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Abstract We propose a new parametric model for continuous data, a “g-model”, on
the basis of gradient maps of convex functions. It is known that any multivariate prob-
ability density on the Euclidean space is uniquely transformed to any other density
by using the gradient map of a convex function. Therefore the statistical modeling for
quantitative data is equivalent to design of the gradient maps. The explicit expression
for the gradient map enables us the exact sampling from the corresponding probabil-
ity distribution. We define the g-model as a convex subset of the space of all gradient
maps. It is shown that the g-model has many desirable properties such as the con-
cavity of the log-likelihood function. An application to detect the three-dimensional
interaction of data is investigated.

Keywords Convex function · Exact sampling · g-Model · Gradient representation ·
Three-dimensional interaction

1 Introduction

In this paper we propose a method of gradient-based modeling for multivariate quan-
titative data. An essential fact we use is that any probability density function on the
Euclidean space is transformed to any other density function by using the gradient
map of some convex function. We will call the map the gradient representation of the
probability density and show that the statistical modeling on the basis of the gradient
representation has various advantages.
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676 T. Sei

Let us consider the one-dimensional case to clarify the idea. Let Q be a cumulative
distribution function on R. Assume that Q is continuous and strictly increasing. For
any increasing function g from R onto R, the function F defined by F(x) = Q(g(x))
is a cumulative distribution function. If Q is fixed, there is a one-to-one correspon-
dence between g and F . Therefore the statistical model can be described in terms of
the increasing function g. Remark that any increasing function on R is the gradient
map of a convex function on R, and vice versa.

The idea can be generalized to the multivariate distribution. In any dimension there
exists a one-to-one correspondence between probability distributions and gradient
maps of convex functions. This remarkable fact was proven by Brenier (1991) for
a restricted case and McCann (1995) for the general case. The details are stated in
Sect. 2. We will show that the exact sampling is available by the inverse-function
method once the gradient representation is obtained.

A statistical model whose gradient representation is linear with respect to the param-
eter is called a g-model in this paper. This model has many desirable properties such as
concavity of the log-likelihood function, nonnecessity of normalization, description
of independency, inclusion of all the multivariate normal distributions and possibility
of the conic extension. We will describe these properties and compare the g-model
with other types in Sect. 3.

There is an important application of g-models. From the practical point of view,
a model describing the three-dimensional interaction of data is needed, where we
say that the set of variables (x1, x2, x3) has the three-dimensional interaction if the
third-order derivative of the joint log-probability density with respect to x1, x2 and x3
does not vanish (see Chapter 2 of Whittaker 1990). However, this interaction is not
described by any normal distribution. There is almost no tractable parametric model
to analyze it. We will propose such a model by using the g-model and apply it to a real
data. Roughly speaking, the density function has three-dimensional interaction if and
only if the corresponding gradient map has three-dimensional interaction.

We make some historical notes on use of the gradient representation in statistics.
Box and Cox (1964) introduced a class of coordinate-wise transformation to deal with
non-normal data. This transformation is a special case of our gradient representation.
De Oliveira et al. (1997) used the coordinate-wise transformation to the prediction
problem together with Bayesian inference. In non-parametric statistics, Easton and
McCulloch (1990) proposed the quantile–quantile plot for multivariate data by means
of the transportation problem. The transportation problem is closely connected with
the gradient representation (see Sect. 2).

This paper is organized as follows. In Sect. 2, we give the precise definition of
the gradient representation and its examples. In Sect. 3, we define the g-models and
investigate their properties. We apply the g-model to a real data in Sect. 4. Finally we
have some discussions in Sect. 5. A technical lemma is given in Appendix.

