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Abstract We apply non-regular extensions of the large deviation theory to non-regu-
lar location shift families. Our calculation contains the location shift families generated
by Beta distribution, Weibull distribution, and Gamma distribution. We point out the
optimal estimator depends on the choice of our criterion in the non-regular case. The
limits of relative Rényi entropies play an important role in our derivation.
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1 Introduction

In statistics, we often treat Beta distribution, Weibull distribution, and Gamma distri-
bution. However, these distributions have a limited support. That is, if we consider the
location shift family generated by Beta distribution, Weibull distribution, or Gamma
distribution, the support depends on the location. In the conventional estimation
theory, we assume that the support does not depend on the true parameter and evaluate
the accuracy of the asymptotically best estimator based on Fisher information. When
the location shift family is generated by a probability density function with a limited
support, Fisher information cannot be defined in general. So, we cannot apply the
conventional estimation theory. However, the fact that the support depends on the true
parameter gives an advantage for increasing the accuracy of our estimator. Therefore,
we can expect to overcome the accuracy of the estimator in the conventional case.
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690 M. Hayashi

The main points of this problem are finding an asymptotic optimum estimator and
evaluating the accuracy of the estimator in the non-regular location shift family. This
problem has been discussed by Akahira (1996) and Akahiraetal. (1995) from the view-
point of information loss. Recently, using Bahadur (1960, 1967, 1971) large deviation
theory, Hayashi (2008) formulated a general estimation theory of non-regular family.
Hayashi’s formulation has two types of criteria o1 (6) and a2 (@) in large deviation
theory, in which these two criteria coincide in the regular case. As is mentioned in
Hayashi (2008), the first criterion «1(0) corresponds to the interval estimation, and
the second criterion «»(6) does to the point estimation.

Although the previous paper (Hayashi 2008) treated how to avoid the super effi-
ciency of Bahadur (1960, 1967, 1971) large deviation theory in the non-regular case
pointed by Ibragimov and Has minskii Ibragimov et al. (1981), it did not apply its
formulation to concrete examples. Further, while it derived the upper bounds of o1 (9)
and o (0), the attainability of these upper bounds were not investigated sufficiently.
In order to clarify the effectiveness of this formulation and the obtained upper bound,
it is required to apply it to several specific statistical models and discuss the following
issues. (1) Comparison and calculation of two types of criteria «1(0) and «»(6) on
several statistical models. (2) Checking whether their upper bounds derived in Hayashi
(2008) can be attained on several statistical models.

The main purpose of the present paper is to apply the formulation in Hayashi
(2008) to several realistic examples and check the attainability of upper bound given
in Hayashi (2008). For this purpose, the present paper focuses on a specific non-regular
location shift family generated by the following support-limited probability density
function. When the support is a closed interval [a, b], the probability density function
behaves as A1 (x — a)'~! and Ay(x — b)>~! at the neighborhood of the boundary.
Our analysis depends on the two shape parameters k| and k2, and contains the half-
line support case by substituting O into A,. That is, it covers location shift families
generated by Beta distribution, Weibull distribution, and Gamma distribution. As is
summarized in Tables 1, 2 and 3, we calculate both bounds and discuss the attainabil-
ity of both upper bounds. Through this type discussion, we clarify that the optimum
estimator depends on the shape parameters and the choice of the criterion. The max-
imum likelihood estimator (MLE) and the convex combination of extremal statistics
give good performances in the second criterion (point estimation), while the likelihood
ratio estimator (LRE) and a modification of extremal statistics give good performances
in the first criterion (interval estimation). Further, we discuss the relation among their
performances, optimal values, and the shape parameters.

The present paper is organized as follows. In Sect. 2, a general large deviation theory
for non-regular families is reviewed as Hayashi (2008) extension of Bahadur (1960,
1967, 1971) large deviation theory. In Sect. 3, we summarize the limits of relative
Rényi entropies, which are calculated in Hayashi (2002b) In Sect. 4, we review the
existing results concerning the calculation of the performances of respective estima-
tors. In Sect. 5, which is the main part, we calculate the performances of respective
estimators and the optimum performances «1(6) and o (6) in the location shift fam-
ilies depending on the shape parameters. In Sect. 6, we apply the main result to the
location shift families generated by Gamma distribution, Weibull distribution, and
Beta distribution.
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Large deviation theory for non-regular location shift family 691

2 General theory

Bahadur (1960, 1967, 1971) proposed a large deviation theory, which is fundamental
for a general large deviation theory for non-regular families by Hayashi (2008) and is
summarized as follows. Given n-i.i.d. data wy, . .., w,, the error probability pg (T, —
0] > €} goes to 0 exponentially. That is, the rate of the quantity — log py {|T,, — 0| > €}
is in order n. Hence, for the estimator T = {7},}, we focus on the following exponential

decreasing rate of the error probability with a fixed error bar Bahadur (1960, 1967,
1971):

—1
B(T, 6, ¢) := liminf — log py{|T, — 0] > €}. )
n

This exponential rate S(T, 0, €) can be written by the estimator T = {7},} is written
by the exponential rates of half-side error probabilities as

B(T, 6, ¢) =min{BT(T, 0, ¢), (T, 0,¢)},

where the exponential rates of half-side error probabilities are given by

BT (T, 0, ¢) := liminf _—1 log pg{T, > 6 + €}

B (T,0,¢) _hmlnf—llogp {T, <6 —¢€}.
When an estimator T = {7} satisfies the weak consistency

pollT, — 0l >€} -0 Ve >0, VOeO,

using the monotonicity of KL-divergence, we can prove the inequality

B(T,0,¢) <min{D(poiellpo), D(po—ellpo)}- @)
Note that if, and only if, the family is exponential, there exists an estimator attaining
the equality (2) at VO € @, Ve > 0. Therefore, for a general family, it is difficult to
optimize the exponential rate S(T, 0, €).

Instead of the exponential rate B(T, 6, €¢), We usually consider the slope of the
exponential rate:

a(T, 0) := hm —/3(T 0,€). 3)
In this case, when the Fisher information Jy satisfies the condition

.2 d
Jo == /le (@)* po(dw) = lim —D(potellpo), lo(w) = —logpsp(w), (4
e—>0 € do
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692 M. Hayashi

the inequality
1
(T, 0) < EJe %)

holds.

