1+ j

ηn,i1...im−1kηn,i1...im− j im ...im−1+ j k

×ϕm−1+ j (Xi1 , . . . ,Xim−1+ j )/{Mnτ2}
= An + Bn, say. (34)

The martingale representation An − 1 = anm−1 + · · · + ann−1, where

ank =
1,k−1∑

i1,...,im−2

η2
n,i1,...,im−2,k[ϕm−1(Xi1 , . . . ,Xik )− τ2]/{Mnτ2},

implies that An
a.s.→ 1 as n → ∞. Also, EBn = 0, and, given that the ϕm−1+ j are

orthogonal,

EB2
n =

n∑

k=m

m−1∑

j=1

⎡

⎣
1,k∑

i1,...,im−1+ j

η2
n,i1...im−1kη

2
n,i1...im− j im ...im−1+ j k

⎤

⎦

× Eϕ2
m−1+ j (X1, . . . ,Xm−1+ j )/

{
M2

n τ
2
2

}
. (35)

Note that Eϕ2
m(X1, . . . ,Xm) ≤ Eφ4(X1, . . . ,Xm) < ∞ and all other ϕm−1+ j ’s are

degenerate U -statistics. By (20), we have EB2
n → 0 as n → ∞ so that Bn = op(1).

Thus,

Vn/E(T
2
n )

p→ 1, as n → ∞. (36)

By virtue of (28) and (36), we are in a position to use the martingale (array) central
limit theorem (Dvoretzky 1972) to establish (21), and it suffices to verify the Lindeberg
condition: ∀ ε > 0, as n → ∞,

∑n
k=2 E(Z2

nk I (|Znk | > ε
√

E(T 2
n )))/E(T

2
n ) → 0.

Since the Znk have finite moments at least up to the order 4, instead of the Lindeberg
condition, we may as well use (the more restrictive) Liapounoff condition, and the
proof of this follows along the lines of (30)–(36). 	


Although in many important applications, r = m−1, in some instances degeneracy
can be of order r < m − 1. If that is the case, we can write

Tn =
m∑

k=0

T (k)n (37)

T 
n =
r+1∑

k=0

T (k)n , (38)
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Asymptotically normal quasi U -statistics 1175

for

φc(x1, . . . , xc) = E {φ(X1, . . . , Xm)|X1 = x1, . . . , Xc = xc} (39)

c = 1, . . . ,m

φ0
c (x1, . . . , xc) = φc(x1, . . . , xc)− θ c = 0, . . . ,m (40)

ψ1(x1) = φ0
c (x1) (41)

ψ2(x1, x2) = φ0
2(x1, x2)− φ1

0(x1)− φ1
0(x2)+ φ0

0 (42)

ψ3(x1, x2, x3) = φ0
3(x1, x2, x3)− φ0

2(x1, x2)− φ0
2(x1, x3)

−φ0
2(x2, x3)+ φ1

0(x1)+ φ1
0(x2)+ φ1

0(x3)− φ0
0 (43)

· · ·
ψm(x1, . . . , xm) = φ0

m(x1, . . . , xm)

−
∑

φ0
m−1(x1, . . . , xm−1)+ · · · + (−1)mφ0

0 (44)

and

T (k)n =
1,n∑

i1,...,ik

ηn,i1···ikψk(Xi1 , . . . , Xik ). (45)

Using Hoeffding’s projection technique on φ(·, · · · , ·) and the fact that ηn,i1...im

are centered in zero, one is able to write

Tn =
1,n∑

i1,...,im

ηn,i1...im

k∑

j=1

∑

o

ψ j (Xv1 , . . . , Xv j ), (46)

where
∑

o is taken for all subsets {v1, . . . , v j } of j elements out of {i1, . . . , im}.
We can then write

