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Abstract The estimate of the probability of the large deviation or the statistical
random field is the key to ensure the convergence of moments of the associated estima-
tor, and it also plays an essential role to prove mathematical validity of the asymptotic
expansion of the estimator. For non-linear stochastic processes, it involves technical
difficulties to show a standard exponential type estimate; besides, it is not necessary for
these purposes. In this paper, we propose a polynomial-type large deviation inequality
which is easily verified by the L”-boundedness of certain functionals; usually they are
simple additive functionals. We treat a statistical random field with multi-grades and
discuss M and Bayesian type estimators. As an application, we show the behavior of
those estimators, including convergence of moments, for the statistical random field
in the quasi-likelihood analysis of the stochastic differential equation that is possibly
multi-dimensional and non-linear. The results are new even for stochastic differential
equations, while they obviously apply to other various statistical models.
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1 Introduction

Analysis of the likelihood ratio is the first key step in order to investigate the perfor-
mance of statistics. After the initiation of the local asymptotic normality by Le Cam
and Héjek, a new paradigm of analysis was established by Ibragimov and Has’minskii
(1972a,b, 1981). That is, all asymptotic properties of statistics in likelihood analy-
sis could be reduced in the convergence of the random field formed by the likelihood
ratios. This program was successfully implemented mainly for i.i.d. settings and white
Gaussian noise models.

We shall recall Ibragimov—Has’minskii’s result briefly. Let £ = {X¢, A, P;, 0 €
®} be a sequence of statistical experiments with € € (0, 1]. ® denotes a parameter
space in R™. ¢(€) is a positive normalizing factor tending to zero as € | 0. For a
6p € O, define a random field Z, by

dPs
[
Ze(u) = —;;‘g‘f)“ (X)
0o

for u € R™. The following is a simplified version of their result.!

Theorem 0 (Ibragimov and Has’minskii 1972a,b, 1981) Suppose that Z satisfies the
following conditions:

(1) There exist o« > m and k > « such that for some constant C,
P [1Ze@) = Ze@n) M| = Cluz =i Vi w00 (1)
(i) Forsomey > 0andc > 0,

pe [ze ) > e—f“"y] < o—clul”, )

(iii) Finite-dimensional convergence: Z. —4f 7 where Z isa C (R™)-valued ran-
dom variable.?

Then (P€)%c — L{Z}. Moreover;

P¢ |: sup Z¢(u) > e_c‘ry:| <e 7,

u:lu|>r

1 p€ denotes Pgo. By convention, P€ functions as the expectation for a random variable.

2¢ (R™) is the space of continuous functions on R that tends to zero at the infinity.
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Quasi-likelihood analysis for stochastic processes 433

If ti uniquely attains the maximum of Z(u), then for any sequence of the maximum
likelihood estimator O¢ for 0, i = (p(e)_l(e6 —60y) = 0 and moreover,

P [fGi)] — P[f@)]

forevery [ € CT(R’").3

Due to the convergence Z, —¢ Z in C(R™), one has sup,cp Ze =% sup,cq Z
for every measurable set A; as a consequence, the convergence of Z. validates the
convergence iie = argmax, Z. -4 4 = argmax, Z. In the LAN case, Z(u) takes
the form of Z(u) = exp (A(60)[u] — 27" 1(60)[u, ul) , where A(6p) ~ Ny (0, I(60))
and I (6p) is the Fisher information matrix. In this case, the asymptotic normality of
the maximum likelihood estimator is obvious from the convergence i, — i since
i = 1(60)~" A(6p). This is the first advantage of Ibragimov-Has minskii’s approach,
namely the limit distribution of the maximum likelihood estimator can be obtained
in a quite natural manner. Symbolically, once the convergence of the likelihood ratio
random field is established, all asymptotic properties of the estimators appearing in
likelihood analysis follow. However, in order to obtain the convergence Z, —¢ Z
inC (R™), it is not necessary to assume such a strong condition of separation as (2)
(Yoshida 1990). In this sense, it may be said that the most essential part of their
approach is in the use of the large deviation estimate (2) and strong properties derived
from it such as the convergence of the moments of the estimator.

Convergence of moments or the estimate of the error probability of an estimator
plays an essential role in key steps of theoretical statistics. For mean bias correction
to an estimator, we need the existence of the mean of it. The expected value of the
plug-in functional

P [log likelihood (ﬁe)]

is necessary in prediction theory and in construction of information criteria. For exam-
ple, the number of parameters appearing in AIC as the correction term is nothing but
the mean square of 1. It is impossible to develop the higher-order asymptotic theory
without the following type estimate:

P [|én — 6| > n—ﬁ] <n N

for B < 1/2. Also, for the same estimates for Bayes estimators, we need an estimate
of the large deviation probability for the likelihood ratio random field. The necessity
of the polynomial-type large deviation inequalities in the theory of asymptotic expan-
sion of the estimators for stochastic processes motivates this article (Yoshida 1995;
Sakamoto and Yoshida 1999, 2004).

3 The set of continuous functions on R of at most polynomial growth.

4 In the literature of asymptotic statistics, unfortunately, such an expectation has been very often assumed
to exist without any mathematical backing. Rigorous treatment of this problem under a certain integrability
assumption can be seen, e.g., in Uchida and Yoshida (2001).
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Kutoyants found that Ibragimov—Has minskii’s scheme could work for stochas-
tic processes including diffusion type processes and point processes. Among his
many results, Kutoyants established a complete theory for processes with small diffu-
sions (Kutoyants 1984). Many applications of this methodology were also presented
in Kutoyants (1994). We should note that the Ibragimov—Has minskii—Kutoyants’
scheme was effectively used in derivation of asymptotic expansions to ensure LP?-
boundedness of the estimators for a stochastic process with small diffusions (Yoshida
1992a, 1993).

We can use (1) or another simpler continuity inequality in most cases in practice.
Contrarily, as the core of the theory, the large deviation inequality (2) is not easy to
obtain for most of stochastic processes, even for nonlinear ergodic diffusions; asymp-
totic theory for small perturbed systems is special in this sense. As seen in Kutoyants
(1984), for ergodic diffusions, is necessary an explicit expression of the moment gen-
erating function of a kind of deviation in the statistical model, although it implies
very strong results such as the convergence of moments once it is obtained; strong
assumptions possibly produce strong results! Without such a strong assumption, the
convergence of statistical random fields was proved in Yoshida (1990), however, with-
out moment convergence.

It is an important observation, as some of statisticians have been aware and really it
was implicitly written in Ibragimov and Has’minskii’s papers, that the exponential type
large deviation inequality like (2) is much stronger than our use. The polynomial-type
large deviation inequality is sufficient to develop a theory. Here the polynomial-type
large deviation inequality means

C
PE| sup Zcw)=r V| < =X >0
r

N
u:lu|>r

because the rate of the convergence of the probability is of or faster than a polynomial
order. Some exponential in place of »~ on the left-hand side is very often possible.

Kutoyants (2004) presented a polynomial-type large deviation inequality for one-
dimensional diffusions by means of the local time. The aim of the present article is
to provide a polynomial-type large deviation inequality in a more abstract setting of
the partially locally asymptotically quadratic (PLAQ) sequence of experiments (with-
out any special properties belonging to diffusion processes). From our results, for
stochastic processes including nonlinear non-Gaussian time series models and semi-
martingales as well as multi-dimensional diffusion type processes, it is possible to
obtain new convergence results, e.g., the convergence of moments of the M-estimator,
and the asymptotic normality of the Bayes estimator, and its convergence of moments.
Our results also provide the same consequences even for estimators based on sampled
data from diffusions with/without jumps.> The grading of the parameters appearing
later is necessary for this reason. The author hopes that our approach enables us to
connect the Ibragimov—Has minskii—Kutoyants’ program in the asymptotic decision

5 The asymptotic normality of the M-estimator is already known for jump-diffusions; see Shimizu and
Yoshida (2003).
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Quasi-likelihood analysis for stochastic processes 435

theory for stochastic processes to the guasi-likelihood analysis that is inevitable in
statistics for sampled continuous-time processes.

Our setting includes the so-called non-ergodic experiments. There, the limit & of
the estimator does not necessarily admit moments; for example, the limit distribution
of the maximum likelihood estimator has the Cauchy distribution in a simple example
in the non-ergodic statistics. So no theory that ensures all moments should exist. We
shall deal with the order of moment more carefully than in the case of exponential
type large deviation inequality.

Exponential- or polynomial-type estimates for Markov chains have been studied.
Basawa and Prakasa Rao (1980) presented an exponential-type estimate. Varakin and
Veretennikov (2002) used stopping times related to the Markov chain to give a polyno-
mial-type estimate under a kind of locally uniform condition for a Hellinger distance.
On the other hand, our method does not take advantage of the Markovian property, so
it can apply to processes with functional feedback depending on the path.°

2 Polynomial type large deviation inequality

Let ® be a bounded open set in R” with diameter C. The unknown parameter space is
the product E = ©® x 7, where 7 is an arbitrary set. The statistical inference for the
unknown parameter 6 will be done based on the random fields Hy : @ x 8 — R.7
Later, we will consider an estimator maximizing Hr.

We denote by & = (6p, 79) the true value of the unknown parameter. In order to
study the asymptotic properties of the estimator for 6, we shall replace 6 by another
local parameter u to focus on the vicinity of 6y € ®. Let Ur (&) = {# € R™; 6y +
ar(&o)u € O} and let ar (§9) € GL(m) be a deterministic sequence in GL(m)? satis-
fying |ar (&9)| — 0 as T — oco. We mimic the local asymptotic theory to define the
random field Z7 : Ur (&) x 7 — (0, co) by

Zt(u, t; ) = exp {Hr (0o + ar(&o)u, v) — Hr (6o, )} .

In Sect. 6, we will treat an experiment generated by a sampled diffusion process,
where diffusion parameter and drift parameter have different convergence rates. In
estimation of the diffusion parameter, the drift parameter is in a sense redundant.
However, we then need to control variables uniformly in the drift parameter. In our
approach, we climb up the ladder of parameters with multi-scaling , and at each step,
we apply its particular law of large numbers (plus moment estimates). By this reason,
we introduced an additional parameter t as well as 6.

6 The author thanks to the referee for information about Varakin and Veretennikov (2002).

7 Even when a sequence of probability spaces is given, we may consider a single probability space 2
without loss of generality.

8 The general linear group over R of degree m.
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We assume that the random field Zr is partially locally asymptotically quadratic at
0o € © under Pg:

1
Zr(u, T; 6p) = exp (AT(T; &o)[ul] — EF(T; Eo)lu, ul +rr(u, t; éo)) 3)

for (u, t) € Ur(6y) x 7. Here A7 (t; &) is arandom linear form on R” and I'(t; &)
a random bilinear form on R” x R™, and both are defined on the same probability
space as Zr. The residual term r7 (u, T; &y) is expected, under Py, to be small when
T — oo, but we shall specify its property more precisely later. Here, we wrote &g
in “A7”, “I'” and “rr” because in the decomposition on the right-hand side, each
variable’s behavior depends on the true parameter value &.

—

In what follows, we fix a set K C & and also fix a positive number L. For
§o € K, set by (§0) = {)»min(ar(So)/ar(é‘o))}_1 1 oo, and assume that by (§0) ! <
Amax (at (€0) ar (£9)) < C1br (&)~ for some constant C; € [1, 00). Here Amin and
Amax denote the minimum eigenvalue and the maximum eigenvalue, respectively.

Leta € (0, 1), 87 (§0) =br (§0)~*/*, and Uz (r, &) ={u € Uz (§0); r <|u| <587 (§0)
br(£0)"/2}. Let €1 (r) =r "1 for some py, and let S7(r; &) = {w; SUP (4, 1)e Uy (rE0) x T
(1 + (> Yrr(u, T; &)| < €1(r)}. We will assume”

[A1] For some constant Cy,

C
sup Py, [Sr(r60)] < 7 (> 0).
T=>0

ek

This is a bit technical condition to estimate the residual term; however, we will
replace Condition [A1] later by more handy conditions.

