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Abstract In this article, a conditional likelihood approach is developed for dealing
with ordinal data with missing covariates in proportional odds model. Based on the
validation data set, we propose the Breslow and Cain (Biometrika 75:11-20, 1988)
type estimators using different estimates of the selection probabilities, which may be
treated as nuisance parameters. Under the assumption that the observed covariates and
surrogate variables are categorical, we present large sample theory for the proposed
estimators and show that they are more efficient than the estimator using the true
selection probabilities. Simulation results support the theoretical analysis. We also
illustrate the approaches using data from a survey of cable TV satisfaction.

Keywords Missing value - Proportional odds model - Ordinal categorical data -
Conditional likelihood

1 Introduction

Ordered categorical data frequently arise in biomedical research. Sometimes catego-
ries are the result of grouping continuous data, such as age, or they arise if measurement
is inherently imprecise, so that an interesting continuum can only be observed on an
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ordinal scale. However, ordinal data often result from subjective assessments under
ordered categories, e.g. slight, moderate and severe. Several models for analyzing data
with ordinal responses have been proposed in the literature, such as the cumulative
logit or proportional odds model (Walker and Duncan 1967; McCullagh 1980), the
constrained and unconstrained partial proportional odds model (Peterson and Harrell
1990) and the adjacent-category logistic model (Agresti 1984). The proportional odds
model has been extensively used in medical studies for analyzing data with ordered cat-
egorical outcomes (see Ashby et al. 1989; McCusker et al. 1994; Faden and Graubard
2000 and Manor et al. 2000).

Usually medical and survey studies yield missing data. In this paper, we consider a
proportional odds model with missing covariates. Let ¥ be an ordinal categorical var-
iable with possible outcomes denoted by 1, 2, ..., r corresponding to their order and
(X, Z) be a vector of covariates, where Z is a vector of observable covariates, and X
is a vector of covariates that may be missing for some subjects. Then, the proportional
odds model specifies that

1
PY <jlX,Z)=
1+exp(—0; — B X — BI Z)
= (6;+ B X + 1 2), o
where j = 1,2,...,r —land ) < 6, < --- < 6,_1. Developing methods for

regression analysis with missing covariate data has been an active research area in the
past decade (see Little 1992; Little and Rubin 1987 for a review). A closely related
problem arises when X is missing and a surrogate variable for X is available. Several
methods have been proposed for this case (see, for example, Breslow and Cain 1988;
Wang et al. 1997, 2002). When missingness does not depend on either Y or X, Carroll
and Wand (1991) and Pepe and Fleming (1991) proposed estimating the likelihood
non-parametrically for continuous and discrete surrogate variables. When missingness
does not depend on X (i.e. missing at random (MAR, see Rubin 1976)), Flander and
Greenland (1991) and Zhao and Lipsitz (1992) suggested a weighted estimator.

In this article, we consider the case where X is MAR, and a surrogate variable W for
X is available and independent of Y given (X, Z). Moreover, (W, Z) is assumed to be
discrete. Let § indicate whether X is observed (6 = 1) or not (§ = 0). The validation
data set (§ = 1) consists of (¥, X, Z, W) and the non-validation data set (§ = 0) con-
sistsof (¥, Z, W). The probability of X being observed (selection probability) depends
on(Y, Z, W)butnoton X,i.e. P(§ = 1|Y, X, Z, W) = n (Y, Z, W), whichis assumed
to be strictly positive. In our problem, (Y, Z, W) is a nuisance component to be esti-
mated. We compare the efficiencies of several estimators of the parameters based on
different estimation approaches 7 (Y, Z, W) in model (1). This paper is organized as
follows. In Sect. 2, we propose the Breslow and Cain (1988) conditional likelihood
(CL) estimators using different estimates of w (Y, Z, W)s. In Sect. 3, we derive the
asymptotic properties of the proposed estimators and compare the asymptotic vari-
ances. In Sect. 4, we conduct a simulation study to investigate the performance of the
proposed estimators. In Sect. 5, the proposed estimators are applied to a survey of
cable TV satisfaction. In Sect. 6, we provide some concluding remarks.
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Proportional odds model with missing covariates 889

2 The proposed estimators

In this section under model (1), we propose the Breslow and Cain (1988) type con-
ditional likelihood (CL) estimators using different estimates of the selection prob-
abilities. Let n be the sample size. Fori = 1,2,...,nand j = 1,2,...,r — 1,
we defined indicator variable 7;; = I[Y; < j], where I[-] is an indicator func-

tion. Observe that T;1 < T;» < --- < T; ,—1 and that the overall response vector is
T, = (T;1, ..., Tir—1). Based on T;;, the model (1) can be rewritten as follows:

P(Ty =11X;. Zi) = H (0, + B X + 1 Z) = H (07 &) 2)

where @ = (61,62, ...,6,_1, BT, DT, X;j = (b, XT, Z1)T and h'7 are the
(r — 1) x 1 vector with 1 on the jth row and O on the rest of rows. When X is missing
at random (MAR), the selection probability is given by

PG =11Y;, Xi, Z;, W) =n(Y;, Z;, W;) = n(¥;, V),

where V; = (Zl.T, WiT)T. Note that (T;1, Ti2, ..., T; ,—1) is a one-to-one transforma-
. —1
tionof Y; and ¥; = r — Z;:l T;;. Hence,

r—1 r—1
AV V) =P 8i=1r=> TipVi|=a(r—> TV
j=1 j=1

Now, for a = 0, 1, we define ﬁj (a, V;) as follows:
mi(a,V;) =P =1|T;j =a, V)

D PG =1Yi =y, T;j=a, V)P(Y; = y|T;j =a, Vi)

YEWq

= > 7. V)P, = y|Tij =a. Vi),

YEWq

where w, ={j +1,...,r}andw, ={1,2,..., j}.

For logistic regression model, Breslow and Cain (1988) and Wang et al. (2002)
proposed CL estimators based on the validation data set. In the same framework, we
consider

P(Tij=1,X;,V;,8=1)
P(Tij=1,X;,V;,8i=1)+ P(T;; =0, X;, Vi, 6; =1)
7i(1, V) H(@OT X;))
7 (1, VOH(@OT X;j) + 7;(0, V)1 — HOT X;))]

P(Ty=11X;, Vi, §;=1) =
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890 S. H. Hsieh et al.
i1, Vi)
—HleTx. +1 ~J—
[ i n[nj(o,vl-)“
=H, ;(X;,Vi;0,7). (3)

When 7 (a, V;) is known, we define U1, (@, ) as follows:
1 n r—1
Uin(©.7) = —= > D {8, — Hy j(Xi, Vi; ©, 7)1} )

i=1 j=1

Based on the validation data set, an unbiased CL estimator of @, denoted by @,,
solves U1, (@, ) = 0. By direct calculation we have

E {88,217 = Hej (X, Vi @, )Tk = His(X,, Vs ©, )X

= E{E {88,217} — Hy.j(Xi, Vi: ©,7)]

X [T = Hax (X, Vi ©, DIXE X0, Vi, X, Vi ]
E[(leI,Hﬁ)j(Xl,Vl;@,ﬁ)XITj] ifizs, j=k

E[81XjHe j(X1, V1;©,0)[1 — Hy 1 (X1, Vi; @, )X ] if i =5,/ <k,
E[81XjHex (X1, Vi; @, 7)[1 — Hy j(X1, Vi; ©, D)1X] ] if i =5,k <,
0 if i #s,

where HV (X, V1: @, %) = Hy j(X1,V1;©,m)[1-H, ;(Xy, Vi; @, 7)]. Forany
non-gngular matrix G, define G~T = {G_l}T. Moreover, it is easy to show that
J/n(®; — ©) is asymptotically normally distributed with mean 0 and covariance
matrix

A =Gyl(0,7)GO,7)G, T (0, 7), )
where
_r—l
Go(©.7) =E| D 81, HY (X1, Vi: @, D) AT, |,
j=1
_r—2 r—1

G1(©.7)=E| > > 8i1XH; (X1, Vi: 0, 7)1 — Hy 1 (X1, Vi: @, DX |
| j=1k=j+1

and
G(O,7)=Go(O0,7) +G(O,7)+ GO, 7).

In general, the selection probabilities 7;(a, V;) are unknown, and are nuisance
parameters that remain to be estimated, although they may be prespecified at design
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Proportional odds model with missing covariates 891

stage in some applications. We will propose the CL estimator of @ using
non-parametric and parametric estimates of 77 (a, V;).

Let vy, ..., v, denote the distinct values of the V;s. For v € (vi, va, ..., vy), we
define the non-parametric estimator of 7; (a, v) as follows:

i 8il(Tij=a,Vi=v)

Zi(a,v) = . 6
]T./(a U) 2?21 I(le —a, ‘/l — 'U) ( )
By (6), we also define
1 n r—1
Uin(©,7) = ﬁZZ{aiXi,-[Tij — Hy (X, V;; ©, 7)1}, (7
i=1 j=1

71,V i
ﬁj(o,v,«)]}‘ Hence, the CL non

parametric estimator of @, denoted by @n »» 18 the solution to U (@O, ?) =0.
Next, we assume a parametric model for 7 (Y;, V;) as follows:

where Hy j(X;,Vi;©,7) = H{@TXU +1n[

7 (Yi, Vi;e) = P(&; = 1Y, Vi)
1
g T 7. T w.
1 +exp{—ap —arY; —a; Z; — a3 Wi}
= H(ap+a1Y; +ol Z; + ol Wy)
= H@" V), ®)

where o« = («o, al,azT, oz3T)T and V; = (1, Y], Vl.T)T. By (8), 7 (-) can be parame-
terized as follows:

70, Vi;a) = P(§; = 1|T;; =0, V)
=P@=1Y;>j, V)
_ ZZ:Hl P =11Y; =k, Vi) x P(Y; = k|V;)
B P(Y; > jIVi)
=i Tk Visa) x P(Y; = k| Vi)

, )
Yiej P =k Vi)
and
(1, Vi) =P = 1T, =1, V;)
_ Dzl Vise) x P(Y; = kIVD). (10)

S P =kIVi)
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Therefore, we have

(1, Vi; &)

P(Ti;j=11X;, Vi, 6i=1)=H [@TXU i |:77j(0’ Vis )

“=H+,j(Xi, Vi: @, a).