Tn =
n∑

j=1

1,n∑

v1,...,v j

(
∑

o∗
ηn,i1...im

)
ψ j (Xv1 , . . . , Xv j ), (47)

where
∑

o∗ is taken for all sets {i1, . . . , im} of which {v1, . . . , v j } is a subset, and
Eψ2

j (X1, . . . , X j ) = σ 2
ψ, j , 0 = σ 2

ψ,1 = . . . = σ r
ψ, j < σ r+1

ψ, j . Moreover, Tn − T 
n =
∑m

j=r+2
∑1,n
v1,...,v j

(∑
o∗ ηn,i1...im

)
ψ j (Xv1 , . . . , Xv j ), so that

E(Tn − T 
n )
2 =

m∑

j=r+2

1,n∑

v1,...,v j

(
∑

o∗
ηn,i1...im

)2

Eψ2
j (Xv1 , . . . , Xv j )

≤ C
m∑

j=r+2

n− j
(

m
r + 1

) 1,n∑

v1,...,vr+1

η
2n,v1,...,v j

= O(n−(r+2)Mn,r+1), (48)

123



1176 A. Pinheiro et al.

for a constant C > 0, where the η
n,v1,...,v j
represent the weights relative to the kernel

ψr+1(·, . . . , ·), stationary of order r and Mn,r+1 =∑1,n
v1,...,vr+1

η
2n,v1,...,v j
, similarly to

(4), and ψ j (·, . . . , ·) is a stationary kernel of order j , for j = r + 2, . . . ,m.

Theorem 5 Let φ be a kernel of degree m, stationary of order r < m − 1. Suppose
that one out of the following set of conditions,(A), (B1)–(B2), or (C1)–(C2), holds.
Moreover, let

Mn,r = o(nr+1), r = 2, . . . ,m − 1. (49)

Then,

Ln = (V ar(Tn))
−1/2Tn

D−→ N (0, 1) as n → ∞. (50)

Proof By (48), if (49) holds, Tn − T 
n
p→ 0, as n → ∞. Therefore Tn has the same

limiting distribution of T 
n . Under (49), and one of the set of conditions (A), (B1)–(B2),
or (C1)–(C2), T 
n will be asymptotically normal. 	

Remarks (i) We should note that, contrary to the moments matching procedure

(O’Neil and Redner 1993), which cannot be generalized to m ≥ 3, m has no
significant bearing on the proposed martingale representation. Moreover, one
should also notice that although the number of different weight values (where
grouping is desirable) does not change with the sample size, membership to an
arbitrary group is not ordered in n and weights η’s can, in this class, vary with n.

(ii) For the case m = 2, r = 1, Mn will be typically O(n2); in the case of genomics,
the η’s will be bounded (Pinheiro et al. 2005).

With the current data acquisition capabilities, the problem of high dimensional data
sets and appropriate statistical estimation and hypothesis testing is of crucial impor-
tance. We present two results for large K and categorical random vectors. The basic
assumption needed for that is mixing along the random vectors. We prove those results
for random weights η and kernels of order r = m − 1. The stated proofs can be easily
adapted for deterministic weights and r < m − 1 as well.

Theorem 6 Let X1, . . . ,Xn be a sequence of i.i.d.K ×1 categorical random vectors.
Let φ(·, . . . , ·) be a kernel of degree m such that

φ(Xi1, . . . ,Xim ) = 1

K

K∑

l=1

φ
(Xi1l , . . . , Ximl), (51)

for some kernel, stationary of order m − 1, φ
(·, . . . , ·). Let Tn be defined by (1).
Assume that one out of the following set of conditions:

(a) (6)–(9), (11), mnk = op(Mn) as n → ∞ hold;
(b) (6)–(9), mnk = op(Mn) as n → ∞ and (B.1) hold ;

(c) (6),
∑m

j=0 b( j)2
n /nm+ j−1 = op(M2

n ) as n → ∞ and (C.1) hold.
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Suppose that {ηni1...im , 1 ≤ i1 < · · · < im ≤ n , n ≥ m} is a triangular array of
random variables independent of {X1, . . . ,Xn , n ≥ m}, and

∑

1≤i1<···<im≤n

η2
ni1...im

− Mn = op(Mn) as n → ∞. (52)

Suppose also that

∑

1≤l<q≤K

E
[
φ
(Xi1l , . . . , Ximl)φ


(Xi1q , . . . , Ximq)
] = O(K ) as K → ∞. (53)

Then

(K MnU (m)
n )−1/2Tn

D→ N(0,1) as n → ∞ and K → ∞, (54)

where U (m)
n is defined by (17).

