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Abstract The estimate of the probability of the large deviation or the statistical
random field is the key to ensure the convergence of moments of the associated estima-
tor, and it also plays an essential role to prove mathematical validity of the asymptotic
expansion of the estimator. For non-linear stochastic processes, it involves technical
difficulties to show a standard exponential type estimate; besides, it is not necessary for
these purposes. In this paper, we propose a polynomial-type large deviation inequality
which is easily verified by the L p-boundedness of certain functionals; usually they are
simple additive functionals. We treat a statistical random field with multi-grades and
discuss M and Bayesian type estimators. As an application, we show the behavior of
those estimators, including convergence of moments, for the statistical random field
in the quasi-likelihood analysis of the stochastic differential equation that is possibly
multi-dimensional and non-linear. The results are new even for stochastic differential
equations, while they obviously apply to other various statistical models.
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1 Introduction

Analysis of the likelihood ratio is the first key step in order to investigate the perfor-
mance of statistics. After the initiation of the local asymptotic normality by Le Cam
and Hájek, a new paradigm of analysis was established by Ibragimov and Has’minskii
(1972a,b, 1981). That is, all asymptotic properties of statistics in likelihood analy-
sis could be reduced in the convergence of the random field formed by the likelihood
ratios. This program was successfully implemented mainly for i.i.d. settings and white
Gaussian noise models.

We shall recall Ibragimov–Has’minskii’s result briefly. Let Eε = {X ε,Aε, Pε
θ , θ ∈

�} be a sequence of statistical experiments with ε ∈ (0, 1]. � denotes a parameter
space in R

m . ϕ(ε) is a positive normalizing factor tending to zero as ε ↓ 0. For a
θ0 ∈ �, define a random field Zε by

Zε(u) = dPε
θ0+ϕ(ε)u

dPε
θ0

(X ε)

for u ∈ R
m . The following is a simplified version of their result.1

Theorem 0 (Ibragimov and Has’minskii 1972a,b, 1981) Suppose that Zε satisfies the
following conditions:

(i) There exist α > m and k ≥ α such that for some constant C,

Pε
[
|Zε(u2)

1/k − Zε(u1)
1/k |k

]
≤ C |u2 − u1|α (∀u1, u2, ε). (1)

(ii) For some γ > 0 and c > 0,

Pε
[

Zε(u) ≥ e−c|u|γ ] ≤ e−c|u|γ . (2)

(iii) Finite-dimensional convergence: Zε →d f Z , where Z is a Ĉ(Rm)-valued ran-
dom variable.2

Then (Pε)Zε → L{Z}. Moreover,

Pε

[
sup

u:|u|≥r
Zε(u) > e−c1rγ

]
≤ e−c1rγ

.

1 Pε denotes Pε
θ0

. By convention, Pε functions as the expectation for a random variable.
2 Ĉ(Rm ) is the space of continuous functions on R

m that tends to zero at the infinity.
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Quasi-likelihood analysis for stochastic processes 433

If û uniquely attains the maximum of Z(u), then for any sequence of the maximum
likelihood estimator θ̂ε for θ , ûε := ϕ(ε)−1(θ̂ε − θ0) →d û and moreover,

Pε
[

f (ûε)
] → P

[
f (û)

]

for every f ∈ C↑(Rm).3

Due to the convergence Zε →d Z in Ĉ(Rm), one has supu∈A Zε →d supu∈A Z
for every measurable set A; as a consequence, the convergence of Zε validates the
convergence ûε = argmaxu Zε →d û = argmaxu Z . In the LAN case, Z(u) takes
the form of Z(u) = exp

(
�(θ0)[u] − 2−1 I (θ0)[u, u]) , where �(θ0) ∼ Nm(0, I (θ0))

and I (θ0) is the Fisher information matrix. In this case, the asymptotic normality of
the maximum likelihood estimator is obvious from the convergence ûε →d û since
û = I (θ0)

−1�(θ0). This is the first advantage of Ibragimov-Has’minskii’s approach,
namely the limit distribution of the maximum likelihood estimator can be obtained
in a quite natural manner. Symbolically, once the convergence of the likelihood ratio
random field is established, all asymptotic properties of the estimators appearing in
likelihood analysis follow. However, in order to obtain the convergence Zε →d Z
in Ĉ(Rm), it is not necessary to assume such a strong condition of separation as (2)
(Yoshida 1990). In this sense, it may be said that the most essential part of their
approach is in the use of the large deviation estimate (2) and strong properties derived
from it such as the convergence of the moments of the estimator.

Convergence of moments or the estimate of the error probability of an estimator
plays an essential role in key steps of theoretical statistics. For mean bias correction
to an estimator, we need the existence of the mean of it. The expected value of the
plug-in functional

Pε
[
log likelihood (ûε)

]

is necessary in prediction theory and in construction of information criteria. For exam-
ple, the number of parameters appearing in AIC as the correction term is nothing but
the mean square of ûε

4 It is impossible to develop the higher-order asymptotic theory
without the following type estimate:

P
[
|θ̂n − θ0| > n−β

]
≤ n−N

for β < 1/2. Also, for the same estimates for Bayes estimators, we need an estimate
of the large deviation probability for the likelihood ratio random field. The necessity
of the polynomial-type large deviation inequalities in the theory of asymptotic expan-
sion of the estimators for stochastic processes motivates this article (Yoshida 1995;
Sakamoto and Yoshida 1999, 2004).

3 The set of continuous functions on R
m of at most polynomial growth.

4 In the literature of asymptotic statistics, unfortunately, such an expectation has been very often assumed
to exist without any mathematical backing. Rigorous treatment of this problem under a certain integrability
assumption can be seen, e.g., in Uchida and Yoshida (2001).
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Kutoyants found that Ibragimov–Has’minskii’s scheme could work for stochas-
tic processes including diffusion type processes and point processes. Among his
many results, Kutoyants established a complete theory for processes with small diffu-
sions (Kutoyants 1984). Many applications of this methodology were also presented
in Kutoyants (1994). We should note that the Ibragimov–Has’minskii–Kutoyants’
scheme was effectively used in derivation of asymptotic expansions to ensure L p-
boundedness of the estimators for a stochastic process with small diffusions (Yoshida
1992a, 1993).

We can use (1) or another simpler continuity inequality in most cases in practice.
Contrarily, as the core of the theory, the large deviation inequality (2) is not easy to
obtain for most of stochastic processes, even for nonlinear ergodic diffusions; asymp-
totic theory for small perturbed systems is special in this sense. As seen in Kutoyants
(1984), for ergodic diffusions, is necessary an explicit expression of the moment gen-
erating function of a kind of deviation in the statistical model, although it implies
very strong results such as the convergence of moments once it is obtained; strong
assumptions possibly produce strong results! Without such a strong assumption, the
convergence of statistical random fields was proved in Yoshida (1990), however, with-
out moment convergence.

It is an important observation, as some of statisticians have been aware and really it
was implicitly written in Ibragimov and Has’minskii’s papers, that the exponential type
large deviation inequality like (2) is much stronger than our use. The polynomial-type
large deviation inequality is sufficient to develop a theory. Here the polynomial-type
large deviation inequality means

Pε

[
sup

u:|u|≥r
Zε(u) ≥ r−N

]
≤ CN

r N
(r > 0)

because the rate of the convergence of the probability is of or faster than a polynomial
order. Some exponential in place of r−N on the left-hand side is very often possible.

Kutoyants (2004) presented a polynomial-type large deviation inequality for one-
dimensional diffusions by means of the local time. The aim of the present article is
to provide a polynomial-type large deviation inequality in a more abstract setting of
the partially locally asymptotically quadratic (PLAQ) sequence of experiments (with-
out any special properties belonging to diffusion processes). From our results, for
stochastic processes including nonlinear non-Gaussian time series models and semi-
martingales as well as multi-dimensional diffusion type processes, it is possible to
obtain new convergence results, e.g., the convergence of moments of the M-estimator,
and the asymptotic normality of the Bayes estimator, and its convergence of moments.
Our results also provide the same consequences even for estimators based on sampled
data from diffusions with/without jumps.5 The grading of the parameters appearing
later is necessary for this reason. The author hopes that our approach enables us to
connect the Ibragimov–Has’minskii–Kutoyants’ program in the asymptotic decision

5 The asymptotic normality of the M-estimator is already known for jump-diffusions; see Shimizu and
Yoshida (2003).
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Quasi-likelihood analysis for stochastic processes 435

theory for stochastic processes to the quasi-likelihood analysis that is inevitable in
statistics for sampled continuous-time processes.

Our setting includes the so-called non-ergodic experiments. There, the limit û of
the estimator does not necessarily admit moments; for example, the limit distribution
of the maximum likelihood estimator has the Cauchy distribution in a simple example
in the non-ergodic statistics. So no theory that ensures all moments should exist. We
shall deal with the order of moment more carefully than in the case of exponential
type large deviation inequality.

Exponential- or polynomial-type estimates for Markov chains have been studied.
Basawa and Prakasa Rao (1980) presented an exponential-type estimate. Varakin and
Veretennikov (2002) used stopping times related to the Markov chain to give a polyno-
mial-type estimate under a kind of locally uniform condition for a Hellinger distance.
On the other hand, our method does not take advantage of the Markovian property, so
it can apply to processes with functional feedback depending on the path.6

2 Polynomial type large deviation inequality

Let � be a bounded open set in R
m with diameter C . The unknown parameter space is

the product 
 = � × T , where T is an arbitrary set. The statistical inference for the
unknown parameter θ will be done based on the random fields HT : � × 
 → R.7

Later, we will consider an estimator maximizing HT .
We denote by ξ0 = (θ0, τ0) the true value of the unknown parameter. In order to

study the asymptotic properties of the estimator for θ , we shall replace θ by another
local parameter u to focus on the vicinity of θ0 ∈ �. Let UT (ξ0) = {u ∈ R

m; θ0 +
aT (ξ0)u ∈ �} and let aT (ξ0) ∈ GL(m) be a deterministic sequence in GL(m)8 satis-
fying |aT (ξ0)| → 0 as T → ∞. We mimic the local asymptotic theory to define the
random field ZT : UT (ξ0) × T → (0,∞) by

ZT (u, τ ; θ0) = exp {HT (θ0 + aT (ξ0)u, τ ) − HT (θ0, τ )} .

In Sect. 6, we will treat an experiment generated by a sampled diffusion process,
where diffusion parameter and drift parameter have different convergence rates. In
estimation of the diffusion parameter, the drift parameter is in a sense redundant.
However, we then need to control variables uniformly in the drift parameter. In our
approach, we climb up the ladder of parameters with multi-scaling , and at each step,
we apply its particular law of large numbers (plus moment estimates). By this reason,
we introduced an additional parameter τ as well as θ .

6 The author thanks to the referee for information about Varakin and Veretennikov (2002).
7 Even when a sequence of probability spaces is given, we may consider a single probability space �

without loss of generality.
8 The general linear group over R of degree m.
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We assume that the random field ZT is partially locally asymptotically quadratic at
θ0 ∈ � under Pξ0 :

ZT (u, τ ; θ0) = exp

(
�T (τ ; ξ0)[u] − 1

2
�(τ ; ξ0)[u, u] + rT (u, τ ; ξ0)

)
(3)

for (u, τ ) ∈ UT (θ0)×T . Here �T (τ ; ξ0) is a random linear form on R
m and �(τ ; ξ0)

a random bilinear form on R
m × R

m , and both are defined on the same probability
space as ZT . The residual term rT (u, τ ; ξ0) is expected, under Pξ0 , to be small when
T → ∞, but we shall specify its property more precisely later. Here, we wrote ξ0
in “�T ”, “�” and “rT ” because in the decomposition on the right-hand side, each
variable’s behavior depends on the true parameter value ξ0.

In what follows, we fix a set K ⊂ 
 and also fix a positive number L . For
ξ0 ∈ K , set bT (ξ0) = {

λmin(aT (ξ0)
′aT (ξ0))

}−1 ↑ ∞, and assume that bT (ξ0)
−1 ≤

λmax(aT (ξ0)
′aT (ξ0)) ≤ C1bT (ξ0)

−1 for some constant C1 ∈ [1,∞). Here λmin and
λmax denote the minimum eigenvalue and the maximum eigenvalue, respectively.

Let α∈(0, 1), δT (ξ0)=bT (ξ0)
−α/2, and UT (r, ξ0)={u ∈ UT (ξ0); r ≤|u|≤δT (ξ0)

bT (ξ0)
1/2}. Let ε1(r)=r−ρ1 for some ρ1, and let ST (r; ξ0)={ω; sup(u,τ )∈UT (r,ξ0)×T

(1 + |u|2)−1|rT (u, τ ; ξ0)| < ε1(r)}. We will assume9

[A1] For some constant CL ,

sup
T > 0
ξ0 ∈ K

Pξ0

[
ST (r; ξ0)

c] ≤ CL

r L
(r > 0).

This is a bit technical condition to estimate the residual term; however, we will
replace Condition [A1] later by more handy conditions.

As seen in a basic example of the non-ergodic statistics, the nondegeneracy of the
observed information is closely related to the existence of moments of the estimator.
Let

A(ε, ξ0) =
{
ω; ε|u|2 ≤ 1

4
�(τ ; ξ0)[u, u] for all (u, τ ) ∈ R

m × T
}

and assume

[A2] For some constant CL ,

sup
ξ0∈K

Pξ0 [A(ε1(r), ξ0)
c] ≤ CL

r L
(r > 0).

9 We implicitly assume the measurability of the event ST (r; ξ0). In most cases, the separability of the
random field HT ensures the measurability. Because one gains little in practice in removing such a regu-
larity condition, by introducing the outer measure for example, we do not pursue it here. In what follows
also, we will put measurability assumptions implicitly.
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In our argument, a global identifiability (or distinguishability) condition will play
an essential role. Let Y : � × T × K → R be a random field. It is expected to be the
limit of YT defined by

YT (θ, τ ; ξ0) = 1

bT (ξ0)
(HT (θ, τ ) − HT (θ0, τ )) .

