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Abstract A k × n array with entries from a q-letter alphabet is called a t-covering
array if each t ×n submatrix contains amongst its columns each one of the qt different
words of length t that can be produced by the q letters. In the present article we use a
probabilistic approach based on an appropriate Markov chain embedding technique,
to study a t-covering problem where, instead of looking at all possible t ×n submatri-
ces, we consider only submatrices of dimension t × n with its rows being consecutive
rows of the original k × n array. Moreover, an exact formula is established for the
probability distribution function of the random variable, which enumerates the num-
ber of deficient submatrices (i.e., submatrices with at least one missing word, amongst
their columns), in the case of a k × n binary matrix (q = 2) obtained by realizing kn
Bernoulli variables.
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560 A. P. Godbole et al.

1 Introduction

Imagine that a complex circuit needs to be tested for resilience under a wide variety
of conditions. In the simplest model considered by Dalal and Mallows (1998) and
Hartman (2006), the circuit is switch based. There are k switches, each of which may
be kept on or off, and there is a critical number t (2 ≤ t ≤ k) of switches that measures
the maximal comparison we may wish to make between switches. Usually t is held
fixed while n, k may grow arbitrarily large. Now, when we run a series of tests on
the circuit, we want to ensure that no matter which t switches we want to compare,
there is a test in which every possible on–off combination for the chosen switches
is represented. So, if we represent the k switches by the rows, and the n tests by the
columns, of a binary k ×n matrix, we want to make sure that for each choice of t rows,
each of the 2t binary t-ples appear at least once among the columns of the selected
rows. Of course, cost is a major concern so we wish to use the smallest number of
tests.

A second application of the same nature arises if we imagine that a computer scien-
tist has developed software that she/he believes will enjoy almost universal adaptabil-
ity. Of course, the software needs to be subject to extensive and expensive testing on
a variety of computers before it is marketed. There are k factors that may be relevant,
such as the computer’s cost, operating system, size of hard drive, RAM, country of
origin, temperature at which it will operate, age of machine, etc. Also, for cost rea-
sons, we wish to test the software on every combination of t of these factors. Finally,
let us suppose that the number of levels of each factor is q. More specifically, if the
computer’s cost is less than 500, between 500 and 1,000, between 1,000 and 1,500,
between 1,500 and 2,000, or over 2,000; the operating system is either Windows XP,
Windows 2000, Windows Vista, UNIX, or Macintosh; etc., then q = 5. Let us imagine
that t = 3, i.e., we can afford to compare at most three factors at a time. We want
to test the software on the smallest number of computers n so that for each choice
of t = 3 factors (say operating system, country of origin and age of machine) there
is a computer that represents each combination of levels of these factors, (e.g. UNIX
machine that is made in China and is over 5 years old), that the software is tested on.

We next formalize the above two examples into a key definition. Consider a two-
dimensional array of k rows and n columns whose entries are chosen from an alphabet
with q letters. If we choose t rows from the k ×n array (t is a fixed integer, 1 < t ≤ k)
then across the columns of the selected t rows, t-letter words are formed. The original
array is called t-covering array, when every set of t rows contains amongst its columns,
all the qt possible words of length t .

The problem of enumerating the t-covering arrays has attracted considerable
research interest (see, e.g. Renyi 1971; Katona 1973; Kleitman and Spencer 1973;
Sloane 1993; Godbole et al. 1996; Colbourn 2004). The determination of the min-
imum number of columns or the maximum number of rows, so that a t-covering
array exists has special appeal, since it is closely related to circuit, software or hard-
ware testing problems such as the ones described above. In addition, the rich history
of t-covering arrays is also justified by their close relationship with the classical
combinatorial theory (see, e.g. Kleitman and Spencer 1973; Carey and Godbole
2008).
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Consecutive covering arrays 561

If every t ×n submatrix contains, amongst its columns, all the qt possible words of
length t exactly λ times (where, λ ∈ {1, 2, . . .} and n = λqt ), then the original (k × n)
array is called orthogonal array. Arrays of this type have also attracted considerable
attention from the research community (see, e.g. Hedayat et al. 1999) due to their
interesting applications in the area of design of experiments.

A closely related problem to the t-covering framework ensues if we restrict the
selection of the t rows, by considering only consecutive rows. More specifically, in this
model we are looking at all row selections {i, i+1, . . . , i+t−1}, i = 1, 2, . . . , k−t+1
and ask all the qt possible words of length t to be present in each of the resulted sub-
matrices. A k × n array possessing this property will be called t-consecutive covering
array (t-CCA). The shift from the classical covering array set up to consecutive cover-
ing arrays is analogous to the one established when one-dimensional binary sequences
are considered and we are looking at run quotas instead of frequency quotas (see, e.g.
the monograph by Balakrishnan and Koutras (2002) and the articles Aki (1992), Aki
and Hirano (1989), Aki and Hirano (1995) or Aki and Hirano (2004), for the two
dimensional case). The analogy to the relationship between covering arrays and con-
secutive covering arrays is almost obvious. The above CCA model, introduced for the
first time in this paper, can be justified at several levels. Most importantly, it often
makes little sense to consider non-contiguous rows. The rows may represent consec-
utive days of the year, or they may represent consecutive switches in a series circuit.
In such cases, comparing rows that are far apart is not necessary; the covering array
model introduces redundancies and/or irrelevant data.

In the present article we consider a random k × n array X = (Xi j ) obtained
by realizing kn independent and identically distributed (i.i.d.) Bernoulli trials, with
P(Xi j = 1) = p, and P(Xi j = 0) = 1 − p. Moreover, we are exploring the problem
of determining the probability distribution function of the random variable Wk,n,t ,
which enumerates the number of t × n submatrices (obtained by selecting t consecu-
tive rows) that are deficient (i.e., at least one word of length t , is not included amongst
its columns). The main tool of our approach is an appropriate Markov chain embed-
ding technique (note that, Wk,n,t ∈ {0, 1, . . . , k − t +1 }), which could be effortlessly
extended to cope up with the non-i.i.d. case as well.

It is worth mentioning that in case of independent and symmetric Bernoulli variables
(p = 1/2), it holds

P(Wk,n,t = 0) = Ck,n,t

2kn

where Ck,n,t is the cardinality of the family of t-CCA’s and should we be able to
compute P(Wk,n,t = 0), the number of different t-CCA’s can be easily evaluated as

Ck,n,t = 2kn P(Wk,n,t = 0).

Besides, it is easily ascertained that for any values of the parameters k, n, t (with
1 < t ≤ k and n ≥ 2t ), there is at least one t-CCA.

A potential application of the t-CCA’s arises from the theory of factorial designs as
follows. Assume that we are interested in the influence of the t = 3 two-level factors
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Table 1 Complete factorial design

Factor levels for run i Response for run i

Day Factor 1 2 3 . . . n 1 2 3 . . . n

1 A 0 1 0 . . . 0

2 B 1 1 0 . . . 0

3 C 1 0 1 . . . 1 z11 z12 z13 . . . z1n

4 A 0 1 1 . . . 1 z21 z22 z23 . . . z2n

5 B 1 0 0 . . . 0 z31 z32 z33 . . . z3n

6 C 0 0 0 . . . 1 z41 z42 z43 . . . z4n

7 A 1 1 0 . . . 1 z51 z52 z53 . . . z5n

.
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k D 1 0 1 . . . 0 zk−2,1 zk−2,2 zk−2,3 . . . zk−2,n

A, B, C on a continuous response variable Z . Suppose that we use a random design
with n runs, i.e., in each run, we simply assign the levels for every factor by a random
mechanism (c.f. Dalal and Mallows 1998), and denote by p, 1 − p the probability of
setting a factor at level 1, 0, respectively. Moreover, let us consider the case where
the random assignment of the factor levels is repeated every t = 3 time periods (e.g.
days) in a cyclic fashion, that is, after establishing, on days 1, 2 and 3 an initial random
assignment to the t × n binary level values on all factors A, B, C on day 4 we repeat
the random assignment of the factor levels on factor A only, then (on day 5) we repeat
the random assignment on factor B only, then (on day 6) we reassign levels on factor
C and so on.