2 The gradient representation of multivariate distributions

We define the gradient representation of multivariate continuous distributions and
discuss its properties.
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Gradient modeling for multivariate data 677

2.1 The existence and uniqueness theorem

Let Y be a random vector subject to a probability density q with respect to the
Lebesgue measure on R

m and let ψ be any convex function on R
m . Denote the gradi-

ent map of ψ by ∇ψ(x) = (∂ψ(x)/∂xi )
m
i=1. If the gradient map ∇ψ(x) is one-to-one

and onto the support of q, then a random vector X is defined by the unique solution
of (∇ψ)(X) = Y . By change of variables, the probability density of X is

p(x) = q(∇ψ(x)) det(∇∇�ψ(x)), (1)

where ∇∇�ψ(x) = (∂2ψ(x)/∂xi∂x j )
m
i, j=1 is the Hessian matrix of ψ(x). Thus a

convex function induces a probability distribution.
The following theorem shows that the converse is also true.

Theorem 1 (Brenier 1991; McCann 1995) Let p and q be any probability densities
with respect to the Lebesgue measure on R

m, respectively. Then there exists a convex
function ψ satisfying (1). The function ψ is p-a.s. unique up to arbitrary additive
constant.

From Theorem 1 the following definition is consistent.

Definition 2 (gradient representation) Let p and q be probability densities with respect
to the Lebesgue measure on R

m . We call the gradient map ∇ψ satisfying (1) the gradi-
ent representation of the density p with respect to the reference density q. The convex
function ψ is called the potential function.

We mainly use the standard normal density as the reference density in this paper.
In general the gradient representation of a given density is not explicitly expressed.
Instead we first determine the gradient map ∇ψ and obtain the density p(x) as a
result. The probability density having the gradient representation ∇ψ is denoted by
p[∇ψ](x) := q(∇ψ(x)) det(∇∇�ψ(x)).

Let C2(Rm) be the set of twice continuously differentiable functions on R
m . We

define the set of surjective gradient maps of convex functions by

Gall :=
{
∇ψ | ψ ∈ C2(Rm), ∇ψ(Rm) = R

m, ∇∇�ψ(x) � 0
}
,

where � denotes the positive definiteness. The set Gall is a subset of the linear space
C1(Rm → R

m) that consists of all continuously differentiable maps from R
m to R

m .
All the gradient maps considered in this paper except for Example 2 are included in Gall.
Although we are not aware of the characterization of the set {p[∇ψ](x) | ∇ψ ∈ Gall}
of densities, the set contains all Hölder-continuous positive densities on R

m (see, e.g.
Villani 2003, Theorem 4.14).

Let us prove that Gall is a convex cone in C1(Rm → R
m). We use the following

lemma from convex analysis.

Lemma 3 (Rockafellar 1972, Corollary 13.3.1) Let ψ be a differentiable convex
function on R

m. Then the range of ∇ψ is R
m if and only if ψ is co-finite, in that

limλ→∞ ψ(λx)/λ = ∞ for any x �= 0.
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678 T. Sei

Proposition 4 The set Gall is a convex cone.

Proof We prove c1∇ψ1 + c2∇ψ2 ∈ Gall for any ∇ψi ∈ Gall and ci > 0 (i = 1, 2). In
fact, if ψ1 and ψ2 are co-finite convex functions, c1ψ1 + c2ψ2 is a co-finite convex
function. 	


Proposition 4 is used to construct the g-model in the next section. For the rest of
this subsection we briefly review known facts on the gradient representation.

McCann (1995) showed the existence and uniqueness theorem (i.e. Theorem 1)
under a more general condition: if two probability measures P and Q on R

m have no
mass on any set with Hausdorff dimension m − 1, then there exists the gradient repre-
sentation ∇ψ . In general it is difficult to find ∇ψ for given P and Q both analytically
and numerically. We refer to Abdellaoui (1998), Knott and Smith (1984) and Haker
et al. (2004) in this direction.

Theorem 1 is closely related to the Monge–Kantorovich transportation problem
(MKP). This problem is formulated as follows. For given two probability measures P
and Q on R

m , find a “coupling measure” � on R
m × R

m that solves a minimization
problem

min

{∫
|x − y|2�(dx, dy)

∣∣∣∣ �(dx,Rm) = P(dx), �(Rm, dy) = Q(dy)

}
.

