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Abstract The adverse effect of small sample sizes, excessive nonresponse rate, and
high dimensionality on likelihood ratio test statistic can be reduced by integrating with
respect to a prior distribution. If information regarding the prior is too general (for
example, only a parametric family can be specified), this distribution can be chosen
from a principle of the most powerful testing. We propose the integrated most power-
ful test in the presence of missing data. This test can be used as a viable alternative to
the maximum likelihood.

Keywords Parametric hypothesis testing - Most powerful test - Likelihood ratio -
Missing data - Maximum likelihood

1 Introduction

There are several conditions when maximum likelihood ratio (MLR) tests provide
unstable results. Among these possibilities we highlight only three: small sample size,
high dimensionality, and the presence of missing data. Small sample size and high
dimensionality are tied together in many genetic data (genom-wide data for few sub-
jects), longitudinal data sets (several subjects are observed over time), and in a variety
pilot medical projects. In some cases these two are aggravated by incomplete obser-
vations. Saint Loise data set published in Little and Rubin (2002) analyzed in this
manuscript absorbed all these problems.
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1142 A. Vexler, S. Tarima

Statistical analyses of such data are usually based on parametric models. Parametric
assumptions allow to decrease dimensionality of a problem and make MLR to be a
most popular technique for hypothesis testing.

Many researchers have already suggested different solutions for this or similar
problems. Laud and Ibrahim (1995) considered Bayesian approaches for model selec-
tion. Sequential change-point detection (a special case of hypothesis testing) literature
assigns a prior distribution on test parameters improving change-point detection algo-
rithms (e.g., Pollak 1978). An interesting solution for high dimensional hypothesis
testing was suggested by Goeman et al. (2006). Following empirical Bayesian model,
test parameter is assumed to come from a parametric family and the initial testing
problem is substituted by a dual hypothesis on the hyperparameters of this assumed
family.

In this manuscript, we indicate a problem of MLR testing, suggest to use a prior
distribution on test parameters, and derive an optimal test statistic in the presence of
missing data. In some cases the proposed below test statistic is a special case of Bayes
factor (e.g., Marden 2000). In general it mixes both the Bayes factor and ML method
for generating a test statistic. If this prior is not known we suggest to choose this
distribution from the principle of the most powerful testing.

The layout is as follows. Section 2 goes over maximum likelihood ratio testing and
shows that the maximum likelihood ratio does not retain optimal properties except
for the setting of the Neyman-Pearson lemma. Section 3 formally considers the use
of the integrated likelihood ratio test statistic, several simple examples, and handling
nuisance parameters. Section 4 suggests hypothesis testing procedure for ignorable
missing data. MAR and MCAR simulations for a normal bivariate case are given
in Sect. 5. An application is presented in Sect. 6 for illustrative purposes. A short
summary in Section 7 concludes the paper. Mathematically intensive derivations for
missing data are moved to Appendix.

2 Statement of problem

We focus on a classical hypothesis testing problem restricted to nonrandomized tests.
Let X1, ..., X, be independent and identically distributed random variables with a
probability density function f(x]60),0 € Q C R,x € X C R. A simple null hypoth-
esis H : 6 = 6 is to be tested versus a composite alternative K : 0 € Qg = Q\ 6p.
Let Py, denote the distribution of the sequence X1, ..., X, under H and P, denote its
distribution under K with & = v. Likewise, let Eg, and E,, denote expectation under
Py, and P,, respectively.

As follows from the fundamental lemma of Neyman and Pearson, if Qx = 0
(simple hypothesis) then the likelihood ratio statistics

wp T S Xilon)
T _Eﬂx,-wo) M

is the most powerful unbiased test, i.e. for a pre-specified significance level « there
exists a threshold value k such that PgO(T,fVP > k) = o and the power Py, (T,f\”D > k)
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is the highest among all other tests, where Py(A) = [, [Ti_; f(xi|0)dx;, A C X",
In our case Qk is not a single value set.

Lehmann (1986) considered hypothesis testing problem from the prospective of
optimal decision making. The optimal decision assures the smallest long term loss, in
other words, the smallest risk. A risk associated with a decision § = I (T, > k), I(-)
is an indicator function, based on a test statistic 7;, is defined as

b Pey (T, > k) +/ a@)Py(T, < k)dO(@®H), 2)

Qk

where a(0) represents loss associated with accepting H when 6 € Qg, b - loss from
rejecting H when 6 = 6, ©® is a probability distribution from P, a set of all probability
measures on a o -algebra of all measurable subsets of €2. It is often assumed that a ()
is independent of 6 and « is fixed, then the risk minimization problem is simplified to
minimizing

/ Py(T, < k)dO(0). 3)
Qk

If ® is specified, we have an unambiguous criterium for finding the optimal test sta-
tistic, denote Tno.

Maximum likelihood ratio test statistic. In many practical cases the importance of
imposing © is disregarded and Qx =0; is assumed, even when it is not true. If
Qg =61, we are in the settings of the Neyman and Pearson lemma, Py, (T, < k)
minimization corresponds to maximization of power Py, (T, > k) and T) = TN is
the optimal solution. If we assume that Qg = 61 we are not necessarily aware of the
actual value of 6y, then the maximum likelihood estimator of TNP

i _ £ (X:16) )
" S‘;p,[[ £ (Xi160) @

is usually used. The estimator YA“,{WL yields an asymptotically uniformly or locally most
powerful test (e.g., Choi et al. 1996). To formalize certain conclusions in this article,
hereafter (sub)martingales under the hypothesis H(K) will be denoted as H(K)-
(sub)martingales. For a finite sample size, 7ML > TP (i.e. the estimator (4) of TN
is biased), and moreover

Proposition 1 The likelihood ratio TN? is an H-martingale, whereas its estima-

tor f"nML is an H-submartingale with respect to {X1, ..., Xn}. Under K, TnNP is a
submartingale.