If we denote by Zi−2, j , j = 1, 2, . . . , n the response associated with the j th run
on the i th day, i = 3, 4, . . . , k, our experimental environment may be described by
Table 1 (D ∈ A, B, C). Should we wish to carry out, for each day, a complete factorial
study (i.e., to investigate all the main effects, all the two-factor interactions and the
three-factor interactions) it is clear that the resulting k × n design matrix must form a
t-CCA with t = 3.

As a consequence, P(Wk,n,t = 0) provides the probability to have our task fulfilled
in a k days period and the following questions are of prominent importance for the
practitioner:

a. for a given time period k, what is the minimum number n of runs so that the prob-
ability of carrying out a complete factorial study exceeds a prespecified level?

b. for a given number of runs n, what is the maximum number of time periods that
could be exercised so that the probability of carrying out a complete factorial study
exceeds a prespecified level?

c. what are the respective values of n (for question (a)) or k (for question (b)) if
we allow for a few incomplete factorial designs? For example we might ask
P(Wk,n,t ≤ 1) to be greater than a prespecified level.

It goes without saying that in the case where t factors (instead of 3) were available,
the general setup of the t-CCA problem will be needed to treat analogous questions.
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Consecutive covering arrays 563

In Sect. 2, we illustrate in detail how the probability of the event Wk,n,t = 0 can
be calculated by the aid of an appropriate Markov chain embedding technique, in the
special case of kn i.i.d. Bernoulli(p) trials (p ∈ (0, 1)). In Sect. 3, observing that the
random variable Wk,n,t , belongs to the class of Markov chain embeddable variables of
Binomial type (see Koutras and Alexandrou 1995), we establish a recursive formula
for computing the whole probability distribution function of Wk,n,t , by considering
an appropriate extension of the embedding exploited in Sect. 2. Section 4 presents
briefly how the case of Markov dependent trials can be tackled. Finally, in Sect. 5 we
present some numerical results (for specific values of the parameters k, n, t) that can
be exploited to provide answers to the three questions raised above.

2 Consecutive t-covering arrays for binary codes

Let X = (Xi j )k×n be a random k × n matrix with Xi j being i.i.d. binary outcomes,
with

P(Xi j = 1) = p, P(Xi j = 0) = 1 − p

for i = 1, 2, . . . , k and j = 1, 2, . . . , n. In this section, we shall focus on evaluating
the probability that all the t × n submatrices deduced by selecting t consecutive rows,
contain (columnwise) at least one each of the 2t possible words. On introducing the
enumerating random variable

Wk,n,t =
k−t+1∑

i=1

Ii , (1)

where

Ii =
⎧
⎨

⎩

1, if at least one word is missing from the i th submatrix consisting of
rows i, i + 1, . . . , i + t − 1

0, otherwise

with i = 1, 2, . . . , k−t +1, we may write the probability of interest as P(Wk,n,t = 0).
Viewing the formation of the random k×n matrix as a sequential procedure starting

off with a random binary (t −1)×n matrix and subsequently appending the rest of the
rows one-by-one so that the desired requirement is met in each individual step, we may
readily give birth to a Markov chain, provided that we keep track of the composition
of the last t − 1 rows in each step. Then the computation of P(Wk,n,t = 0) can be
easily carried out by looking at the (k − t + 1)-step probabilities of the chain. The
interested reader on Markov chain approaches for studying waiting time distributions
or the number of occurrences of runs, scans, patterns etc. is referred to Fu and Koutras
(1994), Koutras (2003), Koutras and Alexandrou (1995) or the monographs by Fu and
Lou (2003) and Balakrishnan and Koutras (2002).

Before stating the results relating to the general case (t ≥ 2), it would prove to be
very useful to illustrate the application of the Markov chain embedding technique, for
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the special case t = 2. Let us consider a Markov chain {Yr , r = 0, 1, . . .} with state
space � = �1 ∪ {xabs} where

�1 =
{

(x1, x2, . . . , xn) : xi ∈ {0, 1} for i = 1, 2, . . . , n and 2 ≤
n∑

i=1

xi ≤ n − 2

}

defined as follows: Yr = (x1, x2, . . . , xn), r ≥ 1, if and only if the (r + 1)th row
of the random matrix X equals (x1, x2, . . . , xn) and the submatrix of X consisting
of rows 1, 2, . . . , r + 1 meets the consecutive two-covering array criterion. All the
other configurations (x1, x2, . . . , xn) not included in �1 have been accumulated in the
absorbing state xabs. Apparently, the number of states in �1 equals

s = 2n − 2(n + 1)

while the cardinality of the Markov chain state space � is |�| = s + 1. The non-zero
transition probabilities among the states of �1 are described as follows:

P(Yr = (x1, x2, . . . , xn)| Yr−1 =(x ′
1, x ′

2, . . . , x ′
n))= p

∑n
j=1 x j (1 − p)

n−∑n
j=1 x j (2)

if and only if the 2 × n array

(
x ′

1 x ′
2 . . . x ′

n
x1 x2 . . . xn

)

contains (columnwise) all 22 = 4 possible binary words. Then the probability of the
event P(Wk,n,2 = 0) will be given by the expression

P(Wk,n,2 = 0) = P(Yk−1 �= xabs) = π1�
k−1

(
1
0

)

where

� =
(

P h′
0 1

)

while the s ×s matrix P refers to the states of �1 [and therefore contains the transition
probabilities described in (2)], 0 = (0, 0, . . . , 0) is a 1 × s vector, h is given by

h′ = 1′ − P1′ = (I − P)1′, 1 = (1, 1, . . . , 1),

and π1 is a 1 × (s + 1) vector containing the initial probabilities of the Markov chain.
It is worth noting that the above partition of the transition probability matrix � leads
to the next expression

�k−1 =
(

Pk−1 (I + P + · · · + Pk−2)h′
0 1

)

and P(Wk,n,2 = 0) admits the more attractive form
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P(Wk,n,2 = 0) = π0 Pk−11′, (3)

where π0 is the 1 × s vector of initial probabilities

π0 = (p1, p2, . . . , ps).

In the last vector, pi , i = 1, 2, . . . , s, stands for the probability of the state i , e.g., the
probability of the state (1, 1, 0, . . . , 0) is p2(1 − p)n−2. It should be stressed that π0
is not a proper distribution vector since the entry corresponding to the absorbing state
has been removed from π1.