The MKP is an infinite-dimensional linear programming problem. It is known that if
P and Q have the densities p and q, respectively, then the “deterministic coupling”
y = ∇ψ(x) is the solution of the MKP, whereψ is the potential function of Theorem 1
(see Knott and Smith 1984; Rüschendorf and Rachev 1990; Rachev and Rüschendorf
1998; Villani 2003). One of the statistical methods related to the MKP is the multi-
variate generalization of the quantile–quantile plot by Easton and McCulloch (1990).
Their method is essentially to solve the MKP when P and Q are the empirical measure
of given data sets {xi }n

i=1 and {yi }n
i=1.

2.2 Exact sampling

Assume that samples from the reference density q are easily obtained, as in the case
of the standard normal density. Once we determine the gradient map ∇ψ , we can
sample from p[∇ψ](x) exactly on the basis of the inverse-function method. A sample
X from p[∇ψ](x) is obtained by solving ∇ψ(X) = Y , where Y is a sample from q.
The equation is equivalent to the following convex optimization problem:

X = argmin
x∈Rm

{ψ(x)− Y �x}.

The solution exists uniquely for any Y becauseψ is co-finite (see Lemma 3). Newton’s
method efficiently solves this optimization problem.

An independently and identically distributed (i.i.d.) sequence {X (t)}n
t=1 is simul-

taneously obtained by solving

(X (1), . . . , X (n)) = argmin
(x(1),...,x(n))

n∑
t=1

{ψ(x(t))− Y (t)�x(t)},
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Gradient modeling for multivariate data 679

where {Y (t)}n
t=1 is an i.i.d. sequence from the reference density q. This procedure is

convenient for the vector-oriented programming languages like R and MATLAB.

2.3 Examples of gradient representation

We give two examples having the explicit gradient representation. We assume that
the reference density q(y) is standard normal in these examples. The first example is
a distribution with a three-dimensional interaction. The second one is a distribution
quite different from the normal distribution. To generate samples, we use the exact
sampling described in the preceding subsection.

We say that a set of random variables (X1, X2, X3) has the three-dimensional inter-
action if the joint density function p(x1, x2, x3) has the following property (see Sect. 2
of Whittaker 1990):

∂3

∂x1∂x2∂x3
log p(x1, x2, x3) �= 0 for some (x1, x2, x3).

We use the third-order cumulant κ123 = E[(X1 − EX1)(X2 − EX2)(X3 − EX3)] of
(X1, X2, X3) as a quantity representing the three-dimensional interaction because this
quantity vanishes if (but not only if) there is no three-dimensional interaction. Indeed,
if (∂3/∂x1∂x2∂x3) log p(x1, x2, x3) = 0 for any (x1, x2, x3), then p(x1, x2|x3) does
not depend on x3 and therefore

κ123 = E[E[(X1 − EX1)(X2 − EX2)|X3](X3 − EX3)] = 0.

Example 1 (Three-dimensional interaction) Let m = 3 and define

ψ(x) = x�x

2
+ ε

4∑
λ=1

arctan(e�
λ x), x = (x1, x2, x3)

�,

where

(e1, e2, e3, e4) =
⎛
⎝

1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎞
⎠ (2)

and ε ∈ R is a small number such that convexity of ψ is assured. In Appendix A, we
will prove thatψ is strictly convex if and only if |ε| < 2×3−3/2 ≈ 0.3849. A result of
numerical experiments when ε ranges over {0.00, 0.05, . . . , 0.35} is shown in Fig. 1.
The result shows that the third-order cumulant κ123 of p[∇ψ](x) is nonnegligible. In
Sect. 4 we will use this density in order to detect the three-dimensional interaction of
real data. One can show that the third-order cumulant of (X1, X2, X3) is approximated
as κ123 ≈ 1.237ε when ε is small (see Sei 2006 for details).
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Fig. 1 A simulation on the distribution with three-dimensional interaction. a Scatter plot of samples drawn
from p(x1, x2). The small parameter ε is 0.35. The sample size is 1,000. b Scatter plot of p(x1, x2|x3 > 0).
c Scatter plot of p(x1, x2|x3 < 0). d The third cumulants κ112 and κ123 against ε ∈ {0.00, 0.05, . . . , 0.35}.
The sample size is 10,000. The 95% confidence interval is based on the normal approximation. The
diagonal line indicates 1.237ε. e The marginal correlation cor(x1, x2) and the conditional correlations
cor(x1, x2|x3 ≥ 0) and cor(x1, x2|x3 < 0) against ε ∈ {0.00, 0.05, . . . , 0.35}