Proof First consider the array {ηn,i1...im : 1 ≤ i1 < · · · < im ≤ n}, n ≥ m to be
deterministic, such that

∑1,n
i1,...,im

ηn,i1...im = 0 and
∑1,n

i1,...,im
η2

n,i1...im
= ( n

m
)
. We take

K a positive integer and WLOG Mn = ( n
m
)
.

By Theorem 1, the martingale characterization of Tn is achieved and, by Theorem 2,
(54) follows.

Next, consider the case of stochastic {ηn,i1...im , 1 ≤ i1 < · · · < im ≤ n} and
choose one set of conditions (a), (b) or (c). Since the ηn,i1...im are independent of the
Xi , i ≤ n, the permutation law Pn remains intact conditionally on {ηn,i1...im , 1 ≤ i1 <

· · · < im ≤ n}. Let then η̄n = (
n
m
)−1∑1,n

i1,...,im
ηn,i1...im , so that letting η◦

n,i1...im
=

ηn,i1...im − η̄n, 1 ≤ i1 < . . . < i0 ≤ n, we have
∑1,n

i1,...,im
η◦

n,i1...im j = 0. Then, we can
write

Tn =
1,n∑

i1,...,im

η◦
n,i1...im

φ(Xi1 , . . . ,Xim )+
(

n
m

)
η̄nW (m)

n , (55)

where W (m)
n = (

n
m
)−1∑1,n

i,...,im
φ(Xi1, . . . ,Xim ) → 0 a.s./L2-norm, and W (m)

n =
Op(n−m/2). As such, if with n → ∞,

(a) η̄n
p→ 0, and

(b)
∑1,n

i1,...,im
η◦

n,i1...im

2/
(

n
m
) p→ 1,
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1178 A. Pinheiro et al.

then letting T ◦
n =∑1,n

i,...,im
η◦

n,i1,...,im
φ(Xi1, . . . ,Xim ), we have

(
n
m

)−1/2

Tn =
(

n
m

)−1/2

T ◦
n +

(
n
m

)1/2

η̄nW (m)
n ∼

(
n
m

)−1/2

T ◦
n ,

so that by the Slutsky’s Theorem:

Tn/

√(
n
m

)
U (m)

n
D−→ N (0, 1).

Suppose now that K is large. If the weights are non-stochastic, following (51), and
recalling that 0 < τ2 = Eφ2(Xi1 , . . . ,Xim ) < ∞,

K τ2 = τ̄2 + 2

K

∑

1≤l<q≤K

η2
n,1...mE

[
φ
(X1l , . . . , Xml)φ


(X1q , . . . , Xmq)
]
, (56)

where τ̄2 = (1/K )
∑K

l=1 η
2
n,1...mEφ
2(X1l , . . . , Xml). By (53), one has a finite limit

for (56) when K → ∞. Let τ0 = limK→∞ K τ2. Then,

KU (m)
n

p−→ τ0 as n → ∞ and K → ∞

and (54) follows by Dvoretzky (1972). So that, we have as n → ∞,

Tn/

√(
n
m

)
τ0

D−→ N (0, 1).

If we then consider random coefficients {ηn,i1...im ; 1 ≤ i1 < · · · < im = n; n ≥ m},
(54) will follow as well, because of (52) and (55). 	

Theorem 7 Let Tn be defined as in Theorem 6. Suppose that (53) holds. Then,

Tn/
√

Var(Tn)
D→ N (0, 1),

as K → ∞ (either if n → ∞, n/K → 0, as K → ∞ or if n is bounded).