However, when the support depends on the true parameter, the KL-divergence
D(po+cll po) does not have a finite value. In order to resolve this problem, we use the
relative Rényi entropies I°(pg || po+e) = — logfpse(w)pl_SQ + e(w)dw (0 < s <
1). In general, the order of I* (pg || po+) is not necessarily €2 at the limit e — 0. How-
ever, its order is independent of the parameter s, as is guaranteed by the inequalities

. 1 } 1
2min{s, 1 —s}12(pollpo+e) < I*(pollpo+e) < 2max{s, I — s} 2(pgllpore),

which are proven in Hayashi (2008). In several cases, the order of the exponential
rate B(T, 0, €) coincides with the order of the relative Rényi entropies I° (pg || po+e)-
In the following, we use a strictly monotonically decreasing function g(x) such that
I*(pollpo+e) = O(g(€)) and g(0) = 0.

In the present paper, as the criteria of the asymptotic accuracy of the estimator, we
focus on the two quantities

1
a1(0) :=limsup——sup inf  B(T,0,¢) (6)
e>+0 8(€) T 0—€<0'<0+e
az(0) = supax(T, 0), (7
T

which are defined as two extensions of Bahadur’s bound (slope) «(6), where

ar(T, 0) := liminf — inf B(T, 6, ¢). ®)
e—>+0 g(e)e €<0'<0+e

These two bounds correspond to the point estimation and interval estimation, as is
mentioned in Hayashi (2008).
The following propositions hold concerning these two quantities:

I¢ _ .
(Po—c/21lPo+e/2) is

Proposition 1 (Hayashi 2008) When the convergence lime_, 200

uniform for 0 < s < 1, the inequality

a1(0) <a(®) :=2“ sup IS 9)

O<s<l1

holds, where k and I;@ are defined by

I* _
I3, = lim (Po—e2ll Po+es2) 1>5>0 (10)
’ €—>+0 g(€)
€ = pm 809

e>+0 g(e)

(11)
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Large deviation theory for non-regular location shift family 693

Note that the function s — 1 g is concave and continuous because the function
s : : s _ gl—=s
s —> 1 (pg_%e ||P9+%€) is concave and continuous. Therefore, when Igﬂ = Igﬁ , we
have

1
@10) =2°12,. (12)

Proposition 2 (Hayashi 2008) If the convergence lim¢_. %

fors € (0,1) and 0 € K for any compact set K C R, the inequality

is uniform

I;,'H 1 1 \k—1
SUPp<s<1 m__q) (S"*l + (1 - S)"fl) ifi <1
1
w® <m0 = 1 21}, P

. I, 1 RN
infgog-q _S‘({g_;_s‘) (SK—I + (1 —s)K—l) ifi > 1

holds.

When we choose g(x) = x2, we have k = 2, 12’9 = %Jgs(l — ), and the relations

1
o s 1
01(6) =4 max Ipp =3

s

I
T (0) = . g.0
@O) = mn T

_29

hold. In particular, if the distribution family satisfies the concavity of the logarithmic
derivative lyp (w) for 6 and some other conditions, the bound %J@ is attained by the
MLE. Thus, the relations a1 (f) = a2 (f) = @1(0) = a2 (0) = l]@ hold.

As a relation between two bounds o (6) and o> (6), we can prove the following
theorem.

Proposition 3 (Hayashi 2008) The inequality

a1(0) = a2(0) (14)
holds, and (14) holds as an equality if and only if the equations

o1(0) =2KI§9 (15)

*12, =) 16)
hold. When k < 1, (14) holds as an equality if and only if Eq. (15) holds.

When 1 ;0 is differentiable, condition (15) is equivalent to %1 §,9 [y 1= 0.
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694 M. Hayashi

3 Limits of relative Rényi entropies
In order to calculate the upper bounds & () and @ (), we need to calculate the limits

of relative Rényi entropies. In this section, we summarize the calculation in the case
of location shift family, which is given in Hayashi (2002b)

3.1 Interval support case
In this subsection, we discuss the location shift family generated by a C* continuous

probability density function f whose support is an open interval (a, b) C R. We
assume conditions (17) and (18) for f:

fix) = fla+x) Z Ax ! asx — 40 (17)
fr(x) == f(b—x) = Ayx*>"! as x — 40, (18)

where k1, k2 > 0. In addition, if k; # 1, we assume the following conditions:

() = Ai(i — Dxi72 asx — +0 (19)
1) = Al — Dk —2)x73 asx — 40 if iy #2 (20)
xf'(x) > 0 asx — 40 ifk; = 2. (21)

If k; = 1, we assume the existence of the limits lim,_, 1o f/(x) and lim, 4o f{"(x).
If k; > 2, we assume that

b
Jy ::/ F O (x0)dx < . (22)

For example, when f is the beta distribution f(x) = B(; 5))(“_1(1 — x)~! whose
support is (0, 1), the above conditions are satisfied and we have

_ 1
"~ B, p)’

kKi=a, k=8, A=A (23)

In this paper, we denote the beta function by B(x, y). Then, we have the following
theorem:

Proposition 4 (Hayashi 2002b) Assume that k := k| = k3, we obtain the following
relations:
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Large deviation theory for non-regular location shift family 695

[ =< (A1sB(s + k(1 —5), 1 —«)
+A2(1—=5)Bl —s+«ks,1—k)) O0<«k <1
N
lim I (foll fo+e) _ JAis+ A1 —y) =1
e—>+0 € Ars(1—s(k—1))B(s+k (1—s5),2—k) <k <2
K
4 A2(=9)(=(=9)(k=1) BU—s+K5,2—k)
K
(24)
il fore) _ (AL+As=s)
e—>+0 —eZloge 2
¥ 1—
i DGl _sU=9) )
e—+0 €2 2 :

where fo(x) := f(x —0). These convergences are uniformfor0 < s < 1. If k1 < k2,
substituting k := k1, Az := 0, we obtain the above equations.