The main disadvantage of the approach used before is that the state space cardinality
s + 1 = 2n − 2(n + 1) + 1 increases rapidly with n, due to the exponential term 2n .
Fortunately, an appropriate grouping of the states may result in a much smaller state
space. The key point for achieving that is to take advantage of the fact that the transi-
tion probabilities depend only on the number of ones (equivalently, zeros) in the state
space vector (x1, x2, . . . , xn) and not on the actual position of them. With this in mind
we may merge all the states (x1, x2, . . . , xn) with

∑n
i=1 xi = x in a single state that

will be labeled hereafter as state x . Recalling that the configurations with
∑n

i=1 xi < 2
or

∑n
i=1 xi > n − 2 have been incorporated to the absorbing state xabs, the state space

reduces to � = �2 ∪ xabs where

�2 = {2, 3, . . . , n − 2}

and its dimensionality becomes now |�| = s + 1, with s = n − 3. Exploiting direct
combinatorial arguments, it is not difficult to verify that the non-zero transition prob-
abilities between the states of �2, for the respective Markov chain {Yr , r = 0, 1, . . .} ,
are given by

P(Yr = x | Yr−1 = x ′) = px (1 − p)n−x
min{x−1,x ′−1}∑

j=max{1,x+x ′+1−n}

(
x ′
j

)(
n − x ′
x − j

)
,

where 2 ≤ x, x ′ ≤ n − 2. The entries of the initial probability vector π1 will now be
given by

px =
(

n
x + 1

)
px+1(1 − p)n−x−1, x = 1, 2, . . . , n − 3.

Example 1 Let us treat the special case n = 6 and p = 1/2 (recall that we are still
dealing with the case t = 2). The reduced state space � becomes

� = �2 ∪ {xabs} = {2, 3, 4, xabs}

while the transition probabilities between the states of �2 will be given by
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566 A. P. Godbole et al.

P(Yr = 2| Yr−1 = 2) = 8p6, P(Yr = 3| Yr−1 = 2) = 12p6,

P(Yr = 4| Yr−1 = 2) = 8p6, P(Yr = 2| Yr−1 = 3) = 9p6,

P(Yr = 3| Yr−1 = 3) = 18p6, P(Yr = 4| Yr−1 = 3) = 9p6,

P(Yr = 2| Yr−1 = 4) = 8p6, P(Yr = 3| Yr−1 = 4) = 12p6,

P(Yr = 3| Yr−1 = 4) = 8p6.

The transition probability matrix takes on the form

P =
⎛

⎜⎝
8p6 12p6 8p6

9p6 18p6 9p6

8p6 12p6 8p6

⎞

⎟⎠

while the vector π0 reads

π0 = (
15p6 20p6 15p6

)
.

Applying formula (3) for k = 2, 3, . . . we may easily compute the probabilities asso-
ciated with the t-CCA problem; e.g. for k = 5 and k = 10 we have

P(W5,6,2 = 0) = π0 P41′ = 0.0464, P(W10,6,2 = 0) = π0 P91′ = 0.0014

and the respective numbers Ck,6,2 of consecutive two-covering arrays for binary codes
will be given by

C5,6,2 = 25·6 P(W5,6,2 = 0) = 49,774,080,

C10,6,2 = 210·6 P(W10,6,2 = 0) = 160,109 × 1010.

We shall now proceed with the investigation of the general case t ≥ 2. Let a = 2t−1

and denote by w1, w2, . . . , wa the a different binary words of length t − 1 arranged
them in the lexicographic order. Arguing in exactly the same way as in the case t = 2,
we may easily verify that, in order to have appropriate control when shifting from time
(row) r − 1 to time r , the only information needed is the number xi of appearances of
word wi , i = 1, 2, . . . , a, in the last t − 1 rows. Therefore, a convenient state space
for studying the general case may be introduced as � = �2 ∪{xabs} where �2 denotes
the set of integer solutions of the linear equation

x1 + x2 + . . . + xa = n, with xi ≥ 2, for i = 1, 2, . . . , a. (4)

The restriction xi ≥ 2, i = 1, 2, . . . , a was imposed because every (t − 1) × n subm-
atrix of a t × n matrix that fulfills the t-CCA criterion, contains amongst its columns
the words w1, w2, . . . , wa at least two times; as a consequence, should this restriction
not be satisfied, the configuration we are looking at is incorporated at the absorbing
state.
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Consecutive covering arrays 567

Taking into account that the number of integer solutions of the aforementioned
linear equation equals (see, e.g. Charalambides 2002)

s = |�2| =
(

a + (n − 2a) − 1

n − 2a

)
=

(
n − a − 1

a − 1

)
,

we have |�| = |�2| + 1 = s + 1.
We shall now proceed with the derivation of the transition probabilities P(Yr =

(x1, x2, . . . , xa)|Yr−1 = (x ′
1, x ′

2, . . . , x ′
a)) for (x1, x2, . . . , xa), (x ′

1, x ′
2, . . . , x ′

a) ∈
�2.

The next lemma provides a condition so that the transition probabilities do not
vanish while the theorem following it offers an exact formula for evaluating these
probabilities.

Lemma 1 A necessary and sufficient condition so that

P(Yr = (x1, x2, . . . , xa)|Yr−1 = (x ′
1, x ′

2, . . . , x ′
a)) �= 0

is given by

x2i−1 + x2i = x ′
i + x ′

i+a/2, for all i = 1, 2, . . . , a/2. (5)

Proof Having arranged the a = 2t−1 district words of length t − 1

w1, w2, . . . , wa

in the lexicographic order it can be easily verified that for each i = 1, 2, . . . , a/2 the
words w2i−1 and w2i have exactly the same first block of length t − 2; the meaning
of this statement is that, if we denote by wi ( j), j = 1, 2, . . . , t − 1 the coordinates of
the word wi , the following conditions hold true

w2i−1( j) = w2i ( j), j = 1, 2, . . . , t − 2

w2i−1(t − 1) = 0, w2i (t − 1) = 1.

Likewise, for i = 1, 2, . . . , a/2, the ending blocks of length t − 2 of the words wi

and wi+a/2 coincide, i.e

wi ( j) = wi+a/2( j), j = 2, 3, . . . , t − 1

wi (1) = 0, wi+a/2(1) = 1.

It is also immediate that the starting blocks of the words w2i−1, w2i and the ending
blocks of the words wi , wi+a/2 are exactly the same. Next note that the transition
probability P(Yr = (x1, x2, . . . , xa)|Yr−1 = (x ′

1, x ′
2, . . . , x ′

a)) describes a situation
where from a (t −1)×n array containing x ′

i + x ′
i+a/2 words of the type wi , wi+a/2 we

obtain (by removing its first row and adding a new row after the last one) a (t − 1)× n
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array containing x2i−1 + x2i words of type w2i−1, w2i . Manifestly, such a transition
will be feasible if and only if the quantities x ′

i + x ′
i+a/2 and x2i−1 + x2i coincide. �	

We are now ready to prove the main result of this section that offers an exact for-
mula for the evaluation of the non-vanishing transition probabilities for the t-CCA
problem.

Theorem 1 If (x1, x2, . . . , xa) ∈ �2, (x ′
1, x ′

2, . . . , x ′
a) ∈ �2 and

x2i−1 + x2i = x ′
i + x ′

i+a/2, for all i = 1, 2, . . . , a/2.

then

P(Yr = (x1, x2, . . . , xa)|Yr−1 = (x ′
1, x ′

2, . . . , x ′
a))

= (p
∑a/2

i=1 x2i (1 − p)n−∑a/2
i=1 x2i )

a/2∏

i=1

ci (6)

where

ci =
(

x ′
i+a/2 + x ′

i

x2i

)
−

(
x ′

i+a/2

mi

)(
x ′

i

x2i − mi

)
−

(
x ′

i+a/2

m′
i

)(
x ′

i

x2i − m′
i

)
, (7)

mi = max{0, x2i − x ′
i }, m′

i = min{x2i , x ′
i+a/2},

for i = 1, 2, . . . , a/2.

