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Abstract The paper considers the least absolute deviations estimator in a nonlinear
parametric regression. The interest of the LAD method is its robustness with respect
to other traditional methods when the errors of model contain outliers. First, in the
absence of change-points, the convergence rate of estimated parameters is found. For
a model with change-points, in the case when the number of jumps is known, the con-
vergence rate and the asymptotic distribution of estimators are obtained. Particularly,
it is shown that the change-points estimator converges weakly to the minimizer of
given random process. Next, when the number of jumps is unknown, its consistent
estimator is proposed, via the modified Schwarz criterion.

Keywords Asymptotic properties - Change-point - LAD estimator - Parametric
model

1 Introduction

We consider the model:
Yi=go(xi)+&, i=1,...,n, (H
for the step-function with K (K > 0) change-points:

go(x;) = hg (x) W<y +hg, X)Wy ci<ty + -+ hpye () Uy <
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718 G. Ciuperca

Let us denote the regression parameters 61 = (Bo, p1, ..., Bx) and the change-points
6 =(y,...,lg) withl] <l <--- <lIlg.Wesetd = (01, 6,). If K =0, the model
is without change-point.

The change-point problem arose from statistical quality control, continued by many
other important applications in seismic signal processing, analysis of electrocardio-
grams, finance, epidemiology, etc. The statistics literature contains a vast amount of
work on issues related to structural change, most of it specifically designed for the
case of a single break. For recent reviews, we refer readers to Carlstein et al. (1994),
Csorgo and Horvath (1997) and the references therein. Recent developments include
Andrews et al. (1996) who consider optimal tests in the linear model with known vari-
ance. Garcia and Perron (1996) study the Wald test for two changes in a dynamic time
series. Horvéth et al. (1997) consider an estimator for the time of change in a linear
model when the regression coefficients and the variance may change. Liu et al. (1997)
consider multiple structural changes in a linear model estimated by least-squares and
propose an information criterion for the selection of the number of changes. Lombard
(1987) and Mia and Zhao (1988) propose some procedures based on a rank statistics
to test for one or more change-points. Horvath et al. (2004) detect a structural change
in a linear model based on weighted CUSUM of residuals. Huskova et al. (2007) study
the problem of detecting change in the parameters of an autoregressive time series by
using various test statistics. For testing the stationarity of a Gaussian process Epps
(1988) proposes Chi-squared statistics.

To estimate the number of jumps in the mean of an independent normal sequence
Yao (1988) uses the Schwarz criterion. Using this criterion, Serbinowska (1996) and
Kiihn (2001) proved the consistency of estimators for the number of changes in the case
of the independent observations. So, for independent binomial random variables, the
weak consistency of an estimator of the unknown number of changes in the parameters
is proved by Serbinowska (1996). Kiihn (2001) studies an estimator for the number of
the change-points in the drift of a stochastic process by establishing a similar criterion
that of Schwarz. Lavielle (1999) studies the a penalized contrast function for detec-
tion of changes in a sequence of dependent variables. Bai and Perron (1998) study the
problem of testing multiple change-points in a linear model.

It is well known that one outlier may cause a large error in a least squares (LS)
estimator or in a least absolute deviations (LAD) estimator. This occurs in the case of
fatter tail distributions of the error term (see Hitomi and Kagihara 2001). On the other
hand, as Bai (1998) and Kim and Choi (1995) indicate it, for heavy tailed distributions
the LAD estimator is more efficient than LS estimators.

The LAD estimator of the parameter 6, for the model (1), is by definition:

n
b = argngﬂ_z;, 1Y — g0 ).
=
The study of the properties of the LAD estimator is more difficult than for the LS

estimator because of the nondifferentiability of the criterion function.
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Estimating nonlinear regression with and without change-points by the LAD method 719

The LAD regression is also known by several other names, including L-norm
regression, minimum absolute deviation regression, least absolute value regression
and minimum sum of absolute errors regression.

Concerning the LAD estimator in a model without breaking points we can cite
the following papers: Wu (1988) gives the conditions under which the estimator in
linear regression is strongly consistent, Pollard (1991) proves that the LAD estima-
tors in a linear regression is asymptotically normal and Babu (1989) proves that the
convergence rate is n~ /2, Oberhofer (1982) shows conditions for the consistency
of the LAD estimator in nolinear regression. Richardson and Bhattacharyya (1987)
extended Oberhofer’s result to a more general parameter space. The LAD estimator
in a dynamic nonlinear model with neither independent nor identically distributed
errors is considered by Weiss (1991). The estimator is shown to be consistent and
asymptotically normal. See also Dielman (2005) for a review of research on LAD
regression.

For change-points estimation, to the author’s knowledge, the LAD method has been
only analyzed for linear model. At first, Bai (1995) studies the method for a single
change-point and after, Bai (1998) extends the results for multiple-regime regres-
sion. In the case of a single change-point, each of the two regimes has one fixed and
known boundary. For multiple breaks, each middle regime has boundaries completely
unknown. In the linear case, many proofs are based on the convexity of the regression
function hg(x) = xB with respect to the parameter vector 8. That is, the extreme
value of a convex function is attained on the boundary. Also, in the case of multiple
change-points, the problem is much more intricate when the number of breaks is
unknown.

This paper considers the estimation in a parametric nonlinear regression by the
LAD method. We sometimes use the terms jump or break of instead of change-point.
The study of this method was motivated by wishes to find the properties of this esti-
mator, particularly interesting in a change-point model with outliers, the latter being
able to create problems in the detection of the jumps. First, we give same properties
of the LAD estimator in a model without change-points. Mainly, we improve the con-
vergence rate of estimators in comparison to that of the linear regression (Babu 1989).
Later, in a model with breaking, if the number of change-points is fixed, we study the
properties of the LAD estimators. The convergence rate of the change-point estimator
are derived. The asymptotic distribution of these estimators are also obtained. Next,
we prove the weakly convergence of the change-points estimator to the location of
the maximum of certain random processes. If the number of breaks is unknown the
problem of its estimate arises. We propose, via Schwarz criterion, a consistently esti-
mator of the number number of breaks. One illustrates by simulations that this method
allows to well detect the jumps.

The paper is organized as follows. In Sect. 2 we derive results in the absence of
change-points. Section 3 contains results about the rate of convergence and the asymp-
totic distribution of the estimators, for a model with known number of change-points.
Section 4 gives a method to determine the number of breaks. In Sect. 5 we give the
proofs of theorems. Finally, Sect. 6 contains some lemmas which are useful to prove
the main results.
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2 Results in the absence of change-points

In this section we consider a regression model (without change-points):
Yi=hgx))+e, i=1,...,n, (2)

under the hypothesis that ¢; are independent identically distributed (i.i.d.) random
variables and 8 € I' C IR?, with " a compact set. The analytical expression of the
function i g(x) is known. In this model, Y; is the univariate dependent random var-
iable while the variable x; is deterministic. For simplicity, we suppose that the x;’s
are nonrandom, although the results will, typically hold for random x;’s independent
of the ¢;’s and if x; independent of x; for i # j. The set IR = IR U {—00, 00} is
compact under the metric d(x, y) = | arctan x — arctan y|. Thus, we can consider that
the variable x; takes values in a compact Y of IR. The regression parameters 8 are
unknown.
With regard to the random variable ¢ we make the assumptions:

e Let F be the distribution function of ¢, f its density, which satisfy the conditions:
f(©0)>0,F0) =1/2

e for one ¢ > 0 we have, for all y in a neighborhood of 0: | f(y) — f(0)] < cly|V/?

e there exists ¢(© > 0 such that: |[F(y) — F(x)| < @]y —x|,Vx,y € R.