The cases k > 2 and k = 1 were proved by Akahira (1996). However, he did not treat

the uniformity of 0 < s < 1, which is essential for the discussion in Propositions 1
I* (pg ||2P0+e) _ Jops(1—s)
- 2

and 2. The case x > 2 is an example where relation lim¢_, 4¢

holds, but relation (4) does not. Further, when f;(x) goes to zero faster than x, i.e.,
I* (pe H2P9+e) _ Jes(1—s)
€ — 2

fix)/x — 0 as x — 0, similarly, the relation lim¢_, 4¢
holds, but relation (4) does not. Note that when 0 < k < 2, in general, the equation
lime_, 4o 2ol ore) (f9!Lf9+f) = lim_, _o ZUolJotre) (ffénlf‘“f) does not hold.

Proof Since I (fyll fo+e) = I°(f-cll fo), Lemma 1 yields Eq. (24). O

Next, we introduce two quantities for any ¢ € (a, b) as

I (c, fi€) == /C IO (x + edx — /C f(x)dx — f(c)se — %f’(C)ez,
b—e b
IF(c, f,e) = FI75 ) f5(x 4+ e)dx —/ f(x)dx + f(c)se + %f’(c)ez.

Lemma 1 (Hayashi 2002b) We obtain the following relations:

11—k

- A1sB(s + k1 (1 —s),1 — k1) 0<ky <1
lim L’qf’f): —A1s k=1
0
o Ars(=s(c; = 1)B(s + k(1= 5),2 = k1)
_ 1<k <2
K1
(25)
oI5 (e, fie) Ars(l — )
lim = — k1 =2
e>+0 —eZloge 2
. I (e, fe) s(l—s) _
ein-:-o €2 T2 Jf’c 2<x
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696 M. Hayashi
and
lim IF(c, f.e)
e—>+0 €x2
1—xo
—Ay(1 —=s)B(1 —s + k25,1 —k3)) O<rr <1
K2
=1 -A(1—y) Ky =1
Ay(1 =) — (1 =s5)(ky — D)B(1 — s + k25,2 — Kk2)
_ 1<Ky <?2
K2
(26)
L, fie)  Aws(l—3) o1
e—>+0 —e2loge 2 2T
. I (e, foe) s(1—s)
elirﬂo €? ) Ire 2=k

where J f_ and J; are defined as

c b
o= / SO dx, I = / FH@Of (@) dx.

These convergences are uniform for 0 < s < 1.

3.2 Half-line support case

In this subsection, we discuss the case where the support is the half-line (0, co) and the
probability density function £ is C3 continuous. Similar to (17) and (18), we assume

that
Fx) = A asx — 0.
When « # 1, we assume the following conditions:

£ = Ak — Dx2 asx — +0
F(x) Z Aj(k — Dk —2)x* 3 asx > +0ifx #£2

xf’(x) - 0 asx — +0if k = 2.

27

(28)

(29)

(30)

When k = 1, we assume the existence of the limits lim,_, 1o f'(x) andlim,_ o f”(x).
In addition, we assume that there exist real numbers ¢ > 0 and € > 0 such that

/ h FH O (f (0))%dx < oo
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Large deviation theory for non-regular location shift family 697

o0
/ sup f(x+1) sup |f3x +0)(f)P(x +n)ldx < 0o (32)
c 0<t<e 0<t<e
o0
/ sup f(x+1) sup |f2x+0)f/(x+n)f'(x+n)d <oco  (33)
c 0<t1<e 0<n<e
o0
/ sup f(x+1) sup |f(x +0)f"(x +n)ldx < oco. (34)
¢ 0=n=e 0<m=<e

For example, when f is Weibull distribution aﬁx"‘_leﬂxa, the above conditions are
satisfied and we have

Kk=a, A=aop. 35)

When f is gamma distribution f(x) = %x“‘leﬁ" , the above conditions are satis-
fied and

ﬁ()t

=aq, = . 36
Kk @ (36)
Now, we obtain the following theorem:
Proposition 5 (Hayashi 2002b) We obtain
1—«
——(AsB(s + k(1 —5),1 — k) O0<k <1
K
i DUl S _ | 4 1
e—>+0 ek
As(1 —s(k — 1))B(s + k(1 —s),2 — k)
l<k<?2
K
(37)
IP(follfore)  As(l—s)
= k=2
e—>+0 —eZloge 2
I’ 1—
i DGolfos) s,
e—>+0 € 2 ’
where
o
Iy = /0 S OGN @dx. (38)

These convergences are uniform for 0 < s < 1.

For a real number ¢ > 0 satisfying (31)-(34), we define

[ b
I (c, fe) = / FI5 ) £ (x 4 €)dx — / f)dx + f(c)se + %f/(c)ez.
c c
Similar to Propositions 4 and 5 is proven from Lemmas 1 and 2.
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698 M. Hayashi

Lemma 2 We obtain

. I (e, fre) s(l—s)
51—1>T-0 €? ) Ife

(39)
where
oo
Jfo= / FH@( () dx
c
and the convergence of (39) is uniform for 0 < s < 1.

4 Large deviation type performances of useful estimators

In this section, in order to discuss the bounds o (6) and o (6) in the case of location
shift family, we focus on the following estimators:
For the first criterion «1(6), we focus on the likelihood ratio estimator g 1=

{OLR,en(x1, ..., x,)} and the estimator 0, := {0, ,, := 0, — €}. For the second crite-
rion oz (6), we focus on the maximum likelihood estimator 0 577, := {61 .}, and the
two extremal estimators 6,, := max({xy, ..., x,}—bandf, := min{xy, ..., x,}—a.In

order to strike a balance between two exponential rates 87 (T, 8, €) and (T, 6, €),
we use the convex combination (CC) estimator @ cc ;. := {6cc,a,n 1= A0, +(1— 2)0,}
with the ratio A : 1 — A of the two estimators @ and 8, where 0 < A < 1. The following
formulas are obtained in Sect. 5 of Hayashi (2008):

First, we discuss the performances related to the first criterion o1 (¢). The modified
extremal estimator 6. satisfies

K1

2
BOc,0,¢) = A =—€1 + 0(e). (40)
K1

Further, when f(x) is monotonically decreasing, it also satisfies

IB(Q€7 69 6) —
o W =] (9) (41)