Proof First note that the new (t − 1) × n array whose specification is described
by (x1, x2, . . ., xa) will contain a new row that is placed after the last row of the
(t − 1) × n array obtained by removing the first row of the array described by the
event Yr−1 = (x ′

1, x ′
2, . . . , x ′

a). The new row includes exactly b = ∑a/2
i=1 x2i ones and

∑a/2
i=1 x2i−1 = n − ∑a/2

i=1 x2i = n − b zeros, a fact that justifies the use of the term
pb(1 − p)n−b in the expression (6).

Let us next look at the columns of the new (t − 1) × n array that have exactly
the same first block of length t − 2. For a fixed i ∈ {1, 2, . . . , a/2}, the x2i + x2i−1
columns containing the words w2i−1, w2i will result from the x ′

i + x ′
i+a/2 columns of

the old (t −1)×n array that use the words wi , wi+a/2. Therefore, what we need to do
is to distribute the x2i−1 zeros and x2i ones in a new row that will assign at least one
0 and at least one 1 in the columns associated with each of the words w′

i and w′
i+a/2.

Manifestly, the number of different ways to accomplish that equals

ci =
x2i −1∑

j=1

(
x ′

i+a/2

j

)(
x ′

i

x2i − j

)
,

where the convention
(

u

v

)
= 0, u ≤ v,
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Consecutive covering arrays 569

has been used. Without that convention, the lower and upper limits in the summation
should be replaced by max{1, x2i − x ′

i +1}, and min{x2i −1, x ′
i+a/2 −1}, respectively.

Applying the well known combinatorial identity (Cauchy’s formula)

(
u1 + u2

v

)
=

min{u1,v}∑

j=max{0,v−u2}

(
u1

j

)(
u2

v − j

)
,

for

u1 = x ′
i+a/2, u2 = x ′

i , v = x2i

we may easily verify that ci can be expressed equivalently by formula (7).
Since, ci enumerates the number of distinct ways that the transition from the x ′

i +
x ′

i+a/2 words wi , wi+a/2 (at time r − 1) to the x2i−1 + x2i words w2i−1, w2i (at time
r ) can be realized (under the conditions described earlier), the transition probability
from configuration (x ′

1, x ′
2, . . . , x ′

a) to (x1, x2, . . . , xa), can be achieved by
∏a/2

i=1 ci

different ways. This completes the proof of the theorem. �	
In order to obtain the probability of observing a k × n t-CCA, we can apply for-

mula

P(Wk,n,t = 0) = π0 Pk−t+11′, k ≥ t (8)

where π0 = (p1, p2, . . . , ps) is a 1 × s initial vector accounting for the (t − 1) × n
binary matrix we are starting with. The entries p1, p2, . . . , ps correspond to the s
integer solutions of the linear equation (4) and provide the probabilities of observing
a (t − 1) × n binary matrix with composition (x1, x2, . . . , xa). The last probabilities
equal

n!
x1!x2! · · · xa ! p

∑a
i=1 xi |wi |(1 − p)n(t−1)−∑a

i=1 xi |wi | (9)

where |wi |, i = 1, 2, . . . , a denote the number of 1’s contained in word i ; a
practically minded reader may alternatively view

∑a
i=1 xi |wi | as the total number

of 1’s in the (t − 1) × n binary matrix containing xi times the word wi , for
i = 1, 2, . . . , a.

We shall now illustrate the previous approach by considering a special case and
presenting the details for obtaining the probabilities of the respective t-CCA
problem.

Example 2 Let us assume that we are looking at k × n arrays with n = 10 and
we are interested on t-CCA probabilities with t = 3. Then a = 2t−1 = 4 and the
lexicographically ordered binary words of length t − 1 = 2 read

w1 = (0, 0)′, w2 = (0, 1)′, w3 = (1, 0)′, w4 = (1, 1)′.
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The state space � is now of the form � = �2 ∪ {xabs} where �2 contains the integer
solutions of the linear equation

x1 + x2 + x3 + x4 = 10,

subject to the conditions xi ≥ 2, for i = 1, 2, 3, 4. The cardinality of �2 equals

s = |�2| =
(

n − a − 1

a − 1

)
=

(
10 − 4 − 1

4 − 1

)
= 10

and let us denote by ωi , i = 1, 2, . . . , 10 its element namely

ω1 = (4, 2, 2, 2), ω2 = (2, 2, 4, 2), ω3 = (2, 4, 2, 2), ω4 = (2, 2, 2, 4),

ω5 = (3, 2, 3, 2), ω6 = (3, 3, 2, 2), ω7 = (3, 2, 2, 3), ω8 = (2, 2, 3, 3),

ω9 = (2, 3, 2, 3), ω10 = (2, 3, 3, 2).

A direct application of Lemma 1 reveals that the transition probabilities P(Yr =
(x1, x2, . . . , xa)|Yr−1 = (x ′

1, x ′
2, . . . , x ′

a)) are not vanishing if (x1, x2, . . . , xa) ∈ C
and (x ′

1, x ′
2, . . . , x ′

a) ∈ D where

a. C = {ω1, ω3, ω6} and D = {ω1, ω2, ω5}
b. C = {ω2, ω4, ω8} and D = {ω3, ω4, ω9}
c. C = {ω5, ω7, ω9, ω10} and D = {ω6, ω7, ω8, ω10}.
For example, in the case (x1, x2, x3, x4) = ω1 = (4, 2, 2, 2) and (x ′

1, x ′
2, x ′

3, x ′
4) =

ω5 = (3, 2, 3, 2), we have

x2i−1 + x2i =
{

x1 + x2 = 4 + 2 = 6, i = 1

x3 + x4 = 2 + 2 = 4, i = 2

and

x ′
i + x ′

i+a/2 =
{

x ′
1 + x ′

3 = 3 + 3 = 6, i = 1

x ′
2 + x ′

4 = 2 + 2 = 4, i = 2

which ascertains that condition (5) of Lemma 1 holds true. In order to compute the
value of the respective transition probability, it suffices to calculate the quantities (7);
since

mi =
{

max{0, 2 − 3} = 0, i = 1

max{0, 2 − 2} = 0, i = 2,
m′

i =
{

min{2, 3} = 2, i = 1

min{2, 2} = 2, i = 2,
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we deduce

c1 =
(

3 + 3

2

)
−

(
3

0

)(
3

2 − 0

)
−

(
3

2

)(
3

2 − 2

)
= 9

c2 =
(

2 + 2

2

)
−

(
2

0

)(
2

2 − 0

)
−

(
2

2

)(
2

2 − 2

)
= 4

and therefore, formula (6) yields

P(Yr = (4, 2, 2, 2)|Yr−1 = (3, 3, 2, 2)) = 36p4(1 − p)6.

Working in a similar fashion, we get the next transition probabilities

P =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

32b1 0 32b3 0 0 48b2 0 0 0 0
32b1 0 32b3 0 0 48b2 0 0 0 0

0 32b1 0 32b3 0 0 0 48b2 0 0
0 32b1 0 32b3 0 0 0 48b2 0 0

36b1 0 36b3 0 0 72b2 0 0 0 0
0 0 0 0 36b1 0 36b2 0 36b3 36b2
0 0 0 0 36b1 0 36b2 0 36b3 36b2
0 0 0 0 36b1 0 36b2 0 36b3 36b2
0 36b1 0 36b3 0 0 0 72b2 0 0
0 0 0 0 36b1 0 36b2 0 36b3 36b2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where bi = p3+i (1 − p)7−i , i = 1, 2, 3. The initial vector π0 which appears in
the formula (8) can be easily evaluated by a direct application of formula (9) as
π0 = (p1, p2, . . . , p10) where

p1 = αp8(1 − p)12, p2 = p3 = αp10(1 − p)10, p4 = αp12(1 − p)8,

p5 = p6 = βp9(1 − p)11, p7 = p10 = βp10(1 − p)1, p8 = p9 = βp11(1− p)9

with

α = 10!
4!(2!)3 = 18,900, β = 10!