Then, IE[sign(e)] = 0.

The purpose is to estimate the unknown regression parameters when n observations
(Yi, xi)1<i<n are available by the least absolute deviations principle. By definition,
the LAD estimator is:

n
B =argrﬂrgp;m — hp(x)l. 3)
1=

The inference for the regression parameters based on Lj-estimation is greatly more
complicated than the estimation based on smoother objective function.

For a vector, let us denote ||| the Euclidean norm and for a matrix A = (a;;),
Al = 22 laijl-

Let 80 denote the true value (unknown) of the parameter 8. We suppose that g0 is
an inner point of the set I'. The function # : T x I' — IR satisfy the conditions:

(H1) forallx € T, the function Ag(x) is twice differentiable in B

(H2) forallx € Y, hg(x), dhp(x)/dBIl, 102k (x, B)/3p?| are bounded in a neigh-
borhood of 8°.
Moreover, we suppose that the design points (x;) satisfy the conditions:

(H3) for n large enough, there exists ¢(!) > 0 such that:

ahﬁ(xl

<P < 0. 4)

—Z <

lﬁeF
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(H4) The following limit exists:

e
M‘=,}Lnéo;2
1=

h go (x;)

2
ap ‘

Remark 1 Obviously (H1), (H2) are necessary for the Taylor expansion. The function
hg(x) and its derivatives must be bounded only in a neighborhood of the true value
,BO. The assumptions (H3) and (H4) are necessary to find the convergence rate of the
LAD estimator.

Let us consider the function: v(g, g,)(x;) = hg, (x;) — hp,(x;). In order to study
the function to be minimized: >/ |Y; — hg(xi)| = 2.0 i + hgo(x;) — hp(xi)l,
let us consider the random process: n; (8) = |&; — v(ﬂyﬁo)(x,-)| — |&;] and the centered
process: §;(B) = ni(B) — E[ni(B)].

In the following, we denote by C a generic positive finite constant not depending
on n which may take different values in different formulae or even in different parts
of the same formula.

The estimator ,3” is consistent if following condition is satisfied (Oberhofer 1982):
for 'y C I aclosed set not containing 8°, then there exist numbers € > 0 andng € IN
such that for all n > ng:

I . vgpoy(x)ly 1 1 Vg, poy (xi)]
ﬂlg;fo ;El [v(g, o) (xi)| min [F(T) —3i5 " F(—T) } >e.
®)

Since F(0) = 1/2, the above condition implies that the functions /g (x) satisfy fol-
lowing statement: if || — B°|| > ¢ for a positive c, then there exists a number a > 0
such that: |hg(x) — h L (x)| > a almost everywhere on Y.

It is well known from the literature that the LAD estimator of 8 is asymptoti-
cally normal, with asymptotic covariance matrix depending on the errors through the
heights of their density functions at their median (Weiss 1991). On the other hand,
to the author’s knowledge, there are no known results concerning the rate of conver-
gence of LAD estimators in a nonlinear regression. The convergence rate of ,én to B°
is established in the following theorem.

Theorem 1 Under the assumptions (H1)—-(H4) and the condition (5), for all monotone
positive sequence (v,) such that:

2

v, — 0, nv,

— 00 for n — o0, (6)

we have: ||Bn — Bl = Op (vn).

The result of the Theorem 1 is stronger than that of Babu (1989) for the linear
regression which have obtained the rate of convergence v, = (logn/n)'/2. The fol-
lowing theorem shows that the main result obtained by Babu (1989) for the linear case
can be generalized for a nonlinear model.
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722 G. Ciuperca

Theorem 2 Under the assumptions (H1)—(H4), for any monotone positive sequence
(vy) satisfying (6), we have:

2By — B )/

=- Z[slgn(s» — sign(e; = vg g0, (¥ + O(va).
i=1

3 Multiple change-points with K fixed

This section considers issues related to multiple structural changes, occurring at
unknown times, in the nonlinear regression. We give the convergence rate and the
limiting distribution of the LAD estimator under the condition that the number of
change-points is known.

A concrete example of application of this type of model can be found in Pauler and
Finkelstein (2002) on the recurrence in prostate cancer.

For the model (1) we consider a step-function gy (x) with K (K > 1) fixed change-
points.

We do not impose the restriction that the function g is continuous at the turning
points.

Forallr = 1,...,K,K + 1 we suppose fx € I' C IR? with I" compact and
0, € RX, therefore 0 € Q =Tk x YK Letg? = (90, 90) be the unknown true
value for 6.

To begin with we shall state the needed assumptions:

(A1) We impose the condition that the change-points are sufficiently far apart: for
some u > 3/4 there exists ¢ > 0 such that 19+1 — 19 >cn*,Vr=1,...,K
with [§ = L and [§, | =n.

(A2) Moreover, we suppose that we have two different models to the left and to the
right of the every break point 10 ﬂo # ﬂr+1, Vr=1,...,.K
For the function hg(x) we assume (H1), (H3) of the Sect. 2 and:

(H2') forall x € Y, hg(x), [[dhg(x)/dB |, 3>hp(x)/dB?| are bounded in a neigh-
borhood of ,3 foreveryr =1,..., K.

(H4’) Foreveryr =1,..., K, the f0110w1ng limits exist:
10 12 1+m 2
1 i ohg (x;) 1 ohgo(x;)
M, := lim — ﬂra;l , M,r:= lim — Z %‘ ,
m— 00 m— 00
" i=10—m p " i=10+1 b
and the supplementary assumption:
(H5) for n large enough, there exists ¢ > 0 such that:
- Z <c® < oo (7
—1 ﬁel“
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Remark 2 The assumption (H5) is necessary to control the variance of n ! >ini(B.
If B is not close to B° then the variance of the sum of absolute deviations of resid-
uals has the order n. This assumption is used in the Lemma 6, which will allow to
improve the convergence rate of the change-point estimator and to find its asymptotic
distribution.

The relation (5) becomes: for every r = 1, ..., K, if I'g, C T is a closed set not
containing ,39 then there exists numbers €, and mq , € IN such that for all m > myg ,:

194m

) 1 ) [vig,poy (xi)] 1 1 Vg, poy (xi)]
t:l?Jrl
and
10

i RS : |V(,3./39)(x,-)| 11 |V(5,ﬂ}))(xi)|
ﬂg}g,; 2. Vg0 ()] min [F (f)—i; E—F(—f)]ze,.