Proof 1t is clear that, by definition (1)

X0
E(T,{VP‘Xla""Xn—l) :TNPEM

5
"I F (Xl60) ©)
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where
f(X 01) [ f(xnl61)

T Xalto) ) FGalbo)
-1 —1
f(X o0 _ |:f(Xn|90)] - [E f(sz|90):|

f(x,160)dx, =1 and

NF (X160) X100 “F X))
f(xalf0) -
61)dx, =1.
>[ Ty G |1>x]

That is, TN is either an H-martingale or K-submartingale with respect to
{(X1,..., X,}.
Define the maximum likelihood estimator

n
6, = argmeaxl_[lf(xilm, bo = 6.
i

Equation (4) yields

Hf<X~|é> Hf(X~|én D _ s [ Xalfhn)
LfXiloe) T LD F(Xilbe) TN f(Xalfe)

where én,l is independent of X,,. Then,

X110, 6
o f( n|On 1) X1 ... X / f(xnln l)f(x,,leo)dx,,zl.
S (Xnl160) J (xn160)
In a manner similar to (5), we conclude that ]A",fw‘ is an H-submartingale. O

Following Proposition 1, the MLR test does not preserve the H -martingale property
and Py (TME > k} > Py {TNP > k}, where the test based on T is most powerful.
Thus, the test based on f,f"”‘ generally is not optimal.

3 Integrated likelihood ratio test statistic

In the literature on sequential change point detection, for preserving a martingale
property of detection policy, the use of another test statistic has been suggested, e.g.
Krieger et al. (2003). The well known Robert—Shiryaev test statistic was integrated
with respect to ®. We adopted and applied this approach to the likelihood ratio test
statistic, then

£(Xi10)
T,(® de@ 6
©= /QKHf(Xwo) @ ©
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defines the integrated likelihood ratio (ILR) test statistic. We emphasis that hereafter
the dependence on ©® (e.g. 7,,(®)) defines dependence on the functional form of ®
and not on its argument 8. The problem of an unknown 6 is substituted by a problem
of choosing a reasonable ®. We can pretend that 8; ~ ®, however this assumption is
unnecessary for applying the test statistic (6).

For example, following Krieger et al. (2003), we can consider two forms of ®. If
there exists a suspicion that main mass of the alternative choices of 6 is concentrated
at one side from 6, then ®(0) can be chosen as

CE)-o)

if there is no such suspicion we can use

1 0—pu 1 0+ n

P P . 8

(%) e () ®
In Egs. (7) and (8), ® denotes the standard normal distribution function, i and o have
to be defined by a researcher, for example, © = 0 and o = 1 as suggested in Krieger

et al. (2003). Figures 1 and 2 plot functions (7) and (8) for different choices of their
arguments.

Remark The considered approach does not involve estimation of an unknown param-
eter, as it happened with T,f"”‘, and can be applied when estimation of an unknown

0.6 0.8 1.0
| |

Probability

0.4
|

0.2

0.0
|

theta

Fig. 1 Cumulative distribution functions defined by (7) for u changing from —5 to 5. Points correspond
too =l and linestoo =5
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Fig. 2 Cumulative distribution functions defined by (8) for u changing from —5 to 5. Points correspond
too =l and linestoo =5

parameter is expected to be difficult, e.g. the sample size n is relatively small or the
dataset suffers from an excessive nonresponse rate.

We propose to chose ® from the principle of the most powerful testing. Note, this
choice does not depend on X1, ..., X;,. To this end, we present

Proposition 2 The definition (6) preserves the H-martingale property of the test sta-
tistic T, (®). In addition, for any dichotomous decision rule § on a given sample (§ = 1
rejects H) (6) is the integrated most powerful test statistic with respect to ©, i.e.

/Q (Py {T1(©) > k(©)} — k(©) Py, {T,,(®) > k(®)}) dO(6)
> / (Pg {8 rejects H} — k(®) Py, {5 rejects H}) de(@6). ©)]
Qg
Proof Since by (6)

n—1
J(Xil0) E J(Xnl0)

de®) =T1,-1(0),
e 1 0O = I (©)

Egy (T, (®)|Xy,..., Xy—1) = /
Q

the test statistic (6) is an H-martingale with respect to {X1, ..., X,}.
For any a, b € 'R an elementary inequality

(a—b)yIa>>b)—6)=>0 (10)
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holds when § € [0, 1]. Witha = T,,(®), b = k, and an arbitrary dichotomous decision

6 =46(Xq,..., Xn), the inequality (10) can be written as
“r f(Xil6)
~———dO®) —k }I (T,(® k
(/mgﬂx,wo) @ ) 1(©=0
r f(Xil6)
> ————de®) —k }J. 11
_(/sz,(il:[lf(xileo) @ ) (an
Since
“r f(Xil6) / ~r f(xil6) . -
E — = " 8(X1, ..., Xny ;10 dx;
9°£Ilf<xi|eo) Xngf(xil%) (e )Eﬂx | O)E *
= Eyd, (12)
taking Eg, on each side of (11) completes the proof. O

Thus, for a given ©®, the test based on (6) is the integrated most powerful. This is
clearly seen if we define k(©®) from Py, {T,(®) > k(®)} = Py,{érejects H} = o for
all §, then, the inequality (9) states that the integrated power

/ Py (T,(©) > k(©)} dO(®)
Qg

of the test {T(®) > k(®)} is the highest among all size « tests. An integrated risk,
similar to (6), with respect to a known prior of an alternative parameter has been pro-
posed by Lorden (1967) for sequential testing procedures. Pollak (1978) has shown
an optimality of a sequential procedure based on (6) type statistics.