We assume

[A3] For each ξ0 ∈ K , there are a positive random variable χ(ξ0) and a positive
(deterministic) constant ρ = ρ(ξ0) such that

Y(θ1, τ ; ξ0) = Y(θ1, τ ; ξ0) − Y(θ0, τ ; ξ0) ≤ −χ(ξ0)|θ1 − θ0|ρ

for all θ1 ∈ � and all τ ∈ T , under Pξ0 .

The parameter χ(ξ0) denotes the degree of separation of models, depending on
the randomness that remains in the limit. On the other hand, the constant ρ may be
regarded as reflecting the smoothness of the parametric model. We often observe that
ρ = 2.

[A4] Parametersρ1, ρ2 andβ2 satisfy the following inequalities: 0 < ρ1 < 1,αρ < ρ2,
β2 ≥ 0 and 1 − 2β2 − ρ2 > 0.

Roughly speaking, we take small α, and small ρ2 and β2 satisfying αρ < ρ2 and
1 − 2β2 − ρ2 > 0.

[A5] For some constant CL ,

sup
ξ0∈K

Pξ0

[
χ(ξ0) ≤ r−(ρ2−αρ)

]
≤ CL

r L
(r > 0).

We will assume a few moment conditions.

[A6] For M1 = L(1 − ρ1)
−1,

sup
ξ0∈K

sup
T >0

Pξ0

[(
sup
τ∈T

|�T (τ ; ξ0)|
)M1

]
< ∞.

For M2 = L(1 − 2β2 − ρ2)
−1,

sup
ξ0∈K

sup
T >0

Pξ0

⎡
⎢⎢⎣

⎛
⎜⎝ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

bT (ξ0)
1
2 −β2 |YT (θ0 + h, τ ; ξ0)−Y(θ0 + h, τ ; ξ0)|

⎞
⎟⎠

M2
⎤
⎥⎥⎦<∞.

Remark 1 �(τ, ξ0) and χ(ξ0) are in general random. An explosive Ornstein–
Uhlenbeck process is the case; really, random limiting information is common in the
so-called non-ergodic statistics. Condition [A2] restricts the probability of �(τ, ξ0)
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near zero. Condition [A5] for χ(ξ0) is similar. Those conditions would seem more
real if we would consider a multi-dimensional explosive Ornstein–Uhlenbeck pro-
cess, where the limit of the conditional Fisher information after normalization has a
chi-square distribution χ2(ν) with ν ≥ 1. See Yoshida (1988) for details. If �(τ, ξ0)

and χ(ξ0) are constants (ergodic case), we can remove Conditions [A2] and [A5].

Let VT (r, ξ0) = {u ∈ UT (ξ0); r ≤ |u|}. We denote by CL generic constants
depending on L . For functions f (x) and g(x), the symbol f (x)<∼g(x) stands for the
relation f (x) ≤ cg(x) for some constant c independent of x . The following theorem
gives a polynomial type large deviation inequality for the statistical random field:

Theorem 1 Given L > 0, assume Conditions [A1]–[A6]. Then there exists a constant
CL such that

sup
ξ0∈K

Pξ0

[
sup

(u,τ )∈VT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ e−r2−(ρ1∨ρ2)/2

]
≤ CL

r L
(4)

for all T > 0 and r > 0. Here the supremum of the empty set should read −∞ by
convention.

Proof Set ε2(r) = r−ρ2 and ε3(r) = r−β2 . In order to prove Theorem 1, it suffices to
estimate the following two probabilities:

Pξ0

[
sup

(u,τ )∈UT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ e−ε1(r)r2/2

]
(5)

and

Pξ0

[
sup

(u,τ )∈(VT (r,ξ0)\UT (r,ξ0))×T
ZT (u, τ ; θ0) ≥ e−ε2(r)r2/2

]
. (6)

(a) Estimate of the probability (5). By assumption,

Pξ0

[
ST (r; ξ0)

c] ≤ CL

r L

and

Pξ0

[
A(ε1(r), ξ0)

c] ≤ CL

r L
.
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From these inequalities, we obtain

Pξ0

[
sup

(u,τ )∈UT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ e−ε1(r)r2/2

]

≤ CL

r L
+ Pξ0

[
sup

(u,τ )∈UT (r,ξ0)×T

(
|u||�T (τ ; ξ0)| − ε1(r)|u|2

)

+ ε1(r) ≥ −1

2
ε1(r)r2

]

≤ CL

r L
+ Pξ0

[
sup
τ∈T

|�T (τ ; ξ0)| > 2ε1(r)r

]

+Pξ0

[
r sup

τ∈T
|�T (τ ; ξ0)| − ε1(r)r2 + ε1(r) ≥ −ε1(r)r2/2

]

≤ CL

r L
+ 2Pξ0

[
sup
τ∈T

|�T (τ ; ξ0)| > ε1(r)r/2 − ε1(r)/r

]

≤ CL

r L
+ 2 (ε1(r)r/2 − ε1(r)/r)−M1 Pξ0

[(
sup
τ∈T

|�T (τ ; ξ0)|
)M1

]

<∼
1

r L
+
(

r1−ρ1
)−M1

Pξ0

[(
sup
τ∈T

|�T (τ ; ξ0)|
)M1

]

<∼
1

r L
.

(b) Estimate of the probability (6). We know that r ≤ CbT (ξ0)
1/2 essentially, C

being the diameter of �, because for h = aT (ξ0)u,

r ≤ |u| ≤ |aT (ξ0)
−1h| ≤ {λmin(aT (ξ0)aT (ξ0)

′)}−1/2|h|
= {λmin(aT (ξ0)

′aT (ξ0))}−1/2|h| ≤ bT (ξ0)
1/2C.

Furthermore,

Pξ0

⎡
⎣ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

Y(θ0 + h, τ ; ξ0) ≥ −C2ε2

(
CbT (ξ0)

1/2
)⎤⎦

≤ Pξ0

[
χ(ξ0) ≤ C2−ρ2 bT (ξ0)

−(ρ2−αρ)/2
]

<∼ bT (ξ0)
−L/2

<∼ r−L .
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With this estimate, we have

Pξ0

[
sup

(u,τ )∈(VT (r,ξ0)\UT (r,ξ0))×T
ZT (u, τ ; θ0) ≥ e−ε2(r)r2/2

]

≤ Pξ0

⎡
⎢⎣ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

YT (θ0 + h, τ ; ξ0) ≥ −C2

2
ε2

(
CbT (ξ0)1/2

)
⎤
⎥⎦

≤ Pξ0

⎡
⎢⎣ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

Y(θ0 + h, τ ; ξ0) ≥ −C2ε2

(
CbT (ξ0)1/2

)
⎤
⎥⎦

+Pξ0

⎡
⎢⎣ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

|YT (θ0 + h, τ ; ξ0) − Y(θ0 + h, τ ; ξ0)| ≥ C2

2
ε2

(
CbT (ξ0)1/2

)
⎤
⎥⎦

≤ O(r−L ) +
(

C2

2
bT (ξ0)1/2ε3(bT (ξ0))ε2

(
CbT (ξ0)1/2

))−M2

×Pξ0

⎡
⎢⎢⎣

⎛
⎜⎝ sup

h : δT (ξ0) ≤ |h|
τ ∈ T

bT (ξ0)1/2ε3(bT (ξ0)) |YT (θ0 + h, τ ; ξ0) − Y(θ0 + h, τ ; ξ0)|
⎞
⎟⎠

M2
⎤
⎥⎥⎦

<∼ r−L + bT (ξ0)−M2(
1
2 −β2− 1

2 ρ2)

<∼ r−L + r−M2(1−2β2−ρ2)

<∼
1

r L
.

��

Remark 2 If the inequalities in the assumptions are supposed to hold for exponential
bounds, then we would have usual exponential-type large deviation inequality as a
consequence.

3 Simple sufficient conditions

In this section, a set of simple sufficient conditions for [A1] will be provided. Though
it is possible to relax those conditions, we will give simplicity priority over weakness.

3.1 Contrast function of class C2

Suppose that HT (θ, τ ) is of class C2 in θ for every ω ∈ �. We define �T (τ ; ξ0) and
a random matrix �T (θ, τ ; ξ0) by

�T (τ ; ξ0)[u] = ∂θHT (θ0, τ )[aT (ξ0)u]
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and

�T (θ, τ ; ξ0)[u, u] = −∂2
θ HT (θ, τ )[aT (ξ0)u, aT (ξ0)u]

for u ∈ R
m . Then for �(τ ; ξ0) = �(θ0, τ ; ξ0) and

rT (u, τ ; ξ0) =
∫ 1

0
(1 − s) {�(τ ; ξ0)[u, u] − �T (θ0 + saT (ξ0)u, τ ; ξ0)[u, u]} ds,

we have the PLAQ representation (3) for ZT (u, τ ; θ0).
Let

S′
T (r; ξ0) =

⎧⎪⎪⎨
⎪⎪⎩

ω; sup
(h, τ ) ∈ (� − θ0) × T :

bT (ξ0)−1/2r ≤ |h| ≤ C
1/2
1 δT (ξ0)

|�T (θ0 + h, τ ; ξ0) − �(τ ; ξ0)| < ε1(r)

⎫⎪⎪⎬
⎪⎪⎭

.

The following is a sufficient condition for [A1]:

[A1 ′] For some constant CL ,

sup
T > 0
ξ0 ∈ K

Pξ0

[
S′

T (r; ξ0)
c] ≤ CL

r L
(r > 0).

3.2 Contrast function of class C3

Condition [A1 ′] is a uniform law of large numbers with convergence rate. It is often
verified by applying a uniform central limit theorem. Here, we assume that � admits
Sobolev’s inequality or GRR-inequality (see Sects. 6 and 7) as well as being bounded
open, and that the random field HT : � × 
 → R is of class C3 in θ , and remove the
requirement of the uniform (in θ ) convergence from the condition.

Set β = α/(1 − α). We replace Condition [A4] by

[A4 ′] Parameters β1, ρ1, ρ2 and β2 satisfy the following inequalities: 0 < β1 < 1/2,
0 < ρ1 < min{1, β, 2β1/(1 − α)}, αρ < ρ2, β2 ≥ 0 and 1 − 2β2 − ρ2 > 0.

Furthermore, we assume the following additional conditions:

[A1 ′′] For M3 = L(β − ρ1)
−1,

sup
T > 0
ξ0 ∈ K

Pξ0

⎡
⎣
(

bT (ξ0)
−1 sup

(θ,τ )∈�×T

∣∣∣∂3
θ HT (θ, τ )

∣∣∣
)M3

⎤
⎦ < ∞.

Moreover, for M4 = L(
2β1
1−α

− ρ1)
−1,

sup
T > 0
ξ0 ∈ K

Pξ0

[
sup
τ∈T

(
bT (ξ0)

β1 |�T (θ0, τ ; ξ0) − �(τ ; ξ0)|
)M4

]
< ∞.
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Lemma 1 Condition [A1 ′] holds under [A4 ′] and [A1 ′′].

Proof We may assume that r ≤ √
C1δT (ξ0)bT (ξ0)

1/2. Otherwise, the probability
Pξ0

[
S′

T (r; ξ0)
c
]

is equal to zero. When bT (ξ0)
−1/2r ≤ |h| ≤ √

C1δT (ξ0), since

bT (ξ0)
−1 ≤

(√
C1

r

)2/(1−α)

,

we have

|h| ≤ √
C1bT (ξ0)

−α/2 ≤ C (1+β)/2
1 r−β.

Therefore, for some positive constant C(m),

Pξ0

[
S′

T (r; ξ0)
c]

≤ Pξ0

[
C(m)r−βbT (ξ0)

−1 sup
(θ,τ )∈�×T

∣∣∣∂3
θ HT (θ, τ )

∣∣∣ ≥ ε1(r)/2

]

+Pξ0

[
sup
τ∈T

|�T (θ0, τ ; ξ0) − �(τ ; ξ0)| ≥ ε1(r)/2

]

<∼ (rβε1(r))−M3 Pξ0

⎡
⎣
(

bT (ξ0)
−1 sup

(θ,τ )∈�×T

∣∣∣∂3
θ HT (θ, τ )

∣∣∣
)M3

⎤
⎦

+(bT (ξ0)
β1ε1(r))−M4 Pξ0

[
sup
τ∈T

(
bT (ξ0)

β1 |�T (θ0, τ ; ξ0) − �(τ ; ξ0)|
)M4

]

<∼ (rβε1(r))−M3 + (r
2β1
1−α ε1(r))−M4

<∼ r−M3(β−ρ1) + r−M4(
2β1
1−α

−ρ1)

<∼
1

r L
.

��
Obviously we obtain

Theorem 2 Let L > 0. Suppose that Conditions [A1 ′′], [A2],[A3], [A4 ′],[A5] and
[A6] are satisfied. Then there exists a constant CL such that Inequality (4) holds for
all T > 0 and r > 0.

3.3 Deterministic limit information

Let us consider the situation where �(τ ; ξ0) and χ(ξ0) are deterministic. It is the
case for the locally asymptotically normal family of statistical experiments. Some of
conditions in Sect. 2 can be removed or simplified.

L is a given positive number and K ⊂ 
 as before.
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[B1] The matrix �(τ ; ξ0) is deterministic and positive definite uniformly in τ ∈ T
and ξ0 ∈ K .

[B2] For K , there are a deterministic positive number χ = χ(K ) and a positive
deterministic constant ρ = ρ(K ) such that

Y(θ1, τ ; ξ0) = Y(θ1, τ ; ξ0) − Y(θ0, τ ; ξ0) ≤ −χ |θ1 − θ0|ρ

for all θ1 ∈ � and all τ ∈ T , under Pξ0 .

Theorem 3 For some constant CL , Inequality (4) is valid for all T > 0 and r > 0
under each one of the following sets of conditions:

(a) Conditions [A1], [A4], [A6], [B1] and [B2] are satisfied,
(b) Conditions [A1 ′], [A4], [A6], [B1] and [B2] are satisfied and the random field

HT is of class C2,
(c) Conditions [A1 ′′], [A4 ′], [A6], [B1] and [B2] are satisfied and the random field

HT is of class C3.

4 Estimate of the modulus of continuity and convergence of the estimator

Assume that T is a bounded open set in R
m′

.10 In this and the following sections, we
assume that the random field HT on 
 is continuous and can be continuously extended
to the boundary ∂
.