As seen in a basic example of the non-ergodic statistics, the nondegeneracy of the
observed information is closely related to the existence of moments of the estimator.
Let

'(t; &)[u, u] for all (u, 7) € R™ x ’T]

FNgp

Ae, &) = [w; elul* <

and assume

[A2] For some constant Cp,

()
sup Pe,[A(er(r). £0)°1 < — (> 0).
&ekK r

9 We implicitly assume the measurability of the event S7(r; &p). In most cases, the separability of the
random field H7 ensures the measurability. Because one gains little in practice in removing such a regu-
larity condition, by introducing the outer measure for example, we do not pursue it here. In what follows
also, we will put measurability assumptions implicitly.
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Quasi-likelihood analysis for stochastic processes 437

In our argument, a global identifiability (or distinguishability) condition will play
an essential role. Let Y : ® x 7 x K — R be a random field. It is expected to be the
limit of Y7 defined by

1
Y70, 1:60) = brEo) (Hr (0, v) — Hr (6o, 7)) -

We assume

[A3] For each & € K, there are a positive random variable y (§p) and a positive
(deterministic) constant p = p(&p) such that

Y (01, t5 &) = Y(01, ;&) — Y (6o, 75 &0) < —x(50)1601 — 6o’

forall§; € ® and all T € 7, under Py,.

The parameter x (£p) denotes the degree of separation of models, depending on
the randomness that remains in the limit. On the other hand, the constant p may be
regarded as reflecting the smoothness of the parametric model. We often observe that
p=2.

[A4] Parameters p1, pp and B satisfy the following inequalities: 0 < p; < 1,p < p2,
Br>0and1—28, — pr > 0.

Roughly speaking, we take small «, and small p, and B, satisfying ¢p < py and
1—-28—p2 > 0.

[A5] For some constant Cp,

C
sup Py, [x(60) <] < =L (- > 0).
&ek r

We will assume a few moment conditions.

[A6] For My = L(1 — py)~!,

M,
sup sup Pg, |:(sup [Ar(T; §0)|) :| < 00.

£ €K T>0 teT

For M, = L(1 — 28, — p2)~ 1,

My
1_
sup sup Py, sup by (£0)2 P2 (Y7 (B0 + h, T )~ Y (60 + h, T &)l <o0.
£neK T>0 h: ‘ST(E()%,S |h|

TE

Remark 1 T'(t,&)) and x(§y) are in general random. An explosive Ornstein—
Uhlenbeck process is the case; really, random limiting information is common in the
so-called non-ergodic statistics. Condition [A2] restricts the probability of I'(z, &)
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near zero. Condition [A5] for x (&p) is similar. Those conditions would seem more
real if we would consider a multi-dimensional explosive Ornstein—Uhlenbeck pro-
cess, where the limit of the conditional Fisher information after normalization has a
chi-square distribution x2(v) with v > 1. See Yoshida (1988) for details. If I'(t, &)
and x (&) are constants (ergodic case), we can remove Conditions [A2] and [AS].

Let Vr(r, &) = {u € Ur(&); r < |u|}. We denote by C; generic constants
depending on L. For functions f(x) and g(x), the symbol f(x)<g(x) stands for the
relation f(x) < cg(x) for some constant ¢ independent of x. The following theorem
gives a polynomial type large deviation inequality for the statistical random field:

Theorem 1 Given L > 0, assume Conditions [A1]-[A6]. Then there exists a constant
Cy. such that

_ C
sup P, sup Zr(u,v;00) = e "2 < _LL @
gk (u,7)eVr (r.60)xT d

forall T > 0 andr > 0. Here the supremum of the empty set should read —oo by
convention.

Proof Setex(r) = r—P2 and e3(r) = r—P2. In order to prove Theorem 1, it suffices to
estimate the following two probabilities:

P, sup  Zr(u,T;60) = e 1O )
(u,t)eUT (r,E0)xT
and
P, sup Zr(u, t;00) > e 2?2 | 6)
(u,T)e(Vr (rE0)\Ur (r.60))x T

(a) Estimate of the probability (5). By assumption,

Pe, [S7(r; &0)°]

IA
|

and

Py [ACer(r), &)°] < I
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Quasi-likelihood analysis for stochastic processes 439

From these inequalities, we obtain

P, sup Zr(u, T;00) > g1/
(u,t)eUr (r,&0)xT

CL
= +Py|  sw (wlAr@ &) —amu?)
r (u,T)eUT (r,&0)xT

1 2
+e(r) = —Efl(r)r
+ [SUP AT (T;&)| > 2€1(")"}

+ Pz, |:r sup [Ar(7; &0)| — e1(r)r? +e1(r) > —e1 (P)r /2:|

IA

—LL + 2P, [Sup |Ar (T §0)| > €1(r)r/2 — € (r)/r]

teT

C M,
< r—LL +2(e1(r)r/2 — e (r)/r)~M Py, |:(SU£)_|AT(T§ Eo)l) i|

< 1 I—p M "
N (r ) Pg | | sup [A7(7: 60
r teT

1

<
rL

(b) Estimate of the probability (6). We know that r < Cbhy(£y)'/? essentially, C
being the diameter of ®, because for & = ar (§y)u,

r < lul < lar (&)~ Al < {Amin(ar (E0)ar (£0))) /% |h]

= {Amin(ar (§0) ar (£0))} ™"/ |h| < br (50)'/*C.

Furthermore,

Pe| sup (6o +h i k) = —Ce (Cbr&)'?)

h:é7(§p) < |hl
teT

= Py [X o) = C2_psz(§0)_(02—ap)/2:|

< br (%) L2

,fr_L.
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With this estimate, we have

P, [ sup Z7 (u, T3 6p) = e_Q(’)’z/z}
(u,0)e(Vr (r&0)\Ur (r.60)) X T
C2
<Py| s Yp@o+htig) = ——e (Chren'?)
k157 (Eg) < Ih]

teT

<Py | sup YO +h i) = —CPe (Chre)' )
h:é7 (&) < |h|
TE
C? 172
+Pg | sup  [Yp@+h.Ti6) = V(60 +h. i o)l = e (Cbr (&)%)
h 87 (&) < |hl
teT
2 —M;
) ¢ 12 12
= 061 +( Sbr @) Petbr Goner (Chrn)'?)
M
x Py, sup by (£0)'/?e3(br(50)) YT (B0 + . 75 §0) — Y (B + h, T3 £0)
h:87(y) <1|h
Trio Al
<, L4 bT(EO)*Mz(%*ﬁZ*%PZ)
ir_l‘ + F—M2(1=2p2—p2)
1
S
O

Remark 2 1If the inequalities in the assumptions are supposed to hold for exponential
bounds, then we would have usual exponential-type large deviation inequality as a
consequence.

3 Simple sufficient conditions

In this section, a set of simple sufficient conditions for [A1] will be provided. Though
it is possible to relax those conditions, we will give simplicity priority over weakness.

3.1 Contrast function of class C2

Suppose that Hi7 (6, 7) is of class C? in 6 for every w € Q. We define Ar(t; &) and
a random matrix I'7 (0, t; &) by

A7 (15 80)[u] = o7 (6o, T)lar (5o)ul
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and
U7, T3 &0)lu, ul = —93Hr (0, T)lar Eo)u, ar (Eo)ul

for u € R™. Then for I'(t; &) = I' (8o, t; &) and

1
rr(u, T; o) =/0 (=) {T(r; §o)lu, u] — Tr (0o + sar (o)u, T3 §o)lu, ul}ds,

we have the PLAQ representation (3) for Zr (u, t; 0p).
Let

/
S7(r; &) = sup ITr (60 + h, T3 §0) — I'(1; §0)| < €1(r)
(h.1) e (©®—06p) x T :
by &)~V < 1nl = ¢} Psp )

The following is a sufficient condition for [A1]:

[A1’] For some constant Cy,,

. Cr
sup Py, [S7(r:60)] <~ (7> 0).
T >0

ek

3.2 Contrast function of class C3

Condition [A1'] is a uniform law of large numbers with convergence rate. It is often
verified by applying a uniform central limit theorem. Here, we assume that ® admits
Sobolev’s inequality or GRR-inequality (see Sects. 6 and 7) as well as being bounded
open, and that the random field H7 : 2 x E — R is of class C? in 0, and remove the
requirement of the uniform (in ) convergence from the condition.

Set B = /(1 — o). We replace Condition [A4] by

[A4’] Parameters 81, p1, p2 and B; satisfy the following inequalities: 0 < B < 1/2,
0 < pr <min{l, 5,281/(1 —a)},ap < p2, B2 >0and 1 —28, — pp > 0.
Furthermore, we assume the following additional conditions:
[A1"] For M3=L(B —p1)~",

M3

sup Py, bT(SO)_l sup ‘BgHT(Q, r)‘ < o0.
%Z% 0,1)e®xT

Moreover, for My = L(lz_i(‘x — o)7L

sup P, [Sug (br o)™ IT7 (B0, T3 &) — T'(1: Eo)l)Mﬂ < 0.
TE

T>0
ek
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Lemma 1 Condition [A1'] holds under [A4’] and [A1"].

Proof We may assume that r < /C187(&0)bT (50)1/ 2. Otherwise, the probability
Py, [S7(r; £0)¢] is equal to zero. When by (&)~ '/?r < |h| < /C187 (&), since

br(Ep) ! <

’

(\/C_I)Z/(l_a)
r

we have
|h| < /Cibr(£g) /> < C{!TP/2 =P,

Therefore, for some positive constant C(m),
Py, [S7(r: £0)°]

< P [c:(m)r—ﬂbr(éo)—l sup (agHT(e,w\zel(r)/z}
0,71)e®XT

+ P [SuglFT(Go, ;60) — (75 80)| = 61(?)/2}
TE

M3
SPe )My (br(%'o)_l S _|ogmre. r)])
,T)EO X

+(br (£0)P €1 (r) M4 Py, [sug (br (0)P" IT1 (00, T3 &) — T'(1; sw)““}
TE

Sl ) 4 e )

< ~MyB-pn) | ~MaEEL—p1)

Obviously we obtain

Theorem 2 Let L > 0. Suppose that Conditions [A1"], [A2],[A3], [A4'],[A5] and
[A6] are satisfied. Then there exists a constant Cp, such that Inequality (4) holds for
allT >0andr > 0.

3.3 Deterministic limit information

Let us consider the situation where I'(t; &) and x (&) are deterministic. It is the
case for the locally asymptotically normal family of statistical experiments. Some of
conditions in Sect. 2 can be removed or simplified.

L is a given positive number and K C E as before.
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Quasi-likelihood analysis for stochastic processes 443

[B1] The matrix I'(7; &) is deterministic and positive definite uniformly in t € 7
and &y € K.

[B2] For K, there are a deterministic positive number x = x(K) and a positive
deterministic constant p = p(K) such that

Y (01, t5 &) = Y(01, T3 &) — Y (6o, 75 &0) < —x101 — 6ol”

forall ¢ € ® and all T € 7, under P,.

Theorem 3 For some constant Cy, Inequality (4) is valid for all T > 0 andr > 0
under each one of the following sets of conditions:

(a) Conditions [Al], [A4], [A6], [B1] and [B2] are satisfied,

(b) Conditions [A1'], [A4], [A6], [B1] and [B2] are satisfied and the random field
Hr is of class Cc?

(¢) Conditions [A1"], [A4], [A6), [B1] and [B2] are satisfied and the random field
Hry is of class C3.

4 Estimate of the modulus of continuity and convergence of the estimator

Assume that 7 is a bounded open set in R™" .10 In this and the following sections, we
assume that the random field H7 on E is continuous and can be continuously extended
to the boundary 0 2.