When the selection probabilities 7 (k, V;; &) and P(Y; = k|V;) are known, it can be
shown by direct calculation that E {8; X;;[T;j — Hy j(Xi, Vi; @, )]} = 0. Let the
estimating score Uj, (@, o) be defined as follows:

n r—1

U2 (O, @) = 22{5 X;j(Tij — Hy (X1, Vi: ©, )]} (11)

11]1

The CL estimator with known 7 (k, V,, o) and P(Y; = k|V;), denoted by @z , solves
U2, (@, a) = 0. Note that @ and @, are equivalent.

When 7 (k, V;; ) and P(Y = k|V;) are unknown, we need to be estimated before
solving Uz, (@, a) = 0. The maximum likelihood estimator (MLE) & of e in (8) can be
obtained by solving M, (a) = \/iﬁ Sl Vilsi—H (@V;)} = 0. Since the estimating
equation is unbiased, o is a consistent estimator of &. However, the P(Y = k|V = V;)s
are estimated non-parametrically

= = Z"_II(YS Zk» Vs = Vl)
P(V))=PY =k|V =V;) = == . 12
(Vi) ( | i) ST IV, = V) (12)
Based on @ and Py(V;), we define U», (O, @) as follows:
n r—1
U2(0,q) = 22{5 Xij[Tij — Hy j(Xi, Vis ©, @)1}, (13)

ll]l

where
Ao (X V@) = H [@Txij i [%“
Shejp1 . Viz@) x P(Vy)
e+l Pc(Vi)
ik, Vi ®) x Pk(m
Zk 1Pk(V)

70, Vi; &) =

71, Vi @) =

Then, the CL parametric estimator of O, denoted by 2) up»1s theroot of Uzn (@,a) =0.
When « in (8) is known, based on Pk(V,) we define

n r—1

U3 (O, ) = ZZ{a Xij[Tyj — Hy (X, Vi ©, )1}, (14)
i=1j=1
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where
—~ = l, V‘;
Hy j(Xi, Vi; @, @) = H{@TXij +In [M“
70, Vis o)
22=j+1 Pk(vi)

>l k. Vz,Ol)XPk(Vz)
S PV

?j(O, Viia) =

7, Visa) =

Hence, the CL semiparametric estimator of @, denoted by @sp, is the solution to
Usn(©, ) = 0.

3 Asymptotic theory

In this section, we provide asymptotic results under the assumption that V is discrete
and X is MAR. The following regularity conditions are crucial in deriving the asymp-
totic properties of @np, @vp and 9;,;, where @k = (le Okz, .. Qk r—1, ﬂkl ,Bkz)T
for k = np, vp and sp.

(A1) Letsupp(V)denotethe supportof V.Foranyy = 1,2, ..., randv € supp(V),
the selection probability 7 (y, v) > 0.
(A2) Forany y =1,2,...,randv € supp(V), the selection probability 7 (y, v) < 1.

(A3) E [Z S X H, (1) ( )X ] is positive definite in a neighborhood of the true

©, where H{.() = Hy j()[1 — Hy j()] and X, = (hjf’T, xT, zD.
(A4) Forany s = 1, 2, 3, the first derivatives of U‘m() with respect to @ exist
almost surely in a neighborhood of the true @. Further, in such a neighbor-
hood, the second derivatives are bounded above by a function of (7, X, V),
whose expectation exists.
(AS)  E{VHD(@TV)VT} is positive definite, where HV (e’ V) = H(@V)[1 —
H@™V)]and VT = (1,Y, V7).

Using the estimated non-parametric selection probability, the following Lemma

shows that the score of the CL non-parametric estimator, U 1 (O, /7?\) (defined in (7)),
can be expressed as the sum of independent random variables.

Lemma 1 Under the conditions (A1) and (A2),

n r—1

ﬁln(@,ﬁ) ZZ{S (Tij, Xi, Vi; O, 77)_8]( ijs Vi;@:ﬁ:)}'i‘op(l)’
i=1 j=1
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where
Sj(Tij. Xi. Vi: ©.7) = 8 X;[Ti; — Hy j(Xi, Vi: ©, 7)),
~ 8 — i (1, V)II(T;; =1
gj(nj,w;@,n)=E7(w>[~[’ 7L VDI = 1)
18 =70, VDI (T = 0) }
7O, VOP(Tj=0lV=V)]’
and

Ejv) =E o Y X1 vi: 0. D1V = Vil

The proof of the Lemma 1 is given in the Appendix. Note that ¢;(-) stands for the
approximation error from the complete data score S (-), which is due to the estimation
of the nuisance parameter 77 (-). R

Next, we derive the asymptotic properties of @,,. We define

r—1
Go(@.7) =E| D 610 Hy (X1, Vi: ©. DAY, ||
j=1

r=2 r—1
G1(@,7)=E|> " > 8i1X;Hy j(X1,Vi; 0, D)[1—Hy k(X1 Vi; @, DX,
j=1k=j+1
G(O.7) =Go(@,7)+G1(0,7) + G| (0, 7),
r—1 ~
_ 1= 7(1, V)
My(@; ) = E[E*-(V)|:~ J
’ ; IV F A VPTG =1V = V)
N 1—7;(0, V) B (V1)
7,0, VOP(Ty, =0v=vy| ' V[
r=2 r—1 =
~ 1 —m (1, V1)
M(O;7) = E[E‘f(\/)[~
‘ jzz;k;l I F @ VP =11V = Vi)
1 — (0, V1) T
= Ef (V.
A VI)P<T1k:0|V=V1>} e ‘)}
r=2 r—1 1—%(0 Vi)
A(O:7) = E[E‘f(V)[~ I
‘ ;kg;l IV LF 0. VP = 01V = W)

1 — (0, V1) «T }
_ EfT (v,
70, VI)P<T1k=0|V=V1>} e ()
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Proportional odds model with missing covariates 895

A (@-ﬁ)—rf i E[E*(V)[ 1=, Vi)
o _kzlj:k+1 R A V)P = 1V = V)
_ 1= 71, V) ] E*T(Vl)]

M(©;7) = My(@; 7) + M(O; F) + A1 (@; T) + M{ (©; 7) + A2(O; 7),
r—=2 r—1

B(@:;7)=> > E[am,- [Hy j(X1, V15 ©,7) — Hy 1(X1, Vi; ©,7)]
j=1k=j+1
[ 1 — (1, V1)
(1, VO P (T = 1V = V)

n 1 — (0, V1) 1|E*T(V)]
O, VOP(Ty =0V =vp ] * V]

and
A@;T) = —A1(O;T) — Ay(O; T) + B1(O©; 7) + Bl (©; 7).

Theorem 1 Under the conditions (A1)—(A4), 2) np 18 a consistent estimator of @ and
Jn (@,p — ©) has an asymptotic normal distribution with mean 0 and covariance
matrix

Anp =G (O, 7)(G(O,7) — M(O,7) —24(0,7)} G, (O, 7).

The proof of Theorem 1 is given in Appendix.

Remark 1 When r = 2, it follows from the Theorem 1 that the proportional odds
model is reduced to logistic regression model and

Ay =G3'©.% {65(©.7) - My©.7)| G5 (@, 7).

We now derive a consistent estimator of A,;,,. Let

5 = _lv 5 M 6 )7
Gon(@np, T) = ~ Z;Z;M,»H+,j (Xi. Vi: @, 7) XT
=1 j=
n r=2 r—1

=~ = 1 - =
Gin(@up, 1) =~ > > 8iXijHy i (Xi, Vi Onp, 7)
i=1 j=1k=j+1

x [1 = Hyp(Xi, Vis @, D] X,

Gu(@p, T) = Gon(@p, T) + G13(@p, T) + G 1, (O, 7).