Proof We apply Theorem 2.1 (Withers 1981). Let Sn = Tn/
√

Mn = K −1∑K
k=1 tnk/√

Mn = K −1∑K
k=1 xnk , where tnk =∑1,n

i1,...,im
ηn,i1...imφ

∗(Xi1k, . . . , Xim k).
Since φ∗(·, . . . , ·) is bounded (as a function of categorical values), take, for

every k ≥ 1, |φ(Xi1k, . . . , Xim k)| ≤ M w.p.1. Then, |xnk | ≤ M w.p.1. and
‖∑a+b

j=a+1 xnk‖2+ε ≤ bM . Hence, the rate of growth of the partial sums (2 + ε)-
norm is guaranteed.

The mixing condition (53) ensures the l-mixing (Yoshihara 1993). Moreover, (53)
also implies that V ar(Sn) = O(K ) → ∞ as K → ∞ and that the covariances are
absolutely summable. Therefore, the CLT holds for Tn at a rate O(

√
K ) if n is bounded

or O(n
√

K ) if both K → ∞ and n → ∞. 	
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We list below three examples. In two of them the asymptotic behavior can be derived
directly from that of Tn defined by (1). The third example, quantitative data ANOVA,
illustrates the importance of kernel degeneracy.

Example 1 [Hoeffding (1948b)] Let Z1,Z2 . . . i.i.d. bivariate random vectors with
d.f. F and Zi = (Xi ,Yi ), i ≥ 1. Consider

� = �(F) =
∫

D2(x, y)d f (x, y),

where D(x, y) = F(x, y)− F(x,∞)F(∞, y). Then the components of X1 are inde-
pendent if and only if D(x, y) ≡ 0 (Hoeffding 1948b). The kernel for the U -statistic
that unbiasedly estimates � is given by

φ(x1, y1; . . . ; x5, y5) = 1

4
ψ(x1, x2, x3)ψ(x1, x4, x5)ψ(y1, y2, y3)ψ(y1, y4, y5),

for

C(u) = I(u ≥ 0),
ψ(x1, x2, x3) = C(x1 − x2)− C(x1 − x3).

The null hypothesis of independence can be written as H0 : � ≡ 0 and the test
statistic is given by

Dn = n−[5]∑

∗
φ(Xi1 ,Yi1; . . . ; Xi5 ,Yi5),

where n−[ j] = n ×· · ·× (n − j +1) and
∑

∗ is taken for all {i1, . . . , i5} ⊂ {1, . . . , n}.
The asymptotic variance for the first order term of Hoeffding’s projection, ξ1, is zero
under H0. Therefore, the asymptotic distribution of

√
nDn will not be normal under

the null hypothesis (Hoeffding 1948b).
In the multisample case, however, we define Dn as a pooled sample U -statistic.

Then, we can decompose Dn = Dn(W )+ Dn(B), where Dn(W ) and Dn(B) are the
within-groups and between-groups statistics, respectively. Dn(B) is a member of the
class of quasi U -statistics and, therefore, M−1/2

n Dn(B)will be asymptotically normal
under the null hypothesis of independence. We should note that we can perform such
a test for an actual multisample, in which case we will be testing componentwise inde-
pendence for all sub-samples, or for a one-sample case in which we divide the sample
in pseudo sub-samples. A question of statistical interest is the sampling scheme which
maximizes power in either case.

Example 2 (Quasi V -statistics of degree 2) Note that

Vn = n−2
n∑

i=1

n∑

j=1

φ(Xi ,X j ). (57)
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1180 A. Pinheiro et al.