Example 2 (Curtain-type distribution) Let m = 2 and define ψ(x) by

ψ(x1, x2) =
{
(2t)−1

{−ρ|x2| + {(ρ2 + 1)x2
2 + x2

1 }1/2
}2

if |x2| ≥ |x1|,
(2/t)−1

{
ρ|x1| + {x2

2 + (ρ2 + 1)x2
1 }1/2

}2
if |x2| < |x1|,

where t is a positive constant and ρ = (1−t)/(2t)1/2. Samples drawn from the density
p[∇ψ](x) for t = 0.05 and the contour {x | ψ(x) = 1} are shown in Fig. 2. The
contour consists of four arcs. The radius r of each arc is (1 + t2)1/2 if |x2| > |x1| and
(1 + t−2)1/2 if |x2| < |x1|.

3 The g-model

3.1 Definition and properties of the g-model

We define the g-models and discuss their properties. For a given convex function
ψ , we use the symbols g = ∇ψ and G = ∇∇�ψ for the gradient vector and the
Hessian matrix. We denote the probability density having the gradient representa-
tion g by p[g]. The density is explicitly expressed as p[g](x) = q(g(x)) det G(x),
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Fig. 2 A simulation on the curtain-type distribution. a Scatter plot of 500 samples. b The contour of the
potential function

where q is the reference density (see Definition 2). Recall that Gall is the set of all the
continuously differentiable gradient maps onto R

m .

Definition 5 (g-model) A statistical model is called a gradient model or g-model if it
is written as

M =
{

p[g](x) | g =
p∑

a=1

θaga, θ = (θa)
p
a=1 ∈ 


}
,

where (ga)
p
a=1 are fixed gradient maps in Gall and 
 is a convex subset of R

p.

Remark 6 The convex subset 
 is typically written as the first quadrant 
 = R
m≥0

or the simplex 
 = R
m≥0 ∩ {∑p

a=1 θ
a = 1}. But these sets are restrictive in some

situations. For example, if the reference density q is the standard normal N (0, I ), then
the normal model {N (μ,�)} is expressed in the gradient representation as

M = {p[g](x) | g(x) = Ax + b, A ∈ S+(m), b ∈ R
m},

where S+(m) is the set of all positive definite m × m matrices. The density p[g](x)
is the normal density with the mean −A−1b and the variance A−2.

The following theorem is one of the motivations to use the g-model.

Theorem 7 Assume that the reference density q is log-concave. Then the log-
likelihood function of any g-model is concave.

Proof It is sufficient to prove that θ ∈ (0, 1) �→ log p[gθ ](x) is concave, where
gθ (x) = (1 − θ)g0(x) + θg1(x) is the convex combination of arbitrary gradient
functions g0 and g1 in Gall. The logarithm of p[gθ ](x) is given by

log p[gθ ](x) = log q(gθ (x))+ log det(Gθ (x)),
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where Gθ (x) := ∇(gθ (x)�) is positive definite for any θ ∈ (0, 1) and x ∈ R
m . Let

H(y) := (−(∂2/∂yi∂y j ) log q(y))mi, j=1. Then we have

∂2

∂θ2 log p[gθ ] = −(g1 − g0)
� H(gθ )(g1 − g0)

− tr{G−1
θ (G1 − G0)G

−1
θ (G1 − G0)},

where we omitted the argument x for simplicity. Since H(gθ (x)) is positive semi-
definite and Gθ (x) is positive definite, the first and second terms are non-positive,
respectively. Thus log p[gθ ] is concave. 	