0

l=lr+

17}71

The purpose is to estimate the unknown regression parameters together with the
change-points when n observations (Y;, x;)1<i<, are available. The construction of
the estimator has two stages: first we search the regression parameters estimators and
after we localize the change-points. For K change points I, ..., Ik, let us denote
A 5 K+1
01(62) = 01y, ..., Ig) = argming, > KA1 0 i Yi— gg(x,)I the LAD estima-

tor of 0{) for a given parameter 6, with lo = 0 and /x4 = n. Let us denote the sum

of least absolute deviations of residuals for each fixed changes /1, ..., [x:
K+1
S, -, k) = me Z |Yi — go(xi)- ®)
i=lL_1+1
For the true parameters, this sum is: Sy := S(lo, e, l%; 9?) = Z?:l lei]. We define

the LAD estimator of the change-points by:

0y = (1, ...,lg) :==arg min S{y,...,[g). ©)]
L <---<lg
The regression parameters estimators are obtained using the associated LAD estimator
at estimated break points: 61, := (B1,, ..., Bk+1.n) = 01(02).
Between the break /,_; and [/, the estimator of 8 is: By,_, ) = argminger

Iy
Zi:l"_lﬂ |Y; — hg(x;)|. Let us denote: Yl i) h,s(, (x;).

—1.0r)
We start with the study of the convergence rate of the change-point LAD estimator.

Theorem 3 For all p > 1/2, under the assumptions (A1), (A2), (H1), (H2), (H3),
(H4') for any sequence (vy,) as in the Theorem 1, we have for n — oo:

P[ll, — 1% > inf{n”, n*v}})] - 0, r=1,...,K.
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Fig. 1 Model with normal errors and with one change-point

Remark 3 The arguments used in the proof of Theorem 3 are totally different from
those used in Bai (1998). The objective function study "7, |¥; — go(x;)| when the
parameter f is to the exterior of a neighborhood of Y, in the case A p(x) = xB is
based on the fact that 25(.) is convex and thus the extreme value of a convex function
is attained on the boundary: inf|y|>, h(x) = inf |y = h(x).

If we consider in more the assumption (HS), the convergence rate given by the
Theorem 3 can be improved.

Theorem 4 Under the condi{ions (A1), (A2), (H1), (H2"), (H3), (H4') and (H5) for
eachr =1, ..., K we have: [, — 19 = Op ().

In order to work in a bounded interval, we can consider ¥ = [°/n and 7, = I,/n
its estimator. Then, Theorem 4 implies that 7, converges in probability to rro with the
convergence rate n~! (see Bai 1995, Theorem 1).

Example 1 Let us consider the following nonlinear model:

+¢g, i=1,...,n, (10)

Y; = (a) + eb?xi)nkisl? + @ + engi)ﬂl?<i§n
where x; = 2i/n and {¢;} is a random sample from the standard normal distribution
(see Fig. 1) or from Laplace distribution (see Fig. 2). The true values of the parameters
are: a(l) =2, b(l) =17, ag =5, bg = 2 and for the change-point l? = 60. The sample
size used is n = 400. We realize m = 100 Monte Carlo replications.

From the Table 1, we see that the consistency of the estimates is shown by their
means. The location of the change-point is detected well, including for the model with
Laplace errors where outliers exist. Remark that for the last case, we cannot easily
detect with the bare eye,the location of the change-point.
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Fig. 2 Model with Laplace errors and with one change-point

Table 1 Mean of parameter estimates

Parameter arn@) =2 b1, =7 ay,@) =5 by,)=2) () =60)
Normal errors 2.04 6.9 5.02 1.9998 60.93
Laplace errors 2.94 6.885 5.97 1.998 61

Let us give now the limiting distribution of the change-points estimators. Note that,
due to the nonlinearity of the function /g(.), the proof is completely different from
the similar result of Bai (1998).

Theorem 5 Under the assumptions of Theorem 4, for eachr = 1,2, ..., K, the dif-
ference I, — l? converges in distribution for n — oo to L, the location of the minima

for the random processes {. . ., Z(j%, Z(()r), Zgr), ...} with Z(()r) =0.Forj=1,2,...

10+
20 = 3l v 0| =[]}
i=19+1
andfor j =—1,-2,...:
P
7= 2 ”8[@ Vg0 g0 ()| — 81@‘} ’
i=10+;
where 8fr) is an independent copy of ;.

Remark 4 The distribution of I, — l? is symmetric about zero if &; has a symmet-
ric distribution about zero. The result of the theorem indicates that the asymptotic
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726 G. Ciuperca

distribution of fr — 19 depends on the magnitude of shift Vo, ﬂo)(xi) and on the

distribution of &; but not on . This result will be confirmed by the simulations.

Remark 5 When the estimation method is the least-squares, if g (x) is a step function:
hg(x) = B, Yao and Au (1989) proved that the change-point estimator converges in
distribution to the location of the minimum of a random walk. For a linear regression:
hg(x) = Bx, Bai and Perron (1998) proved that the asymptotic distribution of the
change-point estimator is the location of the maximum of a Wiener process with drift.

Note that B,’n depends only on change-points i,_l and l;. Furthermore, by the
Theorem4, fr = 19 + Op (1), foreachr = 1,..., K, K + 1. Moreover, again from
Theorem4, for each break point, the estimator fr is determined by a small number of
observations near 19 whereas Br,n is determinated by all set of observations between
I,_1 and I,. Therefore, the estimated change-points are asymptotically independent
of each other and of the estimated regression parameters. Taking into account the
asymptotic normality of the LAD estimator for a nonlinear regression (Weiss 1991,
see Theorem 3), we obtain the following result.

Theorem 6 Under the assumptions of Theorem 4 and under the condition that the
density f of the error ¢ is Lipschitz, we have for eachr =1,..., K + 1

2£ O, — 1) (Brn — B~ N(O, V), (11)

7 _ 0 —
where Ik +1 —lK_H = n and

9 '
1 Z’ dhgo(x;) dhgo(x;)
Vr - 0—0 ( ﬁar l )( % l ) -
Ir =l i=l0 | +1 P p

Remark 6 Consequence of this theorem, using Slutsky’s theorem, we obtain the
asymptotic normality of the estimator S, .

Since I, — I, converges in probability to l? - 19_1, for n — o0, a consequence
of the later theorem is that we can construct in the usual way the confidence interval
for the regression parameters. Hypothesis tests can be realized. On the other hand, for
the change-points, the properties of arg min Z ") seem more difficult to study. For the
moment, we cannot give a analytical solution to find the confidence interval for the
change-points. We can only find a numerical approximation by using a Monte Carlo

technique.