If there are no specific recommendations on ®, the ® with the highest integrated
power, as follows from Proposition 2, is

©° = arg max/ (Py {Tp(©) > k(©)}
OeP Jog

~k(©) Py, {T(®) > k(©)}) dO(H). 13)

The solution ©Y is not necessarily unique in P, we denote the set of these solutions
by P C P. The search of ®” e PV is not a trivial task and it seems reasonable to
confine possible choices to a class of, for example, parametric distributions, denote
QCcP.IP'NQis empty, we will not be able to find the ©Y defined by (13), however,
the larger Q the more likely ®° € Q or the closer (in terms of the highest integrated
power) the chosen distribution will be to the class P°.

Note, if in (2) a(f) is constant for all & € Q and T}, is defined by (6) then ®°
brings minimum to (2).

@ Springer



1148 A. Vexler, S. Tarima

Requiring Py, {T,,(®) > k(®)} = Py {drejects H} = a we restrict the choices of
© to those which satisfy the unbiasedness condition. Then, the inequality (9) becomes

/ Py {T,(®) > k(®)}dO@6) > / Py {S rejects H} dO(6) (14)
Qg

Qg

and the optimal ® is written as

Q0 = argmax/ Py {T,(®) > k(©)}dO®). (15)
PJog

®c

Interesting to see that the distribution (15) brings a minimum to (3) as well.
In this manuscript we examine practical aspects of the test, where P is limited to
parametrical families.

3.1 Examples

Example 1 Let H : X; ~ N(0,1) be tested versus K : X; ~ N(,1), 61 €
(—00,0) U (0,00). If ® = N(u, 02) with known p and o,

1 o (X, —0)? X
T,0) =T,(n,0) = \/ﬁ/ CXp[—Z%_&_ZTI]
o —00

i=1 i=

2
xexp[—(e—'u):|d9

202
_ 1 o o (po 2+ Xi)? 3 lt_2 (16)
fo2n + 1 2(62n+1) 202 |

Since a normally distributed »_"_, X; represents a sufficient statistic for 7}, (11, o), the
test is identical to one-sample z-test, which is solely based on >";_; X; as well.

Example 2 Testing H versus K from Example 1 we assume that, ® belongs to a
symmetric mixture of two normal distributions, i.e.

®eQ= {O.SN(,u,oz) +05N(—p, 0D)|ueR.o =0 > 0}.

Then, the family of the test statistics (6) defined on Q is

0.5 ol(u/o? + 20, X)?  u?
T,(0) = Ty (1, 0) = mexp[ TR ﬁ]
L 05 o*(—pfo’ + 30 X)P P
ex — .
Joln 41 2(0%n + 1) 202
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In the class Q, the integrated most powerful solution ©° = N (19, ¢2) is defined by
Ho = arg max, U(a),where

1 n
U = — PJT,(0, k Xi ~ N6,
@ = —27102/72[ { ©.0) > ; n n)}

—a)? 2
X (exp[——(ezgf) }+exp[——(92—;j) D} dé

—kP {Tn(o,a) . k‘ > X ~ N, n)}.

i=1

Example 3 1f Q = {Unif [0, b], b > 0} then e0 = Unif [0, bo], where
N Lh gednys
bo_arg?fé‘é/ [ / Hf(X ot

— k Py, / f(X RAC L
;[ (Xil6o)

3.2 Integrated likelihood ratio with nuisance parameters

Many practical applications of hypothesis testing retain nuisance parameters 7 in
addition to the parameters of interest 6. Under the null X; ~ f(x|00, ), where 7 is
unknown, i = 1, ..., n. If alternative is true, X; ~ f(x|0, n), where 6 € Qg and n
is unknown again. We need some assumptions about 1. And we decided to consider
two main categories of them: where 7 is not random (frequentist point of view) and
where a prior distribution on 1 can be assumed.

1. Letn be defined in an space @ such that (6, n) is defined on Qg x ®. So, we keep
the same 7 under both H and K. Then, we can use

£ X116, )
T (@l )_/ Hf(X 60,0 an

where 7 is an estimator of 7.

In some cases, the X1, ..., X,, has an invariant structure, which means that the influ-
ence of 1 can be eliminated (e.g., Yakir 1998). The invariant structure in change point
literature is closely related to the presence of an ancillary complement in a sufficient
statistic. For example, if X1, ..., X;, ~ N(0, n) then the distribution of the ancillary
statistic S; ' >7_; X; does not depend on 7, where S, is an unbiased estimate of 7.
Then, the optimal test for this example is based on S, ! > X
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1150 A. Vexler, S. Tarima

2. Let®(0, n) be a pre-assumed distribution of interest and ® (0, ) = ©1(0)O,(n).
This assumption allows us to avoid undesirable associations between the 1 and 6,
and keep the same distribution of n under both H and K.

We redefine the estimator (6) by

R S f(Xil6. )
T,(®|n) = ———d®@, n), 18
©m /Q,(x@gf(xﬂ%,’]) @ 1o

where 7) is an estimator of 7.

There are many different choices for this estimator: the maximum likelihood,
under H; the maximum likelihood, under K; minimum variance unbiased estima-
tor, under H; minimum variance unbiased estimator, under K; pooled estimators,
which take into account that n does not change from H to K; and many others. For
example, in Sect. 6 we calculated an E M estimator (there are missing values) of var-
iance covariance matrix under an assumption that it does not change from H to K.
This EM estimator is an analogue of a pooled estimator in MANOVA and ANOVA
models. We are NOT trying to analyze which estimator of 7 is the best one. However,
Proposition 3 presents a theoretical result conditional on a chosen estimator of 5.

Note, the estimator (18) can also be used if 6 and 7 are not independent. The dis-
tribution @ is a joint distribution of 1 and 6. Then, 7 is an estimator of 1 under H.
However, the interpretation of results of this testing usually is not straightforward.