(2!)2(3!)2 = 25,200.

Finally, the calculation of the t-CCA probabilities for the special case n = 10,
t = 3 can be carried out by virtue of the expression

P(Wk,10,3 = 0) = π0 Pk−21′, k ≥ 3.

It is of interest to note that the last formula may also be exploited to establish a recur-
sive scheme for the sequence of probabilities ak = P(Wk,10,3 = 0), k = 3, 4, . . . . To
achieve that, it suffices to calculate the generating function
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∞∑

k=3

ak zk =
∞∑

k=3

π0z2(z P)k−21′ = z3π0 (I −z P)−1 P1′ = z2(π0 (I −z P)−1 1′−π01′)

as a rational function of z, i.e.,
∑∞

k=3 ak zk = P1(z)/P2(z), write the last identity in the
form P2(z)

(∑∞
k=3 ak zk

) = P1(z) and then compare the coefficients of the resulting
power series in the right and left hand side.

In the special case of a symmetric t-CCA (p = 1/2), the transition probability
matrix P reduces to

P = 1

210

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

32 0 32 0 0 48 0 0 0 0
32 0 32 0 0 48 0 0 0 0
0 32 0 32 0 0 0 48 0 0
0 32 0 32 0 0 0 48 0 0
36 0 36 0 0 72 0 0 0 0
0 0 0 0 36 0 36 0 36 36
0 0 0 0 36 0 36 0 36 36
0 0 0 0 36 0 36 0 36 36
0 36 0 36 0 0 0 72 0 0
0 0 0 0 36 0 36 0 36 36

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(10)

while the initial vector π0 becomes

π0 = 1

220 (α, α, α, α, β, β, β, β, β, β). (11)

Then, the t-CCA probabilities P(Wk,10,3 = 0) for k = 3, 4, 5 are readily computed
to be

P(W3,10,3 = 0) = 3.024 × 107

230 = 0.02816,

P(W4,10,3 = 0) = 4.08361 × 109

240 = 0.00371,

P(W5,10,3 = 0) = 5.53977 × 1011

250
= 0.00049.

Moreover, from the expression

∞∑

k=3

ak zk = P1(z)

P2(z)
= −4, 725(−409, 600z3 + 384z4 + 243z5)

65, 536(1, 048, 576 − 13, 9264z − 576z2 + 81z3)

the following simple recurrence relation can be established

ak = 1

1, 048, 576
(139, 264ak−1 + 576ak−2 − 81ak−3), k ≥ 6

which may effortlessly produce all the values of ak = P(Wk,10,3 = 0), for k = 6, 7, . . .
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Fig. 1 The probability P(Wk,n,2 = 0) as a function of p

Two obvious conclusions to be drawn from the numerical values obtained for
P(Wk,10,3 = 0), are the following:

a. P(Wk,10,3 = 0) is monotically decreasing as k increases (it is not difficult to prove
that limk→∞ P(Wk,n,t = 0)=0, for any n, t ; the details are left to the reader).

b. The numerators in the expressions of P(Wk,10,3 = 0) as ratios provide the number
Ck,10,3 of distinct binary t-CCA’s that could be constructed for n = 10, t = 3 and
k = 3, 4, 5.

It is straightforward that every word of length t has the same probability of appear-
ance if and only if p = 0.5. Therefore, the probability P(Wk,n,t = 0) would be
expected to attain its maximum value when p = 0.5 (for given k, n, t). This is clearly
illustrated in Fig. 1, for t = 2 and several choices of the parameters n, k.

As already mentioned in Sect. 1, classical orthogonal array is a k × n matrix con-
taining, amongst its columns, exactly λ times (λ ∈ {1, 2, . . .}), each of the qt possible
words of length t , in every t × n submatrix. Manifestly, we could extend the notion
of orthogonal arrays by demanding every t × n submatrix consisting of t consecutive
rows of the original k × n array, to contain amongst its columns all the qt possible
words of length t , exactly λ times (n = λqt ). A random matrix that obeys the afore-
mentioned property, will be called consecutive orthogonal array. The probability that
a binary random array is a consecutive orthogonal array (event, COA(k, λ, t)) could be
evaluated by the next simple formula which may be effortlessly established either by a
Markov chain embedding technique or by the aid of classical combinatorial arguments
(recall that, a = 2t−1)

P(COA(k, λ, t)) = (2tλ)!
((2λ)!)a

·
(

2λ

λ

)a(k−t+1)

((1 − p) · p)λak .

3 The distribution of the number of deficient submatrices

In this section, we shall investigate the whole distribution of the enumerating random
variable Wk,n,t defined in (1). On using the nomenclature “deficient submatrix” to
describe a submatrix consisting of rows i, i + 1, . . . , i + t − 1 (1 ≤ i ≤ k − t + 1) in
which at least one of the 2t possible words is missing, it is apparent that Wk,n,t may
be interpreted as the number of deficient submatrices in a k × n binary array.
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To elucidate the distribution of Wk,n,t let us consider k = 6, n = 10 and assume
that a realization of the k × n binary array was

⎛

⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 1 0 1 0 0 1
0 1 1 0 0 1 0 1 1 0
1 0 1 0 1 1 0 0 1 1
0 0 1 0 1 1 1 1 0 1
0 1 1 0 1 0 1 1 0 1
0 1 1 0 1 0 1 1 0 1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

Then W6,10,2 = 2 since in the t × n = 2 × 10 submatrix consisting of rows

a. {1, 2} the word
(1

1

)
is missing

b. {5, 6} the words
(0

1

)
,
(1

0

)
are missing

while the submatrices consisting of rows {2, 3}, {3, 4} contain all the possible binary
words of length 2. Likewise, W6,10,3 = 3 since in the t × n = 3 × 10 submatrices
consisting of rows {1, 2, 3}, {3, 4, 5} and {4, 5, 6} there is at least one missing binary
word of length 3.

In order to capture the whole distribution of Wk,n,t we shall extend the state space
�2 so that we keep track not only of the composition of the (t −1)×n array which are
under inspection at time r but also of the number of deficient submatrices observed up
to time r as well. Then, Wk,n,t can be viewed as a Markov chain embeddable variable
of binomial type (MVB) and the machinery available for them may be exploited to
establish the exact distribution of Wk,n,t .

The formal definition of a MVB is as follows (see Koutras and Alexandrou 1995)

Definition 1 A family of non-negative (integer valued) random variables Wv defined
for v = 0, 1, . . ., will be called a MVB if

(a) there exists a Markov chain {Yr , r = 0, 1, . . .} defined on a discrete state space
� which can be partitioned as

� =
⋃

m≥0

Cm, Cm = {cm0, cm1, . . . , cm,s−1}.