The M-estimator (éT, 77) for (6, T) is a measurable mapping that satisfies

Hy @7, t7) = sup Hr (8, 7).

0,7)eE

That is, the pair (éT, 7r) that maximizes the utility function Hy is to be called the
M-estimator. Let ur = ar(éo)_1 (ér — 6p). Letter p will denote a positive number.

Before going to limit theorems for the M-estimator, we should here notice that
the LP”-estimate of a7 follows from the polynomial type large deviation inequality
without any specification of the limit of Zr (-, -; 6p).

Proposition 1 Let L > p > 0. Suppose that there exists a constant Cy, such that

C
sup Py, sup Zr(u,t;60) > 1| < —LL
ek | w)eVr(rgo)xT 4

forall T > 0 andr > 0. Then for any sequence of M-estimators (r, T7), it holds
that

sup sup Py, [|ir|"] < occ. @)
EeK T>0

10 7t js just for simplifying descriptions. Finite dimensionality of 7 is not essential.
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In particular, Inequality (7) holds under Conditions [A1]-[A6].

Forc¢ > 0, let
Ber ={u € R"; |u|l <c, 6y +ar(éo)u € 6},
and forc > 0and § > 0, let

wr (8, c) = sup llog Zr (u2, T 6o) — log Zr (u1, 75 6p)| .

uy,up EBc,Ts|"2*u|\§5
teT

[C1] Forevery e > 0andc > 0, lims o supy Pg, [wr(8,c) > €] =0.

Remark 3 Under regularity conditions, it is easy to verify Condition [C1] in a quite
similar way as Lemma 4.1 of Yoshida (1990). See Sect. 7.

For ¢ > 0 and § > 0, define w;(é, c) by

wh (8, ¢) = sup llog Z7 (u, 2 60) — log Z (u, 71 6p)] -
ueBC..
71,7 eT,\rszTHSB

We assume the condition

[C2] limgyosupy P, [w;((S, c) > e] =0foralle >0andc > 0.

Let C(Rm x 7) be the space of continuous functions on R” x 7 that have limits as
(u, 7) tends to the boundary of R x 7, and tend to zero uniformly in 7 as |u| — oo.
Equip C(R™ x T) with the supremum norm.

Weextend Zr (-, -; 8p) to afunctionin C (R™ x T') thatis not greater than Zr (-, -; 6p),
and denote it by the same symbol.

Let Z(-, -; 6p) be a ¢ (R™ x T)-valued random variable.

[C3] Zr (-, -; 6p) —dr Z(-, -; 6p) (finite-dimensional convergence).
Here are some applications of the estimates of the statistical random field Z7.
Theorem 4 Assume Conditions [C1], [C2] and [C3].

(a) Extended Z1(-,-;60) —% Z(-,-;6p) in (:’(R’” xT)as T — oo if for some
sequence of positive numbers € (r) tending to zero as r — 00,

Py, sup Zr(u,t;00) > €(r) | <e€(r)
(u,t)GVT(r,S())XT

forall T > 0andr > 0.
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(b) Assume that the limit random field 7. of Zt (-, -; 6p) (as in (a)) does not depend
ont € T and that there exists a random variable ii such that'!

Z(it; o) = sup Z(u; 6p)

ucRm

and 1t is a (random) unique maximum point a.s. Then

ir =90
as T — oo.
(c) Assume that it —@ ii. If there exists a number L > p and a constant Cy. such
that

Pg, sup Zr(u,t;60) > 1| < —
(u,t)eVr(r.é0)xT

forall T > 0andr > O, then Py, [f(ﬁT)] — ]P’[f(ﬁ)] as T — oo for all
continuous functions f satisfying limsup,,_, o | f(w)|lu|"? < oo. (P denotes
the probability measure on the probability space on which the limit variables are
realized.)

Proof The weak convergence in (a) is a consequence of the tightness of {Zr
(-, 3 60)}7>7,- Showing (b) is also easy: for any closed set F' in R™, we have

lim sup Pg,[ir € F

T—o00

< limsup Pg, [Sup Hyz (6o + ar (§o)u, Tr) — Hr (6o, T1)

T—o00 uelF

> sup Hr (0o + ar (o)u, tr) — Hr (6o, fT)]

ueF¢

< hm sup P, |:sup sup Zt (u, t; 6g) — sup inf Zr(u, t;6p) € R+:|

ueF teT ucFcTe

<P [sup Z(u; 6p) — sup Z(u; 0p) € R+:|

ueF ueF¢
<Plae F].

Therefore, ii7 —? #i. And now (c) is obvious: we can change p in Proposition 1 for
uniform integrability. O

Remark 4 1f we assume that the conditions are satisfied uniformly in &y € /C for a set
K in E and that the convergence of ar (§p) is uniform as well, then the convergences in

11 We denote by Z(u; 6p) the random field Z(u, t; 6p) independent of <.
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(a) and (c) hold uniformly in /C. Additionally, if the uniform regularity condition [UR]

below for Z(u) = Z(u; 6y) is satisfied, then the consequence in (b) is valid uniformly

in K.

[UR] For every t € R™, the distribution function of sup, ., Z(u) — sup, 21 Z(u) is
continuous at 0 uniformly in .

Here {u; u < t} denotes the rectangle at the lower left of 7.

Remark 5 Obviously, each convergence in distribution in the results stated above can
be strengthen to the stable convergence if each assumption of convergence in distri-
bution is replaced by the stable convergence. It is also the case for the results in the
following sections.

5 Joint convergence

Foreachk € {1, ..., K}, let ®; be abounded open set!2inRé% . 9 = ©01,...,0k)isa
blocked vectorin ® x - - - x @ . The true value of 6 is denoted by 6* = (6, ..., 0%).
We assume that 7 is a one-point set and omit t from notation. a'} (9,;“) is a deterministic

invertible dy x dj-matrix and set ar (0*) = diag(ar-(6}), ..., ak (0%)). We write e,j
for 0 + ak (07 )ux, ux € R%. Also write 0, = (61, ...,6) and O = (b, ..., Ok).
Parameters Q,’f and 5;; are defined in a similar manner. Write u = (uy, ..., ug),

0" =©,....,00)andd = 3K | dy.
Let ® = H,le Of. We consider a sequence of statistical random fields Hry :
Q2 x ® — R. The exponential statistical random field is now given by

Zr(u: 6%) = exp (HT(Q*) —_ HT(e*)) .
The kth random field Z5 (uy; 0, _,, 67, Ox+1) is defined by
ZE(ui; 0,1, 6, Orr1) = exp (HT(Qk_l, 9;, Ok1) —Hr (0,_y. 67, §k+1)) . (8)

By convention, we neglect symbols with index K + 1 like 6 ¢ ;| and ones with index
0 like 6.
Let
Vi (r,67) = {ur € UT 67 1 < luxl},
where

UA6)) = (ur € RY%; 0F 4 ak (0] )ur € ©r).

Let L be a given positive number.

12° A bounded closed domain is also available if the reader would like to insure for the existence of an exact
M-estimator though an asymptotic M-estimator is sufficient to consider in asymptotic theory.
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5.1 Convergence of the moments of a multi-scaling M-estimator

Suppose that H can be extended continuously to ® a.s. We obtain a polynomial
type estimate for the M-estimator if we apply Theorem 1 stepwise. More precisely,
we have

Proposition 2 Let 6 =0r = (6,...,0k) be any sequence of M-estimators maxi-
mizing Hr. Given L > 0 and I C ©, suppose that the following polynomial type
estimates are valid:

« —_ C
sup Py+ sup Zl}(uk;Qk_l,Blf,QkH) >1| < r—LL

ek wr B eVEEOH =TT 1 ©;

forall T > 0,r > 0and k = 1,..., K. Then the normalized M-estimator iy =
ar(0*)~V(Or — 0*) satisfies the polynomial type large deviation inequality

. CL
sup Py« [lir| > r] < =1 ©)
0*ekC r

forallT > 0andr > 0.

Proof We only observe that by definition of the M-estimator,

0 <Hr @y, 04, Ok41) —Hr @y, 67, 0xt1)

k . ) 0
< sup log Z (uk; 04y, 05 Ok+1)
(uk,9k+1)GVﬁ(Vﬂlf)XHf:kﬂ 0;

if %] > r. O

In particular, this proposition ensures the tightness of {i7}7=7,.

In the previous section we focused our attention to a marginal (elementwise)
convergence, but here we are interested in a joint convergence. For this purpose,
we need only weak convergence of the statistical random field on compact sets
because we already have tightness (or more strongly estimate of tail probability) of the
M-estimator.

Write B(R) = {u € R?; |u| < R}.

Theorem 5 Let K C O. Suppose that the following conditions are fulfilled:

(i) Forevery R > 0, Z1(-; 6™) =4 7(;0%) in C(B(R)) as T — oo, uniformly in
K, and [U R] holds for Z(u) = Z(u; 6*).

(ii) There exists a measurable mapping i that is a unique maximum point of Z(+; 6*)
foreach 6* € K, and {Z (-; 0%)}g=¢ic is tight.

Then

(@ dar —<¢ G as T — oo uniformly in K if {ir}r>1, is tight for some Top>0
uniformly in IC.

@ Springer



448 N. Yoshida

(b) Py~ [f(ﬁT)] — P [f(ﬁ)] as T — oo uniformly in IC for all continuous functions
f satisfying lim), o0 | f (W)||u| =P = 0 if lim supy_, o, supg«ecllitlp, < 00, in
particular, if (9) holds for some L > p.

5.2 Convergence of the integration type functionals and Bayes estimators

Theorem 6 Let KC C ©. Suppose that the following conditions are satisfied:

(i) Foreveryk = 1,...,K and R > 0, Z’}(~;Q*, ) —>d(Fer) Zk(-;Q*, ) in
C{uy; lug| < R} x HiK:k—H ®;) uniformly in 0* € K as T — o0.
(i1) For some L > 1 and some constants Dy > di + p,

— C C
sup Pp= sup 75 (uy; 0%, Or41) > —L 2

<
Dy — 5L
0*ekC (Mk,0k+1)eV}‘(r,9:)><Hf=k+1 0]

forallT >0,r >0andk=1,..., K.
(iii) Forevery R > 0, Zy (u; 0*) —4Fe*) Z(u; 6*) in C({u; |u| < R}) uniformly in
0* e asT — oo.

Then for any f € C(R?; R®) satisfying sup,cga (1 + |u|P) "' f(u)| < oo,

/f(u)ZT(u; 6*)du —94Fo*) /f(u)Z(u;e*)du

uniformly in 0* € K as T — oo.

Remark 6 When K = 1, i.e., the case of a single grade, we can remove Condition (i)
since it is the same as (iii).

Proof of Theorem 6. From (i) and (ii), it follows that uniformly
Zy (0%, ) =500 7R 05, )

in C(Rd" X ]_[l-K:k+1 ®;), and also that
/ A+l sup  Zh(ugs 0F, Oy )dug
A

oy K
9k+l€H,':k+1 0;

—4(F) / (L+uel?y  sup  ZQug; 65, Ors1)dug
A

O €141 ©i
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for all A € By, . To obtain the last convergence, we note that

Py / (1 + [ujl|?) sup
|ujl=r 9

K
0j+1€llizjr1 O

o0
- C]/(Z(r+l)p+dj—l—Dj)

=0

Z;"(Mjé 05, 0,+1)du;

<C Y (r+D7"

=0

for tightness, where C| is a positive constant.
Obviously,

K
L+ > ul? ) Zr (u; 6%)du
/Zle ujZKr( Z

k=1

K K
=>/ (1 S |uk|")ZT(u; 0%)du

=1 lujl=r k=1

and

k=1

K
/ (1 > |uk|f’) Zir (s 6%)du
luj|>r

K K
—i
_/II (1+Z|I/lk|p)HZ§-(uk§Q:’9k+l)d”
uj|=r

k=1 k=1

5/ (+u;P)  sup
luj|=r il

K
0j+1€llizjv1 ©i

x H/(l +luxl?)  sup

= K
k#j Ok+1€]]i—gt1 Oi

Z‘;(uj; Qj, §j+1)duj
75 (ug; 0F, Or1)dug.