Obviously, at a proper convergence rate of 7] to n, the estimator 7,,(®|7) converges
to the optimal test 7,,(®), as n — oo. Alternatively, we can formulate

Proposition 3 Let n(X1, ..., X,) be an estimator of n and for any dichotomous
§=08(X1,...,Xp)

P {5 rejectsH‘X,' ~ FxlBo, A)i=1,. .., n}

/Hf x,|90 n(xi, .. xn)) I (§(x1,...,xp)rejects H)de, =a,

i=1

(19)
then (18) is the integrated most powerful test statistic with respect to ©.
Proof By virtue of the inequality (10)
7 S Xil6,n)
1 ’ A
v 400, n) —k U (T(®[n) > k) —§8) =0,
(/QK E[l f(Xil6o. ) ) (% )
or
n
(Xil6, n) (Xil6o, 1) .
[ T4 a00. Hf 500N s (1 (@) > §) - 8)
o 11 F(Xilbo, ) F(Xilbo, m)
> 0. (20)
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Applying Ejg, ; to the elements of (20) we have

f (X0, 77)
Eeo,n/ Hf(X oy S0 X)dO @, 1)

f(xl|9 n)
/ /QK F o1, n)(S(xl,.. , X,)dO (0, W)Hf(xz|90 U)de,

i=1

:/Q /Hf(xilﬁ77)5(X1,.--,xn)de,~d®(9, )
Kin i=1 i=1

=/Q [E0,n8]d© 6, 1) = E (Eg,581K)

=FE (Eg,,, (8 rejects H|X; ~ f(x]6,n),i =1,...,n) |K)
= E (8 rejects H|K) = P (8 rejects H|K), 2D

by analogy,
f(Xil60. ) / “ [ f(xil6o. )
E §dO® @O, n) = —5(x1, ..., Xn
""”’/ Hf(X 0. 0 91]1 F Gl 1)

x [T £ ilbo, m [ ] dxi d© @, m) = .
i=1 i=1
(22)

The assumption (19) was used in (22) for obtaining «. Then, the inequality (20) is
simplified to

P (Tn(®|ﬁ) rejects HlK) > P (§ rejects H|K) (23)

which completes the proof. O

Remark 1 Proposition 3 makes an important extension on the nuisance parameters
case. It says that for a fixed size of the test (for example, « = 5%) and a pre-deter-
mined estimating method of the unknown nuisance parameter 7 (for example, max-
imum likelihood estimator 7)) the test statistic (18) provides the most powerful test
when possible alternatives are described by ©.

Comparing power of the tests at the same size is a common practice. We decided
to use the assumption (19) as an additional condition for comparing different tests.
Shortly, we compare tests at given « and 7.

Details to Remark 1. The assumption (19) is not the classic type L error Py {§ rejects H},
however, when 7 is unknown, the practical sense of comparing decision rules with
fixed Py {3 rejects H}, which s a function of 5 (or 7 for a plug-in estimator), is unclear.

@ Springer



1152 A. Vexler, S. Tarima

Suppose we have two tests for testing H' versus K’, say,
(A): reject H' iff statistic L > CE and (B): reject H' iff statistic D > CP,

where CL and CP are thresholds. When comparing tests (A) and (B) in the presence
of unknown parameters under H' and K’, the suggestion “to specify the type I errors
of (A) and (B) and contrast the powers of these tests” is problematic. The thresholds
CL and CP cannot be chosen from Py {L > CL} = Py(D > CP} = &, because
Py {-} is a function of 1. Even if we assume that CDI; and Co? are known (or evaluated)
at H’', the power comparisons, Px/{L > C(f} versus Pg/{D > Cull)}, is an arduous
task, Pg/{-} depends on unknown 7 and 6;. Alternatively, we suggest to estimate 7 at
H’ and confine statistical inference to

n n
Py{H is rejected|7} =/Hf (xil60. fi(x1, ..., xn)) 1 (H' is rejected) dei.
i=1

i=1

Proposition 3 formalizes these ideas and allows comparing (18) with the other test sta-
tistics (in the context of the integrated power of testing), where 7 is estimated by 7, for
example a maximum likelihood estimator would be 7 = arg max, H?:l fo(Xil6o, a)
and the assumption (19) holds.

Remark 2 Following Lehmann (1986), we should restrict § to sup, Py, {6 rejects H}
< o' to keep the Type I Error under control. For the MLE 7 and any 7

n n
o= /Hf (x,'|90, ﬁ(xl,...,xn)) I(S(xl,...,xn)rejectsH)dei
i=1

i=1

n n
> /Hf (xi160, 1) I (8(x1, ..., xp) rejects H)de,- = Py, {8 rejects H).
i=1 i=1

Hence, the first type error is never greater than «.

Remark 3 Note that, since by the definition (18) the event (7,,(®|5) > k) corresponds

to ([T f (xilbo, Axt, .o xn)) < Jq, [Tiz) £(Xi160,md®©©, n)/k), we have the
inequality

o =/Hf(x,-|00, At xn) 1(T(Ofh) > k) [ [ dxi < 1/k.
i=1

i=1
4 Integrated likelihood ratio in the presence of missing data
The dataset in Sect. 6 contains fair amount of missing data. Due to Little and Rubin
(2002) likelihood based inference can be substituted by inference based on observed

data likelihood if missing data mechanism is ignorable, which means that missing data
are missing at random (MAR) and (0, V) € Qg x W, where 6 and i are the model
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An optimal approach for testing 1153

and missing data parameters. Employing the idea of observed data likelihood, the test
statistic 7,,(®) can be easily modified to the form acceptable for using with missing
data. In a case when there are no missing data all X; are available and the full data
likelihood is

n

Lan(®@|X1. ... Xp) = [ [ £(Xil6).
i=1

If missing data mechanism incurred some missing data, then X; = (X; obs, Xi mis)-
where X; obs denotes the observed part and X; mis define missing components, the
values of missing components is usually denoted by NA (not available), X; mis = NA.
This partitioning into the observed and missing parts allows to define the observed
data likelihood

n
Lobs('9|X1» ey Xn) = H/ f (Xi,ob& Xi,mis"g) dXi,mis- (24)
i=1
The notation from Little and Rubin (2002) is used in (24). Then the test statistic (6) is

generalized to

LObS(9|X1» ey Xn)
Thy.0bs(©) =/ de®). (25)
ax Lobs@0lX1, ..., Xp)

Proposition 4 The test based on T, obs(®) is the integrated most powerful.