When the function log f(x) is concave, the likelihood ratio estimator 0 . satisfies
the equation

0 6709 —
im FELRELD _5,6), (“2)

Next, we discuss the performances related to the second criterion «(6). Two extre-
mal estimators @ and 0 satisfy

A A
B@,0,¢) = — —
K K

Lekt £ o(e ), BB, 0, €) = 222 4 o(e?). (43)
1 2
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Large deviation theory for non-regular location shift family 699

When k1 = k2 = k, the convex combination estimator 6 cc , satisfies the equations

A

mé + 0(6 )

A
BTOcci, 0,6 = K—;LEK +0(), B (Bccp.0,€) =

A

— =

A

When A¢ := T = argmaxg.; <] min{%, (= | the relations

T
Al +AS

1 1
- B N (A/( _"_AK)K
BTOcciy 0,€) = B (0ccaog. b, €) = —1—27 & 4 o(¥) (44)

hold. When the function x — log f(x) is concave, the MLE 6, satisfies

o (0)
26

a(@pp,0) > (45)

Under the same assumption, Fu (1973) essentially proved

f/(x)
fx)

b—e
BT Oy, 0,€) = Sup;>o — log/ exp (—t ) fx +e)dx. (46)

Further, when f(x) is monotonically decreasing, the MLE @), satisfies

A
BOuL.0.6) = Lk 4 o(eM). (47)
K1

5 Large deviation bounds depending on the shape parameter «; and k>

In this section, we calculate the bounds «(0), o1 (6) a2(0), and > (0) in the case
of location shift family, depending on the shape parameter x| and «». Using facts in
Sect. 4, we can calculate lim¢_, 4o %, lime_s 40 ﬂ%(f)’e), max; a(@cc ., 6),
and «a (01, 6). Before proceeding to the discussion of this section, we summarize
these calculations and the main results concerning the bounds «1(6), &1 (6) «2(6), and
o> (0) by Table 1.

In Tables 1, 2 and 3, (C) means that the value is calculated only when log f(x)
is concave. (D) does that the value is calculated only when f(x) is monotonically
decreasing. In the above table, we consider the case of A| > A, > 0. In this case,
there is no example such that f is monotonically decreasing and ¥ # 1. Also, there is
no example such that log f(x) is concave and 1 > « > 0.

Table 1 is simplified in the case A = Ay = A as Table 2.

Further, when A = 0 or the support of f is the half line (0, co) and when A} = A,
the table is simplified as Table 3.

@ Springer



700 M. Hayashi
Table 1 Slopes in the general case (k] = k3 = k)
K K >2 k=2 2>k >1 k=1 1>k>0
g(e) €2 —ezloge €* € €*
@ (0) T Athy ? 2max{Aj, Ay} ?
A1+A —
o1 (0) Jp© Ao 7o) © 2max{A], Ay} ?
. 0 0, Al+A —
Jim POLESEO g0 AR O m®)©  2max(AnA)©) 2
. Ble,0.€) 2K 2K
EE)IRO W 0 0 A1 244 A=
@ (0) Ty Aty ? Al + Ay ?
@ (9) Jh© Adh) o A1+ Ay ?
A1+A a0
a@pr.6) h© Aty 249 4D ?
1 1 1 1
AI( AI( K AK AI( K
maxj, 0!(0cc,)\, 6) 0 0 # Ay + Ay M

K

Table 2 Slopes when A; = A = A

K K >2 k=2 2>k >1 k=1 1>k>0
g(e) €2 —eZloge € € ek
Kk—13_ JE K(1— JE

@ (0) 252(9) Jg A A2 (€] K)KB( 5 2—K) 24 A2k (1 K)fi( 5 J—K)
a1 (6) Jg(©) A©) @1(6) (©) 24 ?

. 0 .0, _
Jlim POLRDD ) A© @O (© 24©) 2

. B0c.0,€) 2K 2K
Jim HS 0 0 AL 24 AL
a2(6) Jo (C) A(C) ? 24 ?
a@pr.6) Jg(©) A > 4O () AD) 2
a@cc,12,0) 0 0 2A 24 A

K

Table 3 Slopes when A; = A and A = 0 or the half-line case. 7y will be given in (63)

K K>2 k=2 2>K>1 k=1 1>k>0
g(e) €2 —eZloge €k € €k
@10) Jo 4 AX (<2 —1p) 24 A28
a1(6) 5 (©  4© @) (Cork <2—19) 24 Az

. (] 0, _

Jim POLRSZD 0 4© @O© 2400 ?

: BOc.0.€) 2k 2€
Jim = 0 0 A= 24 AZ
— A Am(k—1) A
az(0) Jo 2 < CSnre=D A 3
2(0) Jh(©  5© ? A 4
@y, 0) Jp (© 4(© >4 A@©or(D) 2D
(0.6) 0 0 4 A A
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Large deviation theory for non-regular location shift family 701

5.1 Semi-regular case

From Proposition 4, when «1, k2 > 2, the relation

i '(foll fore) sl —s)
im 5 =
e—>+0 € 2

Iy (48)

holds, where this convergence is uniform for s and J is defined by

VI S
Jf.—/a ( o ) f(x)” dx.

Hence, it is suitable to choose g(x) = x2.