(without loss of generality we may assume that the state subspaces Cm , have the
same cardinality s)

(b) P(Yr ∈ Cm1 |Yr−1 ∈ Cm2) = 0, for all m1 �= m2, m2 + 1 and r ≥ 1.
(c) The event Wv = m is equivalent to Yv ∈ Cm , i.e.,

P(Wv = m) = P(Yv ∈ Cm), m = 0, 1, . . . , lv.

where lv = max{m : P(Wv = m) > 0}
From the above definition it is conceivable that the state subclasses Cm, m ≥ 0 can
be ordered in such a way that once the chain enters state Cm , the one step transitions
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may lead exclusively either to the same state subclass or to the next one. These two
types of transition give rise to the next s × s transition probability matrices

Ar (m) = (P(Yr ∈ Cm |Yr−1 ∈ Cm)) , Br (m) = (P(Yr ∈ Cm+1|Yr−1 ∈ Cm)) ,

where the first one describes the transitions between states of the same state subclass
Cm (one step transition matrix), while the second refers to the transitions between
states of two consecutive state subclasses Cm and Cm+1 (note that, due to condition
(b) of the definition, matrix Ar (m) + Br (m) is a stochastic matrix).

It is sufficient for the needs of the present article to restrict ourselves to the case of
homogeneous MVBs where Ar (m) and Br (m) do not depend on r and m, that is

Ar (m) = A, Br (m) = B, for all r and m.

In this case, the double sequence of vectors

fr (m) = (
P(Yr = cm0), . . . , P(Yr = cm,s−1)

)
, 0 ≤ r ≤ v and 0 ≤ m ≤ lv.

satisfies the next set of recurrence relations

fr (0) = fr−1(0)A,

fr (m) = fr−1(m)A + fr−1(m − 1)B, 1 ≤ m ≤ lv. (12)

for r = 1, 2, . . . , v. A direct application of this scheme, with initial condition

f0(m) = (P(Y0 = cm0), . . . , P(Y0 = cm,s−1))

may then be used to capture the whole distribution of Wv by the aid of the following
simple formula (c.f. condition (c) in the definition of the MVB)

P(Wv = m) = fv(m)1′

(1 = (1, 1, . . . , 1) ∈ �s). To embed the enumerating random variable Wk,n,t into a
Markov chain let us first use, apart from the s states of �2 introduced in Sect. 2, an
additional state ωs+1 indicated that in the (t − 1) × n binary matrix under inspection,
there is at least one word (of length t − 1) which appears less than two times. Incor-
porating a counter, say m, that will keep track of the number of deficient submatrices
appeared so far, we arrive at the enhanced state space

�∗ = (�2 ∪ {ωs+1}) × {0, 1, . . . , k − t + 1}

with cardinality

|�∗| = (s + 1)(k − t + 2).

Finally, let us define a Markov chain {Yr , r = 0, 1, . . .} on �∗, as follows:
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a. Yr = (ω, m), with ω = (x1, x2, . . . , xa) ∈ �2 and 0 ≤ m ≤ k − t +1, if and only
if the number of appearances of word wi , in the (t − 1) × n submatrix, ending
up at row r + t − 1 equals xi (with xi ≥ 2 for i = 1, 2, . . . , a) and exactly m
deficient t ×n submatrices were registered in the binary matrix consisting of rows
1, 2, . . . , r + t − 1.

b. Yr = (ω, m) with ω = ωs+1 and 0 ≤ m ≤ k−t+1, if and only if at least one of the
a = 2t−1 words w1, w2, . . . , wa has appeared less than two times in the (t −1)×n
submatrix, ending up at row r + t − 1 and exactly m deficient t × n submatrices
were registered in the binary matrix consisting of rows 1, 2, . . . , r + t − 1.

Considering the natural partition of the state space �∗ in the state subspaces

�∗ =
⋃

m≥0

Cm, Cm = {(ω, m) : ω ∈ �2 ∪ {ωs+1}}, m = 0, 1, . . . , k − t + 1.

it is readily ascertained that the Wk,n,t becomes a MVB with transition probability
matrix A of the form

A =
(

P 0′
0 0

)

(s+1)×(s+1)

(13)

where P is the transition probability matrix used in Sect. 2. This follows immediately
on observing that the first s rows and s columns of A account for transitions from
states of �2 to states of �2 and therefore do not give birth to deficient matrices. On
the other hand, if Yr−1 = (ωs+1, m) it is obvious that Yr cannot enter any of the states
of the form (ω, m) with ω ∈ �2, which justifies vanishing probabilities in the last row
of A.

Before shifting to the investigation of transition probability matrix B, we mention
that the first s entries of the initial probability vector

f0(0) = (P(Y0 = (ω1, 0)), . . . , P(Y0 = (ωs+1, 0))) ,

can be evaluated by direct application of formula (9), while P(Y0 = (ωs+1, 0)) equals

P(Y0 = (ωs+1, 0)) = 1 −
s∑

i=1

P(Y0 = (ωi , 0)). (14)

Let us next identify the entries of the transition probability matrix B, which may also
be partitioned in a similar fashion as follows

B =
(

Q c′
b ρ

)

(s+1)×(s+1).

The transition probabilities appearing in Q are of the form

P(Yr = (ω, m + 1)|Yr−1 = (ω′, m)),
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where

ω = (x1, x2, . . . , xa) ∈ �2 and ω′ = (x ′
1, x ′

2, . . . , x ′
a) ∈ �2.

In view of Lemma 1, if condition (5) is not satisfied, state ω is unreachable (in one
step) from ω′ and therefore P(Yr = (ω, m + 1)|Yr−1 = (ω′, m)) = 0. On the other
hand, if condition (5) is satisfied, the probability P(Yr = (ω, m)|Yr−1 = (ω′, m)),
which coincides with quantity given in (6) has been included in the submatrix P of
A; consequently the submatrix Q of B will receive the remaining probability which
may be easily expressed as

P(Yr = (ω, m + 1)|Yr−1 = (ω′, m))

= p
∑a/2

i=1 x2i (1 − p)n−∑a/2
i=1 x2i

(∏a/2
i=1 di − ∏a/2

i=1 ci

)
,

(15)

where

di =
(

x2i + x2i−1

x2i

)
, i = 1, 2, . . . , a/2.

Having established the entries of submatrix Q, we can evaluate the entries of the vector
c by the aid of formula

c′ = 1′ − Q1′ − P1′ (16)

which is readily ascertainable form the fact that A + B is stochastic and the respective
entries of A are vanishing.

Let us finally look at the vector b, which consists of transition probabilities of the
form

P(Yr = (ω, m + 1)|Yr−1 = (ωs+1, m)) (17)

where ω = (x1, x2, . . . , xa) ∈ �2. Denote by ωs+1, j = (x ′
1 j , x ′

2 j , . . . , x ′
aj ), j =

1,2, . . . , h the solutions of the next integer equation

x ′
1 j + x ′

2 j + · · · + x ′
aj = n,

under the condition x ′
i < 2, for at least one i ∈ {1, 2, . . . , a} and x ′

i j + x ′
i+a/2, j =

x2i−1 + x2i for all i ∈ {1, 2, . . . , a}. Then

h =
a/2∏

i=1

(x2i + x2i−1 + 1) −
a/2∏

i=1

(x2i + x2i−1 − 3),

and (17) can be expressed as
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P(Yr = (ω, m + 1)|Yr−1 = (ωs+1, m)) = p0

P(Y0 = (ωs+1, 0))

h∑

j=1

pωs+1, j , (18)

where pωs+1, j are probabilities evaluated by a formula that parallels formula (9),
P(Y0 = (ωs+1, 0)) is given by formula (14) and

p0 = p
∑a/2

i=1 x2i (1 − p)n−∑a/2
i=1 x2i

a/2∏

i=1

di .