The M-estimator (θ̂T , τ̂T ) for (θ, τ ) is a measurable mapping that satisfies

HT (θ̂T , τ̂T ) = sup
(θ,τ )∈
̄

HT (θ, τ ).

That is, the pair (θ̂T , τ̂T ) that maximizes the utility function HT is to be called the
M-estimator. Let ûT = aT (ξ0)

−1(θ̂T − θ0). Letter p will denote a positive number.
Before going to limit theorems for the M-estimator, we should here notice that

the L p-estimate of ûT follows from the polynomial type large deviation inequality
without any specification of the limit of ZT (·, ·; θ0).

Proposition 1 Let L > p > 0. Suppose that there exists a constant CL such that

sup
ξ0∈K

Pξ0

[
sup

(u,τ )∈VT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ 1

]
≤ CL

r L

for all T > 0 and r > 0. Then for any sequence of M-estimators (θ̂T , τ̂T ), it holds
that

sup
ξ0∈K

sup
T >0

Pξ0

[∣∣ûT
∣∣p]

< ∞. (7)

10 It is just for simplifying descriptions. Finite dimensionality of T is not essential.
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In particular, Inequality (7) holds under Conditions [A1]-[A6].

For c > 0, let

Bc,T = {u ∈ R
m; |u| < c, θ0 + aT (ξ0)u ∈ �},

and for c > 0 and δ > 0, let

wT (δ, c) = sup
u1, u2 ∈ Bc,T , |u2 − u1| ≤ δ

τ ∈ T

|log ZT (u2, τ ; θ0) − log ZT (u1, τ ; θ0)| .

[C1] For every ε > 0 and c > 0, limδ↓0 supT Pξ0 [wT (δ, c) > ε] = 0.

Remark 3 Under regularity conditions, it is easy to verify Condition [C1] in a quite
similar way as Lemma 4.1 of Yoshida (1990). See Sect. 7.

For c > 0 and δ > 0, define w
†
T (δ, c) by

w
†
T (δ, c) = sup

u ∈ Bc,T
τ1, τ2 ∈ T , |τ2 − τ1| ≤ δ

|log ZT (u, τ2; θ0) − log ZT (u, τ1; θ0)| .

We assume the condition

[C2] limδ↓0 supT Pξ0

[
w

†
T (δ, c) > ε

]
= 0 for all ε > 0 and c > 0.

Let Ĉ(Rm × T ) be the space of continuous functions on R
m × T that have limits as

(u, τ ) tends to the boundary of R
m × T , and tend to zero uniformly in τ as |u| → ∞.

Equip Ĉ(Rm × T ) with the supremum norm.
We extend ZT (·, ·; θ0) to a function in Ĉ(Rm×T ) that is not greater than ZT (·, ·; θ0),

and denote it by the same symbol.
Let Z(·, ·; θ0) be a Ĉ(Rm × T )-valued random variable.

[C3] ZT (·, ·; θ0) →d f Z(·, ·; θ0) (finite-dimensional convergence).

Here are some applications of the estimates of the statistical random field ZT .

Theorem 4 Assume Conditions [C1], [C2] and [C3].

(a) Extended ZT (·, ·; θ0) →d
Z(·, ·; θ0) in Ĉ(Rm × T ) as T → ∞ if for some

sequence of positive numbers ε(r) tending to zero as r → ∞,

Pξ0

[
sup

(u,τ )∈VT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ ε(r)

]
≤ ε(r)

for all T > 0 and r > 0.
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(b) Assume that the limit random field Z of ZT (·, ·; θ0) (as in (a)) does not depend
on τ ∈ T and that there exists a random variable û such that11

Z(û; θ0) = sup
u∈Rm

Z(u; θ0)

and û is a (random) unique maximum point a.s. Then

ûT →d û

as T → ∞.
(c) Assume that ûT →d û. If there exists a number L > p and a constant CL such

that

Pξ0

[
sup

(u,τ )∈VT (r,ξ0)×T
ZT (u, τ ; θ0) ≥ 1

]
≤ CL

r L

for all T > 0 and r > 0, then Pξ0

[
f (ûT )

] → P
[

f (û)
]

as T → ∞ for all
continuous functions f satisfying lim sup|u|→∞ | f (u)||u|−p < ∞. (P denotes
the probability measure on the probability space on which the limit variables are
realized.)

Proof The weak convergence in (a) is a consequence of the tightness of {ZT

(·, ·; θ0)}T ≥T0 . Showing (b) is also easy: for any closed set F in R
m , we have

lim sup
T →∞

Pξ0 [ûT ∈ F]

≤ lim sup
T →∞

Pξ0

[
sup
u∈F

HT (θ0 + aT (ξ0)u, τ̂T ) − HT (θ0, τ̂T )

≥ sup
u∈Fc

HT (θ0 + aT (ξ0)u, τ̂T ) − HT (θ0, τ̂T )

]

≤ lim sup
T →∞

Pξ0

[
sup
u∈F

sup
τ∈T

ZT (u, τ ; θ0) − sup
u∈Fc

inf
τ∈T

ZT (u, τ ; θ0) ∈ R+
]

≤ P

[
sup
u∈F

Z(u; θ0) − sup
u∈Fc

Z(u; θ0) ∈ R+
]

≤ P
[
û ∈ F

]
.

Therefore, ûT →d û. And now (c) is obvious: we can change p in Proposition 1 for
uniform integrability. ��

Remark 4 If we assume that the conditions are satisfied uniformly in ξ0 ∈ K for a set
K in 
 and that the convergence of aT (ξ0) is uniform as well, then the convergences in

11 We denote by Z(u; θ0) the random field Z(u, τ ; θ0) independent of τ .
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(a) and (c) hold uniformly in K. Additionally, if the uniform regularity condition [UR]
below for Z(u) = Z(u; θ0) is satisfied, then the consequence in (b) is valid uniformly
in K.

[UR] For every t ∈ R
m , the distribution function of supu≤t Z(u) − supu �≤t Z(u) is

continuous at 0 uniformly in K.

Here {u; u ≤ t} denotes the rectangle at the lower left of t .

Remark 5 Obviously, each convergence in distribution in the results stated above can
be strengthen to the stable convergence if each assumption of convergence in distri-
bution is replaced by the stable convergence. It is also the case for the results in the
following sections.

5 Joint convergence

For each k ∈ {1, . . . , K }, let �k be a bounded open set12 in R
dk . θ = (θ1, . . . , θK ) is a

blocked vector in �1 ×· · ·×�K . The true value of θ is denoted by θ∗ = (θ∗
1 , . . . , θ∗

K ).
We assume that T is a one-point set and omit τ from notation. ak

T (θ∗
k ) is a deterministic

invertible dk × dk-matrix and set aT (θ∗) = diag(a1
T (θ∗

1 ), . . . , aK
T (θ∗

K )). We write θ
†
k

for θ∗
k + ak

T (θ∗
k )uk , uk ∈ R

dk . Also write θk = (θ1, . . . , θk) and θk = (θk, . . . , θK ).
Parameters θ∗

k and θ
∗
k are defined in a similar manner. Write u = (u1, . . . , uK ),

θ† = (θ
†
1 , . . . , θ

†
K ) and d = ∑K

k=1 dk .
Let � = ∏K

k=1 �k . We consider a sequence of statistical random fields HT :
� × � → R. The exponential statistical random field is now given by

ZT (u; θ∗) = exp
(
HT (θ†) − HT (θ∗)

)
.

The kth random field Zk
T (uk; θk−1, θ

∗
k , θk+1) is defined by

Z
k
T (uk; θk−1, θ

∗
k , θk+1) = exp

(
HT (θk−1, θ

†
k , θk+1) − HT (θk−1, θ

∗
k , θk+1)

)
. (8)

By convention, we neglect symbols with index K + 1 like θ K+1 and ones with index
0 like θ0.

Let

V k
T (r, θ∗

k ) = {uk ∈ U
k
T (θ∗

k ); r ≤ |uk |},
where

U
k
T (θ∗

k ) = {uk ∈ R
dk ; θ∗

k + ak
T (θ∗

k )uk ∈ �k}.
Let L be a given positive number.

12 A bounded closed domain is also available if the reader would like to insure for the existence of an exact
M-estimator though an asymptotic M-estimator is sufficient to consider in asymptotic theory.
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5.1 Convergence of the moments of a multi-scaling M-estimator

Suppose that HT can be extended continuously to � a.s. We obtain a polynomial
type estimate for the M-estimator if we apply Theorem 1 stepwise. More precisely,
we have

Proposition 2 Let θ̂ ≡ θ̂T = (θ̂1, . . . , θ̂K ) be any sequence of M-estimators maxi-
mizing HT . Given L > 0 and K ⊂ �, suppose that the following polynomial type
estimates are valid:

sup
θ∗∈K

Pθ∗

⎡
⎣ sup

(uk ,θk+1)∈V k
T (r,θ∗

k )×∏K
j=k+1 � j

Z
k
T (uk; θ̂k−1, θ

∗
k , θk+1) ≥ 1

⎤
⎦ ≤ CL

r L

for all T > 0, r > 0 and k = 1, . . . , K . Then the normalized M-estimator ûT =
aT (θ∗)−1(θ̂T − θ∗) satisfies the polynomial type large deviation inequality

sup
θ∗∈K

Pθ∗
[|ûT | > r

] ≤ CL

r L
(9)

for all T > 0 and r > 0.

Proof We only observe that by definition of the M-estimator,

0 ≤ HT (θ̂k−1, θ̂k, θ̂k+1) − HT (θ̂k−1, θ
∗
k , θ̂k+1)

≤ sup
(uk ,θk+1)∈V k

T (r,θ∗
k )×∏K

j=k+1 � j

log Z
k
T (uk; θ̂k−1, θ

∗
k , θk+1)

if |ûk
T | > r . ��

In particular, this proposition ensures the tightness of {ûT }T >T0 .
In the previous section we focused our attention to a marginal (elementwise)

convergence, but here we are interested in a joint convergence. For this purpose,
we need only weak convergence of the statistical random field on compact sets
because we already have tightness (or more strongly estimate of tail probability) of the
M-estimator.

Write B(R) = {u ∈ R
d ; |u| ≤ R}.

Theorem 5 Let K ⊂ �. Suppose that the following conditions are fulfilled:

(i) For every R > 0, ZT (·; θ∗) →d
Z(·; θ∗) in C(B(R)) as T → ∞, uniformly in

K, and [U R] holds for Z(u) = Z(u; θ∗).
(ii) There exists a measurable mapping û that is a unique maximum point of Z(·; θ∗)

for each θ∗ ∈ K, and {Z(·; θ∗)}θ∗∈K is tight.

Then

(a) ûT →d û as T → ∞ uniformly in K if {ûT }T >T0 is tight for some T0 ≥ 0
uniformly in K.
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(b) Pθ∗
[

f (ûT )
] → P

[
f (û)

]
as T → ∞ uniformly in K for all continuous functions

f satisfying lim|u|→∞ | f (u)||u|−p = 0 if lim supT →∞ supθ∗∈K‖ûT ‖p < ∞, in
particular, if (9) holds for some L > p.

5.2 Convergence of the integration type functionals and Bayes estimators

Theorem 6 Let K ⊂ �. Suppose that the following conditions are satisfied:

(i) For every k = 1, . . . , K and R > 0, Z
k
T (·; θ∗

k , ·) →d(Pθ∗ )
Z

k(·; θ∗
k , ·) in

C({uk; |uk | ≤ R} ×∏K
i=k+1 �i ) uniformly in θ∗ ∈ K as T → ∞.

(ii) For some L > 1 and some constants Dk > dk + p,

sup
θ∗∈K

Pθ∗

⎡
⎣ sup

(uk ,θk+1)∈V k
T (r,θ∗

k )×∏K
j=k+1 � j

Z
k
T (uk; θ∗

k , θk+1) ≥ C1

r Dk

⎤
⎦ ≤ C2

r L

for all T > 0, r > 0 and k = 1, . . . , K .
(iii) For every R > 0, ZT (u; θ∗) →d(Pθ∗ )

Z(u; θ∗) in C({u; |u| ≤ R}) uniformly in
θ∗ ∈ K as T → ∞.

Then for any f ∈ C(Rd ; R
s) satisfying supu∈Rd (1 + |u|p)−1| f (u)| < ∞,

∫
f (u)ZT (u; θ∗)du →d(Pθ∗ )

∫
f (u)Z(u; θ∗)du

uniformly in θ∗ ∈ K as T → ∞.

Remark 6 When K = 1, i.e., the case of a single grade, we can remove Condition (i)
since it is the same as (iii).

Proof of Theorem 6. From (i) and (ii), it follows that uniformly

Z
k
T (·; θ∗

k , ·) →d(Pθ∗ )
Z

k(·; θ∗
k , ·)

in Ĉ(Rdk ×∏K
i=k+1 �i ), and also that

∫

A
(1 + |uk |p) sup

θk+1∈∏K
i=k+1 �i

Z
k
T (uk; θ∗

k , θk+1)duk

→d(Pθ∗ )

∫

A
(1 + |uk |p) sup

θk+1∈∏K
i=k+1 �i

Z
k(uk; θ∗

k , θk+1)duk
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for all A ∈ Bdk . To obtain the last convergence, we note that

Pθ∗

⎡
⎣
∫

|u j |≥r
(1 + |u j |p) sup

θ j+1∈∏K
i= j+1 �i

Z
j
T (u j ; θ∗

j , θ j+1)du j

> C1
′
( ∞∑

l=0

(r + l)p+d j −1−D j

)⎤
⎦ ≤ C2

∞∑
l=0

(r + l)−L

for tightness, where C ′
1 is a positive constant.