Therefore, for every € > 0, we can choose a sufficiently large » such that

K
Py / 1+ lu)? V271 (u; 0")du > € | < €
|: Z;;l |L¢_;|2Kr( z

k=1

uniformly in 6* and T > 7:0, for some Tp. [ In a similar way as above, we see that
{Zr (5 0%)} 751, is tight in C(RY) for some Ty.] o

We shall apply our large deviation results to Bayesian estimators in three types of
formulations.
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We denote by 67;“ the simultaneous Bayes type estimator for a prior density
T:0 —> Ry

-1
ot = ( / exp(Hr(0)) 7 () d9) / 0 exp(Hr(0)) 7 () d6.
® ®

Assume that 7 is continuous and 0 < infgee 7 (0) < Supycg 7 (0) < 00. T~he scaled
parameter space U7 (0%) = {u; 0* + ar (0*)u € O}. Leti; = ar(0*)~1(0} — 6%),
then

-1
LT; = (/ Zr (u; 0% (0* + a7 (0*)u) du)
Ur (6%)
X/ uZy (u; 0)w (0 + ar (0™)u) du.
Uz (6*)

It will be seen that the right-hand side is asymptotically equivalent to

-1
iy = (/ Zr(u; 6%) du) / u L (u; 0%) du
Rd Rd

for zero-extended random fields Zr under the assumptions we will make. So we may
identify these random vectors in asymptotic theory. Let

-1
at = (/ Z(u; %) du) / u Z(u; 6%) du.
R4 R4

Theorem 7 Assume the conditions in Theorem 6 for p = 1. If the family L{( fRd Z(u;
0*)du)~'|Ps+} (0% € K) is uniformly tight, then for the simultaneous Bayes type
estimator, fﬁT' —4Fe) gt yniformly in 0* € K as T — oo.

Proof In what follows, we may remove 7 from the integrands and also may only con-
sider the integrations of the random fields Z7 over the whole space R? by asymptotic
equivalence and by way of extending of them. For arbitrary € > 0, there exist positive
numbers A and T such that

sup sup Py |:(/]R<d Zor (u; 0)du)~' > A]

T>Ty 6%k
* -1 A €
< sup Py« [ (| Z(w;0%)du)™ > = |+=
o*xelC Rd 2 2
<€

Therefore, the assertion can be proved by using the uniform joint weak convergence

(/ZT(M; 9*)du,/uZT(u;9*)du) —d(Fgx) (/ Z(u;e*)du,/uZ(u;e*)du)

given in Theorem 6. O
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Remark 7 1f ICis a set of a single element, then the additional tightness condition is not
necessary because Z(-; %) is in C(R?) and Z(0; 6*) = 1 so that fRd Z(u; 0%)du > 0

a.s.

Theorem 8 Lete > 0, p > 1 and p — (K — 1)e > p; > 0. Assume the conditions

in Theorem 6 for p and some L > py + 1. Suppose

(i) For some Ty > 0,
—1
sup Py« |:(/ Z1(u; 9*)du) j| < 00.
0* e IC Ur(6*)
T=>T

(i) For some Ty > 0 and Cs,

_ C;
sup Pg+ / sup Z'}(uk; 0%, Okr1)dug > r€ | < -
0% e K Uk g I15,., & r
T >Ty k+1 i=k+1 i

forallk =1,..., K andr > 0.

Then IZ;: — 4P 5+ gnd

Po- [ f@H)] — P[f@)]

(10)

1)

uniformly in 6* € K as T — o090, for any continuous function f satisfying

lim supy,_, o0 | P! f (u)] < o0

Proof For the jth element IZ;T of IZ}E, we have
Py [m;ﬂm]

-1
< Py« |:(/ Zr (u; 0% (8™ + ar (6*)u) du)
Uz 6%)

X/ uj|P' Zg (u; 0w (0F + ar (0 )u) du
Ur©*)

00 —1
< C@@) D (r+ 1P Py [( /U oo LT du)

r=0

x / Zr (u; 0*) du
{wir<luj|<r+1}NU7T (6%)

12)
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o0
<co X i [ s 205, 0m0d;
—1 {uj,r<\u_j\§r+1}ﬂUT(0j) 0]+1€H1=_/+1 0,
<[] su Zh (g 07 By )it > ——CL
Uk = Kp 7 (ks O O )it > =g
k#j T(k)9k+IEH,'=k+] C
I S B T (u: 6%) du o +CO) (13)
D;—(K—De—d;+1 "9 Ur©%) T,
o0 . _ C/
<CE D (r+ DM 1 Py sup Ty (s 05,040 > —5-
=0 @ 014 DEVErONXTTE 41 O

pGe, o a Z -*dil
+(K_ )r_L+rDj*(K71)€7dj+1 Pg* Uz (6%) T(uye) " +C(T[)

The last expression is O(1) as T — oo. Here we used the fact that the ratio in the
brace is bounded by 1 to obtain (13) from (12). [If necessary, we can make p; slightly
bigger at the beginning of this proof since D; —d; — p > 0.] O

Remark 8 Condition (11) is a condition in the central area because we have put other
conditions in neighborhoods of the co. A sufficient condition for (10) is that

-1
sup Pg+ |:(/ Z7 (u; 9*)du) :| < 00 (14)
0¥ e K |u|<8
T>Ty

for some positive § and Tp. This condition can be reduced to an easily verified conti-
nuity condition of the random field near u = 0. See Lemma 2.

Even if 7€ in (11) is replaced by exp(r€), it is possible to give a similar result to
Theorem 8. We omit the details.

Here, we briefly mention another approach. Define new random fields Zl; (ug; 6))
(k=1,...,K)by

—k —k o+ —k
Zy(uis 67) = exp (Hp0) T 6))) 6] =6 + a6
with

—k — — —
Hr (6k) = log [/CXP (H7 @41 Ok O+1)) 7Oy Okt |6) Ay dOit ¢

where 7(0,_. Or1100) = 7(Op_1, Ok, Ox1) /7 (O), 7k (O) = SOy, bk,
Ok+1) d8;_,dbr41. Then for the simultaneous Bayes type estimator 97"5 for the prior
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density 7, IZJT“ = (ﬁZT) = aT(Q”‘)_l(é;r — 0*) is expressed as

-1

~ —k + =k +

ity = / 75 (i 67) 78] duug / ui Z g 07) 761 dus.
’ UL 6) Uy 67)

-1
ﬁ]:r = [/ Zk(uk;e,j) duk] / uka(uk;G,j) duy,
d d
R% R%

where Z ' (uy; 6) will be the limit random field of Zy (uy; 67). Let Zr (u; 6) =
—k
(Zr @ op).

Theorem 9 Let K C ©. Suppose that the following conditions are satisfied:

(i) Foreveryk =1,...,K and R > 0, ZkT(~; 9;‘) —d(Py+) Zk(~; 9;‘) in C({uy;
lug] < R}) uniformly in0* € KCas T — oo.
(i) For some L > 1 and some constants Dy > di + p,

Cy &)

=k
sup Py+ sup  Zy(ug; 67) > i < T

0*ek uReVEr0)
forallT >0,r >0andk=1,..., K.

Then the following assertions hold:

(@) Forany f € C(R%;R") satisfying sup,, crd (1 + L)~ f (up)] < o0,

/ £ )Ty (g 677 (0 )duy, — o) / FUOZ s 07707 duy

uniformly in 0* € K as T — oo.

(b) When p > 1, if each family L'{(fde Zk(uk; 6’,;k)duk)_1 | Pg+} (0* € K) is uni-
formly tight, then for the simultaneous Bayes type estimators, ﬁZT —>d(Pg+) ft,j
uniformly in 6* € K as T — oo foreachk = 1, ..., K. Moreover, if for every
R > 0, Z7(u; 0%) —4P0*) Z(u; 0%) in C({u; |u| < RY) uniformly in 6* € K
as T — oo, then for the simultaneous Bayes type estimator, IZ'}' —d(Pye)
uniformly in 0* € K as T — oo.

(¢) Letp>1landL > p+ 1. Suppose that For some Ty > O,

—1
sup Py+ / Zl;(uk;e,f)nk(@,j)du < 00.
o* e K Uk ;)

T=Ty
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Then
Por [ 1@t )| > PLAGD]

uniformly in 0* € K as T — oo, for any continuous function f satisfying
limsupy,,, |00 Ik 7P| f (ur)] < 00.

Theorem 9 can be proved as those of Theorems 6, 7 and 8. It is rather simple and so
omitted. Extension to the convergence of the joint moment of IZJT“ in the above theorem
is obvious.

The simultaneous Bayes type estimator puts the same order of weights on all grades
of parameters. Since the convergence rates of the estimators are different in different
classes, the significance of the prior information for an estimator differs with estima-
tors in other classes. So a more natural estimator would be the adaptive Bayes type
estimator we shall discuss below. The adaptive Bayes approach seems to be better
than the simultaneous Bayes approach from a computational point of view because it
diminishes the dimension of the integration areas.

Given an estimator 6, k—1.7 for 0, we define a Bayes type estimator ék,T by

~1
O = [/ exp (HT(qu,T,'gk,?k_H)) 7,7 (Ok) d9k]
O

[ b exp (B0 @y . 00.5510) e @) 40
(CJ3

where gkk 41 is a known dummy value of §k+ 1, and i 7 (6k) dby is a prior distribution
of i possibly depending on T'; by convention, we neglect éo,T and 5;( +1,7- The prior
densities my = 7k 7 are assumed to be uniformly (in 7') continuous and to satisfy
0 < infg, 7.0 Tk, < SUPg, T, Tk, T < 0O, for simplicity. Usually the value of Okt

is not informative in estimation of 6, so that a choice of 5,: 41 does not have much
meaning asymptotically. We recall the random field Zl} defined in (8):

Zh (g 03y O Bie) = exp (Hr @y, 0] D) — Hr @1, 6. B0 )

Then the normalized Bayes estimators iy 7 = al; (9,2‘)_l (ék,r — 0,:‘) are given by

-1
.1 = / Zg(“k?ék—l,r’9:’52“)7%(9;)duk
U560
X/ ukZl;"(uk;ék—l,T’eljv?k-}-l)ﬂk(QZ) duy
[ACH)
and their targets by
-1
- . .
= (/ Zk(uk;gz—l’elj’@kﬂ)d“k) / w2 051, 65,05 4y) dug.
R% R
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We denote (i, 7) by ey and (iix) by i. Also, 67/(’ 7 will be denoted by 6y for notational
simplicity. Then we have
Theorem 10 Ler K C ©. Suppose that the following conditions are satisfied:
() Foreveryk=1,...,Kand R > 0, Z5(50,_, 6%, 0,1 =P 7k 0%,
0,:,5;:_“) in C({ug; lux| < R}) uniformly in6* € K as T — oo.
(i1) For some L > 1 and some constants Dy > di + p,

Cq C
<

k . o*
sup Py« sup ZT(uk’Qk—l’9:’9k+l) > er < r_L

ek ukeVEr0p)
forallT >0,r >0andk=1,..., K.
Then the following assertions hold:

(@) Forany f € C(R%;R") satisfying sup,,, erd (1 + lug|”) " f (ux)| < o0,

/ FUO)ZE s 0,y 08, 0y 70 (0] )duag
—d(Pox) / f ) Z (ug; 0%) 70y (67 duy

uniformly in 0* € K as T — oo.