Sy 8 X H (X, Vis ©,, (Vi = Vi)
ST IV = Vo)

Ej(Vi) =

’
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Mon (@npv ﬁ) =

My, (@np’ ﬁ) =

Aln (@np’ ﬁ)

Ay (@nps ?) =

M, (@nps ﬁ) =

Bln (@np’ ﬁ)

and

Ay (@np ’ ﬁ) =

n r—1 =
%ZZ’EZT(V»{ i LA

T V)X PV
1—7,0,V) T

== |E; (V).

nJ(O’Vl)zs:jJrlps(Vz)

QA 1 —7k(1, V)
) Z Z E/(Vi) | = —

k(L Vi) 2y Pe(Vi)

1 — 740, V; T
+ = kr( l)A EZ (‘/1)5
ﬂk(o V')Zs=k+l Ps(Vl)

n r=2 r—1 fb

0, Vi)
— E f T
PIPWAI L

i=1 j=lk=j+1
1 — 70, Vi)
7.0, Vi) 2o5pir Ps(Vi)

]Ef(vo,

=

| —2 ! 1—‘7%,(1 Vi)
—ZZ > B
ni D i 7, V) S Py(Vi)
R0 g,

(L, Vi) 201, Po(Vy)

Mon (@nps f7:[}) + Mln(@npv ﬁ) + Aln(@npa ﬁ)
+M17;, (@nw ’7?) + Aon (@npv ﬁ),

n r=2 r—1

M IPIL LY

i=1 j=lk=j+1
X [Hy j(Xi, Vi; ©,7) — Hy k(X;, Vi ©,7)]
X[ [1—%: (1, V)] [1—7(0, V)] }
)

- = = =B v,
T V) X BV 0. V) Xy PV

_Aln(@np, ’/ﬁ\) - A2n(@np9 ﬁ) + Bln(@npa ﬁ) + BlTn(@npa ﬁ)

We already know that 7 j L7 ;. Also the Inverse Function Theorem of Foutz

(1997), along with Condition (A3), we have @np 2 @. 1t follows from continu-

ity of function Hy ;(-), that Hy ;(X, V; Onp,n) 2 Hy ij(X,V;0,m). Moreover
note that GOn() is the sum of iid random variables, and hence Go,,(@np, 71) —

Gon(©, 1) £ 0. By weak law of large number, it is clear that Go,(@,7) —

Go(O, 7). Therefore, the covergence of G, (@n,,, ) LS Go(O, ) can be justified.
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Proportional odds model with missing covariates 897

Using the same process as described above, the law of large number properties are
summarized as follows:

G11(@np. 7) 5 G1(0.7),G1(0,p. T) 5 G(O,7), My (@, 7) 5> Mo(O©, 7),
My (@, 7) 5 MI(O.7), Ay(Op. 7)) 5 A1(O.7), Ay(@yp.7) 5
A2O, ), My(©y. T) B M(O,7), B14(O,, ) 5> B(O,7) and A, (O, T)

L A(@, ). Hence, a consistent estimator of App is given as follows:
Aup = G (0. T) {Gu(O1p, T) — My(©,p, T) — 24,0, T)} Gyl (B, 7).

We now present the asymptotic results of @Up. Define

r—1
Go(©. ) =E [Z 8100 HY (1, Vi @,a)xfj} :
j=1

r=2 r—1
Gl(@,a)=E{Z D S Hy (X1 Vs @, )l 1-H (X1, vl;@,a)w{k},
j=lk=j+1

G(O,0) =Gy(O,a)+G1(0,a) + Gl (O, ),

07 (1L Vi) 97(0.Vy:00)
71, Vi e) ﬁj(O,Vl;Ot)jH’

r—1
1 T T
K(©.0)=E |261X1jHi,)j<X1, Vi:0,) { o o
j=1
1@ =E{VHO @V ],

r—1
1
2(Vs;©,0) =E [Z(SIXL/H_E_B/(XD Vi; 0,
j=1

mAF;(LVa) 970, Va)
aP(Vy) ab(V) i| -V ]
1=Vsy>

7Ti(1,Vi;e) 70, Vi)

r—1
J(©,a) =E {lej[l — Hy j(X1. Vi, ©)]
j=1

[
o Z HY @V Py = kX, V1)V1<T,1:| ]
k=1

r—1
—E |ZP\-’1;H+,](X1, Vija, ©)
j=1

.
x |: Z H(])(aTVk,l)P(Yl = k| X1, V1)VkT,1j| ]’
k=j+1

Vi = (L&, viDHT,

@ Springer



898 S. H. Hsieh et al.

Q(@,a)=E[qu[l—m,j()(l,vl:a,@)]
J
x ZH(aTVkl)P(Y_IXm vl (vi; 0,
r—1
—E ZleH+,j(X1,V1;d,@)
j=1

.
x[ > H(ochk,oP(Y=k|X1,v1>9,Z(V1;@,a>“,
k:j+l

and
PO, @) = > E[2;(i:0.0[1 - P;(V)IP(W)2] (V50,0
j=1

2> > E{2,(Vi; 0.0 P () P(VDR] (Vi 0,0}

j=1j<k

Theorem 2 Under the conditions (A1)—(AS), @U p Is a consistent estimator of © and
Jn (@U,, — O) has an asymptotic normal distribution with mean 0 and covariance
matrix

Ay =G 1O, @) {G(@, o)+ KO, ) " )KT(O,a)+ PO, a)

—2J@,0)[ " )KT(©O,0)—20(O, a)} G,7(@,a).

The proof of Theorem 2 is given in Appendix.

Remark 2 When r = 2, it follows from Theorem 2 that Q(@,a) = P(@,a) = 0
and J(@,a) = K(O, o). Then,

Ay =G5 (O, a) {Go(@, @) — K@, ) ()KT (O, oc)} GyT(©. ).

We now give a consistent estimator of A, Let

n r—1

Gon (@), @) = —ZZM H (X, Vis @, @)X
i=1 j=I

n r=2 r—I

Gln(@vpv&) _ZZ z 82{le+/(le‘/17@1)va()

i=1 j=lk=j+1
x[1 = Hy 1 (X, Vi; @4, @)1 X}
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Gn(évpv &) = GOn(éup’ 6?) + Gln(@vpv 62) + G{n(@vpa a),
1 n r—1
o~ —~ 1 o~ —~
Kn(@up. @) = 3> 01X HL (X, Vi 00, @)
i=1 j=1
a7 (1,Vi;00) a7 (0,Vi;00)
oo’ _ oo’
7;i(1,Vi;e) 70, Vi)

a=a

R _ _
@ =~ ;viH(aTv,-)[l —~H@"Vv)r,

N _ 1 n r—l1 X N _
20i(Ve @y, @) = = 33 i H (Xi, Vis 04, @)
i=1 j=1
37 (1,Vi;00) 37 (0, V;;00)
A X\ IVi=V)
7;(1, Vi@ 70, V;a) P(V=Vy)

Pe(Vi)=Pr (Vo)
1 n
P(V=V)= ;21(% = V).
1=

n r—1

~ 1 ~
Jn<@vp,a)=;; 2%;[1—H+,j<xi,vi;@vp,a)]
i= j=

J
X ZH(”(&TVk,i)P(Yi = kIX;, VOV,
k=1

n r—1

1 ~
== D 1 2 X Hy (X0, Vis 04, @)
i=1 | j=1

r

x | > HY@ Ve P =kIXi, VoVl | 1
k=j+1
1 n r—1
Qn<@vp,&>=;; Z;,za,-[l—H+,j(Xi,vi;@vp,&)]
1= J=

J
< | D H@ V) PY; = kIXi, V)R) (Vi Oy, @)
k=1

1 n r—1 . _
— = D 1 2 AiHy (X0, Vi @4, @)
i=1 | j=I1

.
x| D H@ V)P =kIXi. V)R], (Vii @), @) | |
k=j+1
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R _ 1 n r R R R R N _
Pu© 0 @) = = >3 {20 (Vii @0 @1 = P (VIP; (V2] (Vi . @)}
i=1 j=I
1 n r—1 r
—2- 33 D@l (Vi B @B (V) PV 2] (Vi 04, 3) .
i=1 j=1k=j+1

and

> ~T T
PCY; =KIXi, V) = H (8,,&) — H (8, x-1).

Note that @ > a. Using the Inverse Function Theorem of Foutz (1997), along with
Condition (A3) can be used to obtain that @vp £ o. Hence, using the continu-

ity Hy ;(-), we derived that Hy ;(X, V; @vp, o) L Hy ij(X,V;0,a). Illaddition,
note that Go,(-) is the sum of iid random variables. Thus, we have G, (@, o) —

Gon(O@,a) L) By weak law of large number, it can be show that G, (O, o) LS

Go(O, ). Therefore, the convergence of Gy, (@ wp> o) LS Go(O, o) can be justified.
All other convergences in probability can be proven similarly as follows:

Gin(©,), @) 5 G1(0,a), G,(0,,,@) 5 G(O,a), K,(O,,,d) > K(@©,a),
L@ 5 @), 2.0(Vi; 0, @) 5 20(Vi;0,0), 1,(0,,,@) > J(O,a), 0,

(@Up,&) £ 00O, a), and Pn(@vp,&) L4 P(®, a). Hence a consistent estimator
of Ay, is given by

Aup = G} @up, @ {61, @+ Kn(@ 1. D)1 @)K (81, )+ Pu(81, @)

— 20,0, D @K (B0, @) — 20,81, D} Gy (0. D).