Obviously,

∫
∑K

j=1 |u j |≥Kr

(
1 +

K∑
k=1

|uk |p

)
ZT (u; θ∗)du

≤
K∑

j=1

∫

|u j |≥r

(
1 +

K∑
k=1

|uk |p

)
ZT (u; θ∗)du

and

∫

|u j |≥r

(
1 +

K∑
k=1

|uk |p

)
ZT (u; θ∗)du

=
∫

|u j |≥r

(
1 +

K∑
k=1

|uk |p

)
K∏

k=1

Z
k
T (uk; θ∗

k , θ
†
k+1)du

≤
∫

|u j |≥r
(1 + |u j |p) sup

θ j+1∈∏K
i= j+1 �i

Z
j
T (u j ; θ∗

j , θ j+1)du j

×
∏
k �= j

∫
(1 + |uk |p) sup

θk+1∈∏K
i=k+1 �i

Z
k
T (uk; θ∗

k , θk+1)duk .

Therefore, for every ε > 0, we can choose a sufficiently large r such that

Pθ∗

[∫
∑K

j=1 |u j |≥Kr

(
1 +

K∑
k=1

|uk |p

)
ZT (u; θ∗)du > ε

]
< ε

uniformly in θ∗ and T ≥ T0, for some T0. [ In a similar way as above, we see that
{ZT (·; θ∗)}T ≥T0 is tight in Ĉ(Rd) for some T0.] ��

We shall apply our large deviation results to Bayesian estimators in three types of
formulations.
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We denote by θ̃+
T the simultaneous Bayes type estimator for a prior density

π : � → R+:

θ̃+
T =

(∫

�

exp(HT (θ)) π(θ) dθ

)−1 ∫

�

θ exp(HT (θ)) π(θ) dθ.

Assume that π is continuous and 0 < infθ∈� π(θ) ≤ supθ∈� π(θ) < ∞. The scaled
parameter space UT (θ∗) = {u; θ∗ + aT (θ∗)u ∈ �}. Let ũ+

T = aT (θ∗)−1(θ̃+
T − θ∗),

then

ũ+
T =

(∫

UT (θ∗)
ZT (u; θ∗)π(θ∗ + aT (θ∗)u) du

)−1

×
∫

UT (θ∗)
u ZT (u; θ∗)π(θ∗ + aT (θ∗)u) du.

It will be seen that the right-hand side is asymptotically equivalent to

ǔT =
(∫

Rd
ZT (u; θ∗) du

)−1 ∫

Rd
u ZT (u; θ∗) du

for zero-extended random fields ZT under the assumptions we will make. So we may
identify these random vectors in asymptotic theory. Let

ũ+ =
(∫

Rd
Z(u; θ∗) du

)−1 ∫

Rd
u Z(u; θ∗) du.

Theorem 7 Assume the conditions in Theorem 6 for p = 1. If the family L{(∫
Rd Z(u;

θ∗)du)−1|Pθ∗} (θ∗ ∈ K) is uniformly tight, then for the simultaneous Bayes type
estimator, ũ+

T →d(Pθ∗ ) ũ+ uniformly in θ∗ ∈ K as T → ∞.

Proof In what follows, we may remove π from the integrands and also may only con-
sider the integrations of the random fields ZT over the whole space R

d by asymptotic
equivalence and by way of extending of them. For arbitrary ε > 0, there exist positive
numbers A and T0 such that

sup
T ≥T0

sup
θ∗∈K

Pθ∗
[
(

∫

Rd
ZT (u; θ∗)du)−1 ≥ A

]

≤ sup
θ∗∈K

Pθ∗
[
(

∫

Rd
Z(u; θ∗)du)−1 ≥ A

2

]
+ε

2
< ε

Therefore, the assertion can be proved by using the uniform joint weak convergence
(∫

ZT (u; θ∗)du,

∫
u ZT (u; θ∗)du

)
→d(Pθ∗ )

(∫
Z(u; θ∗)du,

∫
u Z(u; θ∗)du

)

given in Theorem 6. ��
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Remark 7 If K is a set of a single element, then the additional tightness condition is not
necessary because Z(·; θ∗) is in C(Rd) and Z(0; θ∗) = 1 so that

∫
Rd Z(u; θ∗)du > 0

a.s.

Theorem 8 Let ε > 0, p ≥ 1 and p − (K − 1)ε ≥ p1 > 0. Assume the conditions
in Theorem 6 for p and some L > p1 + 1. Suppose

(i) For some T0 > 0,

sup
θ∗ ∈ K
T ≥ T0

Pθ∗

[(∫

UT (θ∗)
ZT (u; θ∗)du

)−1
]

< ∞. (10)

(ii) For some T0 > 0 and C3,

sup
θ∗ ∈ K
T ≥ T0

Pθ∗

⎡
⎣
∫

U
k
T (θ∗

k )

sup
θk+1∈∏K

i=k+1 �i

Z
k
T (uk; θ∗

k , θk+1)duk ≥ r ε

⎤
⎦ ≤ C3

r L
(11)

for all k = 1, . . . , K and r > 0.

Then ũ+
T →d(Pθ∗ ) ũ+ and

Pθ∗
[

f (ũ+
T )
] → P

[
f (ũ+)

]

uniformly in θ∗ ∈ K as T → ∞, for any continuous function f satisfying
lim sup|u|→∞ |u|−p1 | f (u)| < ∞.

Proof For the j th element ũ+
j,T of ũ+

T , we have

Pθ∗
[
|ũ+

j,T |p1
]

≤ Pθ∗

[(∫

UT (θ∗)
ZT (u; θ∗)π(θ∗ + aT (θ∗)u) du

)−1

×
∫

UT (θ∗)
|u j |p1 ZT (u; θ∗)π(θ∗ + aT (θ∗)u) du

]

≤ C(π)

∞∑
r=0

(r + 1)p1 Pθ∗

[(∫

UT (θ∗)
ZT (u; θ∗) du

)−1

×
∫

{u;r<|u j |≤r+1}∩UT (θ∗)
ZT (u; θ∗) du

]
(12)
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≤ C(π)

∞∑
r=1

(r +1)p1

⎧
⎨
⎩Pθ∗

⎡
⎣
∫

{u j ;r<|u j |≤r+1}∩U
j
T (θ∗

j )

sup
θ j+1∈∏K

i= j+1 �i

Z
j
T (u j ; θ∗

j , θ j+1)du j

×
∏
k �= j

∫

U
k
T (θ∗

k )

sup
θk+1∈∏K

i=k+1 �i

Z
k
T (uk; θ∗

k , θk+1)duk >
C1

r D j −(K−1)ε−d j +1

⎤
⎦

+ C1

r D j −(K−1)ε−d j +1
Pθ∗

[(∫

UT (θ∗)
ZT (u; θ∗) du

)−1
]⎫⎬
⎭+C(π) (13)

≤ C(π)

∞∑
r=0

(r + 1)p1

⎧⎨
⎩Pθ∗

⎡
⎣ sup

(u j ,θ j+1)∈V j
T (r,θ∗

j )×
∏K

i= j+1 �i

Z
j
T (u j ; θ∗

j , θ j+1) >
C ′

1

r D j

⎤
⎦

+ (K − 1)
C3

r L
+ C ′′

1

r D j −(K−1)ε−d j +1
Pθ∗

[(∫

UT (θ∗)
ZT (u; θ∗) du

)−1
]⎫⎬
⎭+C(π).

The last expression is O(1) as T → ∞. Here we used the fact that the ratio in the
brace is bounded by 1 to obtain (13) from (12). [If necessary, we can make p1 slightly
bigger at the beginning of this proof since D j − d j − p > 0.] ��
Remark 8 Condition (11) is a condition in the central area because we have put other
conditions in neighborhoods of the ∞. A sufficient condition for (10) is that

sup
θ∗ ∈ K
T ≥ T0

Pθ∗

[(∫

|u|≤δ

ZT (u; θ∗)du

)−1
]

< ∞ (14)

for some positive δ and T0. This condition can be reduced to an easily verified conti-
nuity condition of the random field near u = 0. See Lemma 2.

Even if r ε in (11) is replaced by exp(r ε), it is possible to give a similar result to
Theorem 8. We omit the details.

Here, we briefly mention another approach. Define new random fields Z
k
T (uk; θ∗

k )

(k = 1, . . . , K ) by

Z
k
T (uk; θ∗

k ) = exp
(
H

k
T (θ

†
k ) − H

k
T (θ∗

k )
)

, θ
†
k = θ∗

k + ak
T (θ∗

k )uk

with

H
k
T (θk) = log

{∫
exp

(
HT (θk−1, θk, θk+1)

)
π(θk−1, θk+1|θk) dθk−1dθk+1

}
,

where π(θk−1, θk+1|θk) = π(θk−1, θk, θk+1)/πk(θk), πk(θk) = ∫
π(θk−1, θk,

θk+1) dθk−1dθk+1. Then for the simultaneous Bayes type estimator θ̃+
T for the prior
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Quasi-likelihood analysis for stochastic processes 453

density π , ũ+
T = (ũ+

k,T ) = aT (θ∗)−1(θ̃+
T − θ∗) is expressed as

ũ+
k,T =

{∫

U
k
T (θ∗

k )

Z
k
T (uk; θ∗

k ) πk(θ
†
k ) duk

}−1 ∫

U
k
T (θ∗

k )

uk Z
k
T (uk; θ∗

k ) πk(θ
†
k ) duk .

Let

ũ+
k =

{∫

R
dk

Z
k
(uk; θ∗

k ) duk

}−1 ∫

R
dk

uk Z
k
(uk; θ∗

k ) duk,

where Z
k
(uk; θ∗

k ) will be the limit random field of Z
k
T (uk; θ∗

k ). Let ZT (u; θ∗) =(
Z

k
T (uk; θ∗

k )
)

.

Theorem 9 Let K ⊂ �. Suppose that the following conditions are satisfied:

(i) For every k = 1, . . . , K and R > 0, Z
k
T (·; θ∗

k ) →d(Pθ∗ )
Z

k
(·; θ∗

k ) in C({uk;
|uk | ≤ R}) uniformly in θ∗ ∈ K as T → ∞.

(ii) For some L > 1 and some constants Dk > dk + p,

sup
θ∗∈K

Pθ∗

⎡
⎣ sup

uk∈V k
T (r,θ∗

k )

Z
k
T (uk; θ∗

k ) ≥ C1

r Dk

⎤
⎦ ≤ C2

r L

for all T > 0, r > 0 and k = 1, . . . , K .

Then the following assertions hold:

(a) For any f ∈ C(Rdk ; R
s) satisfying supuk∈Rd (1 + |uk |p)−1| f (uk)| < ∞,

∫
f (uk)Z

k
T (uk; θ∗

k )πk(θ
†
k )duk →d(Pθ∗ )

∫
f (uk)Z

k
(uk; θ∗

k )πk(θ
∗
k )duk

uniformly in θ∗ ∈ K as T → ∞.

(b) When p ≥ 1, if each family L{(∫
R

dk Z
k
(uk; θ∗

k )duk)
−1|Pθ∗} (θ∗ ∈ K) is uni-

formly tight, then for the simultaneous Bayes type estimators, ũ+
k,T →d(Pθ∗ ) ũ+

k
uniformly in θ∗ ∈ K as T → ∞ for each k = 1, . . . , K . Moreover, if for every
R > 0, Z̄T (u; θ∗) →d(Pθ∗ )

Z̄(u; θ∗) in C({u; |u| ≤ R}) uniformly in θ∗ ∈ K
as T → ∞, then for the simultaneous Bayes type estimator, ũ+

T →d(Pθ∗ ) ũ+
uniformly in θ∗ ∈ K as T → ∞.

(c) Let p ≥ 1 and L > p + 1. Suppose that For some T0 > 0,

sup
θ∗ ∈ K
T ≥ T0

Pθ∗

⎡
⎣
(∫

U
k
T (θ∗

k )

Z
k
T (uk; θ∗

k )πk(θ
†
k )du

)−1
⎤
⎦ < ∞.
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Then

Pθ∗
[

f (ũ+
k,T )

]
→ P

[
f (ũ+

k )
]

uniformly in θ∗ ∈ K as T → ∞, for any continuous function f satisfying
lim sup|uk |→∞ |uk |−p| f (uk)| < ∞.

Theorem 9 can be proved as those of Theorems 6, 7 and 8. It is rather simple and so
omitted. Extension to the convergence of the joint moment of ũ+

T in the above theorem
is obvious.

The simultaneous Bayes type estimator puts the same order of weights on all grades
of parameters. Since the convergence rates of the estimators are different in different
classes, the significance of the prior information for an estimator differs with estima-
tors in other classes. So a more natural estimator would be the adaptive Bayes type
estimator we shall discuss below. The adaptive Bayes approach seems to be better
than the simultaneous Bayes approach from a computational point of view because it
diminishes the dimension of the integration areas.

Given an estimator θ̃k−1,T for θk−1, we define a Bayes type estimator θ̃k,T by

θ̃k,T =
{∫

�k

exp
(
HT (θ̃k−1,T , θk, θ

�

k+1)
)

πk,T (θk) dθk

}−1

·
∫

�k

θk exp
(
HT (θ̃k−1,T , θk, θ

�

k+1)
)

πk,T (θk) dθk,

where θ
�

k+1 is a known dummy value of θk+1, and πk,T (θk) dθk is a prior distribution
of θk possibly depending on T ; by convention, we neglect θ̃0,T and θ

�

K+1,T . The prior
densities πk ≡ πk,T are assumed to be uniformly (in T ) continuous and to satisfy
0 < infθk ,T,ω πk,T ≤ supθk ,T,ω πk,T < ∞, for simplicity. Usually the value of θk+1

is not informative in estimation of θk , so that a choice of θ
�

k+1 does not have much
meaning asymptotically. We recall the random field Z

k
T defined in (8):

Z
k
T (uk; θk−1, θ

∗
k , θk+1) = exp

(
HT (θk−1, θ

†
k , θk+1) − HT (θk−1, θ

∗
k , θk+1)

)
.