From this theorem, any local maximal point of the log-likelihood function is actu-
ally the global maximal point when we use a g-model. The numerical computation of
the maximum likelihood estimator (MLE) is relatively simple. A penalized log-like-
lihood function log p[gθ ](x)− pen(θ) is also concave whenever the penalty function
pen(θ) is convex.

3.2 Comparison to other models

We enumerate the properties of g-model and compare it with other models. The prop-
erties depend on the structure of the reference density q(y). Thus we specify the
reference density for each case.

In Theorem 7, we proved that the log-likelihood function of any g-model is con-
cave. There are two other classes of statistical models whose log-likelihood function
is concave. One is the exponential model (or e-model)

pθ (x) = p0(x) exp

( p∑
a=1

θata(x)− C(θ)

)
, (3)

where p0(x) is a probability density, (ta(x))
p
a=1 is a set of functions, (θa)

p
a=1 is the

set of parameters and C(θ) is the normalizing constant that guarantees
∫

pθ (x)dx = 1.
The other one is the mixture model (or m-model)

pθ (x) = p0(x)+
p∑

a=1

θata(x),

where p0(x) is a probability density, (ta(x))
p
a=1 is a set of functions and (θa)

p
a=1 is the

set of parameters. In the following, we enumerate various properties of the g-model
and compare it with the e-model and m-model.

We first remark that the multivariate normal model can be combined with any
g-model if the reference density q is normal. Consider any g-model M = {p[g](x) |
g(x) = ∑p

a=1 θ
aga(x), θ ∈ 
}. Then we can combine M with the normal model by

putting
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Gradient modeling for multivariate data 683

M′ =
{

p[g](x) | g(x) = Ax + b +
p∑

a=1

θaga(x), θ ∈ 
, A ∈ S+(m), b ∈ R
m

}
.

Recall that S+(m) is the set of all m × m positive definite matrices. The potential
function is ψ(x) = 1

2 x� Ax + b�x + ∑p
a=1 θ

aψa(x) with ga = ∇ψa . This property
of the g-model is particularly important for multivariate analysis because many sta-
tistical methods for multivariate data are based on the normal model and our g-model
extends the methods. The e-model also has this property but the m-model does not.
More generally, if the reference density is symmetric with respect to the orthogonal
transformation, then the elliptical distribution is obtained in a similar manner.

Let us focus on the independence of two or more random variables. Independence
of variables is reflected in decomposition of the potential function. Let p1(x1) and
p2(x2) be two densities, where x1 and x2 do not necessary have the same dimension.
Assume that the reference density q(y1, y2) is independent and written as q(y1, y2) =
q1(y1)q2(y2). Denote the potential function of pi (xi ) with respect to the reference
density qi (yi ) by ψi (xi ) (i = 1, 2). Then the potential function of p1(x1)p2(x2) is
ψ(x1, x2) := ψ1(x1) + ψ2(x2). In fact, we can easily prove p[∇ψ](x) = p1(x1)

p2(x2). The e-model also has such property but the m-model does not.
We proceed to consider the conditional independence of two or more random vari-

ables. Unfortunately, the conditional independence is not described by any affine
subset in the gradient representation. For example, let the reference density q(y) be
the standard normal density and let the gradient map g(x) be a linear map K x with a
positive definite matrix K . Then x has the distribution N (0, K −2). Let � = K −2. It
is well known that x1 and x2 is conditionally independent given (x3, . . . , xm) if and
only if (�−1)12 = 0. This condition is given by a non-affine relation

(K 2)12 = K11 K12 + K12 K22 + · · · + K1m Km2 = 0

in terms of K . The e-model can exactly describe the conditional independence.
Next we point out that the g-model does not have any normalizing constant to obtain

the likelihood function. This property is quite different from the e-model. For the
e-model, C(θ) in (3) is difficult to compute in general and the Markov Chain Monte
Carlo method is often needed.