In the following, we analytically compare the asymptotic variances of the proposed
estimators under different estimated selection probabilities. When « in (8) is known,
by (14) and Theorem 2, we have

Asp =Gy (©,a) (GO, 0) + P(O,0) —20(0,a)}G,” (0, ).
Similarly, replacing 77 (-) in (4) with 77 (a, V;; o) results in
A =Gyl (©,0)G(O,0)G," (O, a).
Thus,

A=Ay =G (O, 0)20(0,0) — P(O,0)} G, (O, a), (15)
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and
Ar— Ay = G, 1 (O, @) {ZQ(@, o) — PO, 0)— K@O,0) "()KT(©,a)

+2J©@, ) (@)K (O, a)} G,1 (0, 0. (16)
Therefore, by (7) and Theorem 1, we have
A — App = Ggl(@, T)Y{M(@O,7)+2A(0, )} GaT(@, ). a7

As discussed in the case r = 2, we can obtain the A, = A, = Gal(@, o). In
addition, (16) and (17) are reduced to

A=Ay =Gy (O, K@, ) N ()KT(0,0)G," (O, ), (18)
and
At — Anp = Gy (O, H)My(O, 7)G, T (O, 7). (19)

Then A, — Ayp and A, — A, in (18) and (19) are positive semidefinite, which implies
that the efficiency of estimator of @ may be gained via data adjustment of 7 (Y, V) (see
Robins et al. 1994; Rosenbaum 1987 and Wang et al. 1997). Hence, when r = 2, the
estimation that uses estimated selection probabilities leads to more efficient estimator
compared to that using the true selection probabilities. Since we cannot analytically
show that the left side of (15), (16) and (17) are positive semidefinite the case with
r > 3, the asymptotic behavior of these proposed estimators are investigated through
simulation study in the next section.

4 Simulation study

In this section, a simulation study is conducted to investigate the finite sample perfor-
mance under various estimates of 77 ; (-). The following four estimators are considered

- @ ++ the CL estimator using the true 7 (-).
- Q np- the CL non-parametric estimator.
- va: the CL parametric estimator.

O, : the CL semiparametric estimator.

The replication is 1,000 times and the sample size is chosen as n = (200, 300) and
(500, 800), for univariate covariate and bivariate covariate, respectively. For each esti-
mator, we computed bias, asymptotic standard error (ASE), standard deviation (SD),
and 95% confidence interval coverage probabilities (CP).

Case 1 We considered the case with one univariate covariate X and r = 2. (i.e.
logistic regression). First, the Xs and es were generated from normal distributions
N(0, 1) and N(0, o), respectively. Given X, ¢ and o = 0.25, the W was a binary
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surrogate variable with W = 1if X +¢ > 0and W = 0if X + ¢ < 0. The ordi-
nal respones Y was generated as binary with P(Y = 0|X) = H(6; + B1X) and
O = 0, )T = (—1,1n(2))". Given W and Y, the validation data indicator § was
a binary variable with 7 (Y, W) = H(ap + a1Y + ax W) and the values of a were
(1,0.5, —1)T and (—0.5, 0.5, —1)7, which resulted in about 22 and 53% of missing
rate, respectively.

Simulation results (see Table 1) show that the ¢ efficiencies of all the estimators
increase as sample size increases. The estimator @np performs slightly better than
@vp, and @n D outperforms the other two estimators @s p and @, Moreover, when the
mlssmg rate is high (0.53), ,3 1,, 1s more efficient than the other three estimators, /3 Loy
,315p and ,31,. Overall, the efficiencies of all the estimators increase as the missing rate
decreases. Moreover, when the sample size is small, all the proposed estimators per-
form poorly for large values of o, which is the case when W provides little informative
about X.

Case 2 The distribution of all the variables were the same as those used in case 1,
except that the values of parameter @ were (0, —In(2))” and (2, —In(2))7, which
resulted in P(Y = 0) = 0.5 and P(Y = 0) = 0.13, respectively. Given W and Y, the
validation data indicator § was abinary variable with 7 (Y, W) = H(—0.5+0.5Y —W).
On average, about 58% of the missing rate.

Table 1 Simulation results of Case 1

mr n =200 n = 300

(o, @1, 2) = (1,0.5, —1)
22% 6y Bias —0.022 -0.023 -0.028 —-0.028 —0.006 —0.006 —0.012 —0.012
SD 0.178 0.180 0.199 0.199 0.136 0.136 0.157 0.157
ASE  0.176 0.172 0.193 0.200 0.140 0.137 0.157 0.162
CP 0.948 0.939 0.940 0.950 0.960 0.946 0.952 0.962
p1  Bias  0.023 0.022 0.023 0.023 0.016 0.013 0.014 0.014
SD 0.204 0.219 0.222 0.222 0.157 0.166 0.168 0.168
ASE  0.196 0.206 0.209 0.213 0.159 0.167 0.169 0.172
CP 0.946 0.941 0.938 0.942 0.955 0.962 0.964 0.965

(ag, @1, a2) = (—0.5,0.5, —1)
53% 6, Bias —0.016 —0.024 —0.030 —0.030 —0.004 —0.008 —0.023 —0.023
SD 0173  0.176 0277 0277  0.144 0146 0222  0.222

ASE  0.176  0.172 0264 0268  0.148 0145 0217  0.221

CP 0948 0945 0946 0948 0956  0.953 0949  0.953

B Bias  0.040  0.044  0.047 0047  0.020  0.026 0025  0.025

SD 0381 0482 0487 0487 0201 0240 0242 0.242

ASE 0370 0466 0470 0475 0192 0235 0237  0.239

CP 0951 0955 0950 0951 0940 0944 0950  0.951

mr is the average missing rate over 1,000 replicates. The true parameters @ = (1, —In2)T
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Table 2 Simulation results of Case 2 (n = 300)

mr P(Y =0)=05 P(Y =0)=0.13

@np @vp @sp @t @np @vp @xp @t

58% 6; Bias —0.001 —0.002 —0.006 —0.006 0.036 0.046 0.055 0.055
SD 0.133 0.137 0.188 0.188 0.226 0.233 0.317 0.317

ASE  0.132 0.132 0.191 0.193 0.214 0.210 0.282 0.288

CP 0.948 0.943 0.962 0.963 0.947 0.938 0.929 0.938

p1 Bias —-0.016 -0.019 -0.021 -0.021 —-0.034 —0.041 —-0.045 —0.045

SD 0.176 0.219 0.221 0.221 0.251 0.295 0.299 0.299

ASE  0.175 0.211 0.214 0.215 0.243 0.283 0.287 0.291

CP 0.944 0.943 0.947 0.952 0.952 0.957 0.956 0.959

mr is the average missing rate over 1,000 replicates. The true parameters @ = (0, —In2)T and
. —In@)"

Simulation results show (see Table 2) that all the estimators perform better when
P(Y = 0) = 0.5 compared to P(Y = 0) = 0.13. In general, @np is asymptotically
more efficient than @,,,, @, and @,. In addition, @, and @, are asymptotically
equivalent.

Case 3 We considered a univariate covariate X and r = 3. First, the Xs were gen-
erated from a uniform distribution [—1, 1]. Given X, the W was a binary surrogate
variable with W = 1 if X > 0 and W = 0 if X < 0. The ordinal response Y was
generated as three categories with P(Y < j|X) = H(0; + B1X), where j =1, 2 and
O = (—In2, —In2 + 1, ln3)T. Given W and Y, the validation data indicator § was a
binary variable with 7 (Y, W) = H(ag + o1 Y + op W) and the values of a were set at
(—0.5,0.5, —1)T and (—0.5, 0.5, 0)”, which resulted in about 51 and 37% of missing
rate, respectively. Note that when oy = 0, there was no surrogate variable for X.

Simulation results (see Table 3) show that the efficiencies of all the estimators
increase as the sample size increases. When the surrogate variable W exists, the esti-
mator @,,p performs slightly better than @vp, and @, outperforms the other two
estimators @, and ©,. When W does not exist, the selection probability only depends
on Y. In this case, for the estimation of S, all the proposed estimators are very similar.

Case 4 The distribution of all the variables were the same as those use in case 2,
except that the covariate Z was a binary variable with P(Z = 1) = P(Z =0) = 0.5
and parameter @ = (—In(2), —In(2) + 1,0.7, In(3))”. The binary variable § was
generated as w (Y, W) = H(ap + a1 Y + oo W + a3Z), where the values of « were
set at (—0.5,0.5,0.5, —l)T and (—0.5,0.5,0, —l)T. The settings resulted in about
54 and 51% of missing rate, respectively.

Simulation results (see Table 4) show that the efficiencies of all the estimators
increase as sample size increases. When surrogate variable W exists, the estimator
©,,, is more efficient than the other three estimators @, @, and @,. When W does
not exist, the selection probability only depends on Y and Z. In this case, specially
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Table 3 Simulation results of Case 3 (with univariate covariate X)

mr n = 300 n = 600

@np @vp @sp 0, @np @vp @xp (on

(g, a1, a2) = (—0.5,0.5, —1)

51% 6; Bias —0.003 —-0.008 —0.017 —-0.020 —0.004 —0.006 —0.011 —0.014
SD 0.135 0.150 0.198 0.199 0.096 0.107 0.143 0.144
ASE  0.134 0.145 0.196 0.200 0.094 0.103 0.138 0.140
CP 0.953 0.955 0.949 0.952 0.938 0.937 0.945 0.948

6, Bias  0.009 0.009 0.005 0.004 —0.003 —0.002 —0.005 —0.005
SD 0.122 0.134 0.172 0.172 0.088 0.097 0.122 0.122
ASE  0.126 0.133 0.171 0.173 0.089 0.095 0.120 0.122
CP 0.959 0.956 0.949 0.957 0.956 0.944 0.951 0.953

B1 Bias  0.018 0.014 0.015 0.017 0.009 0.012 0.012 0.015
SD 0.242 0.298 0.303 0.306 0.159 0.209 0.212 0.213
ASE  0.234 0.290 0.295 0.298 0.164 0.204 0.207 0.209
CP 0.941 0.950 0.947 0.947 0.959 0.941 0.950 0.950