Then the normalized Bayes estimators ũk,T = ak
T (θ∗

k )−1(θ̃k,T − θ∗
k ) are given by

ũk,T =
(∫

U
k
T (θ∗

k )

Z
k
T (uk; θ̃k−1,T , θ∗

k , θ
�

k+1)πk(θ
†
k ) duk

)−1

×
∫

U
k
T (θ∗

k )

ukZ
k
T (uk; θ̃k−1,T , θ∗

k , θ
�

k+1)πk(θ
†
k ) duk

and their targets by

ũk =
(∫

R
dk

Z
k(uk; θ∗

k−1, θ
∗
k , θ

∗
k+1) duk

)−1 ∫

R
dk

ukZ
k(uk; θ∗

k−1, θ
∗
k , θ

∗
k+1) duk .
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We denote (ũk,T ) by ũT and (ũk) by ũ. Also, θ̃k,T will be denoted by θ̃k for notational
simplicity. Then we have

Theorem 10 Let K ⊂ �. Suppose that the following conditions are satisfied:

(i) For every k = 1, . . . , K and R > 0, Z
k
T (·; θ̃k−1, θ

∗
k , θ

�

k+1) →d(Pθ∗ )
Z

k(·; θ∗
k−1,

θ∗
k , θ

∗
k+1) in C({uk; |uk | ≤ R}) uniformly in θ∗ ∈ K as T → ∞.

(ii) For some L > 1 and some constants Dk > dk + p,

sup
θ∗∈K

Pθ∗

⎡
⎣ sup

uk∈V k
T (r,θ∗

k )

Z
k
T (uk; θ̃k−1, θ

∗
k , θ

�

k+1) ≥ C1

r Dk

⎤
⎦ ≤ C2

r L

for all T > 0, r > 0 and k = 1, . . . , K .

Then the following assertions hold:

(a) For any f ∈ C(Rdk ; R
s) satisfying supuk∈Rd (1 + |uk |p)−1| f (uk)| < ∞,

∫
f (uk)Z

k
T (uk; θ̃k−1, θ

∗
k , θ

�

k+1)πk(θ
†
k )duk

→d(Pθ∗ )

∫
f (uk)Z

k(uk; θ∗)πk(θ
∗
k )duk

uniformly in θ∗ ∈ K as T → ∞.
(b) When p ≥ 1, if each family L{(∫

R
dk Z

k(uk; θ∗)duk)
−1|Pθ∗} (θ∗ ∈ K) is uni-

formly tight, then for the adaptive Bayes type estimators, ũk,T →d(Pθ∗ ) ũk

uniformly in θ∗ ∈ K as T → ∞ for each k = 1, . . . , K . Moreover, if for
every R > 0, the joint random vector (Zk

T (uk; θ̃k−1, θ
∗
k , θ

�

k+1))k=1,...,K →d(Pθ∗ )

(Zk(uk; θ∗))k=1,...,K in C({u; |u| ≤ R}) uniformly in θ∗ ∈ K as T → ∞, then
the adaptive Bayes type estimator ũT →d(Pθ∗ ) ũ uniformly in θ∗ ∈ K as T → ∞.

(c) Let p ≥ 1 and L > p + 1. Suppose that For some T0 > 0,

sup
θ∗ ∈ K
T ≥ T0

Pθ∗

⎡
⎣
(∫

U
k
T (θ∗

k )

Z
k
T (uk; θ̃k−1, θ

∗
k , θ

�

k+1)πk(θ
†
k )du

)−1
⎤
⎦ < ∞.

Then

Pθ∗
[

f (ũk,T )
] → P

[
f (ũk)

]

uniformly in θ∗ ∈ K as T → ∞, for any continuous function f satisfying
lim sup|uk |→∞ |uk |−p| f (uk)| < ∞. Moreover,

Pθ∗
[
g(ũT )

] → P
[
g(ũ)

]

for any continuous function g satisfying lim sup|u|→∞ |u|−p|g(u)| < ∞ under
the joint convergence assumption in (b).
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In order to verify the integrability condition in (c) of Theorem 10, the following
lemma is convenient. Let I (δ) = {u ∈ R

d ; |ui | ≤ δ (i = 1, . . . , d)} for δ > 0.
Consider a measurable random field K : � × I (δ) → R.

Lemma 2 Suppose that for some p > d, δ > 0 and C0 > 0,

P
[|K (u)|p] ≤ C0|u|p

for all u ∈ I (δ). Then K (0) = 0 a.s. and

P

[(∫

I (δ)

eK (u) du

)−1
]

≤ C1

for some constant C1 depending only on p, d, δ, and C0.

Proof For h ∈ (0, δ],

P

[∫

I (h)

eK (u) du < hd
]

≤ P

[∫

I (h)

(K (u) + 1) du < hd
]

≤ P

[∫

I (h)

K (u) du < −(2d − 1)hd
]

≤ P

[∫

I (h)

|K (u)| du > (2d − 1)hd
]

≤ (1 − 2−d)−p
P

[(
1

(2h)d

∫

I (h)

|K (u)| du

)p]

≤ C0(1 − 2−d)−ph p.

For t ≥ δ−d ,

P

[(∫

I (δ)

eK (u) du

)−1

> t

]
≤ P

[(∫

I (t−1/d )

eK (u) du

)−1

> t

]

≤ C0(1 − 2−d)−pt−p/d .

Therefore

∫ ∞

0
P

[(∫

I (δ)

eK (u) du

)−1

> t

]
dt

≤ δ−d + C0(1 − 2−d)−p(
p

d
− 1)−1δ p−d =: C1.

��
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5.3 Convergence of random fields on compacts

Here, we keep the notation thus far and assume that HT is of class C2 in θ . Let ϑk−1 be

a sequence of measurable mappings depending on T and taking values in
∏k−1

j=1 � j ,

and ϑk+1 a sequence of measurable mappings depending on T and taking values in∏K
j=k+1 � j . It should be noted in this notation that, for example, the first elements of

ϑ2 and ϑ3 are possibly different.

Theorem 11 Suppose that the following conditions are satisfied:

(i) On a probability space, there exist random variables �k(θ
∗) taking values in

R
dk , k = 1, . . . , K , such that for every u = (uk) ∈ R

d ,

(
∂θk HT (θ∗

k−1, θ
∗
k , ϑk+1)[ak

T (θ∗
k )uk]

)K

k=1
→d (�k(θ

∗)[uk]
)K

k=1 .

(ii) There exist deterministic positive definite symmetric matrices �k(θ
∗) ∈ R

dk ⊗
R

dk such that for every u = (uk) ∈ R
d ,

∂2
θk

HT (θ∗
k−1, θ

∗
k , ϑk+1)[(ak

T (θ∗
k )uk)

⊗2] →p −�k(θ
∗)[(uk)

⊗2].

(iii) For every k, there exist a positive number ζk and an random variable W k
T (θ∗)

such that
(iii-a) |∂θk−1

∂θk HT (θ∗
k−1, θ

∗
k , ϑk+1)| ≤ W k

T (θ∗).
(iii-b) for θ, θ ′ ∈ � satisfying θk+1 = θ ′

k+1,

∣∣∂θk
∂θk HT (θ) − ∂θk

∂θk HT (θ ′)
∣∣ ≤ W k

T (θ∗)|θk − θ ′
k |ζk ,

(iii-c) W k
T (θ∗)|ak

T (θ∗
k )|2 = Op(1), i.e., for every ε > 0, there exist T0 > 0

and M > 0 such that Pθ∗ [W k
T (θ∗)|ak

T (θ∗
k )|2 > M] < ε for all T ≥ T0.

(iv) If K ≥ 2,
∣∣ak

T (θ∗
k )−1(ϑk−1 − θ∗

k−1)
∣∣ →p 0 for each k ∈ {2, . . . , K }.

Let

Z
k(uk; θ∗) = exp

(
�k(θ

∗)[uk] − 1

2
�k(θ

∗)[(uk)
⊗2]
)

. (15)

Let R > 0. Then

(
Z

k
T (uk;ϑk−1, θ

∗
k , ϑk+1)

)K

k=1
→d

(
Z

k(uk; θ∗)
)K

k=1
(16)

in C(B(R); R
K ) as T → ∞. If the convergences and estimates in Conditions (i)-(iv)

hold uniformly in a set K ⊂ �, then so does the convergence (16).
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Proof By definition of Z
k
T ,

log Z
k
T (uk;ϑk−1, θ

∗
k , ϑk+1)

= HT (ϑk−1, θ
†
k , ϑk+1) − HT (ϑk−1, θ

∗
k , ϑk+1)

= ∂θk HT (ϑk−1, θ
∗
k , ϑk+1)[ak

T (θ∗
k )uk]

+
∫ 1

0
(1 − s)∂2

θk
HT (ϑk−1, θ

∗
k + sak

T (θ∗
k )uk, ϑk+1) ds[(ak

T (θ∗
k )uk)

⊗2].

Set

G
k
T (uk) =

∫ 1

0
(1 − s)∂2

θk
HT (ϑk−1, θ

∗
k + sak

T (θ∗
k )uk, ϑk+1) ds[(ak

T (θ∗
k )uk)

⊗2].

Then

∣∣∣∣Gk
T (uk) − 1

2
∂2
θk

HT (θ∗
k−1, θ

∗
k , ϑk+1)[(ak

T (θ∗
k )uk)

⊗2]
∣∣∣∣

≤
∫ 1

0
(1 − s)

∣∣∣∂2
θk

HT (ϑk−1, θ
∗
k + sak

T (θ∗
k )uk, ϑk+1)

−∂2
θk

HT (θ∗
k−1, θ

∗
k , ϑk+1)

∣∣∣ ds |ak
T (θ∗

k )|2|uk |2

≤
[∣∣ϑk−1 − θ∗

k−1

∣∣+ |ak
T (θ∗

k )||uk |
]ζk

W k
T (θ∗) |ak

T (θ∗
k )|2|uk |2

→p 0

uniformly in B(R), by (iii-c) and (iv). This together with (ii) implies {(Gk
T )}T ≥T0 is

C-tight for large T0 in P(C(B(R); R
K )).

Similarly,

∣∣∣∂θk HT (ϑk−1, θ
∗
k , ϑk+1)[ak

T (θ∗
k )uk] − ∂θk HT (θ∗

k−1, θ
∗
k , ϑk+1)[ak

T (θ∗
k )uk]

−∂θk−1
∂θk HT (θ∗

k−1, θ
∗
k , ϑk+1) [ϑk−1 − θ∗

k−1, ak
T (θ∗

k )uk]
∣∣∣

=
∣∣∣∣
∫ 1

0
∂θk−1

∂θk HT (θ∗
k−1 + s(ϑk−1 − θ∗

k−1), θ
∗
k , ϑk+1) ds [ϑk−1 − θ∗

k−1, ak
T (θ∗

k )uk]

−∂θk−1
∂θk HT (θ∗

k−1, θ
∗
k , ϑk+1) [ϑk−1 − θ∗

k−1, ak
T (θ∗

k )uk]
∣∣∣

≤ ∣∣ϑk−1 − θ∗
k−1

∣∣ζk W k
T (θ∗) |ak

T (θ∗
k )|2|uk | |ak

T (θ∗
k )−1(ϑk−1 − θ∗

k−1)|
→p 0

due to (iii-c) and (iv). By the same reasoning with (iii-a), (iii-c) and (iv),

∂θk−1
∂θk HT (θ∗

k−1, θ
∗
k , ϑk+1) [ϑk−1 − θ∗

k−1, ak
T (θ∗

k )uk] →p 0.
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Therefore, {(∂θk HT (ϑk−1, θ
∗
k , ϑk+1)[ak

T (θ∗
k )uk])}T ≥T0 is C-tight for large T0 in

P(C(B(R); R
K )).

Finite dimensional convergence was obtained at the same time. Consequently, we
have obtained the desired convergence. ��
Remark 9 Extension to the stable convergence is straightforward. If the convergence
in (i) of Theorem 11 holds G-stably for a σ -field G on � and possibly random �k(θ

∗)
in (ii) are G-measurable, then the resulting convergence (16) holds G-stably. It is also
the case in Theorem 12.

Remark 10 A sufficient condition of (iii-b) is that

|ak
T (θ∗

k )|2 sup
θ

|∂2
θk

∂θk HT (θ)| = Op(1)

as T → ∞. In order to verify this condition or Condition (iii), the inequalities in
Section 7 are usually used, especially to deal with martingale terms.

Theorem 12 Suppose that the following conditions are satisfied:

(i) On a probability space, there exist random variables �k(θ
∗) taking values in

R
dk , k = 1, . . . , K , such that for every u = (uk) ∈ R

d ,

(i-a)
(
∂θk HT (θ∗

k−1, θ
∗
k , θ

∗
k+1)[ak

T (θ∗
k )uk]

)K

k=1
→d (�k(θ

∗)[uk])K
k=1 .

(i-b) supθk+1

∣∣∣∂θk HT (θ∗
k−1, θ

∗
k , θk+1)[ak

T (θ∗
k )uk]

− ∂θk HT (θ∗
k−1, θ

∗
k , θ

∗
k+1)[ak

T (θ∗
k )uk]

∣∣∣ →p 0.

(ii) There exist deterministic positive definite symmetric matrices �k(θ
∗) ∈ R

dk ⊗
R

dk such that for every u = (uk) ∈ R
d ,

sup
θk :|θk−θ∗

k |≤R|ak
T (θ∗

k )|
sup
θk+1

∣∣∣∂2
θk

HT (θ∗
k−1, θk, θk+1)[(ak

T (θ∗
k )uk)

⊗2]

+�k(θ
∗)[(uk)

⊗2]
∣∣∣ →p 0

for R > 0.
Then for Z

k(uk; θ∗) given by (15),

(
Z

k
T (uk; θ∗

k−1, θ
∗
k , θ

†
k+1)

)K

k=1
→d

(
Z

k(uk; θ∗)
)K

k=1
(17)

in C(B(R); R
K ) as T → ∞. If the convergences and estimates in Conditions (i) and

(ii) hold uniformly in a set K ⊂ �, then so does the convergence (17).
In particular, one has the convergence ZT (u; θ∗) →d

Z(u; θ∗) in C(B(R); R),
where

Z(u; θ∗) = exp

(
K∑

k=1

�k(θ
∗)[uk] − 1

2

K∑
k=1

�k(θ
∗)[(uk)

⊗2]
)

.
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Proof The argument is similar to the proof of Theorem 11. We replace ϑk−1 by θ∗
k−1,

and ϑk+1 by θ
†
k+1, but it should be noted that now the variables with † depend on u.