4 Estimating the number of change-points
We adapt the Schwarz criterion proposed by Yao (1988) to estimate the number

K. Let Ko be the true unknown value of K. We need to suppose that the num-
ber of change-points K is not greater than a known upper bound Ky . For every
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Table 2 Mean of criterion

values B(K) = nlogsg + k=0 k=1 k=2 k=3
5/8
Kn*/%, for Normal and Normal errors 359.5 —20.2 1.43 15.3
Laplace errors
Laplace errors 491.5 350.8 376.3 403.4
fixed change-points number K, consider (il,K, e, lAK,K) = argmin S(/y, ..., Ilx)
and Sk = S(1 .k, ...,k k)/n, where the function S is defined by (8).

Theorem 7 Under the conditions IE[|e|] < oo, (A1), (A2), (H1)—(H4), let K n be the
value of K that minimizes B(K) := nlogsg + K C;, subject to K < Ky, where (Cy,)
is any sequence satisfying C,, — 00, Con=3/* — 0 and C,n~'? — oo forn — oc.
Then:

IP[K, = Kol = 1, forn — oo.
Example 2 For the model (10), we consider the sequence C,, = n°/%. We realize m =
Monte-Carlo replications. The results with the means of simulations are presented in
the Table 2, for Normal, respectively, Laplace errors. For both distributions, for each
replication, the criterion chooses one break point. Moreover B(1) < B(2) < B(3) <
B(0) in every case.

Remark 7 Incase of a fixed sample size, for large n, the choice of C,, does not influence
the estimation of the change-points number: arg ming B(K). Then, we can choose any
sequence C,, converging to +oc of the form: C, = n®, with § € (1/2, 3/4).

Remark 8 In the paper of Horvith et al. (2004) a structural change is detected in
a linear model using a class of procedures. The procedures are based on weighted
CUSUMs of residuals, in which the unknown in-control parameter has been replaced
by its least-squares estimate. Let us remind that for the distributions with outliers, the
LS estimators can have large errors. On the other hand, to detect the changes in an
autoregressive time series, Huskova et al. (2007) propose a test based on the partial
sums of weighted residuals. The parameters are always estimated by the LS method.

5 Proofs of theorems

Proof of Theorem 1 By the Lemma4 we have, with the probability 1, that there exists
a B > 0 such that:

n

limsup  sup Z[|5i| — lei — v, g0y (xi)]
n=00 || —p0)|=Bu, ;=1

0—2
— 0
]||,3 Bl s—Mf().
n 2
Then, with probability 1, for all n large enough:
n

n
Dlleil < inf > e — g g0y (). (12)
i=1

1B—B0ll=Bv, =
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728 G. Ciuperca

For a fixed sequence (v;,), the Lemma4 is valid for any positive sequence w,, satisfying
(6) and such as: w, > v,. Since the constant B does not depend of n and since (vy) is
monotonic, we have:

n
> leil < inf Z|8,—v(ﬂﬂo)(x,)| (13)
i=1

16—B01= B, =

Thus, the probability that 3,, = argminger » ;_, |&;i — V(g,p0) (xi)| belongs in the set
(B: I8 — B°ll = Bu,} is zero, for n large enough. o

1

Proof of Theorem2 From the Lemma3, witha; =n™", u, = nv,%, we have:

= Z[F(h,a(xl)) — F(hgo(x))] = ngn(s,

i=1

1 .
—; E sign(e; — V(lgy/gﬂ)(xi)) + O(vy),
i=1

uniformly in 8. On the other hand, by the dominated convergence theorem, under the
hypothesis that dhg(x)/0p is bounded in a neighborhood of B°, we get uniformly

in B:

1im —Z[F(h,a(x,))—F(hﬁoul))]—(ﬁ ) / ’3 f(hﬁo<x>>dx.

Proof of Theorem 3 First, we prove that: IP[|l, — %] > n”] — 0.

To show this, for each change-point 19, 1 <r < K, consider the set:

Ar(n, p) = {(ll, L)l — 19| >nP . Vs=1,..., K} We still have to prove
that: IP[(lAl, ...,iK) € A,(n, p)] = Oforn — oo.Considertheset I, ={1,...,r—1,
r+2,...,K +2}. For any fixed (/1,...,lx) € A-(n, p), we have:

SUty oo dg) = Sy I 10 10 10— P11+ (01,10, 1),
(14)

Moreover, with the probability 1: S(/y, ..., k) < SUY,....1%) < So = >, leil-
On the other hand:

K+2
SU oAk D0 = P LI+ P00 = D) T, (15)

where: Ts, s € I, are the sums of absolute deviations involving observations for i
between l?_l and l?; T, is the sum of absolute deviations involving observations for i
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Estimating nonlinear regression with and without change-points by the LAD method 729

between l?_  and 19 —n”; Ty is the sum of absolute deviations involving observations
for i between [? + n” and lr0+1; Tk +2 is calculated for i between [? — n” and 10 + n”.
Since (I1,...,lx) € A,(n, p), all breaks Iy, ...,lx areinTy,...,T—1,..., Tk+1
but not in the sum Tk 5.

Foreachs € I, let: ks < -+ < kje),s = {l1,..., Ik} N {j/l‘?_1 <j< l?}
The sum 7, can be written:

J(s)+1 kj.x
To= 2 min D lei = gnen (i) + 80,0 ()],
j=1 i=kj_i+1

with 0 < J(s) < K. Using the Lemma9 we obtain, for all 6 > 1/2:

J(s)+1 kj.s k

T, — Z Z le;| > —2(K + 1) sup |inf Z(IE,‘ — Vg, p0y (x| — leil)

j=1 i=k;_1+1 Isl<k=n| P i
= 0pn®). (16)
10+[n*] .
The sum: 7, + T4 — Zi:lf?n—[nﬂ]-i-l le;] is equal to
9 i=19+[n"]
inf D (e — v oy )| — leil) + inf D (e —vig g Gl = leil).
i=10—[nr]+1 19+1

a7

Since B # BY. | there existsac > 0 such that: max (|| — B, I8 — B, ;) > c. We

r+1
suppose, without loss of generality, that || — ,39 = ,39 1/l- Then, the infimum

0
of Zi’:l?iw]ﬂ (lei — v(ﬂ’ﬁ9)(xi)| — |&;]) is considered on a compact I'g , C I', with
,39 & T'o.-. Applying the relation (4) of Oberhofer (1982) it follows that:

0
inf > (e — v p0) ()l — lei) = Op (). (18)

Berl,
" i=10—[nP]+1

Combining the relations (15)—(18) we have:

SUry ool 19,10 10— P10 + (01,10, . 1)
n
> —COp™’)+ 0p(”) + D |eil. (19)
i=1

Let us consider § € (1/2, p). Then taking into account the relation (14) we have:

Sy, ...l > ZLI lei| + Z,, where Z,, is a random variable such that Z,, i) 00.
n—o0
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730 G. Ciuperca

Hence:
110[ min S(ll,...,lK)>S(l°,...,l(,)()}—>1,
(I1,....lxk)EA(n,p) n—00
what implies: P[(il, ...,fK) € A (n, ,o)]njgoo. Now, to prove P[lfr — 19| > nzv,‘l1

— 0 we follow the same steps as in Bai (1998) (Proposition 3) and combined it with
the same arguments as in the proof of H’[|fr - 19| > n”] — 0. Using the Lemma5
(ii), in the relation (19) we have Op (nv,%) in the place of Op (n®) and Op (nzv;‘) in
the place of Op (n?). O

Proof of Theorem4 For a sequence (vy) as in Theorem 1 and A, = O (n%v}), let us
consider the set: B(n, A,) = {(11, el e — l,?| <An, Yk=1,..., K}. We
also consider for a fixed change-point lf) and for an arbitrary M; > O:

By (1, Ay, M) = {(zl, o dx) € B /1 — 190 < —/\/ll}.