(cg, @1, a2) = (—0.5,0.5,0)
37% 6, Bias —0.010 —0.013 —0016 —0.031  0.001  0.003  0.000 —0.014
SD 0134 0145  0.177  0.179  0.094  0.09  0.120  0.121

ASE 0133  0.137  0.169  0.173  0.094 0097 0119  0.121

CP 0948 0935 0941 0943 0947 0935 0945  0.950

0, Bias —0.006 —0.004 —0.004  0.001  0.004 0002 0002  0.007

SD 0127 0132 0153  0.154 0092 0097 0113  0.113

ASE  0.127  0.146  0.I51  0.154 0089  0.103  0.107  0.108

CP 0953 0974 0958 0963 0945 0965  0.941  0.945

B Bias 0.003  0.003 0003 0008 —0.006 —0.006 —0.006 —0.001

SD 0251 0251 0251 0252  0.90 0.190  0.190  0.191

ASE 0261 0261 0261 0261  0.183  0.183  0.183  0.183

CP 0962 0962 0962 0960 0945 0945 0945  0.944

mr is the average missing rate over 1,000 replicates. The true parameters @ = (—In2, —In2+ 1, In 3T,
There was no surrogate variable W, which means oy = 0

for the estimation of By, all the proposed estimators are close to one another. For the
estimation of 3, the ﬁz outperforms the other three estimators ,32v s ,325 , and /32t All
the proposed estimators perform better when surrogate variable W exists compared to
the case when W does not exist.

In summary, based on Tables 3 and 4, we concluded that @n,, is asymptotically
more efﬁc1ent than @vp, 2) sp and 9, Moreover, the @vp is asymptotically more effi-
cient than @ sp and O, In addition, the efficiencies of all the estimators are impacted
by the values of sample size and missing rate. However, when the missing rate is high
and sample size is small, we are not able to obtain enough information for estimating
parameters @. In this case, the estimation procedure can fail to converge.
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Table 4 Simulation results of Case 4 (with bivariate covariate X and Z)

mr n = 500 n = 800

@np @vp @sp @t @np @vp @xp (on

(cg, @1, a2, 03) = (—0.5,0.5,0.5, —1)
54% 6, Bias —0.004 —0.009 —0.012 —0.012  0.003  0.002 —0.004 —0.004
SD 0135 0154  0.167  0.167  0.104  0.117 0130  0.130

ASE  0.131  0.148  0.164  0.167 0103 0117  0.129  0.131

CP 0954 0944 0949 0953 0948 0948 0945  0.946

0, Bias 0.001 —0.001 —0.002 -0.003  0.007 0009 0005  0.004

SD 0129  0.147  0.159  0.159  0.099  0.110 0.121  0.121

ASE  0.127  0.139  0.152  0.154  0.100 0.110  0.120  0.122

CP 0955 0936 0943 0948 0960 0954 0951  0.954

g1 Bias 0004 0009 0010 0013  0.000 —0.002 —0.001  0.002

SD  0.172 0208 0210 0212 0136 0161  0.164  0.165

ASE  0.174 0204 0207 0209 0137 0161  0.163  0.165

CP 0947 0948 0951 0946 0957 0953 0949  0.949

B Bias 0.009 0019 0018 0017 0004 0005 0005  0.004

SD  0.180 0244 0249 0251  0.146  0.187  0.191  0.192

ASE  0.181 0238 0244 0248  0.143  0.188  0.193  0.195

CP 0957 0947 0945 0950 0955 0954 0956  0.956

(o, @1, a2, 3) = (—0.5,0.5,0, —1)

51% 6, Bias —0.004 —-0.004 —-0.004 -0.014 —0.003 —0.002 —0.004 —-0.014
SD 0.132 0.157 0.175 0.177 0.106 0.125 0.140 0.141
ASE  0.133 0.153 0.172 0.175 0.105 0.121 0.136 0.138
Cp 0.948 0.945 0.948 0.950 0.943 0.951 0.939 0.942

0, Bias  0.005 0.004 0.006 0.011 0.002 0.003 0.002 0.007
SD 0.131 0.148 0.163 0.164 0.100 0.115 0.128 0.129
ASE  0.129 0.148 0.158 0.161 0.101 0.118 0.125 0.127
Cp 0.940 0.951 0.933 0.939 0.955 0.946 0.947 0.943

B Bias  0.013 0.013 0.013 0.016 0.017 0.017 0.017 0.020
SD 0.221 0.221 0.221 0.222 0.172 0.172 0.172 0.173
ASE  0.220 0.220 0.220 0.220 0.174 0.174 0.174 0.174
Cp 0.944 0.944 0.944 0.943 0.951 0.951 0.951 0.952

B> Bias  0.002 0.003 0.005 0.005 0.005 0.001 0.002 0.003
SD 0.177 0.250 0.257 0.261 0.146 0.203 0.208 0.211
ASE  0.185 0.249 0.259 0.263 0.145 0.197 0.205 0.207
CP 0.958 0.943 0.950 0.950 0.950 0.946 0.955 0.953

mr is the average missing rate over 1,000 replicates. The true parameters @ = (—In2, —In2 +
1,0.7,In 3)T. There was no surrogate variable W, which means ap = 0
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5 Example

To illustrate the proposed approaches, we analyze the data set from a survey of cable
TV satisfaction in Taiwan. The ordinal response Y is the satisfaction level of cable
TV channels with three categories (1. Satisfied; 2. Acceptable; 3. Unacceptable). The
covariate X is the response (1. Yes; 2. No) of the following question:

“Have you been given a discount on cable TV?”

In this study, due to item non-response, X is not available for some subjects. The
surrogate variable W is the response (1. Yes; 2. No) of the following question:

“Do you want to pay extra expense for additional channels?”’

The covariate Z is the three cities in Taiwan (1. Taipei; 2. Taichung; 3. Yunlin). It
can be written in vector notation as S, DZ; + B3DZy, where DZ;(i = 1,2) are
dummy variables whose components take the value 1 if the unit Z has level i, and
zero otherwise. A random sample of 2000 subjects are obtained from three cities and
there are 1566 subjects in the validation data set.

To verify if the missingness mechanismis M A R, we conducted a logistic regression
analysis with outcome variables §;,i = 1, ..., 2000, and five covariates (DY1, DY>,
W, DZy, DZ,), where DY;(i = 1,2) are dummy variables whose components take
the value 1 if the unit ¥ have level i, and zero otherwise. The parameter estimates for
these five covariates were equal to (—0.017,0.437, 0.332, 0.326, 0.849), with corre-
sponding standard errors (SE) (0.148,0.114,0.114, 0.143, 0.099). The missingness
mechanism only depends on the joint distributions of Y, W and Z (i.e. MAR).

We examine the performance of the CL estimator using non-parametric and para-
metric estimates of selection probabilities. The estimator B3 is not significantly dif-
ferent from zero, which means that there is no different between Taichung and Yunlin
cities in terms of channel customer satisfaction. Hence, we redefine the covariate Z
by combining the two cities as (1. Taipei; 2. Taichung or Yunlin). Table 5 shows the
estimates and the corresponding estimated standard errors (SE) of the estimators. For
the estimation of 61, 6>, B1 and B, all the estimators show significant results. The
two proposed methods are close to one another, expect that estimator 9\21),; is larger
than é\znp. The estimated SE of the CL non-parametric estimator is smaller than the
CL parametric estimator, which is consistent with simulation results in Sect. 4.

Table 5 Results of the cable TV satisfaction data

O, O,
0 —1.6755 —1.6643
(SE) (0.0697) (0.0744)
0, 0.4583 0.6173
(SE) (0.0561) (0.0597)
B 0.1619 0.1624
(SE) (0.0577) (0.0578)
B> 0.2180 0.2127
(SE) (0.0467) (0.0532)
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6 Discussion

We have developed CL approaches for the estimation of the proportional odds model
with missing covariates. Specifically, we have proposed the CL estimators using
different estimates of the selection probabilities. Based on theoretical analysis and
simulation studies, we conclude that the proposed estimator @ np outperforms all the
other estlmators @Up, 2] sp and @, Moreover, the estimator @, is more efficient
than both © sp and @, estimators. In our approaches, the CL non-parametric estimators
do not require assumptions either for the selection probability or for the conditional
probability of ¥ given V.

Although the main results were presented for the case where V is discrete, exten-
sion to the continuous case involves the estimation of density 7;(a, V) and Py (V),
which can be obtained by kernel methods (e.g. see Wang et al. 1997). Furthermore, we
have performed some simulation studies to investigate this case. The simulation results
show that @, » outperforms all the others proposed estimators. The same behavior is
observed in the case where V is discrete. Further research is required to derive the
asymptotic properties of the kernel-based estimators.