Set

D
k
T (u) = ∂θk HT (θ∗

k−1, θ
∗
k , θ

†
k+1)[ak

T (θ∗
k )uk]

and

C
k
T (u) =

∫ 1

0
(1 − s)∂2

θk
HT (θ∗

k−1, θ
∗
k + sak

T (θ∗
k )uk, θ

†
k+1) ds[(ak

T (θ∗
k )uk)

⊗2].

Then log Z
k
T (uk; θ∗

k−1, θ
∗
k , θ

†
k+1) = D

k
T (u) + C

k
T (u). The finite-dimensional con-

vergence of D
k
T and C

k
T and their C-tightness follow from Conditions (i) and (ii),

respectively. ��

6 Estimators for a stochastic differential equation based on sampled data

Let us consider a stationary diffusion process13 X = (Xt )t∈R+ adapted to a filtration
F = (Ft )t∈R+ and satisfying the stochastic differential equation

dXt = a(Xt , θ2)dt + b(Xt , θ1)dwt , X0 = x0.

Here wt is an r -dimensional standard F-Wiener process independent of the initial
value x0. θ1 and θ2 are unknown parameters with θi ∈ �i , a bounded open set in R

mi

admitting Sobolev’s inequalities for embedding W 1,p(�i ) ↪→ C(�i ).14 The distri-
bution of x0 depends on those parameters. The true value of the unknown parameter
is denoted by θ∗ = (θ∗

1 , θ∗
2 ).

We assume the following condition:

[D1] (i) The mappings a : R
d × �2 → R

d and b : R
d × �1 → R

d⊗R
r have

continuous derivatives satisfying

sup
θ2∈�2

∣∣∣∂ i
θ2

a(x, θ2)

∣∣∣ ≤ C(1 + |x |)C (0 ≤ i ≤ 4)

and

sup
θ1∈�1

∣∣∣∂ j
x ∂ i

θ1
b(x, θ1)

∣∣∣ ≤ C(1 + |x |)C (0 ≤ i ≤ 4; 0 ≤ j ≤ 2)

for some constant C .

13 Obviously, stationarity is not essential in our discussion. Extension to the nonstationary case is straight-
forward.
14 For a sufficient condition for it, see Adams (1975). On the other hand, it is possible to replace estimates
by Sobolev’s inequality appearing below by Kolmogorov’s type criterion for tightness of random fields.
See Sect. 7.
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(ii) B(x, θ1) = bb′(x, θ1) is elliptic uniformly in (x, θ1).
(iii) For some constant C ,

sup
θ2∈�2

|a(x1, θ2) − a(x2, θ2)| + sup
θ1∈�1

|b(x1, θ1) − b(x2, θ1)|

≤ C |x1 − x2| (x1, x2 ∈ R
d).

(iv) X0 ∈ ⋂p>0 L p(Pθ∗).

Now we want to estimate the unknown parameters with the discrete-time observa-
tions xn = (Xti )

n
i=0, where ti = ih with h = hn depending on n ∈ N. For this purpose,

we consider a quasi-likelihood function

pn(xn, θ) =
n∏

i=1

1

(2πh)d/2|B(Xti−1 , θ1)|1/2

× exp

(
− 1

2h
B(Xti−1 , θ1)

−1
[
(�i X − ha(Xti−1, θ2))

⊗2
])

with �i X = Xti − Xti−1 , and the maximum likelihood type estimator θ̂n = (θ̂1,n, θ̂2,n)

that maximizes pn(xn, θ) in θ = (θ1, θ2) ∈ � = �1 × �2.

Since when h ↓ 0, the ratio pn(xn, θ1, θ
′
2)/pn(xn, θ1, θ2) tends to the representa-

tion of the likelihood ratio for the second parameter, which is well-known Girsanov’s
formula, this quasi-likelihood seems natural in estimating the drift parameter. It is the
case even for positive but small h because it is the likelihood function for the process
generated by the Euler-Maruyama scheme. We mention some literature in Remark 12.

For a function F(x, θ), we will write Fi (θ) or more simply Fi for F(Xti , θ), and
also F∗

i for F(Xti , θ
∗). Symbol C denotes a generic constant, which varies from line

to line. We write C p for C when we want to emphasize the dependency of C on another
parameter p.

We assume a mixing property for X :

[D2] There exists a positive constant a such that

αX (h) ≤ a−1e−ah (h > 0),

where

αX (h) = sup
t∈R+

sup
A ∈ σ [Xr ; r ≤ t],

B ∈ σ [Xr ; r ≥ t + h]

|Pθ∗ [A ∩ B] − Pθ∗ [A] Pθ∗ [B]| .

Ergodic property is a consequence of [D2 ]: for an invariant probability measure
ν = νθ∗ of Xt for θ∗,

1

T

∫ T

0
g(Xt )dt →

∫

Rd
g(x)ν(dx) (T → ∞) (18)
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in probability for any bounded measurable function g. It is a simple matter to deduce
that the convergence (18) takes place in L p for every p > 0 and every measur-
able function g of at most polynomial growth. For the mixing properties of diffusion
processes, we refer the reader to Meyn and Tweedie (1992, 1993a,b), Veretennikov
(1987, 1997) and Kusuoka and Yoshida (2000). Assumption of the mixing property
is of practical convenience. The exponential rate can be relaxed to sufficiently high
order of polynomial rate; however, it would make the presentation more complicated.
If a one-dimensional diffusion process is treated, then (18) is sufficient and we can
go without a mixing assumption because we have an explicit expression of the Green
function for the Poisson equation. However, our interest was not necessarily in a one-
dimensional diffusion, which admits the local time estimator. Moreover, we should
note that, though we will not do it here explicitly, it is possible to show the uniformity
of our forthcoming results under uniform version of conditions.

We will assume that h → 0 and nh2 → 0 as n → ∞.15 Moreover, we assume that
for some positive constant ε0, nh ≥ nε0 for large n.

Take Hn as

Hn(θ1, θ2) = log
{
(2πh)nd/2 pn(xn, θ)

}
. (19)

We wrote n in place of “T ”, and here θ1 is as “θ” and θ2 as “τ” in our general setting.
Then “bT (ξ0)” should be n at the first stage, and

Yn(θ1, θ2; θ∗) = 1

n

(
Hn(θ1, θ2) − Hn(θ∗

1 , θ2)
)

= − 1

2n

n∑
i=1

{(
B−1

i−1(θ1) − B−1
i−1(θ

∗
1 )
)

[(�i X − hai−1(θ2))
⊗2]h−1

+ log
|Bi−1(θ1)|
|Bi−1(θ

∗
1 )|
}

. (20)

Define Y(θ1; θ∗) = Y(θ1, θ2; θ∗) by

Y(θ1; θ∗) = −1

2

∫

Rd

{
Tr
(

B(x, θ1)
−1 B(x, θ∗

1 ) − Id

)
+ log

|B(x, θ1)|
|B(x, θ∗

1 )|
}

ν(dx).

The sum in {. . .} on the right-hand side of the above equation is obviously non-negative.
We assume the following identifiability condition:

[D3] There exists a positive constant χ(θ∗) such that Y(θ1; θ∗) ≤ −χ(θ∗)|θ1 −θ∗
1 |2

for all θ1 ∈ �1.

That the parametric model can be extended continuously to a compact set including
�1 and Y �= 0 for θ1 �= θ∗

1 on it is a sufficient condition for [D3].

15 The last one is the so-called condition for rapidly increasing experimental design. Relaxing this condition
is possible, but we do not do it here for simplicity. We will comment on this point later.
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�n(θ2; θ∗) for “�T (τ ; ξ0)” and �n(θ1, θ2; θ∗) for “�T (θ, τ ; ξ0)” are given by

�n(θ2; θ∗)[u1] = − 1

2n1/2

n∑
i=1

{
∂θ1 B−1

i−1(θ
∗
1 )[u1, (�i X −hai−1(θ2))

⊗2]h−1

+ ∂θ1 |Bi−1|(θ∗
1 )[u1]

|Bi−1(θ
∗
1 )|

}

and

�n(θ1, θ2; θ∗)[u1, u1] = 1

2n

n∑
i=1

{
∂2
θ1

B−1
i−1(θ1)[u⊗2

1 , (�i X − hai−1(θ2))
⊗2]h−1

+ ∂2
θ1

log
|Bi−1(θ1)|
|Bi−1(θ

∗
1 )| [u

⊗2
1 ]
}

for u1 ∈ R
m1 .

First, we want to obtain a polynomial-type large deviation inequality. For this, we
need some preliminary estimates.

Lemma 3 For every p > 1,

sup
n∈N

Pθ∗

[
sup

θ2∈�2

|�n(θ2; θ∗)|p

]
< ∞.

Proof Since

�i X − hai−1(θ2) = bi−1(θ
∗
1 )�iw +

∫ ti

ti−1

(b(Xt , θ
∗
1 ) − b(Xti−1 , θ

∗
1 ))dwt

+
∫ ti

ti−1

(a(Xt , θ
∗
2 ) − a(Xti−1 , θ2))dt,

we obtain a decomposition

�n(θ2; θ∗)[u1] = Mn + Rn,

where

Mn = − 1

2n1/2

n∑
i=1

{
∂θ1 B−1

i−1(θ
∗
1 )[u1, (bi−1(θ

∗
1 )�iw)⊗2]h−1 + ∂θ1 |Bi−1|(θ∗

1 )[u1]
|Bi−1(θ

∗
1 )|

}

(21)

and Rn is the residual. It is quite routine to show that for every p ≥ 1,

sup
θ2∈�2

‖Rn‖p ≤ C |u1|(
√

nh2 + √
h) → 0

if one uses the orthogonality and the estimate ‖Xt − Xs‖p ≤ C
√|t − s|.
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Due to

Pθ∗
[{

∂θ1 B−1
i−1(θ

∗
1 )[u1, (bi−1(θ

∗
1 )�iw)⊗2]h−1 + ∂θ1 |Bi−1|(θ∗

1 )[u1]
|Bi−1(θ

∗
1 )|

} ∣∣∣ Fti−1

]

= ∂θ1 B−1
i−1(θ

∗
1 )[u1, Bi−1(θ

∗
1 )] + ∂θ1 |Bi−1|(θ∗

1 )[u1]
|Bi−1(θ

∗
1 )|

= 0,

we observe that n1/2 Mn is the terminal value of a discrete-time martingale with respect
to the filtration (Fti )i=0,1,...,n . Thus Burkholder’s inequality implies supn∈N ‖Mn‖p <

∞. Therefore,

sup
n∈N

sup
θ2∈�2

‖�n(θ2; θ∗)‖p < ∞

for every p.
In a similar fashion, from

∂θ2�n(θ2; θ∗)[u2, u1]

= 1

n1/2

n∑
i=1

∂θ1 B−1
i−1(θ

∗
1 )[u1,�i X − hai−1(θ2), ∂θ2 ai−1(θ2)[u2]],

we have

sup
θ2∈�2

∥∥∂θ2�n(θ2; θ∗)
∥∥

p ≤ C p(
√

h +
√

nh2)

for every p.
By Sobolev’s inequality,

Pθ∗

[
sup

θ2∈�2

|�n(θ2; θ∗)|p

]
≤ Pθ∗

[
C
∫

�2

{|�n(θ2; θ∗)|p + |∂θ2�n(θ2; θ∗)|p} dθ2

]

≤ C�2

{
sup

θ2∈�2

Pθ∗
[|�n(θ2; θ∗)|p]

+ sup
θ2∈�2

Pθ∗
[|∂θ2�n(θ2; θ∗)|p]

}
,

where p > m2. The right-hand side of the above inequality is bounded uniformly in
n ∈ N. ��
Remark 11 In the above proof, we did not use the mixing property because the prin-
cipal part of �n(θ2; θ∗) was a martingale. If we use the mixing assumption, another
proof is possible.
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Lemma 4 Let Fj ( j ∈ N) be a (stationary) centered process and suppose that for
some h > 0 and C > 0,

sup
j∈N

sup
A∈σ [Fl ;l≤ j], B∈σ [Fl ;l≥ j+k]

|P[A ∩ B] − P[A]P[B]| ≤ C exp(−hk)

for all k ∈ N and that for every p ≥ 2, sup j ‖Fj‖p ≤ C p for some constant C p depend-
ing on p but independent of h > 0. Then for some constant C ′ = C ′(C, p, C p+1) < ∞
independent of h and the sequence Fj ,

P

⎡
⎣ sup

j=1,...,n

∣∣∣∣∣∣

j∑
i=1

Fi

∣∣∣∣∣∣

p⎤
⎦ ≤ C ′ [(nh−1)p/2 + nh1−p

]

for all n ∈ N.

Proof We use a Rosenthal type inequality for mixing sequences (Rio 1994 or Doukhan
et al. 2003). Stationarity is not necessary, as a matter of fact. Thanks to the inequality
on p.68 of Doukhan et al. (2003), in our case we know that the constant Mp,α in their
notation admits the estimate (with a small positive constant C)

Mp,α ≤
(∫ 1

0
(1 − h−1 log(Ct))(p+1)(p−1) dt

)1/(p+1)

sup
j

‖Fj‖p
p+1

≤ C ′
ph1−p.

Thus the Rosenthal-type inequality yields the desired inequality. ��
Lemma 5 Let ε1 = ε0/2. Then for every p > 0,

sup
n∈N

Pθ∗
[(

sup
θ∈�

nε1
∣∣Yn(θ1, θ2; θ∗) − Y(θ1; θ∗)

∣∣
)p]

< ∞.

Proof Let

Y
†
n(θ1; θ∗) = − 1

2n

n∑
i=1

{(
B−1

i−1(θ1) − B−1
i−1(θ

∗
1 )
)

[Bi−1(θ
∗
1 )] + log

|Bi−1(θ1)|
|Bi−1(θ

∗
1 )|
}

.