Proof Following the pattern of the proof of Proposition 2 with Lops(0]X71, ..., X,)
instead of the full data likelihood (Hi f(X;]0)), which is not available in the presence
of missing data, the proposition is easily proved. O

Example 4 Let Z1, ..., Z, be independent and identically distributed random vari-
ables from a bivariate normal with an unknown vector of means p and known variance
covariance matrix ¥. We want to test H : u = 0 versus K : i € R?\0.

We assume that missing data mechanism is ignorable and compare the following
approaches.

First, a maximum likelihood statistics can be calculated on complete data (both
components of Z; are observed). However, we definitely loosing information from
incomplete observations.

Second, a maximum likelihood statistics can be calculated on the basis of observed
data likelihood.

Third, the test statistic (25) with an assumed prior on alternative values of 6 can be
calculated. Again observed data likelihood will be used.

Maximum likelihood statistic based on complete data likelihood. On complete data
T,fm‘, where n defines the number of complete observations, becomes
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1154 A. Vexler, S. Tarima

ML _ H exp [-0.5(Zi = "'E71(Zi — )]
n.comp exp[-0.527 2-17;]

i=1

— exp [O.Sn;lTE’l u] (26)

Then, H is rejected if {f‘,{‘fl‘:%mp>k} or (na’=~'4 > 2logk = k'}. Under H,
niflTS 71l ~ x3 and for an a-size test P(x5 > k') = a or k' = (x3)" (1 — o),
where X22 is a random variable distributed as chi-square with 2 d.f. and ( )(22)_1 defines

inverse chi-square distribution.

Maximum observed data likelihood test statistic. In this case, in addition to complete
observations the likelihood uses marginal densities obtained on partially observed
components. Without lose of generality we assume that after n complete observations
there were m observations with only the first component observed and m; with the
second only. Then,

—1 ~
L _ oexp[-0.5(Zi — WTENZ — )] "y P [—0-5611 (Zin —m)z]
,obs — | | _
n,0bs exp [—O.SZiTE 1Zi] it exp [_0'561—1121'21]

i=1

ntmi+my exp [—0.502_21(Zi2 - ﬁz)z]

X
i=ntm+1 exp [—0.502_21 Zizz]

— exp [o.sn,zTE*l,:L +0.5mi07; i3 + 0.5ma05;! gg], 27)
where [i1(ft2) is the sample mean for wi(u2) based on Z,ii,..., Zpim,
(Zpn4mi+1s - - - s Zntmi+m,)- The rejection region {Tr%s > k} is represented as

{n,&TZfl,& + mlal_llll% + mgaz_zlﬂ% > 2logk = k/}.
Since mlofll /1% and mzo{zl /l% are distributed as Xlz, the k' = ()(f)_1 (1 —a) for a-size
tests.

Integrated likelihood ratio test statistic. We consider the integrated likelihood ratio
test statistic on observed data likelihood with ® = N (b, Xy,). Then,

—1 2
o roo Moexp[—0.5(Z —a) £1(Z; —a)] "' exp| =050y (Zin —a1)
Tr1.0b5(©) = / / I1 [ ’ =) [ ]
—00J =00 ;|

exp[-0.52] =-17;] Pt exp [_0.501—112121]
wtmtm exp[ 0503 (Zio = 2] exp[ 0.5 @~ b 55! @~ b)]
X L exp [_0.502721 Zi22] 27| S| da; day
= exp [fO.SbT E;lb] % exp [O.SIT\I’T] . (28)
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The equality (28) is a special case of a K -dimensional formula presented in Appendix
Al.In Eq. (28)

1 -1
gl =z +2b1+("”m1 0 _1)
0 022m2

and all sample information is incorporated in

v =t (1, Qo fir, i) =BT 2+ T2 4 (i) (O“ml_l 0 1)_1
0 022,
a two-dimensional sufficient statistic for 7}, obs(®). Easy to see that
T = bTEl:1 + AT Var™ () + (@1 fiz) Var~! (i ji2).
The 7 is normal and under the null hypothesis E(7) = b’ Xy "and
Var (t) = Var ' () + Var™' (i1 ji2) .

Then, the test

’exp [—O.SbT zl;lb] % exp [o.srqur] > k]

corresponds to
{rTVar*‘(r)z > k/}, TVar~ (1)t ~ NCx2(h),

where NC X22 (1) is a non-central chi-square distribution with 2 d.f. and » = b’ Py 'p.
From P{t?Var~!(1)t > k'} = a find k' = (NCx3 (W)~ (1 — ).

Remark Integrated likelihood ratio statistic based on complete data likelihood, denote
Ty, comp(®), is a special case of T, obs(®), where m and m are forced to be zeroes.

5 Simulation studies

Let (X, Y) be abivariate normal random variable with ;t = (ux, ty) and ¥ = ((1); (1):2 )

Two missing data mechanisms are considered: (1) MCAR with p, = p, = 0.5, where
Px (py) defines the probability that X (Y) is missing, (2) MAR with p, = 0 and

py = exp(X) /(1 + exp(X)).