In this paper, our focus is primarily on efficiency comparisons of several condi-
tional likelihood estimators based on the validation set. We have studied the joint
conditional likelihood estimator of Wang et al. (2002) in the proportional odds model,
and our preliminary results showed that it is a promising estimator. The detailed work
of the joint conditional likelihood estimator will be presented elsewhere in the future.
Another possible extension is to apply our approaches to the adjacent category logistic
model with missing covariates.
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Appendix

Proof of Lemma 1 By Taylor expansion of ﬁln (O, ﬁ) at7;(0, V) and 7;(1, V;), we
have

Uin(©,7) — U1,(©, 7)
1 n r—1

IZZ 8iXijlHy. j(Xi, Vi; ©,7) — Hyj(X;, Vi; ©, 7)1}

i=1 ]—1

" = -
7;(1,V;) —m;(1,V;
E ESQ\ZJH“)(X,,V,,@"') _7j( ~,) 71, V)
Ui 7(1, V)

70, Vi) = 70, Vi)
70, Vi)

+op(T (1, Vi) = 7;(1, V)

+0,(7;(0, Vi) — 750, V,-))I

@ Springer



908 S. H. Hsieh et al.

[y m 71,V — 71, V)
=—— > > 8X,H| .(Xi,w;@,ﬁ)[ — ]
N e P J 7i(1, Vi)
+Li§8-x-ﬂ“)(x- Vi; @ ﬁ)[ﬁj(o’ W)_ﬁf(o"/")] +0p(1)
ﬁlzl ]:l 1 ] + s s ) 7?](0,‘/1) P
= B1,(0) + B2, (©) + 0p(1)~
Now,
B, (@) = _LZH:E(S.X”H(U (X;, Vi:©,7) [?j(l’ Vi) —m;(1, Vi)}
In \/ﬁi=l = ity A Vi & ﬁj(lvvi)
1 n r—1
1 ~
= —ﬁzz(si‘;‘fijl']j_)/(xi,‘/i;@,ﬂ)
i=1 j=1
» [Zzzl[ﬁk -7 (LU (T =1, Vi = Vi)]
(1L, Vi) 2 (T =1, Vg = Vp)
n r—1 ~
_ _LZZ (6 — 7 (1, VOl (Ty; = 1)
ﬁk:l = ﬁj(l, VOP(T; =11V =Vy)
Ly 5 HY (X0, Vii @, 7)1 (Vi = Vi)
X +0p(1)
PV =Vy)
I e 8 — 7 (L VU (Tig = 1)
J\ D J *
=—-—— = EZ (Vi) +0p(1),
\/ﬁkzlénj<1,vk)P(Tu=1|V=Vk) g !
since
Lsn sx. 0V X, vi:0,:)1(V: = V)
n i=1%%y +,J 1 Vi ) 1 k p [€)) . _
S Lefsix a0 vis@)v = i
= E;(Vk).
Similarly,
B2,(©) = Zn:ES-X-H(D (Xi, Vi; ©,7) [ﬁj(o,v,-)—ﬁj(o,m]
n - T = ity g s Vis ) - = ]
Vn = = J 7;(0, V)

n r—1

\/ﬁ;;nl((L Vk)P(Tl/:0|V:Vk) J( k)+0p( )
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Hence,
Uin(@,7)
1 8 —7;(1, VU (T = 1
=U1n(@,ﬂ)——zzE*(Vi) ~[z i (L, Vi) (Ti )
NG P / 7i(L, VoyP(Ty; =1V =V)
8; — i (0, V)I(T;; =0
_ ~[l 0, Vi)l (T;; ) ]—i—op(l)
70, Vi))P(Thj =0V =V))
1 n r—1
= WZZ{SATU,&, Vi; ©,7) —&;(Tij, Vi; ©,7)} + 0, (1),
k=1 j=1
where S;(T;;, X;, Vi; ©, ) and €;(T;;, V;; @, ) are defined in Lemma 1. O
Proof of Theorem 1 First, by direct calculation we have,
B {88,175 — Ha j(Xi, Vi @, DTt — Hy (X, Vi: ©, 71X
=B (B {8:8,,(T)) — Hy.j (X, Vi ©,7)]
X [Ty = Hi (X, Vs @, ENXE| X0, Vi, X, ]
B[, 0" 00, vis 0. DT it i=sj=k

E[61XHy (X1, Vi:0, D)1 — Hi (X1, Vi: O, MIXL], ifi=sj<k

E[81 X Hy 1 (X1, Vi; 0, D)1 — Hy j(X1, Vi; 0, MIXL], ifi=sk<

0, ifi #s.
Therefore, we have

r—I1
Var 1 > S;(T;j. X, Vi ©,7)
j=1
r—1
= > Var{S;(Tyj, Xi, Vi; ©,7)}

j=1
r—=2 r—1

+> D Cov{S;(Ty, Xi, Vi; ©,7), Se(Tix, Xi, Vi; ©,7)}
j=lk=j+1
r=2 r—1

+> > Cov{S;(Tyj, Xi, Vi; ©,7), Sc(Tix, Xi, Vi ©,7)}
k=1 j=k+1
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r—1
1 ~
=E ZS]XUHJ(D)]-(Xh Vi; @,7‘[))(1];»
=1

|
—

r=2 r
+E S X Hy j (X1, Vi

| j=1k=j+1

\.
+

—

(=2 =

>

| k=1 j=k+1

+E

=Go(0,7)+G1(0,7)+G1©,7) =

0, 7)1 — Hy x (X1, Vi; ©, 7)1 X,

81X Hy p (X1, Vi; ©, 7)1 — Hy (X1, Vi; ©,7D)1X],

G(O,7),

where Go(@, ), G1(O®, ) and G(@O, 7) are defined in Theorem 1.

Second, we get

[6; —7; (L, V)IU(T;j = 1)

[0s — 7k (1, VIl (Tgr = 1)

IE*(VZ)~

7L, V)P(Tyj = 1|V = V) T (1, Vo) P(Tyy = 1|V = V)

E;:TWS)]

e[z [6:8 — 7, (1, V)R (1, VO (Ty; = 1, Ty = 1)
- CUE (L VOP(T = 1|V = Va(1, V) P(Tix = 1|V = Vy)
X E{T (V)| Vi, Vo, T = 1, T = 1”
1-7;(1,V1) T e

E[E5 0 mvmman 2ivam By 0] if i =s.j =k

E[E%(Vl)ﬁk(LVll)_PN(kT(llk’:vifV:vl)EZT(Vl)]’ if i=s,j<k
= 1—7:(1V, . )

E (B30 srvmpdaivavp B 0] if i =s.k <
0, if i #s
and
0, V) (T;; 8y — 7100, VO (Tyx = 0
IE*(V)N[ —7;0, V)OI (T;; =0) [ 7k (0, V)11 (Tgx = 0) ;fT(Vs)]
70, Vi))P(T1; = 0|V = V;) 7 (0, Vo) P(Tyx = OV = V)
e[z [8:85 — 7 (0, V)71 (0, VI (T;j = 0, Ty, = 0)
- PF0, Vi) P(T1j = 0|V = V) (0, Vo) P(Ti; = 0|V = Vy)
x EfT (V)| Vi, Vi, Ty = 0, T;; =0”
1-7;(0,V)) T FP .
E[Ejf(Vl)n(o =y E] (Vl)], fizs, j=k
1 0,V P .
EI:Eﬁf(vl)77'(0,V1)PJT(]T(1]':(1)?V:V1)EZT(V1)]7 ifi=s,j<k
[E W)z Vll)P”(kTgl(l)c V(I)l)v VI)E*T(Vl)]’ if i=s5k<]j
0, if i #s.
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Hence, we have

Ze,( Tij, Vi; ©,7)

r—1
= > Var{e;(T;j, Vi: @, 7)}

j=1
r=2 r—1

+ > Cov{ej(T;. Vi: ©,7), ex(Tix, Vi: ©,7)}
j=lk=j+1
r—=2 r—1

+>° > Cov{e;(Tij. Vi: ©. 7)., e (Tix.. Vi: ©,7)}

k=1 j=k+1

—gE[E*(V)[ 1—7;(1, V)
_j:1 U E V) P(T =1V = W)

N 1—7;(0, V1) ]E*T(V)]
7,0, VOP(T, =0v=vp] /"

+r2 r— EH [ 1 —m (1, V)
k=j+1 (1, VOP(Ti =11V = Vp)

—

.

1 =70, V) } o ]
= E; (V,
T F 0@, =ov =vy | Y

r— r— =
1—m;(1,V
+ EiE§<vl)[~ zi )
Pl Ti(L, V) P(Tj =1V = V)

\S)

n 1 — 7 (0, V1) ]E*T(V)]
7O, V)P(T =0Vv=v) | * !

r—1

1—m;(1, V)
(1, V)P(T; = 1|V =Vp)

E[Ej(vo[
j=1

n 1 —7;(0, V) i|E*T(V)]
7,0, V)P(T;, =0v=vp] /"

r=2 r

. 1= 71, V)

+ E{E% (V1) [~
—lk—z l / T (L, V) P(Ty = 1|V = V)
Jj=lk=j+1

@ Springer



912 S. H. Hsieh et al.

1 — (0, V1) ] o7 ]
T = E;" (V1)
7O, VDP(Tie =0V = vy | * !
r—=2 r—1 -
1_7T(O, Vl)
3 3 B0 s, Savs
j=lk=j+1 T[j(ov VI)P(TIJ—O|V—V1)
1 — 7 (0, V,
S 7Tk( 1) ]EZT(VI)]
(0, V) P(Ty = 0|V = Vp)
r—=2 r—1 -
1—- 1,V
>y EIEj(v])[~ (1, V1)
=l ik (1, VD P (T, = 1|1V = Vy)
=1 j=k+1

l_ﬁk(o’ V]) *T
— E; (V
T RO VP (T = 0|V = Vl)] e € 1)]

J =~ _ —
el 7,(L V) P(Tyy = 1]V = Vi)