As a consequence of the Theorem 3, for large n, the estimator ézn belongs to B(n, Ap)
with a probability close to 1. Let us consider two vectors of change-points (/{, ...,/ }%)
€ B(n,Ay)and (I, ...,lx) € B, (n, Ay, M) such thatl,/C =l fork #randl] =1
We shall find a M; > 0 such that 65, is in the ball with center 19 and radius M, with
probability tending to 1. Let us consider the difference S(/1, ..., Ix) — S}, ..., %)
rewritten as:

Iy

DY =Ygl = 1Y =Y ]
j:lrfl‘i‘l

L
+ DY =Yl = 1Y =Y ol
J=l-+1

lr41
+ Z WY =Yja gl = 1Y =Y g0 =T + b + L.
J=10+1

Using the Lemma8§ (ii) we obtain that I1 = Op (1), I3 = Op (1) uniformly in M.

Concerning />, we have the decomposition:

10
L= D llej v, g0 &)l =gl
j:lr+1

ZO
+ D e - VB 00080 XD = 185 = Vg0, g0 (X)1]
J=l+1
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ZO
B .%1“8]. N U(Bur—l,lf-’)’ﬂ?)(xf)' —lejll = I + b2 + D3
J=tr

For I, we have that:

I
bl < V4,180 5]
=+ '
1 dhgo ., (xi)
N 0 Prty
< 1Bty = Blill D sup S—ﬂ ’
j=l+1BEVBL, )

with V(8. ) a neighborhood ob B, .

By the Lemma 8(i) and the hypothesis (H2), considering p € [3/4, 1], v € (0, 1/4)
and § < p — v, we obtain: || < n=P~V=I/2CpY = o(1).

By similar arguments we prove I3 = op(1).

As regards Ip1, using the Lemma 2 of Oberhofer (1982), we obtain that:

1 m
m Z}E“‘Sf —Vgo,p0, ) (XD — lejl]
J:
2 / [ (X)) — xldF(x)
(/Sr’lshq) J
" V(p0.40, X 1)=0 O =0 50 )X
2
T Z / 0 [vego o, ) (X)) + x]d F(x).

) (=40 g0 (X)),
V0.0, X0 BB )

Moreover, since (I, ...,lg) € B-(n, A,, M), F(0) = 1/2, we deduce that,

1 < .
> — > v g0,y (X)) min {F(\v<ﬁ9,ﬁ9+])<xj>|/2> —1/2,1/2 - F(—\v(ﬁg,ﬂgﬂxxjn/z‘)} >C.
Jj=1

Applying the Lemma 10 for ¢, = C we have that there exists a constant C; > 0 such
that: |Ir;| > C1(19 — 1) = Ci M. We choose M such that |I1] is bigger than
(111, 1131, [122], |123]). Then the following relation holds:

min S(ll,...,lK)—S(l/,...,l/K)2CM1(1+OHJ(1)).
(15l EBy (1,00, M)

This proves the claim of the theorem:
lim 1P, ....7x) € Br(n, d, M1)] = 0.
n—

]
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Proof of Theorem5 For z € IR, we define:

min(0,—z)

G(2) :==z[1 =2F(—2)1+ sign(z)Z/ xdF (x).

max(0,—z)
For j > 0, there exists ¢ > 0 such that:

194 1+j

EIZ{1= 37 Gl o) = 2 1o 0,06l
i=10+1 i=0+1

X min {F(|V(59_1,59)(xi)|/2) -1/2,1/2 — F(_|V(5'9_l,/39)(xi)|/2)} > cj.

Thus IE [Z;r)] converges to infinity for j — oo. With probability arbitrarily close to 1,
for sufficiently large M5, the minimizer of Z;.r) belongs to the interval [— My, M>]:

for all fixed § > 0, foreachr =1, ..., K we have:
IP[|L,| < M3] > 1-3. (20)
Let us consider the difference D := S(l(l) +i, ..., l% +ig) — S(lo, R l%) with i,
integer, |i,| < Mj, M as in the proof of the :l"heorem4. From Theorem4, fr is the
value of [, that minimize D. Then, for all fixed § > 0, foreachr =1, ..., K we have:
Pl —1° < M1 >1-36. Q21

Choose M > max{M, M,}.
We shall prove now that for |i,| < M, D converge jointly in i, in distribution to

Z,KZI Zl.(rr). Without loss of generality, we suppose that i1, i, > 0. Then, we have
the decomposition:

R

K
D=3 > {'Yj = Y00 iy 104y XD = 1Y) = Y(l?,l,lﬁ’)(xf)'}
r=lj=10 +i,_1+1

K 12+
2 2 (=T iy XD = 1) = (17 = Tgo o X1 = lej1)]
r=l1 j=19+1
= D1 + (D21 — D).

First, since 0h BY (x)/0B is bounded:

K 0
D=2 20 Mg 0 XD Vg o) XDI=0r (.
r=1 =0 i gt e o
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19+i,
On the other hand, we have | Dy, | < Zr 121 ;0+1| (B0,1.B 0 10 ))(Xj)| =op(l).
41

. A . 0 .
For D>, since '3(19_1+ir—1»19+ir) converges in probability to 8;_, for n — oo, uni-
formly in i, and i,, we have:

K 1O+ K
Da=| > D (les+vgope ) XDI=lejl) |1 +op)=" Z (+omp (D).
r=1 j=10+1 r=1

Therefore D converges in distribution to Zle Zi(rr), for n — oo0. Since we have two
independent sets of random variables around each of two change-points, the minimum

of D is the sum of minima of S(9, 19, ..., 17 +i,, 19 1, ..., 1%) =S, ....1%). The

same thing for the minimum of the process Zf: 1 Zl.(rr). Then, for all § > 0, taking in
account (20) and (21) we obtain:

Pll, —1°=i)— IP[L, = i,]| < 33. (22)

Hence the proof is complete. O
Proof of Theorem6 Since ﬁr,n depends only on change-points I,_1 and [, we have:

PBrn =B j)] =1 where

Bins oo Brons oo Bra1n) = arg min (arg min S(, ..., 1))

(B Broeens Br+1)ETEF hi<-<lg

and

'3(1, 1l)_argmm Z [Y; — hg(x;)].
i=h_i+1

By Theorem4: lA,,l = l?_l + Opp(1) and fr = 19 + Ojp(1). Then, using Lemma$8:
B(i~,1 iy = B(IO ],19)(1 + oyp(1). On the other hand, we have (Weiss 1991, Theorem
3):

21 O0)1 - 19—1)(3(1971,19) ) njﬁo)o N, V;).

By Slutsky’s theorem, the theorem follows. O

Proof of Theorem7 First let us consider K < K. Under the hypothesis (A1), using
similar arguments as for the proof of (18) because between two change-points the
length is at least n3/*, we have, with probability close to one: S(ll K- lK,K)
S leil > Cnd/*, with C > 0.ByLemma 13 of Bai (1998):0 < S(l1 k,» - - - » Iky. ko)
=2 leil = Op '/,
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Then §x, = Op (n=%) + n~' 3, |ei| —=> IE[|;]]. Using the relation (62) of
n—oo

Bai (1998) we get: B(K) — B(Ko) > [Cn/* — Op(n'/*)]/5k, + (K — Ko)Cp =
Op3*) — 0(Cy) — oo. Thus IP[K, < Ko] — 0 forn — oo.