Simulation study design. For each experiment we (1) drew a sample of 50 bivar-

iate observations, (2) generated missing values, (3) calculated Tﬁ%mp, T,f"gi)s, and

T .0bs(®), where ® = N (0, X) is assumed (in Table 2 the matrix ¥ was multiplied
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1156 A. Vexler, S. Tarima

Table 1 Monte-Carlo power of the test based on T,ff’CL()mp, Tr{v](ﬁ)s, and T}, ops (®) at different choices of u,
missing data are MCAR ’

= (i1, 12) ML o ML Thr,0bs(©)
(0.0, 0.0) 0.0505 0.0502 0.0495
(0.0,0.1) 0.0618 0.0624 0.0667
(0.1,0.1) 0.0615 0.0678 0.0754
0.2,0.3) 0.1095 0.1671 0.2211
(0.0,0.4) 0.3269 0.3570 0.4551
(0.4,04) 0.2171 0.4068 0.5160
(0.0, 1.0) 0.9630 0.9904 0.9959
(1.0, 1.0) 0.7649 0.8944 0.8960
uw~N(@, %) 0.7863 0.8498 0.8787
nw~N@04, %) 0.8074 0.8701 0.8939
nw~N1, %) 0.8539 0.9044 0.9230
Table 2 Monte-Carlo power of the test based on T,%L()mp, T%ﬁ)s, and T}, ops (®) at different choices of 1,
missing data are MAR ’

w= (1, n2) T;%L()mp T,%)Lbs T,0bs(©)
(0.0, 0.0) 0.4615 0.7306 0.0446
(0.0, 0.1) 0.4834 0.7401 0.0735
(0.1, 0.1) 0.2981 0.7412 0.0862
0.2,0.3) 0.2383 0.8339 0.2724
(0.0,0.4) 0.8351 0.9241 0.5847
(0.4,04) 0.0712 0.9466 0.6879
(0.0, 1.0) 0.9998 1.0000 0.9998
(1.0, 1.0) 0.2641 1.0000 1.0000
n~ N, X) 0.8487 0.9847 0.9232
u~N@04, %) 0.8164 0.9831 0.9219
nw~N1, %) 0.7983 0.9849 0.9437

by 10), (4) tested the null H : u = 0 versus K : u € R2\0, and (5) repeated the
experiment 10, 000 times for confident comparisons of the results. Such simulation
studies were preformed for two different missing data mechanisms and the following
choices of  : (0,0), (0,0.1), (0.1,0.1), (1, 1), and (0, 4), or & ~ N(0, £). The
results of the simulation studies are presented in Tables 1 and 2.

The ® = N (0, ) selected for the simulation study is an appropriate solution for
detecting small deviations from the null hypothesis, for example (0.4, 0.4).

6 Application

Little and Rubin (2002) published “St. Louis Risk Research Data”. Data on 69 fami-
lies with two children were collected. Experts classified these families into three risk
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groups: (1) a normal group of control families (27 families), (2) a moderate-risk group
where one patient was diagnosed with a psychiatric illness (24 families), (3) a high-risk
group where one parent was diagnosed as having schizophrenia or an affective mental
disorder (last 18 families). The authors compared the data on continuous variables Ry,
Vi, Ry, and V,, where R, and V. were the results of reading and verbal tests for the
' child, ¢ = 1, 2.

Normal group was compared with a merged group of moderate and high risk fam-
ilies. Making emphasis on data augmentation technique authors presented 95% pos-
terior probability intervals of mean differences for each of the Ry, Vi, R», and V>.
Three of these intervals (mean differences for Vi, V», and R|) were entirely positive
providing evidence that the results for verbal and reading tests are better for the con-
trol group of normal families comparing with the moderate-high risk group. Later in
their book the authors also used MANOVA assumptions for this data, the results were
similar.

We decided to compare the same two groups on the basis of the integrated most
powerful testing proposed in this manuscript. Following the MANOVA assumptions,
we considered a multivariate normal model with mean change under alternatives.

To be able to apply the hypothesis testing consistent with the proposed formulas
we need (1) to know a four dimensional mean p under the null and a 4 x 4 vari-
ance covariance matrix ¥ (in MANOVA settings ¥ is the same under the null and
alternatives) and (2) have a good prior guess on four dimensional group means '
and p2.

As it is usually done in practice, we estimated u, u,l, ;1,2, and ¥ by their observed
data MLE. To obtain these estimates we used E M -algorithm. Note that freely avail-
able software (for example, package NORM in R) does not allow, or we simply did not
find how to do it, to apply E M -algorithm to normal data with different group means
and the same variance. However, its development and implementation is not difficult.
We found

Al = (115.5,142.4, 108.7, 128.9),

A2, = (103.3,114.2,101.9, 109.0),

2348 327.0 93.9 2555
) 327.0 7174 178.0 506.0
2:em=

93.9 178.0 204.2 3005 |’
255.5 506.0 300.5 871.9

where /1!, and 12, are EM estimators of group means and 3,,, is an E M-analogue
of a pooled estimator. Since Sem estimates ¥ under null as well, we developed EM
under null given ¥ = X, and found

fem = (107.8,125.5,104.6, 117.2).
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Table 3 P-values to reject H at different choices of b and Xy,

b! b2 L =3 =35 P-value
fl = fem (12, — fem Sem 0.0026
2l — fem 2, — ftem 0.8%em 0.0005
il = fem A2, — fiem 1.280m 0.0081
Al — flem +5 A2 — fiem Sem 0.0240
fily = flem +5 (2, = fiem 0.85em 0.0082
[l = fem +5 2y — fem 128 0m 0.0493
Pl — fem A2 — fem + 5 Sem 0.0028
o — Bem (2 = flem +5 0.85em 0.0005
Adpy = flem (2 — fem +5 125 em 0.0086

Table 4 P-values to reject H at different choices of b and Xy,

b! b2 o~ Tl = Zp2 P-value
ko = fem (12, — fem w15, Zem) Sem 0.0000
il = fem 012, — fem W16, Zem) Sem 0.0028
Rém — fem A2 — fiem WIS, Sem) Sem 0.0032
iy = fiem 12, — flem W15, 0.850m) 0.85em 0.0099
il = fem A2, — fem W15, 1.280m) 1.280m 0.0001
fibn = frem +5 (2, — lem WL, Sem) Sem 0.0021
iy = frem +5 (12 — fem W15, 0.850m) 0.8 em 0.0095
Lo — Bem +5 2, — fiem W5, 1.280m) 1.28em 0.0013
Rm — iem 2 — fem +5 WL, Sem) Sem 0.0016
by — frem 2 — flem +5 W=L(5,0.8%m) 0.8 0.0079
Ly — fem 2 — flem +5 W15, 1.280m) 1.280m 0.0001

We subtracted [, from our data because H : u = 0. Then, the test statistic
Tn1(®|2 = Yps = )Ajem, b* = i3, — flem, s = 1, 2) is asymptotically xf distributed.
This test statistic is a special case of a more general formula (31) derived in Appendix.