__ 1- 7Tk(1;V1) ~ :|EZT(V1)]
(L, VO P (T = 1|1V = V)

= Mo(©; T) + M(O; 7T) + A1(@; T) + M{ (O; T) + A2(@; 7) = M(O; 7),

where My(@, ), M1(©,7), A1(O, ) and A>(@®, 7) are defined in Theorem 1.
Finally, we derive COV{Sj(T,'j, X, Vi;0,7), 5 (Toi, Vs; O, 7?)} as follows. Note
that

E5 (V) l 6 —m; (L, VOl (T =1) 6 =70, V)l (T = 0) ]

U E L VP =1V =V 7,0, V))P(Ti; = 0|V = V;)

— BNV { [6; — 7, (1, VOIT;; 18 =70, Vpld - Tij) ]

Y m AL V)OP(M =1V =) 70, Vi) P(Tj = 0|V = V)

:E;(Vi){,., 8 — (1, Vi) L 8 —m;(0, Vi) ] y
Ti(L,V)P(Tj =11V =V) 7;0,V)P(T1; =0|V =V;)

N 8 —m;(0, V)
—Ej(Vi)= :

70, V)P(T; =0V =V))

Then, we have

Cov{S;(Tij, Xi, Vi: ©,7), ex(Tsy, Vs; ©,7) }

[8s — (1, VU (T = 1)
(1, Vo) P(Ty = 1|V = V)
. ~[8s - ﬁk(()’ Vs)]l(Tsk = 0) ] E;:T(V;)]

740, Vo) P(Ty = 0|V = V)

=E 84T — Hy j(X;, Vi; ©,7)] [
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Proportional odds model with missing covariates 913

5‘9 _ﬁk(la Vr)
Tk(1, Vo) P(Tixe = 1|V = Vy)

N 85 — 7k (0, V) ] £ (v, )]
(0, VO P(Tyy =0[V =Vy) | K

=E ’51'/\’;;[Tij - Hy j(Xi, Vi; ©, 7)1 Ty [

~ 8s — (0, Vy)
—BA8X[T; — He i(X;,Vi: O, =
[ iXijlTij — Hy j(Xi, Vi n)]ﬂk(o, Vo) P(Tix =01V = V)

=E{E {817 - Hi (X0, Vi 0, 7)1
[ 8s - ﬁk(la VS) + 85 - ﬁk(o» Vs) ]
AL V) P(Tie = 1|V = Vy) (0, Vo) P(Ty = O]V = V)
x Ef (V)

T
E; (Vs)]

Xi Vi Xg, Vs, 8 = 1,8, = 1}}

_ 3s - ﬁk(o» Vs)
—E1E|8;X;[T;; — Hy j(Xi, Vi; ©,7)] =
[ [ il = My (X Vi 0. D)2 6 b (T = 01V = Vi)

8s — (1, V,
X B VO [X0 Vi X Vi 8y = 1,8 = 1= L) “
(1, Vo) P(The = 11V = V)
()] . = 1-7;(1,VD)
E{(S]X]jH+,j(X]’ Vi:©,7) I:z?j(l,vl)P(Ile:I\V:\/])
1-7;(0,V1) T e .
ﬁj(O,Vl)P(jY"U:O\V:VI):I E; (Voy, if i=s, j=k

E{51XjH+,j(X1, Vi; @, m)[1 — Hy (X1, V1; @, 7)]

= -7 (1,V1) 174 (0, V1) sl e
x [ﬁm,vl)P(T]k:l\v:vl) + ﬁk<0,v1>P(T1k=0|V=vl>] Ei (Vl)}’ ifi=s j<k

E 61X Hi (X1, Vi; ©,0)[1 — Hy j(X1,V1; O, 70)]

1-m (1, V1) 1-7,(0.V)) T o ;
x [ﬁk<1,vl)P<l%1k=i\V=vl> + ﬁk<o,v1>P(T1k=6|v=vl>] E} (Vl)}’ if i=s,k<j

0, it
( . 1-7;(1.V1)
E [Ej(vl) [ﬁj(l,vl>P(T1j=1\v=v1>
127,(0.V)) T . .
ﬁj(O,V|)P(JTl_,-:0|V:V1) Ex (Vy, if i=s,j=k

7 (L,V) P(Tie=1|V=V1)
1—-m.(0, V1) w7
+ ﬁk<0,v]>P<T1k:0|v:vl)] Ec (V)

FE {8120 [Hy (X1, Vi3 ©.7) = Hax(X1, Vi3 ©,7)]

E {E;T(Vl) [ 1 -7 (1,V))

— 1—7 (1,V)) 1—7 (0, V1) r T
x [ﬁk<1,vl>P<kT1k=i\V=vl> + ﬁk<0,vl>P(kT1k=5|V=vl>] Ex (Vl)}’ ifi=s,j<k
" 1= (LV)
E [EJ(VI) [ﬁku,V])P(le:Hv:vl)
1—-7(0,V)) T
+ ﬁ(o,Vl)P(lim:(])W:vl)] E} (Vl)}

YE {alxu[m,k(xl, Vi;0,7) — Hy (X1, Vi; @, 7)]

1= (1, V1) 1—7(0, V1) T I .
x [ﬁka,vl)mnk:uv:w) + ﬁk<0,v1)P(T1k:0|v=vl>] Ex (Vl)]’ ifi=sk<j
o, ifi s,
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914 S. H. Hsieh et al.

Also,
r—1 r—1
Cov ZSj(Tij’Xi,Vi;@,ﬁ),zé‘j(ﬂj,Vi;@,ﬁ)
j=1 j=1
r—1
= > Cov {S;(Tij. X1, Vi: ©. 7). 8Ty, Vi ©,7)}
=1
r—2 r—1
+> DT Cov{s;(Ty. Xi, Vi; ©.7), (T, Vi ©, 7))
j=1k=j+1
r—=2 r—1
3 S Cov{S;(Ty. X1, Vii ©.7). ex(Tix. Vi: ©. 7))
k=1 j=k+1
r—1 .
1—m;(1,V,
=S [ Eon [ )
= 7i(L, V) P(T; =11V =V))
1 —7;(0, V) } W7 }
T = E; (V)
70, V)P(Ty; =0V =V ] *

+’§ i e 1— (1, V)
P F@ V)P (T = 1)V = V)

J=1k=j+1
1 —m (0, V
L 7x(0, V1) }E,’;T(Vl)]
7k (0, V))P(Ty, = 0|V = Vy)
r—=2 r—1
+z Z E [81X1j[H+,j(X1’ Vi;0,7) — Hy (X1, Vi; ©,7)]
J=1k=j+1
o 1 —me (1, V1) 1 — 7 (0, V1) E*T(Vl)
F(L, VP (Tie = 1|V = V) 70, Vi) P(Tyy = 0|V = V) | *
r—=2 r—1 ~
1 —m (1, Vy)
+ E E”f(V1)|:~
;_Zk“ [ / (L, Vi)P(T = 11V = Vp)
=1 j=k+1
1 — (0, V
+ = £0, V1) }E,f’(vl)]
(0, V) P(Th =0V = V1)
r—2 r—1
~|—Z Z E [81X1j[H+,k(X1, Vi;0,7) — Hy j(X1, V150, 7)]
k=1 j—k+1
1-md,V 1 -0,V
“ |- (1, V1) 4 (0, V1) E,’jT(Vl)
me(L, VOP(Tye = 11V = V1) (0, V) P(Tyx =0V = V)
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Proportional odds model with missing covariates 915

= My(®; %) + M(@; 7) + BI(©; 7) + M{ (©; %) + Bl (©; %)
=M(O;7) — A|(O;7) — Ar(O; T) + B1(O; 7) + B] (O; 7)
=M(O;7)+ AO; ),

where B (@, ) and A(@; 7) are defined in Theorem 1.
Hence,

n r—1
ar § "D 18i(Tij, Xi, Vi; ©, %) — 6j(Tij, Vi; ©, 7))
i=1 j=1
r—1
= Var ZS<,,,X,,V,,@n> + Var 1 > e (T;j. Vi: ©, )
j=1
r—1
—2Cov Zs (Tij, Xi, Vi; @, %), > &;(Tij, Vi; ©, )
j=1
=G(@,n)+M(@,n)—2{M(@;7?)+A(@;7?)}
=GO;7)—MO;7)—2A(0; 7).

Moreover, we first prove the @, is a consistent estimator of @. Now,

~ 1 aﬁln@,?)]
GO, 1) = —|—--—+"+—
on ( ) ﬁ[ 207

n r—l1

:_sz AT HD (X, Vi 0, 7).

i=1 j=1

Then it can be shown that Gg,(@,7) = Go(@,7) = E[6,X] ,-Hﬁ)j(xl, Vi

O, ﬁ)X]Tj]. By Condition (A4), the convergence of G, (O, '/7?\) to Go(@®, ) is uni-
form in a neighborhood of the true @. By the Inverse Function Theorem of Foutz
(1977), along with Condition (A3), there exists a unique consistent solution to the
estimating equation Uj, (0, 7) = 0 in a neighborhood of the true @. Hence, it fol-
lows that @np is a consistent estimator of @.

Next, we derive the asymptotic distribution of Jn (@np ©). By Taylor series
expansion of Uy, (@,,[,, rr) at (0@, rr) we have

PO ~ = U1,(O,
0=Uin(@n. 7) = U1,(0.7) + %(@W ~©) +0,(1)

= Uin(0,7) — Go(O, 7)/n(O,, — ©) + 0,(1).