Finally we remark that any g-model can be extended such that any point-mass dis-
tribution is included in the extended model as an extreme point. Consider a g-model
M = {p[g](x) | g(x) = ∑p

a=1 θ
aga(x), θ ∈ 
}. Then the model M̃ defined by the

following formula is also a g-model:

M̃ :=
{

p[g](x) | g(x) = b + τ

p∑
a=1

θaga(x), θ ∈ 
, b ∈ R
m, τ > 0

}
.

The potential function is ψ(x) = b�x + τ
∑p

a=1 θ
aψa(x) with ga = ∇ψa . We call

M̃ the conic extension of M. The conic extension makes the model flexible as the
following proposition.
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Table 1 Properties of models

Advantages g-Model m-Model e-Model
(condition of q)

Log-likelihood is concave © © ©
(log-concave)

All normal distributions can be included © − ©
(normal)

Independency can be described © − ©
(independent)

Conditional independency can be described − − ©
(−)

There is no normalizing constant © © −
(any)

Conic extension is available © − −
(any)

Proposition 8 Let M be a g-model and M̃ be its conic extension. Then, for any x0 ∈
R

m there exists a sequence {p[g(n)]}∞n=1 in M̃ such that the distribution p[g(n)](x)dx
converges weakly to the Dirac distribution δx0(dx).

Proof Let p[g](x) be an element of M and consider a sequence g(n)(x) = n(g(x)−
g(x0)). Then p[g(n)] is an element of M̃ from the definition. We prove that
p[g(n)](x)dx converges weakly to δx0(dx). Let f be any bounded continuous function
on R

m . Then
∫

f (x)p[g(n)](x)dx =
∫

f (x)q(n(g(x)− g(x0))) det(nG(x))dx

=
∫

f (g−1(g(x0)+ y/n))q(y)dy.

By the dominated convergence theorem, the right-hand side converges to f (x0) as
n → ∞. This completes the proof. 	


We remark that any e-models have a similar extension called the exponential disper-
sion model in that the dispersion parameter plays a role of our scaling parameter τ > 0
(e.g. Jørgensen 1987). However the exponential dispersion model is not an e-model
with respect to the dispersion parameter in general. We summarize these properties in
Table 1.

4 Application

We apply the g-model to detect three-dimensional interaction of a real data set. We
use the data of decathlon (Miyakawa 1997). The data consist of 10 variables {Xi }10

i=1
(100 m, long-jump, shot-put, high-jump, 400 m, 110 m-hurdle, disc-throw, pole-vault,
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javelin-throw and 1,500 m) by 50 athletes. We first normalize the data such that the
sample mean and variance of each variable are 0 and 1, respectively. We consider
each marginal density p(Xi , X j , Xk) (1 ≤ i < j < k ≤ 10), not the joint density
p(X1, . . . , X10), for simplicity. The empirical third cumulant is shown in Fig. 3a. The
model of three-dimensional interaction as Example 1 is used. The potential function is

ψ(x) = 1

2
x�K x + θ

4∑
λ=1

arctan(e�
λ x), x = (xi , x j , xk)

�,

where {eλ} is defined by (2), and K ∈ S+(m) and θ ∈ R are unknown parame-
ters. A conservative region that assures the convexity of ψ is given by |θ | < (2 ×
3−3/2)ρmin(K ), where ρmin(K ) is the minimum eigenvalue of K , as will be shown in
Appendix A.

We calculate Akaike’s information criterion (AIC) of the two submodels θ = 0 and
θ �= 0 for all triplets {(i, j, k)}1≤i< j<k≤10 of the ten variables. The result is shown
in Fig. 3b. The triplet having the most significant difference of AIC is (X4, X5, X6)

(that denotes high-jump, 400 m and 110 m hurdle). The estimated potential is

ψ(x4, x5, x6) = 1

2
x�

⎛
⎝

1.054 −0.094 0.137
−0.094 1.138 −0.307
0.137 −0.307 1.148

⎞
⎠ x + 0.186

4∑
λ=1

arctan(e�
λ x).