For different choices of b* and Xps the test statistic defines different P-values for
rejecting H. We varied b* and Xjs to explore sensitivity of the hypothesis testing to
misspecification of ®. The results are in Table 3.

An alternative approach is to assume that ¥ is a random variable distributed as
inverse Wishart W~ (d f,df +1) f)em), where df is a degrees of freedom (the larger
df the smaller will be the variability of randomly generated matrices). It is not clear
which df should be used when X is estimated with missing data. We tried several
different values (see Table 4 for some of them) and decided to stop atdf = 5.

Then, the test statistics is represented not as a four dimensional integral with respect
to © but as a fourteen dimensional with respect to both ® and W~!. This integral is
difficult to take analytically, but it can be efficiently estimated by Monte Carlo sim-
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ulations. See Table 4 for the results (10,000 for estimating simulations were used).
This approach continue using fi., Sem for formulating the null and for describing
alternatives, even though it is done differently from above.

An obvious conclusion after comparing Tables 3 and 4 is that assigning an inverse
Wishart distribution on a nuisance parameter provides more stable results. More stable
to changes in estimates of w1, u2, and ¥, where sampling variability is one of the
sources of these possible changes. This conclusion aligns with the overall strategy of
this manuscript showing that a reasonable prior may improve hypothesis testing.

7 Conclusion

The likelihood ratio test statistic was modified by integrating its numerator with respect
to a distribution of the test parameter ®. This modification provides the highest inte-
grated power if the long term behavior is actually described by ®. Handling nuisance
parameters is investigated as well.

When unknown parameters are multidimensional or the number of observations is
small, we believe the proposed test statistics is a reasonable solution in contrast with
MLR.

In the presence of missing data, the proposed test statistic can be used with an
observed data likelihood. As shown by a MCAR simulation study the power of the
considered test is higher comparing with the MLR tests. Another simulation shows
that a researcher may expect more stable and reasonable power when missing data
mechanism is MAR.

The application of the proposed method to the Saint Louis data set illustrates the
use of these tests for multidimensional data with missing values.

Acknowledgments Authors thank the editor and unknown to us referees for their comments which helped
to improve our manuscript.

Appendix

A1l Integrated likelihood ratio test statistic in the presence of missing data
(one sample case)

We consider a one-sample test for testing a null hypothesis that an i.i.d. sample
Zi,...,7, came from a K-dimensional normal distribution Ng (0, ), X is known,
versus an alternative that the K -dimensional mean is different from 0 defined in RX.
Assume that ® is Ng (b, Xp) and missing data mechanism is ignorable. Missing data
can appear due to a pre-specified design or by chance in observational studies. In a
hypothetical case a sample can be divided into P non-overlapping subsamples (for
simplicity we assumed that the subsample sizes are fixed) with respect to different
patterns of missing data, denote these subsamples by Z; ., ..., Zy,, p, Z;;o np =n.
The value ng defines the size of the complete data subsample. In X, (or n p) the sub-
script p specifies that the components of X (j1) associated with missing components
in the p’s missing data pattern are set to zero producing in this way X, (fi,). The
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inverse of X, is calculated by a Moon—Penrose generalized inverse method, so, zero
rows and columns are continue to be zeros after the inverse, and dimensions of all
%, are K. In this notation ¥ = %¢ and {19 = f. Also, i = nal >, Zio and

Rp = n,‘,l Z:Z 1 Z;,p. Since the test statistic in this case is built on the assumptions
that X, b, and Xy, are known, it will be denoted by 7}, obs (|2, b, Xp). Then,

Tn,obs (G)'E, b, Eb) = /

where

@ Springer

P "y exp [—O.S(Zi,p - a)ngl(Zi,p - a)]

RE o 0i] exp [-05Z] 577, |

xexp[-0.5@ b 5! @—b)| @7[Zy) K/ da

no
_ L Ts—1 L T —lg.
/R ) expl;[ 05Z —a) 271 (Z; —a) + 052 = z,]

n,,

P
xexp > > [—O.S(Zi,,,—a)TE;I(Zi.,,—a) + o.szfpzljlzi.,,]
p=1li=1

xexp[ ~0.5a7 £y la+b7 5 a — 0.56 5 'b] 27 |%p)) K/ da

/ exp [—O.SnoaTE_la + no;lTZ_la]
RK
P
Xexp Z [—O.SnpaT E;la—l—npﬂ,f E;la]
p=1

xexp| ~0.5a" £ "a + b7 £ "a — 0.5b7 5, 'b| @71 Zy) K2 da
P

/ exp | —05a" [ 21+ > 0,3, |a

RK
p=0

P
X exp bTE,;l +nop’ s+ anﬁ.zii;l a
p=1
X exp [—O.SbT z;lb] Qr|Zp)~K/? da
[ OSbTZ’lb] Ll
ex —U. — =
b RPN
d
x/ exp[—O.SaT\If’la—i-rTa]ia“
RK QW)X
|qu/2

—_—, 29
| S| ©/2 &

exp [—O.SbT El:lb + O.STT‘IJT]

P
-1 -1 —1
=314 > 0,3,
p=0
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and all sample information is incorporated in

P
t=b" 5 a2 4D il w !
p=1

a K-dimensional sufficient statistic for 7 obs(®|X, b, ¥p). Easy to see that Et =
b’ et Var(r) = =71 + Zf,):l Z;l, the test is written as {t/ Var !t > k’}, and
tIvar-l(t)r ~ NCXI% (A), where NCXIZ( (A) is a non-central chi-square distribution
with K d.f. and A = b7 Eb_lb. From P{t” Var~!(t)t > k'} = « find the cutoff point
K= (NCxz()~'(1 —a).