Hence,
(@, —0) = GO0, 7)U1,(0,7) +0,(1).
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916 S. H. Hsieh et al.

By Lemma 1, we have

. - 1 n r—I1 N N
Cov{Uin(@, )y =Var { — D" > {Sj(T;j, Xi, Vi; ©, ) —¢;(T;j, Vi: ©, 7))}
ﬁ i=1 j=1
=G(O;7) - M(©;7) —2A0; ) + o(1),
and U (O, ?) can be expressei as the sum of independent random variable. Using
the Central Limit Theorem, /n(@,, — ©) is asymptotically normally distributed with

mean 0 and covariance matrix

Anp = G5O, 7)(G(O; ) — M(O; 7) —24(0; 7)) G5 1 (O, 7).

Proof of Theorem 2 We first prove that @Up is a consistent estimator of @. Now,

-1
L[ U000 1S T (D) .
Gon(@,a) = NG |:_a(~)—]‘} = i§:1 /Z:l 8iij & Hy 3 (Xi, Vis e, ©),

n
and

K (0. a) = —— [_w}

Jn daT

e 397 (1, Vi) 97, (0, Vizer)
== 5X;H (X, Vi @, ) | =2t

) 2L 2B HL X Vi 0.0 | o~ e e

i=1 j=1

Then it can be shown that Go,(@,a) 2> Go(@,a) = E {Z’/;ll 81X HJ(rl)J
X1, V1; 0, a)XlTj} and

r—1 o7 (1,V1:a) 07;(0,V1:a)
P (1 dal dal
K,(©,a) > E E&X-H (X1, V;0,a) | = — =
(@) pe 1 0. W ) (L Vi) 70, Visa)

KO, ).

By Condition (A4), the convergence of G, (@, @) to Go(O, ) is uniform in a
neighborhood of the true ©. By the Inverse Function Theorem of Foutz (1977), along
with Condition (A3), there exists a unique consistent solution to the estimating equa-
tion ﬁzn(@, @) = 0 in a neighborhood of the true @. Hence, it follows that @Up is a
consistent estimator of ©. R

Next, we dErive Athe asymptotic distribution of /n (@ — ©). By Taylor series
expansion of U, (@ yp, o) at (@, a, P1(Vi), ..., P-(V;)), we have
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Proportional odds model with missing covariates 917

0= U2,(0,p, @)
1
=Uxn(O,a) + NG |:
L [M

N daT

00U, (0, a) ~
+ZZ;,]<Z:,[[ A ]ﬁ[Pk<vi)—Pk<vi)]+op<1)

= Uzn(@ @) = Go(0,a)y/n(@,, — ©) — K(@,0)V/n@— a)

U2 (0, a)
o7

}\/E(&—

} NG

Zzank(vs,@ O (Vs = k) = Pe(Vo)] + 0, (1).

\/_s 1 k=1
Note that
00U, (O, o) ~
ZZ [ 2ni]x/?l[Pk(Vi)—Pk(v,»)]
b B IP(Vi)
n r=1 r 07, (1,Vi:er) 97, (0, Vi o)
0 3PV APV
’ZZ‘SXUH (X, Vi, ©) ) | = ) A
i=1j=I =1 ”j(LVi,Ol) ﬂ](O,V,a)
IZ’J (Y5 = k) = P (VU (Vs = Vi)

3 Z?:l I(Vy = Vi)

3

s=1k=1

97 (1,V;30) 97 (0,V;3)
1 r—1 (1) 0P (V;) aP () _
B2l X SN H (X Vi, ©) [n,.ufv;;a) OV a)} 1(V; = Vy)

PV =Vy)

x [ (Yy = k) — Pe(Vs)] 4+ 0p(1)

IZZan(vm@ W[ (Y5 = k) = Pe(V)l + 0p(1),

s=1k=1
where
2, k(Vs; ©, )
1 om;(1,Visa) 07; (0, Visa)
:_lzn;:z;(s XijH (1)~(Xi,Vi;@,a) ﬁjgllik(‘/‘j;)a)_ﬁjfgf(\‘f;)a) ;((‘\/;z‘\ij;

In addition, under model (8), the MLE of « is the solution of M,(x) =
\/Lﬁ St Vilsi — H (@’V;)} = 0. Since the estimating equation is unbiased, & is
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918 S. H. Hsieh et al.

consistent estimator of . By Taylor series expansion /n(& — ) = I, L) M, () +
0p(1), where I, (@) = \/Lﬁ[—aMn (/e 1=n"1 31 ViVI H@"V)[1-H (" V).

Since I, (a) 2 () and M), () converges in distribution to N (0, 7 (er)), where 7 (et)
was defined in Theorem 2, we have /n(@ — o) = I~ Y a)M,(a) + op(1). Hence,
J/n(@ — «) is asymptotically normally distributed with mean 0 and variance /! ().
Since

r—1
2nk(Vs:©,0) 5 E Z8IX1jHJ(r{)]-(X1, Vi;0,a)

j=1
a7 (1, Vi) 07 (0,V1:00)
0PV) RV Vi=V,
(1L, Vi;e) 700, Vi; ) '
= 2 (Vy; O, ),

we have

Jn(@,, —0) =G0, [Uzn(@, @) — K(©, )]~ (a)M,(a)

ZZWVMO )l (Vs =k) — Pk(vn} +o,(D).
\/_s 1 k=1

Using the Central Limit Theorem, /1 (@v p — ©) is asymptotically normally distrib-
uted with mean 0 and covariance matrix

Ay =G50, @) {G(@, @)+ KO, ) " (@)KT(O,a)+ PO, )

-2J©@, ) ' (@)K (O, 0) —20(0, a)} G,1 (O, ).

We now derive the covariance matrix A,,. Note that G(@, a), J (O, a), (O, o),
and P(@®, o) are defined in Theorem 2. We will show

COV{U2I‘L(@1 a)v Mﬂ(“)} = ](@7d)7

Cov [Uzn«a,a), DD (Vi @, )l (Y =k) — Pk(vm] =000, w),

1
\/ﬁ s=1 k=1

and
1
OV[EZZQ]((V&,@ a) I(Y _k) Pk(Vs)]] :P(@,(Z)

@ Springer



Proportional odds model with missing covariates 919

First,

Cov {Uzn (@, “), M, (“)}

n r—1
1
== ZcOv lZs,-Xij[T,-j — Hy j(Xi, Vi; ©, )], Vi[6; — H(aTv,-)]]

n r—1
1 .
=-2E [Z&A’U[l(Yi < j) = Hy j(Xi, Vis @, )IVi[5; — H(aTv,»)]]

i=1 j=1

n r—1 j
1
T ZE ‘Zz5ié\ﬁj[1—H+,j(Xi, Vi: @, 0)l[1—H @ Vi) (Y; = k)V,Z,»]

j=1k=1

r—1 r
—ZE[Z > 8iXHy (X, Vi: @, e)[1—H (e Vi ) (Y _k)Vk,]

i=1 j=lk=j+1

r—1
_E[ZXU 1—H, (X1, Vi; 0, )] |:ZH(1)(aTVk1)P(Y1 k|X1,V1)Vk1:|]

j=1 k=1

r—1 r
~E |ZX1,-H+,,-<X1, Vii; @, ) [ > HY @ V)P =k|X), Vl)VkT,l”

j=1 k=j+1
=J(O,a).

Also,

COV[Uzn«a @), IZZQM,@ [ (Ys = k) — Pk(vm}

s=1 k=1

1 n r—1 r .
=~ D Cov 1> 8i&ylTy — Hy j(Xi, Vi @, )], 3 11(Yi = )
i= =1

j=l1
— Pi(V)IR] (Vi; ©,a)

n r—l1
=—ZZE{“¢J = He (X Vi @, @)1V, = )R] (Vi 0, @)
i=1 j=1

n r—1 r

+— ZZ > E{0i1T — ey (X0, Vi @, )1 (Y =k 2] (Vi 0, @)

zl/lk/-‘rl

ln -2 r—1

—ZZ Z E{8:1T — Hy (X, Vi: @, 11 (Y = 2] (Vi 0, )]

i=1 k=1 j=k+

:
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n r—l1

1 .
= > S E{SA - Hij (X0, Vi @, 0l (Y = DR (Vi 0,00
ni:lj:l
1 n r=1 r
T2 D E (a0 Hy (X0 Vi @, 1 (Y = 2] (Vi: O, )
i=1 j=1lk=j+1
1 n r=2 r—1
L > B0 = Hy (X0, Vi @, )l = 0] (Vi 0,00}

K
r—1
-E XijHy (X1, V1;0,a)

x { > H@ VP =k|xl,v1)9{<v1;@,a>” =000, ).

k=j+1

Moreover,
1 n r
Covy— 2 (Vs; @, )[I(Yy = k) — Pk(Vs)]]
[\ﬂ€s=1k=1
= > E{2,i: 0,011 - ;IR ()R] (V50,0
j=1

—2> >'E {Q,(vl; 0, a)P; (Vi) P(V)2] (V1; ©, oc)} = P(O, ).
j=1j<k

In addition, it is easy to see that

Cov{U,(0,a)} = G(O, a),

Cov [Mn«x), % DD 2V @, )l (Y =k) — mm] =0.
n

s=1 k=1
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Therefore, we can obtain

A =Gy'(©,0){GO,0)+ KO, )7 @K (©,0) + PO, a)

2@, ) " ()KT(©O@,0) —20(0O, oc)} G," (@, a).

The proof is completed. O
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