Theorem 1 When x — log f(x) is concave, we obtain k = 2 and the relation

1
@1(0) = a1(0) = 02(0) = x2(0) = 7 Jo. (49)

Proof Using (48), we have

1

a1 (0) =4 max I 0= EJQ
Isg 1

@) = 87— _Jp.
0<s<ls(1 —-s5) 2

Since the function log f(x) is concave, relation (46) implies

BT OmL. 0, €)

b—e 4
> — log/ exp (—e%) fx +e)dx

~ be f'(x) J'x)
:_k’g(/a (1_ fo T2 (f(x)))

2
x (f(x) +ef'(x) + 6—J"’(x)) dx + 0(62))

2
b—e 2
= —log( w5 (ff((")) e )) dx +0(e2))
b b—e g/ 2
= —log (1 — - f(x)dx — 3 ; ff(();)) dx + 0(62))

2 b—e ¢/ 2
~ _log (1 - % (/ ff((—);))dx - e)) + 0(62)) .
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702 M. Hayashi
Thus, we obtain
1 b—e g/ 2
lim =@z, 0,€) = 5 lim / L G~ po—0) =2
20 a f(x)
Similarly, we can prove that
1
hm —,3 Opr,0,¢) > —]f
Hence, the relation a> (0 377, 0) < %Jf yields the equation
1
2@y, 0) = va
which implies (49). |
5.2 The case that k] = kp = la
From Proposition 4, when k1 = k7 = 1, the equation
IS
im Lol fore) _ Ays + Ax(1 —5)
e—>+0 €
holds, where this convergence is uniform for s € (0, 1). Letting g(x) = |x|, we have
Kk =1.
Theorem 2 The relations
a1(0) =a(0) =2 sup IY o = 2max{Aj, Az} (50)
O<s<l1
1
a2(9)=52(9)=21;9 =A1+ Ay (@28

hold. Therefore, a1(0) = a2(0) if and only if A1 =

Proof The second and third equations of (50) and (51) follow from the formula / g g =
A1s+ Az(1 —s). In the following, we prove the first equations of (50) and (51). Since

(44) implies

max ax(@cc.y,0) = A1 + Aa,
0<i<l

we obtain the first equation of (51).

Next, we prove the first equation of (50) in the case where A > A,. From (40),

the estimator . satisfies

1
llm _ﬂ(QE’ 97 6) = 2A1’
e—>+0 €

@ Springer



Large deviation theory for non-regular location shift family 703

which implies the first equation of (50). When A, > A1, we can similarly prove it.

O
5.3 The case that k] = kp =2
From Proposition 4, when «1 = «2 = 2, the equation
I(foll fo+e) (A1 + A2)s(1 —) (52)
e—>+0 —eZlogle| 2
holds, where this convergence is uniform for s € (0, 1). When we choose g(x) =
—x? log x, the parameter « defined in (11) is equal to 2. Then, Eq. (52) implies
A1+ A
@O =4 sup L2y = At Al
O<s<l °’ 2
5 (53)
_ . I A+ Az
or(0) = inf . = .
O0<s<l s(1 — ) 2
Theorem 3 When the function x +— log f(x) is concave, the relations
_ _ A+ Az
a1(0) =a1(0) = aa(0) =a2(0) = — (54)
hold.
Proof Whena +§ < x < b — §, we can approximate that
f’(x)) ~ (@)
exp | —€ fa+te=f)+ 5| &) —= - (55)
( fx) 2 fx)

Therefore, from relation (46), we can evaluate

BT OmL,0,€)

b—e /
> —log (/a exp (—e J;((j:))) flx+ e)dx)
b—48 ’ 8
=—log (/ exp (—6 f (x)) f(x +e)dx +/ exp (—ei) Ai(x + e)dx
a+s fx) 0 Arx

§ A2
+ exp|+e—— ) A2(x —e)dx
€ Aorx
b

b3 a+s
= —log ( f(x)dx —|—/ f(x)dx + f(x)dx
a b—38

a+s8

H)
+ A / (exp (—el) (x+¢€)— x) dx
0 X
B
+ Az/ (exp (—i—e%) (x—¢€)— x) dx + 0(—62 log 6))
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Al +A
= —log (1 + %62 loge + o(—€? log e))

A
=~ —Tzezloge +o(—€”loge), (56)

where the relation (56) follows from Lemma 6 in Appendix A. Thus,

A+ A

ar@pr,0) = > (57
Using (53) and (57), we obtain (54). O
5.4 Thecasethat 1 < k| =kp <2
From Proposition 4, when 1 < k| = k2 < 2, the equation
. 1 Ais(l —s(k1 — 1)B(s +x1(1 —5),2 —k1)
lim —— 1 (foll fore) =
e—+0 "l K1
+A2(1 — )1 = —=5)k1 —1D)B( —s +«15,2 — k1)

K1

holds, where this convergence is uniform for s € (0, 1), and B(x, y) is a beta function.
Letting g(x) = |x|“!, we have k = .

2)(
@p(0) =2° sup I j=— max [Ajs(1—s(k—1)B(s +x(1—5),2 —k)
0<s<1 & K 0=s=l

+ A1 =51 -0 =s5)k =1)B(1 —s+«s,2—«)]

5

I 1 1 Kk—1
ar(0) = inf 8. sk=T 4 (1—s)k=T = inf |(Ais(I—=s(kk—1)B(s+x(1—s),2 —«)
O<s<l s(1 —s) O<s<l

+ A1 =51 -0 =s5)k =1)B(1 —s+«s,2—«))

1 1 Kk—1
(sm + —x)m)

ks(l —s)

X

=<

(A +A2)2"_2(1—/<)B(1 er",z—x), (58)

!
K
where the last inequality is obtained by substituting s = %
Theorem 4 If, and only if, A1 = Ay, the equality
a1(0) =a2(0)
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holds. In this case,

A2 '3 —)B (M, 2 —«)

ai(0) =ax(0) = - (59
Proof When A1 # A3, (73) and (74) in Lemma 3 guarantee that
d - D@3 - 2 — 1
ol l:(AI—AZ)(" )4( “) r tan 2’(713( J;K,z—;c);so.

-2

From the concavity and the continuity of the maximized function, we have o (0) >

1
K Igzﬁ_ When A; = A,, we have 1Y 0= 11 ¥. The relations

L ARG — 0B (HE, 2 —«)

0)=2“1%, = 60
@10) =217, ; (60)
follow from the concavity. Since the minimums
. 1 1
0551 (SK T+ —9r 1)
and
. ((1 —s(k —1))B(s +k(1 —5),2—k)
min
0<s<l1 1—s
+(1 — (1 =5k —1)B((1 —s5)+«s,2—«)
s
are achieved at the same point s = % (See Lemma 5), the relation
min (sfil +1- s)ﬁ)“*‘ ((1 —s(k — 1D)B(s + (1 —5),2 — k)
0<s<l 1—s
n 1—-10=5)k—-—1)B{(1—5)+Kks,2—k)
s
1
:ZK_1(3—K)B( ;K,z—;c) 61)
holds. Thus, Eq. (59) follows from (60) and (61). O

Next, we consider the case A> = (. Substituting 0 into s, we obtain

or(0)= inf

O<s<l1

|:A1 (I=sk-1)

1—5

k—1
Bl —(k — 1)5,2 — K) (sﬁ+(1 - s)ﬁ) }
Ay
> —B(,2 —«k).
K
Concerning o (0), we have the following proposition.
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0.4 - ; ;

. t(1-1) ( y(l+1) - y(l))
03 Np— 10t

0.1} .