(b) When p > 1, if each family [,{(fde ZF(uy; 6%)dug) =V Pox} (0% € K) is uni-
Sformly tight, then for the adaptive Bayes type estimators, Uk, —dPo)
uniformly in 0% € K as T — oo for each k = 1,..., K. Moreover, if for
every R > 0, the joint random vector (Zl} (ug; ék_l, 01;", 67;{“));{:1 ,,,,, x — 4P
(ZF(up; 0%))i=1....x in C({u; |u| < R}) uniformly in 0* € K as T — oo, then
the adaptive Bayes type estimator iip —%Yo*) i uniformly in6* € KasT — ooc.

(¢) Letp>1landL > p+ 1. Suppose that For some Ty > O,

-1
sup Py« / Zh(ur; 0,y 68, 0, ) (0] )du < 00.
ek Uk

=Ty

Then

Pos [ f k)] = P f )]

uniformly in 0* € K as T — oo, for any continuous function f satisfying
lim supy,, | o0 |k ™7 | f (ur)| < 00. Moreover,

Py« [g(ir)] — P[g(@)]

for any continuous function g satisfying limsup,_, o [u|""[g(u)| < oo under
the joint convergence assumption in (b).
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In order to verify the integrability condition in (c) of Theorem 10, the following
lemma is convenient. Let /() = {u € R, luil <6 @@ =1,...,d)} for§ > 0.
Consider a measurable random field K : Q x I(§) — R.

Lemma 2 Suppose that for some p > d, § > 0 and Cy > 0,
P[IK @)|”] < Colul”

forallu € 1(5). Then K(0) = 0 a.s. and

-1
P (/ eK(”)du) <C;
1(8)

for some constant C depending only on p, d, 8, and C.

Proof For h € (0, 8],

]P’[/ KW qy < hd:| <P / (K(w)+1) du < hd]
1(h) LJ I(h)

<P / K@) du < —2% — l)hd}
1(h)

<P / |K(u)|du>(2d—1)hd]
I1(h)

<(1=2"H"rp ! K@w)|d '
==z [((Zh)d /I(h)| ) u) }

< Co(1 —27%)=PpP,

Fort > 8§74,

-1 -1
P (/ K du) >t| <P (/ KW du) >t
1(5) 1@t 1/d)

< Co(1 = 274=pg=pld,

Therefore

00 —1
/ P (/ KW du) >t de
0 1(8)

<5 4+ Co(1 — 2—‘1)—1’(5 — D lerd = ).
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5.3 Convergence of random fields on compacts

Here, we keep the notation thus far and assume that Hy is of class C? in 6. Let ¢ «—1 be
a sequence of measurable mappings depending on 7 and taking values in Hlj‘;]l 0O;,

and ¥4 a sequence of measurable mappings depending on T and taking values in
]_[f:k 11 ®;. It should be noted in this notation that, for example, the first elements of
¥, and ¥4 are possibly different.

Theorem 11 Suppose that the following conditions are satisfied:

(1) On a probability space, there exist random variables Ay (0) taking values in
Ré% k=1,...,K, such that for every u = (uy) € R,

— K
(90 @7y 65, Frrnlah @) — (M@ u]),, -

k=1

(ii) There exist deterministic positive definite symmetric matrices Ty (0*) € R% ®
R% such that for every u = (uy) € R%,

05 Hr (0%, 0F . Dry D@y 0)ur)®*] =P —Tr(O0)[(wr)®?].

(iii) For every k, there exist a positive number . and an random variable W; (C)
such that
(iii-a) |dg, , 06, Hr (0F_. 07, Dry1)| < W(©O).
(iii-b) for 6,0’ € O satisfying Ox+1 = 0'x41,

|9, 99, H7 () — dg, 3, H (0))] < WE (00, — 0/, 1%,
(ili-c) WE(©O")|ak@))1> = 0,(1), i.e., for every € > 0, there exist Ty > 0

and M > 0 such that Po<[W§(0%)|a% (0})1> > M] < € forall T > Ty.
(v) IfK =2 |db@) '@y, —0;_))| =P 0foreachk € {2,...,K}.

Let
1
ZF(ug; 6%) = exp (Ak(e*nuk] — Erk(9*>[<uk>®2l) : (15)
Let R > 0. Then

K K
k . * g d k . 0¥
(AE N N VA (16)

in C(B(R); RK) as T — oo. If the convergences and estimates in Conditions (i)-(iv)
hold uniformly in a set IC C ©, then so does the convergence (16).
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Proof By definition of ZX.,

log Z& (ug; 91, 07 Tit1)
=Hr 1,0, Oxs1) — Hr Oy, 65, Dps1)
= g, Hr (91, 05, Tar 1)@k (0] ux]

1
+ /0 (1 — )33 Hr (9;_y. 0F + sa5 0 ur, Fiq1) dsl(ah 07 un)®*1.

Set

1
Gh () = / (1 = $)dg Hy (0. 0F + sak 0 ur. Dr41) dsl(ah 0 up) 2.
0

Then

1 _
’G’;(uk) = 50 Hr @1, 0, Drr)ar ) u) *’]

1
5/0 (1= 5) 03 r (2, 6 + 56 ux. Dis)
03 Hr ©}_y, 6 Frern)| s laf @) Plus
Sk
< (1260 — 8] + lab @D la | Wh@™) 1 @ P
-7 0

uniformly in B(R), by (iii-c) and (iv). This together with (ii) implies {(G’})}TzTO is
C-tight for large Ty in P(C(B(R); RX)).
Similarly,

|00 Er (21, 67, Pl 6] — 0 Hr @y, 67, D lah 6 us]
05, O Hr @1, 00 Fu) (24 — 05y @ O]
= ‘/l o, 0 Hr (0F ) + 5@y — 05_ ), 05, Ory1) ds [0y — OF_. ah (0 ux]
00, O Hr @y, 08 Fa) (24 — 0f_y ab O]
< [0y — 051" WE@O") 1050 Pluxl 1k 01 @4y — 05
-7 0

due to (iii-c) and (iv). By the same reasoning with (iii-a), (iii-c) and (iv),

g, 00, Hr (0F_ 1. 0F  Dks) [0y — Of_y. a6 ux] —7 0.
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Therefore, {(dgHr (Dy_;, 6}, 5k+1)[al} O)urD}r=1, is C-tight for large Tp in
P(C(B(R); RF)).

Finite dimensional convergence was obtained at the same time. Consequently, we
have obtained the desired convergence. O

Remark 9 Extension to the stable convergence is straightforward. If the convergence
in (i) of Theorem 11 holds G-stably for a o-field G on 2 and possibly random I’y (6*)
in (ii) are G-measurable, then the resulting convergence (16) holds G-stably. It is also
the case in Theorem 12.

Remark 10 A sufficient condition of (iii-b) is that

laf (60)1* sup |95, 8, Hr (0)] = O, (1)
0

as T — oo. In order to verify this condition or Condition (iii), the inequalities in
Section 7 are usually used, especially to deal with martingale terms.

Theorem 12 Suppose that the following conditions are satisfied:

(i) On a probability space, there exist random variables Ay (0*) taking values in
Ré% k=1,...,K, such that for every u = (uy) € R4,
K

(-a) (90 Hr @), 67 Oranlab@ul) =4 (Ae@)luDEy

(-b) supg,,, |0, Hr(©]_,, 67, Bl 6 ue]
— g Hr €], 67 Byl @il > 0.
(ii) There exist deterministic positive definite symmetric matrices Ty (0*) € R%* ®

R% such that for every u = (uy) € R?,

sup sup ‘392,(HT(Q;§—1» Ok, O [(@h O ur)®?]
Ok: 10k —OF | <RIa% (0} Opy1

HTLO )] —7 0

for R > 0.
Then for ZF (uy; %) given by (15),

k . p* il K d k . p* K
ZT(Z’“{’ Qk-lr Qk’0k+]) k=1 - Z (ukve ) k=1 (17)

inC(B(R): R as T — oo. If the convergences and estimates in Conditions (i) and
(ii) hold uniformly in a set IC C ©, then so does the convergence (17).

In particular, one has the convergence Zr(u; 0*) —9 Z(u; 6*) in C(B(R); R),
where

K K
1
Z(u; 6%) = exp( E Ap(0")[ug] — 3 E r‘k(e*)[(btk)‘gz])~
k=1

k=1
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Proof The argument is similar to the proof of Theorem 11. We replace ¢, _; by 05 _,,

and ¥4 by §l 41, but it should be noted that now the variables with 7 depend on u.
Set

Dk (u) = 8, Hr (0F_,, 65 Oy DIk (67 )ug]

and
! ¢
Chw) = /O (1 — $)dg Hy 0F_ . 0F + say O u. 0y ) ds[(al O ur)®*].

Then log Z’} (ug; 054, 0;,5;“) = ID)kT (u) + (CkT (u). The finite-dimensional con-
vergence of ]D)]} and Cl} and their C-tightness follow from Conditions (i) and (ii),
respectively. O

6 Estimators for a stochastic differential equation based on sampled data

Let us consider a stationary diffusion process'> X = (X,);cr . adapted to a filtration
F = (F1):er, and satisfying the stochastic differential equation

dX; = a(X;, 62)dt + b(X;, 01)dw,, Xo = xo.

Here w; is an r-dimensional standard F-Wiener process independent of the initial
value x¢. 61 and 6, are unknown parameters with 6; € ®;, a bounded open set in R™
admitting Sobolev’s inequalities for embedding wWhr(®;) — C(0;).!* The distri-
bution of xo depends on those parameters. The true value of the unknown parameter
is denoted by 6* = (67, 6).

We assume the following condition:

[D1] (i) The mappings a : RYx ® — Riand b : R? x ©; — RIQR’ have
continuous derivatives satisfying

sup [oh,a(x,02)] = CO+ xS © =i <4
6 e®r
and
sup [3{3),b(x. 60| < CA+1xDC O =i<40=j=2)
916@1

for some constant C.

13 Obviously, stationarity is not essential in our discussion. Extension to the nonstationary case is straight-
forward.

14 For a sufficient condition for it, see Adams (1975). On the other hand, it is possible to replace estimates
by Sobolev’s inequality appearing below by Kolmogorov’s type criterion for tightness of random fields.
See Sect. 7.
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(ii) B(x,01) = bb'(x, 0;) is elliptic uniformly in (x, 0;).
(iii) For some constant C,

sup la(xy, 62) —a(xz, 02)| + sup |b(x1, 01) — b(x2, 01)]
6,0, 01€0

< Clx; —x2| (x1,x2 € RY).

(iv) X0 € Mo LP(Poo).

Now we want to estimate the unknown parameters with the discrete-time observa-
tions x, = (X, );’:0, where t; = ih with h = h,, depending on n € N. For this purpose,
we consider a quasi-likelihood function

n
1
Dn(Xp, 0) = ,li[l Qehy2|B(X,_,. 00|12

1
X eXp (_ﬁB(Xti—l > 91)_1 [(AiX - ha(Xfi—l ’ 92))®2])

with A; X = X, — X;,_,, and the maximum likelihood type estimator é,, = (él,n, é;,,)
that maximizes p, (X,,6) in 0 = (01, 602) € © =0 x 0,.

Since when & | 0, the ratio p, (x,, 61, Oé) /Pn(Xy, 61, 62) tends to the representa-
tion of the likelihood ratio for the second parameter, which is well-known Girsanov’s
formula, this quasi-likelihood seems natural in estimating the drift parameter. It is the
case even for positive but small / because it is the likelihood function for the process
generated by the Euler-Maruyama scheme. We mention some literature in Remark 12.

For a function F(x, 0), we will write F;(0) or more simply F; for F (X, 0), and
also F' [.* for F(X;,,0%). Symbol C denotes a generic constant, which varies from line
to line. We write C, for C when we want to emphasize the dependency of C on another
parameter p.