It is worth mentioning that the sum appearing in (18) may be alternative expressed as

∑

0≤yi ≤x2i−1+x2i ,
for i=1,2,...,a/2

n!
∏a/2

i=1 yi !(x2i + x2i−1 − yi )!
πω

−
∑

2≤yi ≤x2i−1+x2i −2,
for i=1,2,...,a/2

n!
∏a/2

i=1 yi !(x2i + x2i−1 − yi )!
πω

where

πω = p
∑a/2

i=1(x2i +x2i−1)|wi |+n−∑a/2
i=1 yi (1 − p)n(t−1)−∑a/2

i=1(x2i +x2i−1)|wi |−n+∑a/2
i=1 yi .

Manifestly, in the case of i.i.d. symmetric Bernoulli trials, πω does not depend on
ω ∈ �2 (πω = 2−n(t−1) for all ω ∈ �2), while for t = 2 the transition probability
(18) simplifies to

P(Yr = (ω, m + 1)|Yr−1 = (ωs+1, m)) =
(

n

x2

)
px2(1 − p)n−x2 .

(since, P(Y0 = (ωs+1, 0)) = ∑h
j=1 pωs+1, j ). The foregone analysis is further eluci-

dated in the next example.

Example 3 Let us assume that n = 10, t = 3 and p = 1/2 (i.i.d. symmetric Bernoulli
trials). Then recalling the notation and analysis carried out earlier in the Example 2,
we may write the state space �∗ as

�∗ = {(ω, m) : ω = (x1, x2, x3, x4) ∈ �2 ∪ {ωs+1} and 0 ≤ m ≤ k − 2},

where �2 = {ω1, ω2, . . . , ω10}. The first 10 coordinates of the initial probability vec-
tor f0(0) are the entries of π0 in formula (1) and therefore f0(0) = (π0, 1 − π01′)
which yields

f0(0) = 1

220 (α, α, α, α, β, β, β, β, β, β, γ ),
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with, α = 18, 900, β = 25, 200 and γ = 220 − 4α − 6β. The transition probability
matrix A will have a blocked-matrix representation described in (13) with P provided
by (10).

The entries of the submatrix Q of the transition probability B are easily computed
by virtue of (15). In the special case we are dealing with, formula (15) reads

P(Yr = (ω, m + 1)|Yr−1 = (ω′, m)) = 1

210

(
x1 + x2

x2

)(
x3 + x4

x4

)
− p(ω, ω′)

where p(ω, ω′) is the respective entry in matrix P . Thus, for ω1 = (4, 2, 2, 2), we get

P(Yr = (ω1, m + 1)|Yr−1 = (ω1, m)) = 1

210

((
6

2

)(
4

2

)
− 32

)
= 58

210

and working in a similar manner for the rest non-vanishing entries of Q we obtain

Q = 1

210

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

58 0 58 0 0 72 0 0 0 0
58 0 58 0 0 72 0 0 0 0
0 58 0 58 0 0 0 72 0 0
0 58 0 58 0 0 0 72 0 0
54 0 54 0 0 48 0 0 0 0
0 0 0 0 64 0 64 0 64 64
0 0 0 0 64 0 64 0 64 64
0 0 0 0 64 0 64 0 64 64
0 54 0 54 0 0 0 48 0 0
0 0 0 0 64 0 64 0 64 64

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The vector c appearing in the last column of B is easily evaluated by exploiting the
formula (16) as

c′ = 1′ − Q1′ − P1′ = 1

210 (δ, δ, δ, δ, ε, ε, ε, δ, ε)′

where δ = 724, ε = 624. Finally, the vector b results by a direct application of (18),
while for n = 10, t = 3 we may easily identify b as

b = 1

210 (ζ, ζ, ζ, ζ, η, θ, η, θ, η, η)

where ζ = 16.6513, η = 19.1351 and θ = 22.2017. Needles to say, the quantity ρ

appearing in the last row and column of matrix B, equals

ρ = 1 − b1′ = 1 − 2−10(4ζ + 4η + 2θ) = 1

210 836, 451.
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Launching the recurrence scheme (12) we deduce immediately the whole distribu-
tion of Wk,n,t for n = 10, t = 3, k = 5 as follows

P(W5,10,3 = 0) = f0(0)A31′ = 0.00049

P(W5,10,3 = 1) = f0(0)(B A2 + AB A + A2 B)1′ = 0.00722

P(W5,10,3 = 2) = f0(0)(B2 A + B AB + AB2)1′ = 0.06858

P(W5,10,3 = 3) = f0(0)B31′ = 0.92371.

4 Consecutive t-covering arrays for Markov dependent trials

The results detailed in the previous section can be effortlessly extended for the case of
binary arrays where the trials in the same column share a Markov dependence while
the columns itself are independent. In the present section we shall briefly illustrate
the necessary modifications that should be carried out in order to accommodate in our
model a first order Markov dependence, in the special case t = 2. The consideration of
the special case t = 2 was for notation convenience, while the ideas can be manifestly
extended to cover the case of any t ≥ 2 and Markov dependence of order (at most)
t − 1.

Let X = (Xi j )k×n , be a binary random matrix with independent columns and
assume that, for a fixed j ∈ {1, 2, . . . , n}, the sequence {Xi j , i = 1, 2, . . . , k} is a
time homogeneous two-state Markov chain with transition probabilities

P(Xi j = 1|Xi−1, j = 0) = p01, P(Xi j = 0|Xi−1, j = 0) = p00,

P(Xi j = 1|Xi−1, j = 1) = p11, P(Xi j = 0|Xi−1, j = 1) = p10,

for i = 1, 2, . . . , k. Then the number of deficient 2 × n submatrices can be treated as
a MVB on the state space

�∗ = {(x, m) : x ∈ {2, 3, . . . , n − 1}, m = 0, 1, . . . , k − t + 1},

where x ∈ {2, 3, . . . , n − 2} keeps track of the number of 1’s in the row under investi-
gation, while x = n − 1 declares that the number of 1’s is 0, 1, n − 1 or n. Moreover,
the counter m indicates the number of deficient 2 × n submatrices observed so far.

The transition probabilities associated with submatrix P of transition probability
matrix A are now expressed as

P(Yr = (x, m)|Yr−1 = (x ′, m))

=
min{x−1,x ′−1}∑

j=max{1,x+x ′+1−n}

(
x ′

j

)(
n − x ′

x − j

)
p j

11 px− j
01 px ′− j

10 pn−x ′−x+ j
00
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for x, x ′ ∈ {2, 3, . . . , n − 2} while the rest entries of A are vanishing. The transition
probabilities of submatrix Q of transition probability matrix B take on the form

P(Yr = (x, m + 1)|Yr−1 = (x ′, m))

=
x∑

j=0

(
x ′

j

)(
n − x ′

x − j

)
p j

11 px− j
01 px ′− j

10 pn−x ′−x+ j
00

−
min{x−1,x ′−1}∑

j=max{1,x+x ′+1−n}

(
x ′

j

)(
n − x ′

x − j

)
p j

11 px− j
01 px ′− j

10 pn−x ′−x+ j
00

for x, x ′ ∈ {2, 3, . . . , n − 2}. The coordinates of the vector b appearing in the last row
of B can be evaluated by the aid of the next formula

P(Yr = (x, m + 1)|Yr−1 = (n − 1, m))

=
∑

y∈{0,1,n−1,n}

x∑

j=0

(
y

j

)(
n − y

x − j

)
p j

11 px− j
01 py− j

10 pn−y−x+ j
00 ,

x ∈ {2, 3, . . . , n − 2}.

Finally, if we assume that the binary entries of the first row are i.i.d. random variables
with success (failure) probability p (1 − p), then the initial row vector f0(0) needed
to launch the recursive scheme (12) will contain the respective binomial probabilities
as entries

(
n

i + 1

)
pi+1(1 − p)n−i−1, i = 1, 2, . . . , n − 2,

(with the last entry being the complementary probability of the sum of them, with
respect to 1). Needless to say, should the binary entries be non i.i.d., the entries of
f0(0) would be probabilities associated with the generalized binomial distribution.