0.2 w \ %y ‘
0.0 0.2 0.4 0.6 0.8 1.0

Fig.1 Functions #(1 —¢) (¥ (1 +1¢) — ¢ (1)) and 1 — 2¢

Theorem 5 The inequality

K

ar(0) > A12— (62)
K

holds. When 1 < k < 2—ty, the above equality holds, where the real number ty € (0, %)
is uniquely defined by (see Lemma 4 and Fig. 1)

20 + 10(1 — 10)(W (1 +10) — ¥ (1)) = 1, (63)

where ¥ (x) is the D-psi function defined by 1 (x) := % log I' (x).

The number #¢ is enumerated by #y = 0.432646, as is checked by the following graph.
Further, when x +— log f (x) is concave, from (40), we have

arre 0,€)  A12"

li 64
6—1>I20 €k K ©4)
Hence, when 1 < k < 2 — 1,
_ Aq2¢
a1 (0) =a1(0) = P (65)

Proof Inequality follows by substituting 1 into s. In this case, since the function
s> s(l —s(k —1))B(s +«(1 —s),2 — k) is concave, Lemma 4 guarantees that

di s(1 —s(k = 1))B(s + k(1 —s),2 —«))
s

> %s(l —s(k —1)B(s + k(1 —5),2 —K)|s=1
=0C-20)+C2-k)k —DWGB—K)—¢¥() =0
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3
10 5
8
o
a 6
e
=
0 o4
2 -
0
1 1.2 1.4 1.6 1.8 2
K
. _ A2k AG—)B(1EE 21
Fig.2 Slopeswhen A} = Ay = A = l.solidcurvea(0cc,1/2,0) = =, dots curve ———— ———
for s € (0, 1). Thus,
_ A2¢
o1(0) = max s(1 —s(k — 1))B(s +x(1 —5),2 —«)
K 0<s<l
Aq2% Aq2¢

= I(1 =1k =1))B(I1+x(1—-1),2—-x) = ,
K K

which implies the equality. O

Next, we compare a(0cc,1/2,0) = ATZK and o (01, 0) in the case of A} = As.

_ Lk 5
When log f(x) is concave, a(f 7, 0) has the lower bound W. As is

illustrated by Fig. 2,

AGB —K)B (H£,2—«) _ A2

2K s (66)

if and only if k > kp = 1.85238799. That is, for x > «g, the maximum likelihood
estimator 6 7, is better than the convex combination estimator 6 cc,1/2.

5.5 Thecasethat 0 < k1 = kp < 1

From Proposition 4, when 0 < k1 = k> < 1, the equation

. '(foll fore) 1
1m =

— A BGs + k1 (1 —5), 1 — k1)
e—~>+0 ekl K1

+Ar(1 —$)B(1 —s 4+ k15,1 — k1))
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holds, where this convergence is uniform for s € (0, 1). Letting g(x) = x{, we have
K = Kj.

o1(0) = 2¢ max I;Q

= 2¢ -
o?f‘;‘l( 9

AisBs+x(1—s),1 —k)+Ar(1 —s)B(1 —s5s+«ks,1 —«)
X
K

N

I 0 1 1
@) = sup —= ST 4 (1 —s)eT
0<s<1 (1 —5) ( )

AisBs+xk(1—5),1 —k)+ A(1 —5)B(1 —s+«s,1 —«k)
= sup (1—«)

O<s<1 ks(l—s)

1 1 \k—1
x (sm e —s)m) .

Theorem 6 [f, and only if, A| = A,, the equality

a1 () = a2(0) (67)

holds. In this case, the equation

&1(9)=&2(0)=%Aﬂ"(l—/{)B(l—;K,l—K) (68)

holds.

Proof Using (75) and (76) of Lemma 3, we obtain

d 1—« 1—« 1+«
—1 = (A1 — Ap) 5 7T cot 7 B ,1—x).
_1

ds 2

Since 1%"71 cot I_T’(n B(l%, 1 — «x) > 0, Proposition 3 yields this sufficient and

necessary condition for (67). Equation (15) implies (68). O
However, since the function x — (k — 1) logx is convex on (0, 00), the function

x > log f(x) is not concave on (a, b). There does not exist an example in which (42)
can be applied. Thus, it is an open problem whether there exists an example such that

a1(0) = a1(0)

in this case, except for the case A1Ay = 0.
In the following, we consider the case when A, = 0.
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Theorem 7 We have

A2¢

a1(0) =a1(0) = (69)
_ Al
ax(0) =a2(0) = o (70)
Proof Since the function s — sB(s + k(1 — s), 1 — k) is concave, we have
d d
—sB(s+xk(1—s5),1—x)> —sB(s+x(l—15),1—kK)|s=1
ds ds
=1+d -1 —¥2—«x))
>1+ A=) —¥Q2) (71)
=1—-(1—-k)=Kk >0, (72)

where inequality (71) holds because ¥ (x) is monotonically increasing in x € (0, 00),
and the first equation of (72) follows from the formula ¢ (x 4+ 1) = ¥ (x) + )lc Thus,

A2¢(1 —
ap(9) = % Jmax sB(s +x(1—15),1—x)
A125(1 — k) A2¢

=2 VB, 1 —«k) = .
K K

K
%. Hence,

From (40), we can check that the estimators {6 } achieve the bound
Eq. (69) hold.
The other upper bound &> (6) is calculated as

_ Al =) -5\ T%
ag(G):TmaxlB(s—l—K(l—s),l—/c) ( . ) +1

—(1—x)