Define R†
n by

R†
n = Yn(θ1, θ2; θ∗) − Y

†
n(θ1; θ∗) − M†

n

for

M†
n = − 1

2n

n∑
i=1

(
B−1

i−1(θ1) − B−1
i−1(θ

∗
1 )
)

[(bti−1(θ
∗
1 )�iw)⊗2h−1 − Bi−1(θ

∗
1 )].
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As in the proof of Lemma 3, we obtain

sup
n∈N

sup
θ∈�

‖n
1
2 R†

n‖p < ∞ and sup
n∈N

sup
θ1∈�1

‖n
1
2 M†

n‖p < ∞

for every p. Moreover, following the same procedure, we obtain

sup
n∈N

sup
θ∈�

‖n
1
2 ∂θ R†

n‖p < ∞ and sup
n∈N

sup
θ1∈�1

‖n
1
2 ∂θ1 M†

n‖p < ∞,

after all,

sup
n∈N

∥∥∥∥sup
θ∈�

|n 1
2 R†

n |
∥∥∥∥

p

< ∞ and sup
n∈N

∥∥∥∥∥ sup
θ1∈�1

|n 1
2 M†

n |
∥∥∥∥∥

p

< ∞

for every p.
Let B[s,t] be the σ -field generated by Xu and wv − wu (s ≤ u ≤ v ≤ t). Lemma

1 of Kusuoka and Yoshida (2000) or Lemma 1 of Yoshida (2004) ensures that the
exponential mixing property [D2 ] implies the exponential mixing property for BI

(I ⊂ R+). Obviously, under the assumption that nh ≥ nε0 for large n,

(n−1+ 1
2 ε0)p

[
(nh−1)p/2 + nh1−p

]

≤ [nε0(nh)−1]p/2[1 + (nh)1−p/2] ≤ 1 + (nh)1−p/2

for large n. We may assume that p ≥ 2. Since Y
†
n(θ1; θ∗) − Y(θ1; θ∗) is a centered

functional, it follows from the mixing property and Lemma 4 that

sup
n∈N

sup
θ1∈�1

∥∥∥nε1
(
Y

†
n(θ1; θ∗) − Y(θ1; θ∗)

) ∥∥∥
p

< ∞.

Quite similarly, we can obtain

sup
n∈N

sup
θ1∈�1

∥∥∥nε1∂θ1

(
Y

†
n(θ1; θ∗) − Y(θ1; θ∗)

) ∥∥∥
p

< ∞.

and consequently

sup
n∈N

∥∥∥∥ sup
θ1∈�1

nε1 |Y†
n(θ1; θ∗) − Y(θ1; θ∗)|

∥∥∥∥
p

< ∞

for every p. Thus we obtain the desired inequality. ��
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Set

�1(θ
∗)[u1, u1] := �(θ2; θ∗)[u1, u1]

:= 1

2

∫ {
∂2
θ1

B−1(x, θ1)[u⊗2
1 , B(x, θ∗

1 )]

+ ∂2
θ1

log
|B(x, θ1)|
|B(x, θ∗

1 )| [u
⊗2
1 ]
} ∣∣∣

θ1=θ∗
1

ν(dx)

= 1

2

∫
Tr
{

B−1(∂θ1 B)B−1(∂θ1 B)(x, θ∗
1 )[u⊗2

1 ]
}

ν(dx)

for u1 ∈ R
m1 ; we dared keep the denominator in the logarithm.

Condition [D3] implies [B1] and [B2]. We make L sufficiently large as all neces-
sary estimates in the sequel can be obtained. Inequalities in [A6] with a sufficiently
large β2 ∈ (0, 1/2) follow from Lemmas 3 and 5. Next, we shall verify [A1 ′′].

Lemma 6 For any M3 > 0,

sup
n∈N

Pθ∗

[(
n−1 sup

θ∈�

∣∣∣∂3
θ1

Hn(θ1, θ2)

∣∣∣
)M3

]
< ∞.

Proof From (20), we have the following 3 and 4-linear forms:

n−1∂3
θ1

Hn(θ1, θ2)

= − 1

2n

n∑
i=1

{
∂3
θ1

B−1
i−1(θ1)[(�i X − hai−1(θ2))

⊗2]h−1 + ∂3
θ1

log |Bi−1(θ1)|
}

and

n−1∂θ2∂
3
θ1

Hn(θ1, θ2) = −1

n

n∑
i=1

∂3
θ1

B−1
i−1(θ1)[�i X − hai−1(θ2), ∂θ2 ai−1(θ2)].

Then the L p-boundedness of those random multi-linear forms is easy to obtain. ��

Lemma 7 For any M4 > 0,

sup
n∈N

Pθ∗

[
sup

θ2∈�2

(
nε1

∣∣�n(θ
∗
1 , θ2; θ∗) − �1(θ

∗)
∣∣)M4

]
< ∞.
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Proof By definition,
�n(θ∗

1 , θ2; θ∗)[u1, u1] − �1(θ
∗)[u1, u1]

= 1

2n

n∑
i=1

{
∂2
θ1

B−1
i−1(θ1)[u⊗2

1 , (�i X − hai−1(θ2))
⊗2]h−1

+ ∂2
θ1

log
|Bi−1(θ1)|
|Bi−1(θ

∗
1 )| [u

⊗2
1 ]
} ∣∣∣∣

θ1=θ∗
1

−1

2

∫ {
∂2
θ1

B−1(x, θ1)[u⊗2
1 , B(x, θ∗

1 )]

+ ∂2
θ1

log
|B(x, θ1)|
|B(x, θ∗

1 )| [u
⊗2
1 ]
} ∣∣∣∣

θ1=θ∗
1

ν(dx).

Then one obtains the result in a similar way as the proof of Lemmas 6 and 5. ��
The function θ �→ pn(xn, θ) can be continuously extended to the boundary of �.

Conditions [A1 ′′] and [A4 ′] follow from Lemmas 6 and 7. Let

V 1
n (r, θ∗

1 ) = {u1 ∈ U
1
n(θ∗

1 ); r ≤ |u1|},

where

U
1
n(θ∗

1 ) = {u1 ∈ R
m1; θ∗

1 + n−1/2u1 ∈ �1}.

From Theorem 3, we obtain the polynomial type large deviation inequality

Pθ∗

[
sup

(u1,θ2)∈V 1
n (r,θ∗

1 )×�2

Z
1
n(u1; θ∗

1 , θ2) ≥ e−r

]
≤ CL

r L
(22)

for all r > 0 and n ∈ N, where

Z
1
n(u1; θ∗

1 , θ2) = exp
{
Hn(θ∗

1 + n−1/2u1, θ2) − Hn(θ
∗
1 , θ2)

}
.

In particular, applying (22) for arbitrary L > 0, we have

sup
n∈N

Pθ∗
[
|√n(θ̂1 − θ∗

1 )|p
]

< ∞

for every p > 0. See Proposition 1.
We proceed to the second step of estimates. In this step, we focus our attention to

the statistical random field

Z
2
n(u2; θ̂1, θ

∗
2 ) = exp

(
Hn(θ̂1, θ

∗
2 + (nh)−1/2u2) − Hn(θ̂1, θ

∗
2 )
)

.
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Here it should be noted that “HT ” in Sect. 2 is in this case θ2 �→ Hn(θ̂1, θ2) without
the parameter “τ”. Moreover, Yn(θ2; θ∗) for YT (θ, τ ; ξ0) in Sect. 2 is given by

Yn(θ2; θ∗) = (nh)−1
(
Hn(θ̂1, θ2) − Hn(θ̂1, θ

∗
2 )
)

= (nh)−1

{
n∑

i=1

B−1
i−1(θ̂1)[ai−1(θ2) − ai−1(θ

∗
2 ),�i X ]

−1

2

n∑
i=1

h B−1
i−1(θ̂1)[ai−1(θ2)

⊗2 − ai−1(θ
∗
2 )⊗2]

}
.

Define Y(θ2; θ∗)16 by

Y(θ2; θ∗) = −1

2

∫

Rd
B(x, θ∗

1 )−1[(a(x, θ2) − a(x, θ∗
2 ))⊗2] ν(dx). (23)

In place of �T (τ ; ξ0)[u] of Sect. 3, we consider

�n(θ∗)[u2] = ∂θ2Hn(θ̂1, θ
∗
2 )[(nh)−1/2u2]

= (nh)−1/2
n∑

i=1

B−1
i−1(θ̂1)[∂θ2ai−1(θ

∗
2 )u2,�i X − hai−1(θ

∗
2 )]

for u2 ∈ R
m2 .

Lemma 8 (a) For every p > 0,

sup
n∈N

∥∥∥∥ sup
θ2∈�2

(nh)ε1 |Yn(θ2; θ∗) − Y(θ2; θ∗)|
∥∥∥∥

p

< ∞.

(b) For every p > 0,

sup
n∈N

Pθ∗
[|�n(θ∗)|p] < ∞.

Proof Yn(θ2; θ∗) has a decomposition

Yn(θ2; θ∗) = Mn(θ̂1, θ2) + Rn(θ̂1, θ2) + Ỹn(θ̂1, θ2; θ∗)

16 This is different from Y(θ1; θ∗) = Y(θ1, θ2; θ∗) before.
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where

Mn(θ1, θ2) = (nh)−1
n∑

i=1

B−1
i−1(θ1)[ai−1(θ2) − ai−1(θ

∗
2 ),

∫ ti

ti−1

b(Xt , θ
∗
1 )dwt ],

Rn(θ1, θ2) = (nh)−1
n∑

i=1

B−1
i−1(θ1)[ai−1(θ2) − ai−1(θ

∗
2 ),

∫ ti

ti−1

(
a(Xt , θ

∗
2 ) − a(Xti−1 , θ

∗
2 )
)

dt]

and

Ỹn(θ1, θ2; θ∗) = − 1

2n

n∑
i=1

B−1
i−1(θ1)[(ai−1(θ2) − ai−1(θ

∗
2 ))⊗2].

Estimating the norms of ∂
j
θ Mn(θ1, θ2) ( j = 0, 1) with orthogonalities, we see that

for every p > 0,

sup
n∈N

Pθ∗
[

sup
θ∈�

|(nh)
1
2 Mn(θ1, θ2)|p

]
< ∞;

in particular,

sup
n∈N

Pθ∗

[
sup

θ2∈�2

|(nh)
1
2 Mn(θ̂1, θ2)|p

]
< ∞.

We use L p-triangular inequality to estimate ∂
j
θ2

Rn(θ̂1, θ2) ( j = 0, 1) and obtain

Pθ∗

[
sup

θ2∈�2

|(nh)
1
2 Rn(θ̂1, θ2)|p

]1/p

= O(
√

n h) = o(1).

Since the L p-boundedness of
√

n(θ̂1 − θ∗
1 ) has been established, we can show that

∥∥∥∥∥n1/2 sup
θ2∈�2

∣∣∣Ỹn(θ̂1, θ2; θ∗) − Ỹn(θ∗
1 , θ2; θ∗)

∣∣∣
∥∥∥∥∥

p

≤ n1/2

2n

n∑
i=1

∥∥∥ B−1
i−1(θ̂1) − B−1

i−1(θ
∗
1 )

∥∥∥
2p

∥∥∥∥∥ sup
θ2∈�2

|ai−1(θ2) − ai−1(θ
∗
2 )|2

∥∥∥∥∥
2p

= O(1)
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for every p > 1. Finally, since Ỹn(θ∗
1 , θ2; θ∗) − Y(θ2; θ∗) is a centered random

variable, in a similar way to the proof of Lemma 5, we can show that

sup
n∈N

∥∥∥∥∥ sup
θ2∈�2

nε1 |Ỹn(θ∗
1 , θ2; θ∗) − Y(θ2; θ∗)|

∥∥∥∥∥
p

< ∞

for every p. It is possible to replace nε1 in the above inequality by (nh)ε1 to conclude
the proof of (a).

If we decompose ∂θ2Hn(θ1, θ
∗
2 )[(nh)−1/2u2] into a “martingale” part and a residual

part, it is not difficult to show

sup
n∈N

Pθ∗

[
sup

θ1∈�1

|∂θ2Hn(θ1, θ
∗
2 )[(nh)−1/2u2]|p

]
< ∞

so that

sup
n∈N

Pθ∗
[|�n(θ

∗)|p] < ∞.

��
From Lemma 8, we see that Condition [A6] is satisfied for the random field in

question.
We have

(nh)−1∂3
θ2

Hn(θ̂1, θ
∗
2 )

= (nh)−1
2∑

j=0

C( j)
n∑

i=1

B−1
i−1(θ̂1)[∂ j+1

θ2
ai−1(θ2)[ · ], ∂2− j

θ2
{�i X −hai−1(θ2)}[ · ]]

∣∣∣
θ2=θ∗

2

and

�n(θ2; θ∗)[u⊗2
2 ] := −(nh)−1∂2

θ2
Hn(θ̂1, θ2)[u⊗2

2 ]

= (nh)−1
n∑

i=1

B−1
i−1(θ̂1)[∂θ2 ai−1(θ2)[u2], ∂θ2 hai−1(θ2)[u2]]

−(nh)−1
n∑

i=1

B−1
i−1(θ̂1)[∂2

θ2
ai−1(θ2)[u⊗2

2 ],�i X − hai−1(θ2)].

Let

�2(θ
∗)[u⊗2

2 ] =
∫

Rd
B(x, θ∗

1 )−1[∂θ2 a(x, θ∗
2 )[u2], ∂θ2 a(x, θ∗

2 )[u2]] ν(dx).
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We need the following identifiability condition:

[D4] There exists a positive constant χ ′(θ∗) such that Y(θ2; θ∗) ≤ −χ ′(θ∗)|θ2−θ∗
2 |2

for all θ2 ∈ �2. Here Y(θ2; θ∗) is given in (23).

We can prove the following lemma in a similar manner as Lemma 8:

Lemma 9 (a) For every M3 > 0,

sup
n∈N

Pθ∗

⎡
⎣
(

(nh)−1 sup
θ2∈�2

∣∣∣∂3
θ2

Hn(θ̂1, θ2)

∣∣∣
)M3

⎤
⎦ < ∞.

(b) For every M4 > 0,

sup
n∈N

Pθ∗
[∣∣(nh)ε1

(
�n(θ∗

2 ; θ∗) − �2(θ
∗)
)∣∣M4

]
< ∞.