5 Numerical calculations

In this section, we shall illustrate how the results developed in the previous sections
can be exploited to treat the complete factorial design problem mentioned in Sect. 1.

Let us first state the problem in its general setup. Assume that we are interested in
investigating the influence of t two-level (0-1) factors A1, A2, . . . , At on a continuous
response variable Z . A random design with n runs in each time period (e.g. day) is
created by changing only the levels of a single factor per day, using a random mech-
anism that assigns level 1 with probability p and level 0 with probability 1 − p; this
assignment is repeated n times for each day, while the factors used in consecutive days
are rotating in a cyclic fashion as follows: A1, A2, . . . , At , A1, A2, . . . and so on. On
day i , we collect n measurements of the response variable Z , say zi j , j = 1, 2, . . . , n
which correspond to the n treatments consisting of the factor levels of the t factors,
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Table 2 Case t = 2 and p = 1/2 (P(Wk,n,2 = 0))

k n = 12 n = 13 n = 14 n = 15 n = 16 n = 17 n = 18 n = 19 n = 20

2 0.8748 0.9057 0.9291 0.9467 0.9600 0.9700 0.9775 0.9831 0.9873

3 0.7782 0.8293 0.8694 0.9004 0.9244 0.9427 0.9566 0.9673 0.9753

4 0.6923 0.7593 0.8135 0.8564 0.8900 0.9161 0.9363 0.9517 0.9634

5 0.6158 0.6953 0.7612 0.8145 0.8570 0.8903 0.9163 0.9363 0.9517

6 0.5478 0.6366 0.7122 0.7747 0.8252 0.8653 0.8968 0.9212 0.9401

7 0.4873 0.5829 0.6664 0.7368 0.7945 0.8409 0.8777 0.9064 0.9287

8 0.4335 0.5337 0.6236 0.7007 0.7650 0.8172 0.8589 0.8918 0.9174

Table 3 The minimum number of n, for which P(Wk,n,3 = 0) ≥ 1 − a (p = 1/2)

k a = 0.10 a = 0.05 a = 0.025 a = 0.01 k a = 0.10 a = 0.05 a = 0.025 a = 0.01

3 33 38 44 50 10 48 54 59 66

4 38 43 48 55 11 49 54 60 66

5 41 46 52 58 12 50 55 61 67

6 43 48 54 60 13 51 56 61 68

7 45 50 55 62 14 51 57 62 69

8 46 51 57 63 15 52 57 62 69

9 47 53 58 65 16 52 58 63 70

that have been established in the last t days (i.e., days i − t + 1, i − t + 2, . . . , i).
Manifestly, no measurements are collected on the first t −1 days, since the assignment
process is not complete until the t th day is reached.

If we wish to carry out a complete factorial study (i.e., to investigate all the main
effects and interactions of all higher orders), for days t, t + 1, . . . , k it is clear that
the resulting k × n design matrix should form a t-CCA. Then for fixed k, the mini-
mum number of runs (n) needed to achieve our goal with probability at least 1 − a
(0 < a < 1) can be formally expressed as

nmin = min{n : P(Wk,n,t = 0) ≥ 1 − a}.

Table 2, which displays the values of the probability P(Wk,n,t = 0) for t = 2, p = 1/2
can be exploited to provide the answer to question (a) that was raised in Sect. 1. For
example, if we wish to secure a 90% probability that complete factorial studies will
be feasible for k = 5, we should have at least nmin = 18 runs in each day. Extending
the time frame to k = 8 will require nmin = 20 runs, to achieve the same goal.

For the practical minded reader, a table that will provide the minimum number n
of runs so that P(Wk,n,t = 0) ≥ 1 − a for the typical choices of a, will be much more
useful. Table 3 provides this information for t = 3, p = 1/2, k ∈ {3, 4, . . . , 16} and
a = 0.01, 0.025, 0.05, 0.10. Needles to say the range of the tabulated parameters can
be effortlessly extended by exploiting the results developed in the previous paragraphs.

123



Consecutive covering arrays 583

Table 4 Case t = 3 and p = 1/2 (CDF : P(Wk,n,3 ≤ i))

k i n = 25 n = 26 n = 27 n = 28 n = 29 n = 30 n = 31 n = 32 n = 33

4 0 0.5734 0.6157 0.6549 0.6910 0.7240 0.7541 0.7813 0.8058 0.8279

1 0.8999 0.9184 0.9336 0.9461 0.9562 0.9645 0.9713 0.9767 0.9812

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

5 0 0.4485 0.4962 0.5419 0.5851 0.6255 0.6631 0.6978 0.7296 0.7586

1 0.7995 0.8334 0.8622 0.8865 0.9067 0.9236 0.9376 0.9491 0.9585

2 0.9619 0.9714 0.9787 0.9841 0.9881 0.9912 0.9935 0.9951 0.9963

3 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

6 0 0.3508 0.3999 0.4483 0.4953 0.5404 0.5831 0.6232 0.6606 0.6952

1 0.7004 0.7470 0.7878 0.8230 0.8531 0.8786 0.9001 0.9180 0.9329

2 0.9095 0.9308 0.9474 0.9603 0.9701 0.9775 0.9832 0.9875 0.9907

3 0.9860 0.9903 0.9934 0.9955 0.9970 0.9979 0.9986 0.9991 0.9994

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

7 0 0.2743 0.3223 0.3709 0.4194 0.4668 0.5127 0.5566 0.5981 0.6370

1 0.6065 0.6628 0.7134 0.7582 0.7973 0.8310 0.8599 0.8843 0.9048

2 0.8468 0.8809 0.9081 0.9296 0.9464 0.9594 0.9695 0.9771 0.9828

3 0.9608 0.9726 0.9809 0.9868 0.9909 0.9938 0.9958 0.9971 0.9980

4 0.9948 0.9968 0.9980 0.9987 0.9992 0.9995 0.9997 0.9998 0.9998

5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

The answer to question (b) raised in Sect. 1, which can be formally stated as

kmax = max{k : P(Wk,n,t = 0) ≥ 1 − a},

is also extracted from the entries of Table 2 (in the spacial case t = 2, p = 1/2 ).
For example, if only n = 15 runs are to be carried out in each day, the longest time
period in which complete factorial designs are feasible with probability at least 90%,
corresponds to k = 3 days. If we could afford for n = 19 days runs per day, the time
period for achieving the same goal, increases to k = 7. Table 3 can also be used for
spotting out the maximum value of k for t = 3, p = 1/2 and several choices of n and
a.

In closing, let us turn our attention to question (c) raised in Sect. 1. We are now
interested in calculating

nmin(r) = min{n : P(Wk,n,t ≤ r) ≥ 1 − a},

for prespecified values of r ∈ {1, 2, . . .} and a ∈ (0, 1). Table 4 offers the cumulative
distribution function (CDF) of Wk,n,t for t = 3, p = 1/2 and a variety of choices of
n and k. According to this table, should we wish to achieve a 90% probability that
the number of deficient submatrices in our factorial design does not exceed r = 1, we
have to carry out at least nmin(1) = 26 runs per day if our time frame is described by
k = 4, nmin(1) = 29 runs if k = 5 and so on. It is evident that the value of n arising
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under this set up will always be smaller than the respective value of n for a complete
factorial design (provided that the rest parameters are kept fixed).
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