We assumed above that the matrix X is known, which is not true in many real
life problems. If X is not available, a straightforward solution is to use its unbiased
estimate, for example, X on available cases. Then, the test will be based on

P
~ —1 AT & — AT O —
t:bTEb +nop’E 1+anM[T,Epl,
p=1

however, the distribution of #7 Var—1(#)# is not a non-central chi-square anymore,
only asymptotically.

The matrix ¥ is an estimator of ¥ based on available cases. Each variance (or
covariance) of ¥ is estimated on a different number of available cases (or available
pairs of cases for estimating covariances). This fact does not allow us to find a good
close form distribution of % (like Wishart in multivariate analysis), and consequently,
the distribution of 7 is not easily expressible.

In this case a nonparametric bootstrap procedure can be used (e.g., Efron and
Tibshirani 1993). It allows to estimate the distribution of 7 Var~!(£)7 under H (¢ =
nopT =1 + Zﬁzl np,tlgflljl) and find an estimate of k’. This approach is also not
without drawbacks. If sample size is small, the resampling bootstrap procedure may
face inability to estimate some components of 3 at some iterations. Simple exclusion
of these iterations from the resampling procedure may increase bias associated with
sample sample bootstraps. Another problem is that for some iterations the matrix by
may be not invertible, which also leads to inability to estimate T on these bootstrap
iterations.

A2 Integrated likelihood ratio test statistic in the presence of missing data
(case of multiple samples)

Here we consider a case of multiple samples for testing a null hypothesis that all the S
iid. samples Z3,...,Z; (s = 1,..., S) came from a K-dimensional normal distri-
bution N (0, X) versus an alternative that there exists at least one sample ZS/, e, Zfl/
with mean different from 0. Assume that missing data mechanism is ignorable and
every subsample can have its own prior describing a set of possible alternatives. Denote
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these priors by ©° ~ Nk (b*, ;). In a simplified version, all the ®° can be all the
same.
By analogy with the one- sample case, different patterns of missing data define P*

different subsamples (Z3 L /0 p) for each of the S samples, Zf; oy =n'
. s
where P* stands for the number of missing data patterns in the s’s sample. Then,

T.obs (O], Tps, b, s =1,...,9)

P np

/ H [T]]exp|-052; ,—a%" =, Z; , —a%)+0.5 (Z‘? )Tz—lz~?
RK 521 pebic] : Lp p Lp ' Lp P Lp
xexp[ 0.5( - b)) = (a* —bs)] Q| ) K2 da’. (30)

Following the algebra of (29), Eq. (30) transforms to

Tr,0bs(®1Z, Zps, b’ s =1,...,5)

_Hexp[ 0.5 (b)" =5 +0.5 () wre ] w2 1z K2, )
where
() =5 +Zn
and

o =m) =) +n(20) = +Zn ( ) =

Hence, the test depends on 7 = % Zf 1 7°. Under H, 7 is a normal random
variable with Et = \/LE Z (bs)T Vand Var(r) = =1 + 1 Z 1 ZPS 1 2, L

As it happened in the one-sample case, the test is based on 77 Var~ 1('z:)r ~
NCXI% (&) with K d.f. and a non-centrality parameter A = (Et)"Var ' (v)E~.

From P{t” Var~! ()t > k’} = « find the cutoff point K’ = (NCxz (2) " (1 —a).

If X is not known, its unbiased estimate can be used, for example, a pooled esti-
mator based on the available case estimators of X from different groups. Then, the
non-central chi-square is reached only asymptotically. Another solution would be a
bootstrap.

References

Choi, S., Hall, W. J., Schick, A. (1996). Asymptotically uniformly most powerfull tests in parametric and
semiparametric models. The Annals of Statistics, 24, 841-861.

@ Springer



An optimal approach for testing 1163

Efron, B., Tibshirani, J. (1993). An introduction to the bootstrap (p. 436). New York: Chapman & Hall.

Goeman, J. J., Van De Geer, S. A., Van Houwelingen, H. C. (2006). Testing against a high dimensional
alternative. Journal of the Royal Statistical Society B, 68, 477-493.

Krieger, A. M., Pollak, M., Benjamin, Y. (2003). Surveillance of a simple linear regression. Journal of the
Americal Statistical Association, 98, 456-469.

Laud, P, Ibrahim, J. (1995). Predictive model selection. Journal of the Royal Statistical Society B,
57,247-262.

Lehmann, E. L. (1986). Testing statistical hypotheses. New York: Springer.

Little, R. J. A., Rubin, D. B. (2002). Statistical analysis with missing data. New Jersey: Wiley-Interscience.

Lorden, G. (1967). Integrated risk of asymptotically Bayes sequential tests. The Annals of Mathematical
Statistics, 38, 1399-1422.

Marden, J. I. (2000). Hypothesis testing: From p values to Bayes factors. Journal of the Americal Statistical
Association, 95, 1316-1320.

Pollak, M. (1978). Optimality and almost optimality of mixture stopping rules. The Annals of Statistics,
6,910-916.

Yakir, B. (1998). On the average run length to false alarm in surveillance problems which possess an
invariant structure. The Annals of Statistics, 26, 1198-1214.

@ Springer



	An optimal approach for hypothesis testing in the presence of incomplete data
	Abstract
	1 Introduction
	2 Statement of problem
	3 Integrated likelihood ratio test statistic
	3.1 Examples
	3.2 Integrated likelihood ratio with nuisance parameters

	4 Integrated likelihood ratio in the presence of missing data
	5 Simulation studies
	6 Application
	7 Conclusion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