0<s<

Note that the beta function B(x, y) is monotonically decreasing for x, y > 0. Since
1

both maxo<<1 B(s+x(1—s), | —x) and maxo<s<; (:5) ¢ 4+ 1) =179 are achieved

at the same point, s = 1, we have

A(l —
52(9):¥

Aq
B(1,1—x) ==L,
K

This bound is achieved by the estimator 6 because of (43). Therefore, we have (70).
O

6 Examples and graphs
In the previous section, we treat our problem separating our cases by the shape param-

eters x1 and k». In this section, we treat it separating our cases into two cases, i.e., the
case A| = Ap and the case A| = A, Ay = 0. That is, we fixed the parameters A and
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slope

Fig. 3 Slopes when Ay=1 and A, =0, thick curve o1(0), solid curve ®»(0), dash curve
lime_, 40 ﬂ(ﬂ:’,f),e) , dots curve a (0, 9)

slope
w

N

0 0.5 1 1.5
K

Fig.4 Slopes when A| = Ap = 1, thick curve a(0) = a1 (9), solid curve (@ cc,1/2,0)

A, and focus on the dependence of the slopes on the shape parameters «1 and k7. When
A; = A = 1 and Ay = 0, in the latter case, the slopes o (0), @2(0), x(@, 6), and
the limit lim¢_, ¢ % are illustrated as the function of ¥ € (0, 2) in Fig. 3. This
case is essentially equivalent with the half-line-support case. When A1 = Ay = 1, the
slopes @1 (0), @2(0), and a(fcc,1,2, 0) are illustrated as the function of « € (0, 2) in
Fig. 4.

Next, we treat the same problem in three cases, the Gamma distribution, Weibull
distribution, and Beta distribution, respectively.

Example 1 (Gamma distribution) Consider the case where the pdf f is the Gamma
distribution function falj 8 (x) := %x“‘le_ﬂx. The case of « = 1 is called an expo-
nential distribution, which the time of nuclear decay obeys. In this case, the parameter
k is equal to o, and the parameter A is equal to % The uniformity in Proposition 5

for s is also satisfied.
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Ifa <1, fof 8 (x) is monotonically decreasing. Then, we can use (41), i.e., the mod-

ified external estimator @, attains «1(0) = a((f) = (2’3() 3 The maximum likelihood
estimator 6 ;7 has the same performance as the extremal estimator §. If « > 1, the
function log fF (x) = log T@ + (o — 1) logx — Bx is concave. Then, we can use
(42), i.e., the 11ke11hood ratio estimator @7 g ¢ attains 1 (6) = o1(6). When o > 2,

2
the Fisher information Jy is m. Hence, we can calculate many values in Table 3.

Example 2 (Weibull distribution) Consider the case where the pdf f is the Weibull
distribution function fa‘?/ﬁ (x) == afx® e P* Thecase of @ = 2is called a Rayleigh
distribution. This distribution describes the fading in radio wave propagation. Also it
is treated in acoustics. The parameter « is equal to «, and the parameter A is equal to
af. The uniformity in Proposition 5 for s is also satisfied.

Ifaa <1, fa‘flﬂ (x) is monotonically decreasing. Then, we can use (41), i.e., the mod-
ified external estimator . attains o1 () = o1(0) = B2%. The maximum likelihood
estimator 6 ;7 has the same performance as the extremal estimator 6. If @ > 1, the
function log fwﬁ (x) = logaB + (@ — 1)logx — Bx* is concave. Then, we can use
(42), i.e., the likelihood ratio estimator @ g ¢ attains @1 (f) = @1(0). Whena > 2, the
Fisher information Jg is (@ — 1)>I"(1 — %)ﬁa —2—-DIr2- é)ﬁa + 2. Hence,
we can calculate many values in Table 3.

Example 3 (Beta distribution) Consider the case where the pdf f is the Beta distribu-
tion function fof 8 (x) := % with the support (0, 1).

The case of @ = B = 1 is called a uniform distribution. The parameter « corre-
sponds to 1 and the other parameter § does to k. The parameter A is equal to m.
The uniformity in Proposition 4 for s is also satisfied.

When o = g > 1, the function log fBﬂ(x) (¢ — Dlogx + (B — 1)log(l — x)
is concave. Then, we can use (42), i.e., the likelihood ratio estimator 6 g . attains

a1(0) = a1(0) = E aaB)(Ba(;a 2= a). When a > kg, the maximum likelihood
estimator @y, is better than the extremal estimator 6. However, when « = 1, the
maximum likelihood estimator 6,7, is better than the extremal estimator . It is not
clear whether o> (@) can be attained. When o« = 8 < 1, the function f, Of 8 (x) is mono-
tonically decreasing. Then, we can use (41), i.e., the modified external estimator 6,

2%(1— oz)B(H"" 1—a)

attains o1 (0) =« (0) = o . It also is not clear whether o (6) can be
attained. When o = g = 1, The bound ®2(f) = o1(0) = 2 can be attained by the
convex combination estimator fcc.1,2.

7 Conclusion

Applying general large deviation theory for non-regular family (Hayashi 2008), we
have calculated the two criteria o1 (f) and «y(6) depending on the parameters A
and A, and the shape parameters k1 and ;. This analysis essentially depends on the
limiting behaviors of the relative Rényi entropies, which were calculated by Hayashi
(2002b). As mentioned in Hayashi (2008), the first criterion «1 (6) corresponds to the
interval estimation, and the second criterion oz (6) corresponds to the point estimation.
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In the regular case, the maximum likelihood estimator has the asymptotically best
performance. Even in the non-regular case, it has a good performance in the second
criterion ep (8). However, it does not always have the asymptotically best performance.
The likelihood ratio estimator has good performance in the first criterion o1 (6). The
estimators based on the extremal statistics have a good performance in both the criteria.

Throughout the obtained result, we have found that the two criteria o1 (0) and a2 (6)
do not coincide when A| # A and «1, kp < 2. This fact indicates that we should be
careful for the choice of our criterion. This type difference appears in quantum setting
(Nagaoka 1994, 1992; Hayashi 2002a). Further, we have found that estimators suitable
for the first criteria a1 () are different from that suitable for the second criteria a (6).
This result suggests that we should choose our estimator depending on the choice of
our criterion. Even if the criterion is fixed, the optimal estimator depends on the shape
parameter k1 and k». Therefore, even in location shift families, it seems difficult to
construct an asymptotic optimal estimator universally.