Now consider K, Asuch that {(o < K < Ky. From the defirAlition of SAwe have:
Sy, ..., IKO) > S(ll,KO, ey IKO,K())' We also have Sy > S(l]ﬁ](o, ey IKO,KO) >
S (lAl, Ksvens } k.k ). Exactly as in the proof of Theorem 3, we obtain that the last sum
is greater than S(ZALK, ol IAK,K, I, lky)-

By an argument similar to the one used for the proof of Theorem 3 (for 7) we obtain
that: S(ZALK, . ..,lAK,K,ll, ...,1lky,) = So — V,. The random variable V,, is strictly
positive with probability converging to one, and V,, = Op (n’) for all § > 1/2.

These inequalities imply: 0 < §x, —§x = Op (n®~1). Then: n log Sk, —nlogsg =
Op (n?). Since C,, satisfies the given conditions, we deduce:

nlogsg —nlogsx,+KCy — KoCp=0p(n®)+C,(K — Ko) — 00, forn — oo.

Therefore, nlog§x + KC, > nlogsk, + KoC,, for large n. We conclude that, for
n — oo, IP[K, > Ko] — 0. O

Appendix: proofs of lemmas
Recall first a lemma due to Babu (1989).

Lemma 1 (Babu 1989, Lemma 1) Let Z; be a sequence of independent random vari-
ables with mean zero and |Z;| < b for some b > 0. Let also V > Zle E[Zl.z]. Then
forall0 <s < 1and0 <a < V/(sb),

P [Zn: Zi > a:| <2exp (—a2s(1 —_ s)/V) . (23)

i=1

For the linear case, the proofs of analogue lemmas 6 and 10 are based on the con-
vexity in ¢ of |e; — x;¢| — |&;|. The extreme value of a convex function is attained on
the boundary.

To prove the asymptotical properties of the LAD estimator in a nonlinear model,
without change-point, we need the auxiliary results.

Letdiam (") = supg, g,er 181 — B2l be the diameter of the set I". For the random
processes defined by:

Zi(B) = sign(e; — v(g goy(xi)) — sign(e;) + 2F (hg(xi)) — 2F (hgo(xi)), (24)

with g € I, we prove following two lemmas.

Lemma 2 Let (a;)1<i<n be a sequence such that |a;| < 1/c,,cy, — 00. Let A, =

u}/z (Z?:l aiz)l/z and the sequences (u,) and (cp) satisfying the conditions:
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u, = O(logn), ncn_2 = O(1). Under the assumptions (H1), (H2), (H3), there exists
two reals k > 0,d > 0 such that:

P [| > aiziB)l > dAn} =0(n™").

i=1

Proof of Lemma?2 We verify the conditions of Lemma 1. Consider: b = 4/c,,s =
1/2,a = A,. Thus, by Lipschitz condition for F' and the assumption (H3):

D GTEIZH B <4 al |Fhp(xi)) — F(hgo(x))] < 4¢P D" a} [vg oy (x:)]

i=1 i=1 i=1

400 2 Ihp(x:
< diam(")~—>" sup p(xi) < diam(D)4c OO 2.
S i=1 per’ Ch

Let also consider V = 4diam(1")c(0)c(1)ncn_2. We have:

Anb diam(I‘)cnu,l/2 (Z?:l 611-2)1/2 - 1 (un)l/z
77 nc@cM ~ diam(T)c@cD \ p
We can take every d such that: d < 26(0)0(])(n/un)]/2. O

Example Forthe sequences: ¢, =n, u, =logn, a; =n"!wehave: A, = (n’llogn)l/z.

Lemma 3 Under the same assumptions as in Lemma 2, we have:

sup
pel’

> aiz; (ﬂ)' = Op ((un Za?)“z). (25)

i=1 i=1

Proof of Lemma 3 First, we show that for every k > 2, B > 0, there exists d > 0
such that:

n

> ailZi(B) — Zi(B2)]

i=1

uo[ sup >dAn]=0(n—"), (26)
|B1—B2ll<Bn=1/2

with: A, = n= V4w, 31 a?1V/2.
We observe that: |sign(£,- — Vg, p0 (xi)) — sign(e; — v(ﬁz)ﬁo)(xi))| <2yi(B1, B2),
where i (B1. B2) = Lmin(v o 5 ) (x0).050, ) () SE SMax (50 5 ) (Vg0 ) (50
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Obviously y; (B1, B2) = 0if |g; — v(ﬂz,ﬂo)(xm > 2|v(g,,8,) (xi)|. Let be the random
event: A;(B) := {|ei — vg g0y (xi)| < 2Bn~"Zsupg - [0hp(x;)/0B|}. Then:

n

sup > ai1Zi(B1) — Zi(B2)]

B1—B2ll<Bn=1/2|; 1

<2 lail [Waypy — IP LA (B +4 D lai[IP [Ai ()] .

i=1 i=l1

It is obvious that there exists ¢ > 0 such that: IP[A;(B2)] <cn~1/? supger [10hp(xi)/

aBl.
We apply Lemma 1 for >"_, |a;|[1 4;(8,) — IP [Ai(B2)]] and b = c;l.We obtain:

> G E[l ;) — IP LA (B)I = D af IPLA; (B)] {1 — IP[A; (B2)]}
i=1 i=1

2> al IPLAi(B)]

i=1

IA

<5 ZIP[A (B2)] < C—n
€n i=1
and the claim (26) yields.
We divide the parameter set I into ( Z" . )!/2 cells. We apply the Borel-Cantelli
lemma and the relation (25) follows using also Lemma 2. O

Recall that M = lim,,_, oo n ™! Z;’Zl ||8hﬁo(xi)/8ﬁ||2.