TU,n and TV,n are respectively defined as

TU,n =
∑

1≤i< j≤n

ηn,i jφ(Xi ,X j ) (58)

and

TV,n =
n∑

i=1

n∑

j=1

ηn,i jφ(Xi ,X j ), (59)

where φ(·, ·) is a stationary kernel of order 1.
Defining

ZV,nj = 2
j−1∑

i=1

ηn,i jφ(Xi ,X j )+ ηn, j jφ(X j ,X j ), (60)

j = 1, . . . , n, we can write

TV,nk = ZV,n1 + · · · + ZV,nk 1 ≤ k ≤ n,

TV,n = TV,nn . (61)

TV,n − 2TU,n =
n∑

j=1

ηn, j jφ(X j ,X j ).

Thus, whenever
∑n

j=1 ηn, j jφ(X j ,X j )/Vn
p→ c (possibly 0), asymptotic normal-

ity with the same rate holds, as long as
∑n

i=1 η
2
n,i i = O(Mn). Hence, through the

asymptotic joint normality of Tu,n and TV,n − 2TU,n , TV,n will also be asymptotically
normal. If

∑n
i=1 η

2
n,i i = o(Mn), TV,n − 2TU,n will be asymptotic negligible and no

extra asymptotic variance term will be added. In that way, asymptotic results for TV,n

are equivalent to the asymptotic results for TU,n up to a bias term. First-order station-
ary and generalized quasi U -statistics can also be dealt with similarly, via Hoeffding’s
decomposition of their respective kernels.

We present below a counterexample for Theorems 1–5, which illustrates the impor-
tance of degeneracy for the asymptotic normality.

Example 3 (Quantitative ANOVA) Suppose m = 2 and φ(x, y) = (x − y)2/2. We
use the same groups and weights as in Pinheiro et al. (2005), i.e.,

ηn,i j =
{

1 if i and j belong to different groups;
− n−ng

ng−1 if i and j both belong to group g,
(62)
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Asymptotically normal quasi U -statistics 1181

where G groups are defined with ng units in each, n = n1 + · · · + nG . We define the
gth intra-group measures as Ugg = S2

g and the (g, g′)th cross-groups measures as

Ugg′ = 1

2

{
(X̄g − X̄g′)2 + Ugg − Ug′g′ − 1

ng
Ugg − 1

ng′
Ug′g′

}
, (63)

for g, g′ = 1, . . . ,G, g �= g′. We have therefore

nTn = n

n − 1

∑

1≤g<g′≤G

ngng′

n
(X̄g − X̄g′)2 −

∑

1≤g<g′≤G

ng + ng′

n − 1
θ + op(1), (64)

so that nTn will be asymptotically equivalent in distribution to a linear combination of
chi-square r.v.’s each with one degree of freedom, which we write as

∑
i λni (Z2

i − 1),
λni ≥ 0.

Example 3 reflects the fact that, since the kernel φ(x, y) = (x − y)2/2 is not
degenerate, its first order projection variance still plays the main role in asymptotics,
and results from Hoeffding (1948a) and O’Neil and Redner (1993) can therefore be
applied successfully. If K ≥ 2 but still fixed, a similar argument will lead to a χ2 with
K degrees of freedom even under mild dependency conditions (within each vector
structure). If all the λni are small, then the CLT applies to nTn .

4 Conclusion

We present a class of quasi U -statistics admitting a martingale representation. More-
over, their contrast-like weights provides these statistics with asymptotic normality
albeit their kernel’s degeneracy. These results readdress some results for weighted
U -statistics in the literature. Three basic features of our proposal are attractive. The
asymptotic normality for degenerate kernels represents a very important and use-
ful tool for methodological work. Moreover, the martingale representation can be
implemented for any combination of kernel degree, order of degeneracy and vector
dimension. The case of nonstochastic n and η’s has been treated here. If n is itself
stochastic, denoted by N , assuming positive integer values, the weights ηN ,i1,...,im may

also become stochastic. As long as N/EN
p→ c > 0 and the ηN ’s are independent of

the Xi , the asymptotic results pertain to this stochastic environment. Martingale limit
theorems for stochastic sample sizes are applicable in this case.

Acknowledgments We would like to thank the reviewers as well as the associate editor for their most
thoughtful comments and suggestions.
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