By using Lemma 9, we see that Conditions [A1′′] and [A4 ′] are satisfied if we
choose the parameters adequately. Conditions [B1] and [B2] hold under [D4]. Apply-
ing Theorem 3 once again, we obtain the polynomial type large deviation inequality

Pθ∗

[
sup

u2∈V 2
n (r,θ∗

2 )

Z
2
n(u2; θ̂1, θ

∗
2 ) ≥ e−r

]
≤ CL

r L
(24)

for all r > 0 and n ∈ N, where V 2
n (r, θ∗

2 ) = {u2 ∈ U
2
n(θ∗

2 ); r ≤ |u2|} with U
2
n(θ∗

2 ) =
{u2 ∈ R

m2; θ∗
2 + (nh)−1/2u2 ∈ �2}. Then it follows from Proposition 2 together

with Inequalities (22) and (24) that the normalized M-estimator ûn = (
√

n(θ̂1 −
θ∗

1 ),
√

nh(θ̂2 − θ∗
2 )) satisfies the polynomial type large deviation inequality

Pθ∗
[|ûn| > r

] ≤ C ′
L

r L
(25)

for all n > 0 and r > 0, for some constant C ′
L .

For ui ∈ R
mi (i = 1, 2), let θ

†
1 = θ∗

1 + n−1/2u1 and θ
†
2 = θ∗

2 + (nh)−1/2u2. In the
same way as we took in Lemma 9 or directly, we can show that

Hn(θ
†
1 , θ

†
2 ) − Hn(θ

†
1 , θ∗

2 ) = ∂θ2Hn(θ
†
1 , θ∗

2 )[(nh)−1/2u2]
+1

2
∂2
θ2

Hn(θ
†
1 , θ∗

2 )[((nh)−1/2u2)
⊗2] + op(1)

= ∂θ2Hn(θ∗
1 , θ∗

2 )[(nh)−1/2u2]
+1

2
∂2
θ2

Hn(θ
†
1 , θ∗

2 )[((nh)−1/2u2)
⊗2] + op(1)

→d �2[u2] − 1

2
�2(θ

∗)[u⊗2
2 ], (26)
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where �2 ∼ Nm2(0, �2(θ
∗)), which follows from the central limit theorem for

(nh)−1/2∂θ2Hn(θ∗
1 , θ∗

2 )[u2]

= (nh)−1/2
n∑

i=1

B−1
i−1(θ

∗
1 )[∂θ2ai−1(θ

∗
2 )u2,�i X − hai−1(θ

∗
2 )]

= (nh)−1/2
n∑

i=1

B−1
i−1(θ

∗
1 )[∂θ2ai−1(θ

∗
2 )u2,

∫ ti

ti−1

b(Xt , θ
∗
1 )dwt ] + Op(

√
n h).

Furthermore, we already know that the random field θ1 �→ Hn(θ1, θ2) satisfies
Condition [A1] so that it admits the locally asymptotic normal structure:

Hn(θ
†
1 , θ∗

2 ) − Hn(θ∗
1 , θ∗

2 ) = �n(θ∗
2 ; θ∗)[u1] − 1

2
�1(θ

∗)[u⊗2
1 ] + op(1)

→d �1[u1] − 1

2
�1(θ

∗)[u⊗2
1 ] (27)

as n → ∞, where �1 ∼ Nm1(0, �1(θ
∗)): the asymptotic normality is a consequence

of the martingale central limit theorem for Mn given in (21). From (26) and (27), we
obtain the local asymptotic normality for the full parameter:

log Zn(u1, u2; θ∗) = Hn(θ
†
1 , θ

†
2 ) − Hn(θ

∗
1 , θ∗

2 )

→d �1[u1] + �2[u2] − 1

2

{
�1(θ

∗)[u⊗2
1 ] + �2(θ

∗)[u⊗2
2 ]
}

.

(28)

The orthogonality between �1 and �2 is obvious: �1 ⊥⊥ �2. Easily we see finite-
dimensional convergence, i.e., the joint convergence for finitely many (u1, u2)’s, is
valid for (28).

Let C(R) = {u = (u1, u2); |u| ≤ R}. The tightness of the family {log Zn(u1, u2;
θ∗)|C(R); n ∈ N} for every R > 0 can be proved by a tightness criterion of a moment
inequality if one uses L p-estimates for supu∈C(R) |∂u log Zn(u1, u2; θ∗)|, which are
similar to the estimates of �n(θ2; θ∗)[u1], and �n(θ∗)[u2] together with the estimate
of Yn(θ2; θ∗) for uniformity in the parameter (see also Theorem 12). Thus we conclude
that for every R > 0,

Zn(u1, u2; θ∗) →d
Z(u1, u2; θ∗) in C(R) (29)

as n → ∞, where

Z(u1, u2; θ∗) = exp

(
�1[u1] + �2[u2] − 1

2

{
�1(θ

∗)[u⊗2
1 ] + �2(θ

∗)[u⊗2
2 ]
})

.

We obtain the following theorem from Theorem 5:
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Theorem 13 Suppose that Conditions [D1]–[D4] are fulfilled. Then for any sequence
of M-estimators for θ = (θ1, θ2), it holds that

(√
n(θ̂1 − θ∗

1 ),
√

nh(θ̂2 − θ∗
2 )
)

→d (ζ1, ζ2)

∼ Nm1+m2

(
0, diag [�1(θ

∗)−1, �2(θ
∗)−1]

)

as n → ∞. Moreover, Pθ∗
[

f (
√

n(θ̂1 − θ∗
1 ),

√
nh(θ̂2 − θ∗

2 ))
] → P [ f (ζ1, ζ2)] as

n → ∞ for all continuous functions f of at most polynomial growth.

Remark 12 Prakasa Rao (1983, 1988) presented asymptotic results for an ergodic dif-
fusion process under a sampling scheme. The joint weak convergence in Theorem 13
was given in Yoshida (1992b). These are based on the local Gaussian approximations
in their respective settings. Kessler (1997) treated an approximation with higher order
correction terms to relax the rate of convergence of h to zero. Shimizu and Yoshida
(2003) obtained asymptotic normality for a maximum likelihood type estimator for a
diffusion process with jumps. Yoshida (2005a,b) gave an asymptotic expansion for-
mula, as well as the first-order results, for an M-estimator for a diffusion process with
(possibly infinitely many) jumps on compacts.

Finally, we consider the Bayesian type estimator. Applying Theorem 10 with the aid
of Lemma 2, by using the weak convergence of (Z1

n(u1; θ∗
1 , θ�

2 ), Z
2
n(u2; θ̃1, θ

∗
2 )) like

(27) and (26) (cf. Theorem 11), and the polynomial type large deviation inequalities
(22) and the inequality

Pθ∗

[
sup

u2∈V 2
n (r,θ∗

2 )

Z
2
n(u2; θ̃1, θ

∗
2 ) ≥ e−r

]
≤ CL

r L
(r > 0, n ∈ N), (30)

which can be proved in the same way as (24), we obtain the asymptotic results as
follows:

Theorem 14 Suppose that Conditions [D1]–[D4] are fulfilled. Then for adaptive
Bayes type estimator (θ̃1,n, θ̃2,n) for θ = (θ1, θ2), it holds that

(√
n(θ̃1,n − θ∗

1 ),
√

nh(θ̃2,n − θ∗
2 )
)

→d (ζ1, ζ2)

∼ Nm1+m2

(
0, diag [�1(θ

∗)−1, �2(θ
∗)−1]

)

as n → ∞. Moreover, Pθ∗
[

f (
√

n(θ̃1 − θ∗
1 ),

√
nh(θ̃2 − θ∗

2 ))
] → P [ f (ζ1, ζ2)] as

n → ∞ for all continuous functions f of at most polynomial growth.

Remark 13 From our discussions, we have already had the same asymptotic normality
of the simultaneous Bayes estimator.

Remark 14 The obtained asymptotic variance implies that our Bayesian type estima-
tors are first-order efficient.
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Remark 15 We confined our attention to estimation by sampled data from a diffusion
process. However, the weak convergence of Bayes type estimators, to say nothing
of the moment convergence, and the weak plus moment convergence of M-estima-
tors are new at least for multi-dimensional diffusion processes even under continuous
observations. Furthermore, it is clear that our method can apply to semimartingales.

The log Likelihood function for a semimartingale has a representation

HT (θ) − HT (θ0) = δ(θ) · Mc
T − 1

2
δ(θ)⊗2 · 〈M⊗2〉T

+(Y (θ) − 1) ∗ μ̃T + (log Y (θ) − Y (θ) + 1) ∗ μT

under the true model. Obviously, a set of conditions (ergodicity, differentiability, inte-
grability, and global identifiability) implies a polynomial-type large deviation inequal-
ity for the statistical random field ZT (u; θ0), the weak convergence of ZT (u; θ0) in
Ĉ(Rm), the asymptotic normality of any sequence of the maximum likelihood estima-
tors θ̂T for θ , and the convergence of moments of ûT = √

T (θ̂T − θ0). Presenting a
set of sufficient conditions for each result in this article applied to this semimartingale
model is just an exercise of the semimartingale theory. Details of this and sampling
problems are given elsewhere (Yoshida 2005b). A polynomial-type large deviation
inequality for so called Z-estimation was discussed by Yoshida (2007).

7 Fundamental inequalities

This section recalls a few results for completeness of our discussion about tightness.
Section 7.2 gives a version of GRR inequality. Details will be presented in Yoshida
(2006).

7.1 C-space

Let (T, d) be a separable locally compact metric space and (B, ‖·‖) a separable Banach
space. Denote by Ĉ(T; B) the space of continuous mappings f : T → B such that
limt→∞ f (t) = 0. That is, for any ε > 0, there exists a compact set K ⊂ T such that
supt∈T\K ‖ f (t)‖ < ε. Then Ĉ(T; B) is a separable Banach space with respect to the
supremum norm ‖ f ‖∞ = supt∈T ‖ f (t)‖.

For a set K ⊂ T and δ > 0, the modulus of continuity of f : T → B on K
is defined by wK ( f, δ) = sups,t∈K ; d(s,t)<δ ‖ f (s) − f (t)‖. We define a modulus of
continuity near “∞” by ŵT\K ( f ) = supt∈T\K ‖ f (t)‖. T0 is a dense subset of T.

Theorem 15 A sequence {Xn}n∈N of B-valued continuous random fields on T is tight
if and only if the following three conditions are satisfied:

(i) For each t ∈ T0, the family {Xn(t)}n∈N is relatively compact.
(ii) For every compact set K ⊂ T and every ε > 0,

lim
δ↓0

lim sup
n→∞

Pn [wK (Xn; δ) > ε
] = 0,
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(iii) For any ε > 0 and η > 0, there exists a compact set K ⊂ T such that

lim sup
n→∞

P
[
x; ŵT\K (Xn) > ε

] ≤ η.

7.2 GRR inequality and Kolmogorov’s tightness criterion

Let (T, d) be a metric space. Equip T with the Borel σ -field B. Suppose that ν is a
locally finite measure on (T,B), that is, for every t ∈ T, there exists an open neigh-
borhood Ut of t such that ν(Ut ) < ∞. Also suppose that ν(B(t, ε)) > 0 for any t ∈ T

and ε > 0, where B(t, ε) = {s; d(t, s) ≤ ε}. Let (X , ρ) be another metric space. Let
�, η : R+ → R+ be continuous, strictly increasing with �(0) = 0 and η(0) = 0, and
limt→∞ �(t) = ∞.

For a mapping f : T → X , we denote

f %(t, s) =

⎧
⎪⎨
⎪⎩

ρ( f (t), f (s))

η(d(t, s))
if t �= s

0 if t = s.

The following theorem was initiated by Garsia, Rodemich and Rumsey:17

Theorem 16 Suppose that f : T → X is continuous and satisfies

∫

T

∫

T

�( f %(t, s)) ν(dt)ν(ds) < ∞.

Then

ρ( f (t), f (s)) ≤ 8 λ( f %) sup
z∈T

∫ 4d(t,s)

0
�−1

(
4

ν(B(z, ε
2 ))2

)
η(dε)

for all t, s ∈ T,18 where

λ( f %) = inf

{
λ > 0;

∫

T

∫

T

�

(
f %(t, s)

λ

)
ν(dt)ν(ds) ≤ 1

}
.

Let r > 0 and β > 0. We apply Theorem 16 to the case where T is a bounded
Borel measurable set in R

d , ν is the Lebesgue measure restricted to T, �(x) = xr ,

η(x) = xβ+ 2d
r . We assume that there exists a constant a ∈ (0,∞) such that

inf
t∈T

ν(Bε(t)) ≥ a(εd ∧ 1) (ε > 0). (31)

17 This is a simple generalization of the GRR inequality by Arnold and Imkeller (1996).
18 The factor in front of d(t, s) is 4. We do not assume the convexity of T. For example, when T is a subset
of R

2, it is possible that the open disc centered at (t + s)/2 and of diameter d(t, s) is not included in T.
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Since T is bounded, Condition (31) is equivalent to that there exist positive numbers
a and ε0 such that

inf
t∈T

ν(Bε(t)) ≥ a εd for ε ∈ (0, ε0). (32)

It may be said that Condition (31) or (32) restricts the shape of the boundary of
T. Then there exists a constant C = C(d, β, r, a, diam(T)) under (31) or C =
C(d, β, r, a, ε0, diam(T)) under (32) such that

ρ( f (t), f (s)) ≤ C A( f ) |t − s|β (t, s ∈ T) (33)

for all continuous functions f : T → X , where

A( f ) =
{∫

T

∫

T

(
ρ( f (t), f (s))

|t − s|β+ 2d
r

)r

dtds

} 1
r

.

We consider a random field X : � × T → X for a probability space (�,F , P).
Additionally, suppose that

P
[
ρ(X (t), X (s))r ] ≤ B |t − s|d+α (t, s ∈ T) (34)

for some α > rβ. Then from (33), we obtain

P

[(
sup

t,s∈T: t �=s

ρ(X (t), X (s))

|t − s|β
)r]

≤ Cr B M, (35)

where

M =
∫

T

∫

T

|t − s|α−rβ−d dtds < ∞

since α − rβ > 0.
In particular, from (35),

P

[
sup

t,s∈T: t �=s

ρ(X (t), X (s))

|t − s|β ≥ h

]
≤ Cr B M

hr
(36)

for all h > 0.
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