Lemma 4 Under the assumptions (HI)—(H4), for any monotone positive sequence
v, — 0 such that nv% — 00 forn — oo, we have the existence of a B > 0 such that,
with the probability 1:

lim sup
n—o0

sup
I18—B0=Buy, n||g — ,30”2

|2 &BI _ O
- 2
Proof of Lemma 4 Divide || —B°|| = Buv, into N < (B+1)?(n+2)?/2 cells. For B

and B, in the same cell, |81 — B2l < n~'/?v,, we have: | 31| [&(B1) — & (B2)]| <
C Z?zl Vg, p) (XD < Cn'/?y,,. In the other hand, using (H3) and (H4), there exists
two positive constants C, C> not dependent on 7, such that:

fp(xi) fp(xi)
Var [Zs, (5)} _42/ ’ / ’ [F (min(u, v)) — F(u)F (v)]dudv

ﬂO (xi) ﬂ() (xi)

< C Z[v(ﬁ,ﬁo)m)lz < ConllB = BOIPM (1 + o(1)) = O(nv}).
i=1
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We consider: B = (MC»)'/2.
On the other hand, we have with the probability 1: [n;(8)| = Clvg goy(xi)| =
ClB - B° = O(v,) and by the Lemma 2 of Oberhofer (1982):

V(p,0) (X0)
Emi(B)] =21, <0 /0 [Ivp. g0, @) — YIAE ()

0

21y, (0 / [Ivs, g0, ()] + YIAF (»)
’ Vg0 (0

= 0((\)&/30)()@')) = O(U}’L)

Then: |&; (ﬂ)l = Ojp(vy). Thus, we can apply the Lemma 1 to Zl 1&i(B) fors =
172,V = nv ,b=v,and a = nvzf(O)M/Z The lemma follows by applymg the
Borel- Cantelh lemma. O

The following lemma gives the behaviour of the function to be minimized. Remark
that its demonstration is similar to that of Bai (1998) but the nonlinearity of /5 (x) will
be used in all the stages of proof. It is interesting to notice that we give a more precise
order for the supremmum in (ii).

Lemma 5 Under the assumptions (H1)-(H4) and the condition (5), for each § €
(0, 1), for any sequence (vy,) as in the Theorem 1, we have

@) su inf [lei — veg a0 ()| — leilll = Op (D).
n5<kp<n BeU (Y, —1/2¢)Z ! (B,B0)\Ai i

(i su e — va a0y (x)| = & || = Op (nv?),

: 1<kgn ﬂeU(ﬁO —1/2¢)Z| ! (B.B )( i)l — l&il p(nv;;)

where U(B°, n=12¢) is a neighborhood of B° and ¢ € IRP.
Proof of Lemma 5 (i) By definition: ,3k = arg minﬂ Zle lei —v(g,poy (xi)|. By similar

calculations that for Lemma 4 and Theorem 1, we can prove that: sup_ s || ﬁk -8 =
Op (n_l/ 2). Thus, to obtain (i) it suffices to show that the following random process:

k
Grn(®) = D llei = vigop,-129 goy ()| — leill, ¢ € RP,

i=1

is bounded for all ||¢| < C. Setting
Rin(@) == lei — vgoy,-1/2¢, g0y (Xi)| — |€i| — vgoy,-1/2¢ goy(xi) - sign(e;),
we can write G, (¢) as:
k k
Grn(@) = D sign(evigo 1129 50y (Xi) + D Rin(8).

i=1 i=1
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0h g0 (xi) .
By the central limit theorem, using (H2), we have n=1/2 ZLI ﬂa()/;x )51gn(8,~) =

Op (1), uniformly in k. Since ||82hﬂo (x;)/0B2|| is bounded, we obtain:

| ZLI V(g04n-1/2¢, 0y (Xi) - sign(e;)| = Opp (1), uniformly in k. Observe also that, we
can rewrite R; ,(¢) as:

sign (8,‘ — v(ﬂ0+n71/2¢yl30)(x,')) le; — l)(lg0+n71/2¢’130)(xl‘)]
—sign(e;)e; — v(ﬁo+,171/z¢’ﬁo)(x,-)sign(e,-).

Thus: |R; ,(¢)]| < 4]1‘gi|<|v(ﬁ0+'17]/2¢1ﬁ0)(xi)\ |U(ﬁo+”—1/2¢’5o)(xi)|.By the above inequal-
ity and (H2), we obtain:

k
> Rin()

i=1

n
—1/2
<cmn! z HISi|<|V(ﬂ0+n—1/2¢ﬂo>(xz')|’ Vk=1,...,n,

i=1

uniformly in ¢. In addition, under the Lipshitz condition for F in a neighborhood of
,80: E[n~'/? Z?:l Il|8i|<|U(ﬂ0+n—]/2¢_ﬁ0)(“xi)|] = O(1) and this completes the proof of
the first part of the Lemma.

(ii) By Theorem 1 we have that, for every € > 0 there exists a B € (0, co) such that
for all large k:

PlIB — Bl < Buk] = 1 —e, 27)
while noting My = Buy, we will show that there exists ng € IN such that for all
n > ng, with the probability approaching 1:

k

> ni(B)

i=1

sup < 2Akv} < 2Anv?, (28)

18— <M

for all k such that nyp < k < n. On the other hand, for k < ng, we have: |n;(8)| <
Mjcsupg_pgoj<p, 10hp(x;)/3p]l. Then, there exists a constant C > 0 such that:

| Zle ni(BI<X N ni(B)] < Cnv?. Hence, for large n, with the probability 1:

k
> niB)

i=1

sup <Cn v,%

I18—B01l <My

and the relation (28) is also satisfied for all k < ng. Hence the relation (28) holds for
all K > 1. Let us observe that (27) implies:

k
IP| sup |inf (B)| > 2Anv?
|:1sk2n|ﬁeri§m 2 "

k

<o(l)+ IP [ sup  sup | D mi(B)l > 2Anv,2l:|
I<k<n||g—pol <My i

and taking into account (28) for all &, the claim (ii) is deduced.
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It remains to show that there exists ng € IN such that (28) holds for all n > ng. We
divide the region || — B°|| < My into Cpkl’/2 cells. For 81 and B, belonging to the
same cell we have ||B1 — B2l < k~Y2My. For a Bs in the sth cell:

k

> ni(B)

i=1

k

> ni(B1) = ni(B2)]

i=1

sup
I18—B1 <My

< sup

s

+ sup
I B1—=Ball<k=1/2 My

k
1i (Bs)
i=I

(29)

For the second term on the right-hand side of (29) we get:

k
D (B — ni (B)1/ (kvp)

i=1

k

<|IB1 = Ball D sup H
i—1 B
i=1

dhp(x)
0p

‘ /(kv,%) <cC (kv,f)fl/z.