We assume a mixing property for X:

[D2] There exists a positive constant a such that
ax(h) <a” e (h>0),
where

ax(h) = sup sup | Pox [A N B] — Pgx [A] Py« [B]] .

teRy AcolXpir =il
Beol[Xyp;r>=t+h]

Ergodic property is a consequence of [D2]: for an invariant probability measure
v = v+ of X, for 0%,

T
l/ g(Xl)dt—>/ g(x)v(dx) (T — o0) (18)
T 0 Rd
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in probability for any bounded measurable function g. It is a simple matter to deduce
that the convergence (18) takes place in L” for every p > 0 and every measur-
able function g of at most polynomial growth. For the mixing properties of diffusion
processes, we refer the reader to Meyn and Tweedie (1992, 1993a,b), Veretennikov
(1987, 1997) and Kusuoka and Yoshida (2000). Assumption of the mixing property
is of practical convenience. The exponential rate can be relaxed to sufficiently high
order of polynomial rate; however, it would make the presentation more complicated.
If a one-dimensional diffusion process is treated, then (18) is sufficient and we can
go without a mixing assumption because we have an explicit expression of the Green
function for the Poisson equation. However, our interest was not necessarily in a one-
dimensional diffusion, which admits the local time estimator. Moreover, we should
note that, though we will not do it here explicitly, it is possible to show the uniformity
of our forthcoming results under uniform version of conditions.

We will assume that & — 0 and nh? — Qasn — 00.1 Moreover, we assume that
for some positive constant €y, nh > n for large n.

Take H, as

H, (61, 62) = log { @)™ py (%, 6) | (19)

@

We wrote 7 in place of “T"”, and here 6; is as “6” and 6, as “t” in our general setting.
Then “b7 (&y)” should be n at the first stage, and

* 1 *
V61, 02:6%) = = (Ha (61, 62) — H, 6], 62))

_% > {(Bi_—ll 61) — B (91*)) [(AiX — hai—1(62))%°1h™!
i=1

|Bi—1(601)]
+log ——— L. 20
°g|B,»1(el*)|] <0
Define Y(6;; 6*) = Y(6y, 6; 6*) by
=L B0 1B 00l
Y(6y; 0%) = 2/Rd {Tr (B(x,@l) B(x,07) Id)+1og|B(x’9T)|} v(dx).

The sumin {. ..} on the right-hand side of the above equation is obviously non-negative.
We assume the following identifiability condition:

[D3] There exists a positive constant x (0*) such that Y(8;; 0%) < —x (0%)10; — 0} |2
forall 6] € ©;.

That the parametric model can be extended continuously to a compact set including
©1 and Y # 0 for 0; # 6} on it is a sufficient condition for [D3].

15 The last one is the so-called condition for rapidly increasing experimental design. Relaxing this condition
is possible, but we do not do it here for simplicity. We will comment on this point later.
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A, (025 0%) for “Ar(t; &) and T, (01, 62; 6*) for “T'r (0, t; &))" are given by

1 n
An(02: 0%)m] = =25 > [301 B (0 u1, (A X —hai—1(62))%*1h ™"
i=1
O, | Bi—11(07)[u1] }
|Bi-1(67)]

and

n

1 -1 2 -
L1, 623 09)[ur, ] = - > [ag] B (0D[uF?, (AiX — hai—1(62))%°1h ™"

i=

Bi_1(6
+3921 log| i ]( 1)|[u®2]]

1Bi1(07)] !

foru; € R™!.
First, we want to obtain a polynomial-type large deviation inequality. For this, we
need some preliminary estimates.

Lemma 3 For every p > 1,

sup Po+ | sup |A,(62; 0|7 | < o0.
neN 0,0,

Proof Since
t
AiX — hai—1(62) = bi—1(67)Ajw +/ (b(X:, 6]) — b(Xy,_,, 07))dw,
ti—1

ti
+/ (a(X;,05) —a(Xy_,, 62))dt,
ti—

we obtain a decomposition
Ap(02;09)[ur] = My, + Ry,
where

g, | Bi —11(67)[u1] }

1 $ —1 nx * ®277,—1
Mp—m;[aellsi1(91)[u1,(b,-_1<91)Aiw) I+

(21)
and R, is the residual. It is quite routine to show that for every p > 1,

sup [|Ryll, < Clui|(vnh? 4+ ~h) — 0

6he®r

if one uses the orthogonality and the estimate || X; — X, < C/|t — s].
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Due to

g, | Bi—11(67
Py: [[391 B O)lur, (bi-1 (07) Ajw)**1n~! +M] | ,,.1}

|Bi—1(07)]
g, | Bi—11(07)[u1]

= 39, B, (0)[u1, Bi—1(6)] +
A |Bi—16)]

=0,
we observe that n'/% M,, is the terminal value of a discrete-time martingale with respect

to the filtration (F;; );j=0,1,...,»- Thus Burkholder’s inequality implies sup, ¢y |Myllp <
00. Therefore,

sup sup [[A,(62; 67|, < o0
neN 6,0,

for every p.
In a similar fashion, from

39, A (625 0%)[u2, u1]

J— _
= 75 2 00 By ODur, AL X — hai—1(82), dpyi1 (6 [u2]],
i=1

we have

sup [[3g, An (625 6%) |, < Cp(Vh +Vnh?)

6he®r

for every p.
By Sobolev’s inequality,

Py« |: sup A, (62; 9*)|pi| < Py~ [C/ {|An(92§ )7 + 109, Ap (023 9*)|p} d92:|
6,eOr [SH)

< Ce, | sup Py [|A,(62;6%)|7]
6he®r

+ sup Py [|9g, A, (62 9*)|p]} ;
6he®r

where p > m». The right-hand side of the above inequality is bounded uniformly in
n e N. O

Remark 11 In the above proof, we did not use the mixing property because the prin-
cipal part of A, (62; 6*) was a martingale. If we use the mixing assumption, another
proof is possible.
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Lemma 4 Let F; (j € N) be a (stationary) centered process and suppose that for
some h > 0 and C > 0,

sup sup |P[AN B]— P[A]P[B]| < Cexp(—hk)
jeN AeoFy;l<j], Beo[F;l=j+k]

forallk € Nandthatforevery p > 2,sup; || Fjll, < Cpforsome constant Cp, depend-

ing on p but independent of h > 0. Then for some constant C' = C'(C, p, Cp41) < 00
independent of h and the sequence Fj,

)4
P| sup |D F| |=C [(nh‘l)”/2 +nh1—P]
foralln € N.

Proof We use a Rosenthal type inequality for mixing sequences (Rio 1994 or Doukhan
et al. 2003). Stationarity is not necessary, as a matter of fact. Thanks to the inequality
on p.68 of Doukhan et al. (2003), in our case we know that the constant M, , in their
notation admits the estimate (with a small positive constant C)

1 1/(p+1)
My < ( / (1 —h~"og(Cy)P+DP=D dr) sup [ F 174
0 J

< C;h“p.

Thus the Rosenthal-type inequality yields the desired inequality.

Lemma 5 Let €; = €y/2. Then for every p > 0,

P
sup Pps |:(sup n Y, (01, 62; 6%) — Y(61; 9*)|) ] < oo
neN 0O
Proof Let

n

1 _ _ |Bi—1(61)|
Yi(0y;6%) = —— B! 61) — BZL 07)) [Bi_1(67)] + log -————— 1 .
1(01:0%) an{( 2460 = BZLOD) 1B 6] + °g|Bi1<9f>|]
DeﬁneR,tby

R! =Y, (01,62 6%) — Y} (61;6%) — M

n

§ =5 20 (B0 = BZLOD) 1y, 01 aw)h " = By 6])).
i=l
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As in the proof of Lemma 3, we obtain

1 1
sup sup ||n§R,7:||p < oo and sup sup ||n7M,7;||p < 00
neNoe® neN 6 €0

for every p. Moreover, following the same procedure, we obtain

1 . 1
sup sup [[n20g R, ||, < oo and sup sup ||n7891M,I||,, < 00,

neNoc® neN01€0;
after all,
1 + Lo s
sup |[sup [n2R;|| <oo and sup| sup [n2M,||| < o0
0e® N ||01€®
neN p ne 1€01 p
for every p.

Let By ;) be the o-field generated by X, and w, — w, (s <u < v <t). Lemma
1 of Kusuoka and Yoshida (2000) or Lemma 1 of Yoshida (2004) ensures that the
exponential mixing property [D2 ] implies the exponential mixing property for By

(I C R4). Obviously, under the assumption that nh > n for large n,

(an»%eU)p I:(nhfl)p/Z _}_nhlfp:l
< [nOmh) 1P+ () TP < 1+ (ni)' P2

for large n. We may assume that p > 2. Since Yj; (01; 0%) — Y(Oy; 0*) is a centered

functional, it follows from the mixing property and Lemma 4 that

sup sup
neN 61 €0

nél (Yj(el; 0%) — Y (6;: 9*)) Hp < 0.

Quite similarly, we can obtain

sup sup

1! 3, (Y;(el; %) — Y (0r; 9*)) H < .
neN 0 €0 p

and consequently

sup n€Y!(6y1; 6%) — Y(61; 0%)|
01€0

sup
neN

< X
p

for every p. Thus we obtain the desired inequality.
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Set

L1 [ur, uil :=T(602; 6")[ur, u1]

1
:/ [ B B0 B, )]

1B, 0D o
821 T y® ‘ d
0 log e on T g, g YY)

1
- E/Tr{B*l(ag]B)B*l(a@lB)(x,9;*)[u;‘3’2]} v(dx)

for u; € R™!; we dared keep the denominator in the logarithm.

Condition [D3] implies [B1] and [B2]. We make L sufficiently large as all neces-
sary estimates in the sequel can be obtained. Inequalities in [A6] with a sufficiently
large B> € (0, 1/2) follow from Lemmas 3 and 5. Next, we shall verify [A1”].

Lemma 6 For any M3 > 0,

M3
sup Py« (nl sup 331Hn(91, 92)’) < 0.
neN 0e®

Proof From (20), we have the following 3 and 4-linear forms:

n” 05 H, (01, 6)

1l — _ _
=—=> {331 B (ODI(AX — hai—1(82))%21h~" + 3], log IBi—l(Gl)l}
i=1
and
“1q a3 I3 et
n" " g, 0y H, (01, 62) = — Z 99, B; 1 (OD[A; X — ha;—1(02), dg,ai—1(62)].
i=1

Then the LP-boundedness of those random multi-linear forms is easy to obtain. O

Lemma 7 For any My > 0,

sup Py | sup (n! [T (6}, 623 0) — T1(6)])"™ | < o0,
neN 62€0;
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Proof By definition,
L, 07, 025 0wy, ur] — T1(0)[ur, ui]

1 < B .
~ o Z [8021 Bi—l1 ('91)[11?2, (A; X — hai_; (62)®%10 !
i=1

[Bi—101)] | oo
+92 lo —[u® ]
0 108 [Bi—1(6])] !

0,=0;
1 _
—-/[3313 Y, 02, B(x, 67)]

2
|B(x, 61)] @2]]

92 log —— 7L
AT TR

v(dx).
0,=0;

Then one obtains the result in a similar way as the proof of Lemmas 6 and 5. O

The function 6 — p,(X;,, 0) can be continuously extended to the boundary of ®.
Conditions [A1”] and [A4'] follow from Lemmas 6 and 7. Let

V), 00) = {ur € UL©OD); r < luy]},
where
1%\ mi. px* —1/2
U,07) ={u; e R"; 6] +n up € O1}.

From Theorem 3, we obtain the polynomial type large deviation inequality

C
Py sup Zy(uy; 0F,60)) > e | < —LL (22)
(u1,02)€V,} (1,0)x O r

forall » > 0 and n € N, where
ZhGur; 07, 62) = exp [H 0] +n™uy, 02) — Hy (67, 6]
In particular, applying (22) for arbitrary L > 0, we have

sup Py« [|ﬁ(él - Ol*)lp] <00
neN

for every p > 0. See Proposition 1.