Although the empirical third cumulant 0.204 of (X4, X5, X6) is not so large, we find
that two empirical conditional correlations are quite different: cor(X5, X6|X4 > 0) =
0.688 and cor(X5, X6|X4 < 0) = −0.049. The scatter plots shown in Fig. 3c–e also
support the result. The consequence is that if an athlete is a good high-jumper, the
scores of 400m and 110m hurdle are positively correlated, otherwise the two scores
have almost no correlation. Remark that this result is never detected when only the
normal distribution is used.

There are naive non-parametric methods that detects the three-dimensional interac-
tion by using some test statistics, e.g. the empirical third cumulant. However, if these
naive methods are used, the predictive inference like the plug-in prediction p

θ̂
(·),

where θ̂ is the MLE, is not available.

5 Discussion

We defined the g-model by using the gradient representation of the probability den-
sities. The g-model has many good properties including the concavity of the log-
likelihood. A g-model was applied to detect the three-dimensional interaction of the
decathlon data.

We have not discussed regression models. A generalization of g-models to this direc-
tion will be available by adding the explanatory variables in the potential
function. More generally, graphical modeling will be described in terms of the gradient
representation. These important generalizations are left on the future work.
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Fig. 3 Detection of three-dimensional interaction on the decathlon data. a The empirical third cumulant
for each triplet. The horizontal axis represents the 120 triplets arranged as (1, 2, 3), (1, 2, 4), . . . , (7, 8, 9).
b Difference between AIC of the model θ �= 0 and θ = 0. The point under the horizontal line implies that
the model θ �= 0 is selected. The horizontal axis represents the 120 triplets. The 86th triplet (4, 5, 6) has
the most significant value. c Scatter plot of X5 (horizontal) versus X6 (vertical). The correlation is 0.465.
d Scatter plot of X5 versus X6 conditioned by X4 > 0 (the correlation is 0.688). e Scatter plot of X5 versus
X6 conditioned by X4 < 0 (the correlation is −0.049)

Appendix A: The feasible region of the three-dimensional interaction model

Consider the potential function

ψ(x) = 1

2
x�K x + ε

4∑
λ=1

f (e�
λ x), x ∈ R

3, (4)

where K is a positive definite matrix, {eλ}4
λ=1 is given by (2), and f is a one-

dimensional odd function (e.g. f (z) = arctan(z)). We give a lemma on convexity
of ψ . Denote the minimum and maximum eigenvalue of K by ρmin(K ) and ρmax(K ),
respectively. Let μ be the maximum value of f ′′(z) over z ∈ R. For example,
μ = 33/2/8 if f (z) = arctan(z).

Lemma 9 If |ε| < (4μ)−1ρmin(K ), then ψ in (4) is strictly convex. Conversely, if ψ
is strictly convex, then |ε| < (4μ)−1ρmax(K ).

Proof For any vector x and any unit vector u, we have

u�(∇∇�ψ(x))u = u�K u + ε

4∑
λ=1

f ′′(e�
λ x)(e�

λ u)2.
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Since the minimum value of ε f ′′(z) over z ∈ R is −μ|ε| and
∑4
λ=1 eλe�

λ is 4I ,
we have

u�(∇∇�ψ(x))u ≥ ρmin(K )− μ|ε|
4∑
λ=1

(e�
λ u)2 = ρmin(K )− 4μ|ε|.

Thus the first part of the lemma is proved.
We now prove the second part. Assume that ε is positive. The negative case is similar.

Let z∗ be the maximal point of f ′′(z). Let x = (z∗, z∗, z∗)� and u = (1,−1, 0)�/
√

2.
We can check that e�

λ u = 0 for λ = 1 and 3, and that f ′′(e�
λ x) = −μ for λ = 2 and

4. Therefore

u�(∇∇�ψ(x))u ≤ ρmax(K )+ ε

4∑
λ=1

f ′′(e�
λ x)(e�

λ u)2

= ρmax(K )− ε

4∑
λ=1

μ(e�
λ u)2

= ρmax(K )− 4με.

The left-hand side is positive if ψ is strictly convex. 	

Corollary 10 Let K = I . Then ψ in (4) is strictly convex if and only if |ε| < (4μ)−1.
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