For the first term on the right-hand side of (29), we can write:

ni(Bs) = eilsign(ei — vg, goy(xi)) — sign(ei)] — vig, go)(x;)sign(ei — v(g, goy(xi)).
Without loss of generality, we assume: Vg, 8% (xi) > 0.Then: sign(g; — v(ﬂmﬁo)(x,-)) —
sign(g;) = —2110<e,~<u(ﬁx‘ﬂ0)(xi). We have also: IE[sign(e; — v(ﬂxﬂo)(xi))] =1-

v 0, (x7)
2F (vp, poy(x)) = =2 [y #7777 f(t)dt. Then

Vgq.p0) (Xi)
Eni ()] =2/0 P g g ) — 11£ 0 =02, () £0) (14 o(1)

Using dominated convergence Theorem, we obtain: | Zf: VIE[; (Bl < Ckf(0)
1B — B> < Cf (0)kv. With the probability 1, we have: |& (B;)| < 2|, go)(xi)| <
Cui supyg_goj <, [|0hp(xi)/0B|. Then: Var[& (B;)] < 4v(2ﬁs’ g0, (i) This implies,

since dhg(x)/0p is bounded in the region || — B0l < My, that: Zf'(:l IE[Eiz(ﬁS)] <

Ckv,%. From Lemma 1 and the relation (29) we obtain in a similar way as in the linear
case (Bai 1995, Lemma A.1.):

k
> (ﬂ)‘ /(kv,%] < A, (30)

lim sup |: sup
i=1

k=00 |Ip—pOI<My

with the probability 1, for some A > 0. The relation (30) implies that there exists
no € IN such that (28) holds for all £ > ny. O

Lemma 6 Under the assumptions (H1), (H2), (H5) and the condition (5), for a mono-

tone positive sequence v, — 0 such that nv,% — 00, there exists an € > 0 such that,
with the probability 1:
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. . 1 <
liminf  inf - Zln,-(ﬂ) > €. 3D
i=

n=>00 =Bz

Proof of Lemma 6 Let us consider 8 such that || — g°|| > v,. For every compact
sub-set 'y of I" not containing A%, we have by the Theorem 1 of Oberhofer (1982) that
there exists € > 0 such that: ™! Z?zl IE[n;(¢)] = €. Moreover, using the assumption
(H5):

n

> > Vartn (91 < 16 - B> sup

i=1 BeT

ohpg(x;)

ap

<C.

’ 2

By the strong law of large numbers:

1 n
IP || liminf inf — niB))=¢e| =1
[( n=00 ||g—p0|>v, 1 ; l

m}

Following two lemmas prove that when the data are from two different models, the
LAD estimator in the regression without change-point is close to the parameter of the
model from where most of the data came.

Lemma 7 Let ny and ny be two integers such that ny > n? with 1 > p > 3/4,ny <
nv and v < 1/4. Let us also consider the regressions

lezhﬂ?(-xl)—‘f_glv i=17"'9n13
Yi=hﬁg(xi)+8i, i=n1+1,...,n1 +no,

with B # BY. We set N = ny + na and By := argming 3N | |Y; — hg(x;)|. Under
the assumptions (HI)-(H5) and the condition (5), we have:

(i) Foreveryd € (0, p — v), with the probability tending to 1, we have:
1By — BYIl < =7V D2,
(iD) XLl = v, g0, = leill = Op (D).

Proof of Lemma 7
(i) By definition:

i=1 i=nj+1

ni ni+na
A = arg min [Z[m — v gyl =leil ][+ > [lei —v(ﬂ,ﬂg)(xm—m]]

(32)
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Using (H3), we have that

ni+ny ni+ny 8/’15()6[)
> [|ei—v(,3,ﬁg)(x,-)|—|si|]suﬂ—ﬂé’n > sup H 35 ‘=0(n“).
i=ni;+1 i=ni+1 per

The rest of proof for the first term on the right-hand side of relation (32) is similar
to that of the Lemma 10 of Bai (1998), using the Lemma 6.

(i) The proof mimic the proof of the Lemma 10 of Bai (1998). For the clarity we
give outline of this proof. This is based on the writing of the right-hand of the
relation (32):

ni ny+ny
D llei = vig oyl = leill + D [lei = vig g0, (x| = leil]
i=1 i=ni+1
ni+ny
=B+t (B + D [lei = vigo g0y ()] = leill,
i=ni+1

where z,(8) = Z:'l;lﬂgi - V(ﬁ,ﬁ?)(xiﬂ — lei|] and 7,(B8) = Z:l;:]nil“sl - V(/g’ﬁ‘z))
(x| —lei — V(ﬁ?,ﬁg)(xiﬂl

For t, we apply (), [t (Bn)| < 2I572 e ~Vigy.p0) (Xl 18 = Vg0 g0y (x|
Z:’;:l"}rl |v(ﬁ?!/§N)(xi)| = o(1). On the other hand: 0 > z,(By) + t(By) >

infg z4(B — lop(1)]. Then: |z,(Bn)| < |infg za(B| + op (1) By Lemma 5(i) we
have infg z,,(8) = O (1) and the claim follows. O

IA

\

The following three lemmas are necessary for the model with the change-points.

Lemma 8 Let ny and ny be two integers as in the Lemma 7. Consider:

lehﬁ?(xl)—i_gl’ izla"'7ka

Yi=hﬂg(xi)+8i, i=k+1,...,k+no,

where k € [ani,n1],a € (0, 1) and N = k + ny. Under the same assumptions as in
the Lemma 7, we have

(i) ThenVa € (0, 1], V6 € (0, p — v), with the probability tending to 1:

b 0 —(p—v—4)/2
sup || Brny, — BYIl < = PvTO2,
nia<k<ni

(it)

k
sup | > lei = vg,, 0 (i)l = leil| = Op(D).

nya<k<ni i=1
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Proof of Lemma 8 The proof is similar to that of Lemma 11 of Bai (1998). The only
difference is that we use Lemma 6 which is the analoguous for the nonlinear case of
the Lemma 5 of Bai (1998). O

Lemma 9 Under (H1) and (H3), for all § > 1/2, we have:

. 8
sup | inf > [ler = vig,p0) ()| = leil]| = O (n).

1<ji<je=n

Proof of Lemma 9 The proofis similar to that of the Lemma 3 of Bai (1998). The single
place where the linearity intervenes in the proof of the Lemma 3 of Bai (1998) is in the
relation which is placed between Eqs. (15) and (16). The equivalent of >, |w;||s —1|
is >0 v B (x|, for By, B> € I', which is O (n'/?) as consequence of (H3). 0O

Lemma 10 Let us consider the sequence ¢, — 0 such that nc,/logn — 00 or
cn = ¢ > 0. Under the assumptions (H1)—(H3), there exists C > 0 such that Ve >
0,Vn > ne:

1P sup 225,(5) > € <exp( ’ne C)

18—B0l<en | Ch i1

Proof of Lemma 10 Divide the region || — B°| < ¢, into c,n?/? cells. For By, B2
belonging to a common cell: |81 — B2 < c,n™ /2, we have:

Z[Ez(ﬂl)—&(ﬁz)] <— Zv(ﬂ] g ()| <2072 C = 0(1).

i=1 i=1

On the other hand: |§; ()| < 2[vg, ﬁo)(x,)| < ¢,C for a constant C > 0. We apply
Lemma 1 for &;(B) and s = 1/2, b_ZCnC a_nc €,V = 4C2nc O
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