We proceed to the second step of estimates. In this step, we focus our attention to
the statistical random field

72 (us; 61, 65) = exp (]H[n(él, 0 + (nh)~us) — Hy (6, 9;)) .
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Here it should be noted that “Hy” in Sect. 2 is in this case 6, +— Hi, (él, 6>) without
the parameter “t”. Moreover, Y, (63; 0*) for Y7 (6, t; &) in Sect. 2 is given by

V(0267 = (1)~ (01, 62) — Hy (61, 65))

= (nh)”"! [Z B (D)lai—1(62) — ai1(65), AiX]

i=1

1 - .
=5 2 B @0lai1 0% — a,-1<9;‘>®2]] :

i=1

Define Y(6,; 6*)'° by
1
Y(62; 6%) = _E/Rd B(x,0) '[(a(x, 62) — a(x, 03))%*] v(dx). (23)

In place of Ar(t; &)[u] of Sect. 3, we consider

An(09)[uz] = 36, H, @1, 0)[(nh) " us)

n
= (nh)™'2 D" B (00)0g,0i-1(03)ua, A X — hai—1(65)]

i=1
for up, € R™2.

Lemma 8 (a) Forevery p > 0,

sup (nh)!|Y, (62; 6™) — Y(62; 6%)|
6 e®r

sup
neN

< OQ.
p

(b) Forevery p >0,

sup Po+ [|A,(0)7] < oc.
neN

Proof Y,(62; 6*) has a decomposition

Y, (62; 6%) = My (01, 02) + Ry (01, 02) + Y, (61, 62; 6%)

16 This is different from Y(6;; 0%) = Y(8, 65; 6*) before.
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where

n ti
My (01,62) = (nh)™' D" B (OD)ai-1(62) — ai1(63), / (X1, 67)dw],
ti—

i=1

Ra(61,62) = (nh)™" >~ B (00)ai—1(62) — ai—1(65),
i=1

t
/ (a(X;,05) —a(Xy,_,,05))dr]
ti—1

and

~ 1 <&
V(01 02;0) = = > By (00[(@i-1(02) — a1 (051,
i=1

Estimating the norms of ng M, (61, 602) (j = 0, 1) with orthogonalities, we see that
for every p > 0,

sup Py« |:Sup |(nh)%Mn(919 92)|p} < 00;
neN fe®

in particular,
1 A
sup Py | sup [(nh)2 M, (@1, 62)]7 | < oo.
neN 0,€0)

We use LP-triangular inequality to estimate agz Rn (él, 6) (j =0, 1) and obtain

1/p
Py~ |: sup |(nh)%Rn(élyQZ)|p:| = 0(J/nh) =o(l).
6,0

Since the L?-boundedness of \/n (él — 6}) has been established, we can show that

n'? sup

6,0,

Y, (01, 62; 6%) — Y, (65, 623 6%)

p

IA

sup |ai—1(62) — ai—1(65)1?
6,0

nl/2 oA |
— — *
3 ERIOEAICH
1=

2p
o(l)
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for every p > 1. Finally, since Y, (07, 02;0%) — Y(62; 0%) is a centered random
variable, in a similar way to the proof of Lemma 5, we can show that

sup n|Y, (65, 62; 6%) — Y(62: 6")]| < o0

6he®r

sup
neN

p

for every p. It is possible to replace n€! in the above inequality by (n4)€! to conclude
the proof of (a).

If we decompose dp, H, (61, 65) [(nh)’]/ 2y,]intoa “martingale” part and a residual
part, it is not difficult to show

sup Py { sup |892Hn(91,65‘)[<nh>—1/2u21|"] <00
neN 01€0
so that

sup P+ [|A,(6%)]7] < o0.
neN

m}

From Lemma 8, we see that Condition [A6] is satisfied for the random field in
question.
We have

(nh) ™" 95, H, (01, 05)
2 n
= (nh)~! Z,OC(J') ; B 0018]  ai—1 02 -1, 8, T {Ai X —hai_1 (62)}] - 1] s
and

T (02; 09)[uS?] := —(nh) ™ 83, H, (1, 02)[u$”]

= ()" D" B (0)[06,ai -1 (02)[uz], g, hai1(02)[u2]]
i=1

—(nh)™' " B 00)195,ai102)[u§7], Ai X — hai—1(6)].
i=1

Let

D (0[] = /Rd B(x,01) " [dg,a(x, 05)[u2], dg,a(x, 63)[uz]] v(dx).
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We need the following identifiability condition:

[D4] There exists a positive constant x'(6*) such that Y (6,; 6*) < —x'(6*)10,—065 |2
for all 6, € ©,. Here Y(6; 6*) is given in (23).

We can prove the following lemma in a similar manner as Lemma 8:

Lemma9 (a) Forevery M3 > 0,

M3
sup Py« (nh)71 sup Bngn(él, 92)‘ < 00.
neN 0,€0;

(b) For every My > 0,

sup Py« [|(nh)‘1 (0 (03 0%) — rz(e*))|M“] < oo.
neN

By using Lemma 9, we see that Conditions [A1”] and [A4'] are satisfied if we
choose the parameters adequately. Conditions [B1] and [B2] hold under [D4]. Apply-
ing Theorem 3 once again, we obtain the polynomial type large deviation inequality

Q

Py« |: sup  Z2(up; 01,65) = er:| < —f (24)

ur€V2(r,0%) r

forall 7 > 0 and n € N, where V2(r, 05) = {uz € U2(0); r < |uz|} with U2(65) =
{up € R™; 65 + (nh)_l/zuz € ©3}. Then it follows from Proposition 2 together

with Inequglities (22) and (24) that the normalized M-estimator i, = (ﬁ(él —
07), v/nh(6, — 05)) satisfies the polynomial type large deviation inequality

P [lin] > r] = =% (25)

foralln > 0 and r > 0, for some constant C /L
Foru; € R™ (i = 1,2),letd] = 0 +n~"2u; and 6] = 63 + (nh)~"2uy. In the
same way as we took in Lemma 9 or directly, we can show that
Ha (6], 63) — Ha (6], 63) = 80, H, 0}, 05) [ ()~ *us)
1 _
+§a§2Hn<ei6;>[((nh> Y2u2)®2] + 0, (1)
= 3, H, (67, 03)[(nh) ™"/ *u5]

1
505, Ha (0] 03)[((nh) ™ Pu2)®] + 0, (1)

1
- Ayup] — §F2(9*)[u?2], (26)
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where Ay ~ Ny, (0, T'2(6%)), which follows from the central limit theorem for
(nh) =109, H, (67, 65)[u2]

n
= ()2 " B (07)[00,0i1(03)ua, A X — ha;—1(65)]
i=1

n t;
= (u)~"2 " B (07)[0g,0i-1(05)ua. / b(X, 07)dwi] + O, (/1 h).
i=1 li-1

Furthermore, we already know that the random field 6; +— M, (0, 6>) satisfies
Condition [A1] so that it admits the locally asymptotic normal structure:

. 1
H, (6, 05) —H, (07, 65) = A (055 0")[ug] — §F1(9*)[u?2] +o,(1)
1
= Ailur] = ST O[] 27)
as n — oo, where A1 ~ N, (0, I'1 (6%)): the asymptotic normality is a consequence

of the martingale central limit theorem for M,, given in (21). From (26) and (27), we
obtain the local asymptotic normality for the full parameter:

l0g Zy (u1, ua; 6%) = H, (6], 61) — H, (6}, 65)

1
4 Al + Aalua] = 3 [P1O)WF + P20 1)
28)

The orthogonality between A and A is obvious: Ay L A,. Easily we see finite-
dimensional convergence, i.e., the joint convergence for finitely many (u1, u2)’s, is
valid for (28).

Let C(R) = {u = (u1,u2); lu| < R}. The tightness of the family {log Z,, (u1, uz;
0%)|c(ry; n € N} forevery R > 0 can be proved by a tightness criterion of a moment
inequality if one uses L”-estimates for SUPyeC(R) |0, log Z,, (1, up; 6*)|, which are
similar to the estimates of A, (62; 6*)[u1], and A, (6*)[u;] together with the estimate
of Y,,(62; 6*) for uniformity in the parameter (see also Theorem 12). Thus we conclude
that for every R > 0,

Zn(u, u2: %) = Zur, u2:6%) in C(R) (29)
as n — 0o, where
Ly, ua; 0°) = exp (A1 )+ Molir] = 5 [P @ ) + F2(9*)[M§®2]}) .
We obtain the following theorem from Theorem 5:
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Theorem 13 Suppose that Conditions [D1]-[D4] are fulfilled. Then for any sequence
of M-estimators for 0 = (01, 02), it holds that

(ﬁ(él — 67, Vnh(6 — 9;)) -4, )

~ Ny (0. diag 1107, 209)71)

as n — 00. Moreover, Py [f(ﬁ(él — 07), V/nh(6 — 03] = PLf (1. 8)] as
n — oo for all continuous functions f of at most polynomial growth.

Remark 12 Prakasa Rao (1983, 1988) presented asymptotic results for an ergodic dif-
fusion process under a sampling scheme. The joint weak convergence in Theorem 13
was given in Yoshida (1992b). These are based on the local Gaussian approximations
in their respective settings. Kessler (1997) treated an approximation with higher order
correction terms to relax the rate of convergence of & to zero. Shimizu and Yoshida
(2003) obtained asymptotic normality for a maximum likelihood type estimator for a
diffusion process with jumps. Yoshida (2005a,b) gave an asymptotic expansion for-
mula, as well as the first-order results, for an M-estimator for a diffusion process with
(possibly infinitely many) jumps on compacts.

Finally, we consider the Bayesian type estimator. Applying Theorem 10 with the aid
of Lemma 2, by using the weak convergence of (Z,]l (uy; 07, 63), Zﬁ (uz; 0y, 05)) like
(27) and (26) (cf. Theorem 11), and the polynomial type large deviation inequalities
(22) and the inequality

~ C
Py« |: sup Zi(uz; 01,65) > er:| < —L (r>0, neN), (30)

L
ur€V2(r,63) r

which can be proved in the same way as (24), we obtain the asymptotic results as
follows:

Theorem 14 Suppose that Conditions [D1]-[D4] are fulfilled. Then for adaptive
Bayes type estimator (61 5, 62.,) for 0 = (61, 62), it holds that
(V@10 — 0, Vi @on = 09) = 1, 22)
~ Nty (0, diag [T 67, T26)7'1)
as n — 00. Moreover, Py« [f(ﬁ(él - 67), Vnh(6, — 9;‘))] — P[f(¢1, )] as
n — oo for all continuous functions f of at most polynomial growth.

Remark 13 From our discussions, we have already had the same asymptotic normality
of the simultaneous Bayes estimator.

Remark 14 The obtained asymptotic variance implies that our Bayesian type estima-
tors are first-order efficient.
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Remark 15 We confined our attention to estimation by sampled data from a diffusion

process. However, the weak convergence of Bayes type estimators, to say nothing

of the moment convergence, and the weak plus moment convergence of M-estima-

tors are new at least for multi-dimensional diffusion processes even under continuous

observations. Furthermore, it is clear that our method can apply to semimartingales.
The log Likelihood function for a semimartingale has a representation

1
Hr () — Hr (60) = 8(0) - Mj = 78(0) - (M®*)1
+(Y () — 1) % i + (log Y (0) = Y(0) + 1) % pr

under the true model. Obviously, a set of conditions (ergodicity, differentiability, inte-
grability, and global identifiability) implies a polynomial-type large deviation inequal-
1ty for the statistical random field Zr (u; 8y), the weak convergence of Z7 (u; 6p) in
c (R™), the asymptotic normality of any sequence of the maximum likelihood estima-
tors 0T for 6, and the convergence of moments of iy = JT (GT — 0p). Presenting a
set of sufficient conditions for each result in this article applied to this semimartingale
model is just an exercise of the semimartingale theory. Details of this and sampling
problems are given elsewhere (Yoshida 2005b). A polynomial-type large deviation
inequality for so called Z-estimation was discussed by Yoshida (2007).