However, we could not calculate o1 () and a2 (@) perfectly. Hence, it is required
as a future study to calculate the value that is not calculated.

The extremal statistics are given by one of order statistics while they play an impor-
tant role in the both criteria. Hence, it is suitable to treat nth order statistic for arbitrary
n for improvement. As another research direction, we can discuss the relation with
Finsler geometry. Indeed, Amari (1984) pointed out the relation between the geometry
of non-regular location shift family and Finsler geometry. Our result seems to indicate
that a non-regular family gives a new geometrical structure.

Acknowledgments The author thanks the referees for helpful comments concerning this manuscript.

Appendix A: Lemmas concerning beta and D-psi functions

In this section, we prove some formulas concerning the beta and D-psi functions used
in Sect. 5.

Lemma 3 When 1 < k < 2, we have

is(l —s(k —1)B(s +xk(1—5),2—k)
ds

s=1/2
:(K_1)(3_K)ntan2_KnB(1+K,2—K)>0 (73)
4 2 2
L9 = A=) = B = 5) + 55,2~ 1)
a5 s=1/2
=_(’<—1)(3_K)7rtan2_KnB(1+K,2—K)<0 (74)
4 2 2
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When 0 < k < 1, the equations

d
—sBs+x(1—s5),1—x)
ds

1— 1-— 1
= Kncot KnB +K,l—/c >0
2 2

s=1/2 2
(75)
d
— ({1 —s)B((1—5s)+«ks,1—k)
ds s=1/2
1-— 1-— 1
=— Kncot KTL’B +K,1—K <0 (76)
2 2 2

hold.
Proof Using the function ¥ (x) := % log I"(x), we can calculate

dis(l —s(k = 1)B(s + k(1 —5),2 —«)
s

s=1/2

_ B—-r)1—x) 1+« 5—« 1+«
(om0t 0 (5 (59) ()
(o B—-—r)1—k) Kk —1 2 3—« 2
(oo (5 20 () 2)

x B (1%,2—,0 77)
_ B—x)(1—x) 3—«k 8 — 4k
= ((2—K)+—4 (ncotn > + e = 1)(3_K)))
XB(1;K,2—K) (78)
:(K_1)(3_K)ntanz_KnB(l+K,2—K) (79)
4 2 2

where we use the formula i (x+1) = )lc 4+ (x) in (77), the formula ¢ (1 —x) -y (x) =
7w cotrx in (78), and the formula cot(% + x) = —tanx in (79). We obtain (73).
Similarly, we can prove (74).

Next, we prove (75). We can calculate

d
—sB(s+x(1—s5),1—x)
ds

s=1/2

U CORIEO N
(O CE) () 2 )

1— 1— 1
= Kncot KTL’B ﬂ, 1—«]), (81)
2 2 2
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where (80) follows from the formula ¢ (x + 1) = % + ¥ (x) and (81) follows from
the formula ¥ (1 — x) — ¥ (x) = m cot wx. Similarly, we obtain (76). m]

Lemma 4 Assume that 1 < k < 2. There uniquely exists to € (0, %) satisfying (63),
and the inequality

B-20+2-1)k =DYB—x)—y¥(1) =0 (82)

holds if, and only if, 1 <k <2 — 1.

Proof In the following, this lemma is proven by replacing ¥ with 2 — ¢. Define the
function 2(t) :=2t — 1 +t(1 —t)(y(1 +1) — ¥ (1)). When t < %, we have

H@t)=2+0 =200 +1) =)+ =299 (1 +1) >0

because ¥’(x) > 0 for x > 0. Therefore, h(z) is strictly monotonically increasing in
(0, 1). Since 1(0) = —1 < 0, h($) = $(¥(3) — ¥ (1)) > 0, there uniquely exists the
number 7 € (0, %) satisfying (63). Also, in this case, the inequality /4 (¢) > 0 holds if
t> 1.

Next, we consider case ¢ > % Given the relations,

20—1>0, t(1—1)>0, v(1+1)—yw()>0,

h(t) > 0. o

Lemma 5 The minimum

. ((1 —sk —1D))BGs+x(1—=5),2—k) (A—=—00—=85)K«—=1)B((1—15)4+«s,2— K))
min 4

0<s<I 1—ys K

is attained at s = %

Proof Since the minimized function is invariant for the replacement s — 1 — s, it
. . . . . 2
is sufficient to show its concavity. Since (;176}’()‘) = (' (x) + (h('x))?)e"™®, we can

show its concavity by proving the concavity of the function s — log %B(s +
k(1 —s),2 — k). We can evaluate

2

d
@logB(s—i—K(l —5),2 —«k)

= —/c)2 (w/(s+/c(1 —5) =¥ (s+«(l —s)+2—K)) >0
because ¥'(x) is monotonically decreasing for x > 0. Also, we have

d? . 1—stc—1) 2=k —2(k — 1)s)

2 8T 1=y T Utrs+(k—12)2

because k > 2(k — 1). The proof is now complete. O
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Appendix B: A lemma used in Sect. 5.3

Lemma 6 Forany § > 0, we have

. 1 8 1 1
éh_r)rb m/o exp (—e;) (x +€)—xdx = 3 (83)
: 1 8 1 1
elg%m j exp +e; (x—e)—xdx:i. (84)
Proof we can calculate
s § n+1
1 ne
exp|{+e— ) (x —e) —xdx =/ ——dx
/e p( x)( : Z:;' (n+ Dl
62
= —?(logé —loge)
o
nn—1) (et
+ Z ¥ — — e?).
(n+ 1! \§"
n=2
Since ezige — 0, we obtain (84). Similarly, we can calculate
§ 1 62
/ exp (—e—) (x +€) —xdx = ——(logé — loge)
€ X 2
o
nn — (=" [et!
I i (Vi e
(n+1)! 8"
n=2
Since
€ 1 € 3
0< / exp (—e—) (x+e)dx < (x +€)dx = e
0 x 0 2
€ 1
/ xdx = —62,
0 2
we obtain (83). O
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