7 Fundamental inequalities

This section recalls a few results for completeness of our discussion about tightness.
Section 7.2 gives a version of GRR inequality. Details will be presented in Yoshida
(2006).

7.1 C-space

Let (T, d) be a separable locally compact metric space and (B, ||-||) a separable Banach
space. Denote by C(T; B) the space of continuous mappings f : T — B such that
lim,_, », f(#) = 0. That is, for any € > 0, there exists a compact set K C T such that
sup,em\k [1f ()|l < €. Then é‘(T; B) is a separable Banach space with respect to the
supremum norm || f |lec = sup,cr I f @)l

Foraset K C T and § > 0, the modulus of continuity of f : T — B on K
is defined by wk (f, 8) = Sup; ek a(s.y<s I/ () — f(@)|l. We define a modulus of
continuity near “o0” by W\ g (f) = sup; e\ g |1/ () l. To is a dense subset of T.

Theorem 15 A sequence {X"},,cN of B-valued continuous random fields on T is tight
if and only if the following three conditions are satisfied:

(1) Foreacht € Ty, the family {X" (t)},eN is relatively compact.
(ii) For every compact set K C T and every € > 0,

hinhmsup pP" [wK(X” 8) > e] =0,

n—o0
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(iii)) For any € > 0 and n > 0, there exists a compact set K C T such that

lim sup P [x; W g (X") > E] <.

n— oo

7.2 GRR inequality and Kolmogorov’s tightness criterion

Let (T, d) be a metric space. Equip T with the Borel o-field B. Suppose that v is a
locally finite measure on (T, B), that is, for every ¢t € T, there exists an open neigh-
borhood Uy of t such that v(U;) < oco. Also suppose that v(B(t,€)) > Oforanyr € T
and € > 0, where B(t, €) = {s; d(t,s) < €}. Let (X, p) be another metric space. Let
®, n : Ry — Ry be continuous, strictly increasing with ®(0) = 0 and n(0) = 0, and
lim; 00 @ (1) = 0.

For a mapping f : T — X, we denote

p(f (@), f(s))
o, s) =1 nds)
0 ift =s.

ifr#s

The following theorem was initiated by Garsia, Rodemich and Rumsey: '’

Theorem 16 Suppose that f : T — X is continuous and satisfies

//@(f%(t,s))v(dt)v(ds) < 0.
TJT

Then

” s 4
p(f), f(s)) =8A(f7) SUP/O o (W) n(de)

zeT

forallt,s € T, '8 where

%
A(f%) :inf[,\ > 0; //cb(w) v(dr)v(ds) < 1].
TJT A

Letr > 0 and B > 0. We apply Theorem 16 to the case where T is a bounded
Borel measurable set in RY, v is the Lebesgue measure restricted to T, ®(x) = x”,

2d .
nx) = 1P+ We assume that there exists a constant a € (0, o) such that

inf v(Be(1)) > a(e? A1) (e > 0). (31)
teT

17 Thisis a simple generalization of the GRR inequality by Arnold and Imkeller (1996).

18 The factor in front of d(t, s) is 4. We do not assume the convexity of T. For example, when T is a subset
of R, it is possible that the open disc centered at (# + s)/2 and of diameter d(z, s) is not included in T.
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Since T is bounded, Condition (31) is equivalent to that there exist positive numbers
a and ¢€( such that

in%v(Bé (1) > ae? fore € (0, €). (32)
te

It may be said that Condition (31) or (32) restricts the shape of the boundary of
T. Then there exists a constant C = C(d, B, r, a,diam(T)) under (31) or C =
c(, B, r,a, €y, diam(T)) under (32) such that

p(f(), () <CAf) |t —sP (t,5s€T) (33)

for all continuous functions f : T — X, where

p(f (1), f(s)) ’
A(f) = [//( P ) dtds] .

We consider a random field X : Q x T — X for a probability space (2, F, P).
Additionally, suppose that

Pp(X(0). X)) < Bt —s|*™ (.5 €T) (34)

for some o > rB. Then from (33), we obtain

P sup M <C'BM, 35)
t,seT: t#s [t — S|/3

M =// It — s|*7P~4 drds < oo
TJT
sincea —rp > 0.

In particular, from (35),

where

sup (36)

t,s€T: t#s |t — Slﬁ

P[ PXO. X)) h} B C’'BM

forall & > 0.

References

Adams, R. A. (1975). Sobolev spaces. In Pure and applied mathematics (Vol. 65). London, New York:
Academic Press.

Arnold, L., Imkeller, P. (1996). Stratonovich calculus with spatial parameters and anticipative problems in
multiplicative ergodic theory. Stochastic Processes and their Applications, 62, 19-54.

@ Springer



478 N. Yoshida

Basawa, 1. V., Prakasa Rao, B. L. S. (1980). Statistical inference for stochastic processes. London,
New York: Academic Press.

Doukhan, P. (1995). Mixing: Properties and examples. In Lecture notes in statistics (Vol. 85). Berlin:
Springer.

Doukhan, P., Oppenheim, G., Taqqu, M. S. (Eds.). (2003). Theory and applications of long-range
dependence. Boston: Birkhauser.

Ibragimov, I. A., Has’minskii, R. Z. (1972). The asymptotic behavior of certain statistical estimates in the
smooth case. I. Investigation of the likelihood ratio. (Russian) Teorija Verojatnostei i ee Primenenija,
17, 469-486.

Ibragimov, I. A., Has’minskii, R. Z. (1973). Asymptotic behavior of certain statistical estimates. II. Limit
theorems for a posteriori density and for Bayesian estimates. (Russian) Teorija Verojatnostei i ee
Primenenija, 18, 78-93.

Ibragimov, I. A., Has’minskii, R. Z. (1981). Statistical estimation: Asymptotic theory. New York: Springer.

Kessler, M. (1997). Estimation of diffusion processes from discrete observations. Scandinavian Journal of
Statistics, Theory and Applications, 24, 211-229.

Kusuoka, S., Yoshida, N. (2000). Malliavin calculus, geometric mixing, and expansion of diffusion func-
tionals. Probability Theory and Related Fields, 116, 457-484.

Kutoyants, Y. A. (1984). Parameter estimation for stochastic processes (B. L. S. Prakasa Rao, Ed., Trans.).
Berlin: Herdermann.

Kutoyants, Y. (1994). Identification of dynamical systems with small noise. Dordrecht: Kluwer.

Kutoyants, Y. A. (1998). Statistical inference for spatial Poisson processes. In Lecture notes in statistics
(Vol. 134). Berlin: Springer.

Kutoyants, Y. A. (2004). Statistical inference for ergodic diffusion processes. In Springer series in statistics.
London: Springer.

Meyn, S. P, Tweedie, R. L. (1992). Stability of Markovian processes. 1. Criteria for discrete-time chains.
Advances in Applied Probability, 24, 542-574.

Meyn, S. P, Tweedie, R. L. (1993a). Stability of Markovian processes. II. Continuous-time processes and
sampled chains. Advances in Applied Probability, 25, 487-517.

Meyn, S. P, Tweedie, R. L. (1993b). Stability of Markovian processes. 11I. Foster—Lyapunov criteria for
continuous-time processes. Advances in Applied Probability, 25, 518-548.

PrakasaRao, B. L. S. (1983). Asymptotic theory for non-linear least square estimator for diffusion processes,
Mathematische Operationsforschung und Statistik Series Statistics, 14, 195-209.

Prakasa-Rao, B. L. S. (1988). Statistical inference from sampled data for stochastic processes, Contemporary
Mathematics, 80, 249-284.

Rio, E. (1994). Inegalites de moments pour les suites stationnaires et fortement melangeantes. (French)
[Moment inequalities for stationary strongly mixing sequences] Comptes Rendus de I’Académie des
Sciences. Série 1. Mathématique, 318, 355-360.

Sakamoto, Y., Yoshida, N. (1999). Higher order asymptotic expansions for a functional of a mixing process
and applications to diffusion functionals (unpublished).

Sakamoto, Y., Yoshida, N. (2004). Asymptotic expansion formulas for functionals of epsilon—Markov
processes with a mixing property. Annals of the Institute of Statistical Mathematics, 56, 545-597.

Shimizu, Y., Yoshida, N. (2002). Estimation of diffusion processes with jumps from discrete observations.
Statistical Inference for Stochastic Processes (to appear).

Uchida, M., Yoshida, N. (2001). Information criteria in model selection for mixing processes. Statistical
Inference for Stochastic Processes, 4, 73-98.

Varakin, A. B., Veretennikov, A. Y. (2002). On parameter estimation for “polynomial ergodic” Markov
chains with polynomial growth loss functions. Markov Processes and Related Fields, 8, 127-144.

Veretennikov, A. Y. (1987). Bounds for the mixing rate in the theory of stochastic equations. Theory of
Probability and its Applications, 32, 273-281.

Veretennikov, A. Y. (1997). On polynomial mixing bounds for stochastic differential equations. Stochastic
Processes and their Applications, 70, 115-127.

Yoshida, N. (1988). On asymptotic mixed normality of the maximum likelihood estimator in a multidi-
mensional diffusion process. Statistical theory and data analysis, II (Tokyo, 1986) (pp. 559-566).
Amsterdam: North-Holland.

Yoshida, N. (1990). Asymptotic behavior of M-estimator and related random field for diffusion process.
Annals of the Institute of Statistical Mathematics, 42(2), 221-251.

Yoshida, N. (1992a). Asymptotic expansion for small diffusions via the theory of Malliavin—Watanabe.
Probability Theory and Related Fields, 92,275-311 (1992).

@ Springer



Quasi-likelihood analysis for stochastic processes 479

Yoshida, N. (1992b). Estimation for diffusion processes from discrete observation. Journal of Multivariate
Analysis, 41,220-242.

Yoshida, N. (1993). Asymptotic expansion of Bayes estimators for small diffusions. Probability Theory
and Related Fields, 95, 429-450.

Yoshida, N. (1995). Malliavin calculus and asymptotic expansion for martingales. Probability Theory and
Related Fields, 109, 301-342.

Yoshida, N. (2004). Partial mixing and conditional Edgeworth expansion. Probability Theory and Related
Fields, 129, 559-624.

Yoshida, N. (2005a). General M-estimation for stochastic differential equation with jumps by sampled data
(in preparation).

Yoshida, N. (2005b). Asymptotic expansion for general M-estimation for stochastic differential equation
with jumps. Zenkin Tenkai 2003, Hiroshima International University (in preparation).

Yoshida, N. (2006). Polynomial type large deviation inequalities and convergence of statistical random
fields. Research Memorandum, The Institute of Statistical Mathematics.

Yoshida, N. (2007). Statistical random field with graded parameters and mighty convergence. In Workshop
on Stochastic Analysis and Statistics held at ISM, February 15, 2007.

@ Springer



	Polynomial type large deviation inequalities and quasi-likelihood analysis for stochastic differential equations
	Abstract
	1 Introduction
	2 Polynomial type large deviation inequality
	3 Simple sufficient conditions
	3.1 Contrast function of class C2
	3.2 Contrast function of class C3
	3.3 Deterministic limit information

	4 Estimate of the modulus of continuity and convergence of the estimator
	5 Joint convergence
	5.1 Convergence of the moments of a multi-scaling M-estimator
	5.2 Convergence of the integration type functionals and Bayes estimators
	5.3 blackConvergence of random fields on compacts

	6 Estimators for a stochastic differential equation based on sampled data
	7 Fundamental inequalities
	7.1 C-space
	7.2 GRR inequality and Kolmogorov's tightness criterion

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


