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Abstract Clustered data arise commonly in practice and it is often of interest to
estimate the mean response parameters as well as the association parameters. How-
ever, most research has been directed to inference about the mean response parameters
with the association parameters relegated to a nuisance role. There is little work con-
cerning both the marginal and association structures, especially in the semiparametric
framework. In this paper, our interest centers on inference on the association parame-
ters in addition to the mean parameters. We develop semiparametric methods for both
complete and incomplete clustered binary data and establish the theoretical results.
The proposed methodology is illustrated through numerical studies.

Keywords Association - Binary outcomes - Clustered data - Estimating equation -
Missing at random - Semiparametric estimation

1 Introduction

Clustered data arise frequently in practice, and their analysis methods typically dif-
fer from univariate analysis methods due to possible association within clusters.
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Incorporating complex association structure in inferential procedures becomes a major
challenge for analysis of clustered data, especially for discrete data. Under the para-
metric framework, various methods have been developed for binary data (see Prentice
1988; Lipsitz et al. 1991; Carey et al. 1993; Molenberghs and Lesaffre 1994; Yi and
Cook 2002, for instance).

Semiparametric models based on generalized estimating equations (GEE) meth-
ods and their extensions have become increasingly popular (see, e.g., Severini and
Staniswalis 1994; Carroll et al. 1997; Xia et al. 1999; Lin and Carroll 2001a,b; Wang
2003; Fan and Li 2004; Wang et al. 2005; Chen and Jin 2005; Xia and Hardle 2006,
among others). These methods mainly concern the marginal mean parameters with the
association parameters treated as nuisance. However, in many applications, estimation
of the association parameters is a central theme of the study. For example, in familial
studies of inherited traits and developmental toxicology studies of laboratory animals
(e.g., Hall and Severini 1998), subjects in a family or cluster share common genetic
traits or are subject to common environmental factors, and it is of prime scientific
interest to study the association between responses.

Under the likelihood formulation, Aerts and Claeskens (1997) and Claeskens and
Aerts (2000) explored inference methods for the marginal and association parameters.
However, with a marginal formulation for semiparametric regression there is rela-
tively little discussion on featuring both the mean and association structures. To fill up
this gap, in this paper we develop semiparametric inference procedures for both mar-
ginal and association parameters for clustered binary data, and rigorously establish
the asymptotic properties. As missing observations commonly occur, which causes
additional difficulty in conducting inference (Little and Rubin 2002), in this paper we
also describe methods to handle incomplete data. The proposed methods provide a
flexible framework to feature various types of mean and association structures. Such a
flexibility, however, comes at the cost of increasing the complexity of inferential proce-
dures. First, the common computing algorithm based on the Newton—Raphson method
that applies to parametric models cannot be directly used now due to the unknown
function 6 (.). Secondly, and more importantly, existing asymptotic distribution theory
under the parametric framework (Prentice 1988; Yi and Cook 2002) breaks down for
the current setup. The inclusion of a nonparametric term 6(.) into the mean model
remarkably changes the nature of the model setup, and it is not trivial to establish the
asymptotic results for the estimators of the mean and association parameters.

The remainder of the article is organized as follows. The notation and inference
framework are introduced in Sect. 2 and estimation procedures are described in Sec. 3.
In Sect. 4 we establish the asymptotic properties of the resulting estimators and dis-
cuss the issue of parameter interpretation. Numerical studies are given in Sect.5 to
assess the performance and to illustrate the use of the proposed methods. In Sect. 6, we
develop the inference methods for handling incomplete data. We conclude the article
with a discussion in the last section.

2 Notation and framework

Suppose that there are n clusters and m; subjects within cluster i, i = 1, ..., n. Let
Y;; be the binary response for subject j in cluster i, X;; and z;; be the p x 1 and g x 1
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covariate vectors, respectively. Denote Y; = (Yi1, ..., Yim,) "\ Xi = (Xi1, .o, Xim;) "
andz; = (z;1, ..., Zi,;) *. Define w;; = E(Yij1x;,z;),andlet w; = (i1, - .., im;) "
i =1,...,n. Provided the mean of Y;; depends only on the covariate vector for sub-

ject j,ie. E(Yjjlx;, z;) = E(Y;j|x;j, z;;) (Pepe and Anderson 1994), we consider the
regression model

g—l(mj) =x;;B+ 0@z a) with || =1 (1)

where ¢(.) is a monotone link function, 8 and & are parameter vectors, and 6(-) is an
unknown smoothing function. The requirement ||« || = 1 ensures identifiability of «.
Common choices of function g(.) include logit, probit, and complementary log—log
functions. In some situations, g(.) can assume a flexible but more complex function
form. For instance, Kim et al. (2008) proposed a class of link functions based on
generalized ¢-distributions to characterize binary responses.

We assume that ¥;; and Yy are independent for different clusters i and i’, but
within the same cluster, the responses may be correlated. Let v;;; be the odds ratio
between responses Y;; and Y; in cluster i (j < k), defined by

Vg = P(Y;j =1,Yy = 11x;,2;) - P(Y;; =0, Yy = 0[x;, 2;)
Y P(Yij=1,Yu =0Ix;,2;) - P(Yij =0, Yix = 1]x;, %)

Regression models may be employed to feature various association structures, with
the dependence of the association on covariates being explicitly reflected:

R (Wije) = ufé, )

where A (.) is a monotone link function, u; jx is a vector of covariates which specifies
the form of the association between Y;; and Y;, and ¢ is a vector of regression param-
eters. Letting u; j; be the scalar one, for instance, leads to the exchangeable association
between responses within the same cluster; while setting u,”, ¢ = @17~k results in an
autoregressive correlation among responses (j < k). Typically, a log-linear regression
may be assumed for (2) (Fitzmaurice and Laird 1993).

Letu;jr = P(Y;j = 1, Yix = 1|x;, Z;) be the joint probability for the pair (Y;;, Yir),
given the covariates x; and z;. It is determined by the marginal means and the odds
ratio, given by Lipsitz et al. (1991) and Yi and Thompson (2005)

aije = {afy = Wik Wije — Dwiji)' 2 if Yijk # 1
T

Wijk = 2Wije — 1) ; "
Mij ik s if i jie =1

where ajjr = 1 — (1 — Vi) (Wij + Wik)-
3 Estimation procedures

In this section, we describe marginal methods for estimation of mean response param-
eters o and B and association parameters ¢. Let X; = [o;jx] be the true covariance
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matrix for the response vector Y; for cluster i, with 0y;; = ;i (1 — p;;) and o, =
Wijk — wijpik for j # k, and V; = diag(,/0ij;, j = 1, ...,m;)C;diag(,/oij;, j =
1, ..., m;) be a working matrix, where C; is an invertible working correlation matrix.
Throughout the paper we assume that C; may depend on a parameter vector T that
is distinct from the mean response parameters « and 8, and can be estimated by the
method of moments.

Let Uia @, B.00) = (fg)V;™ (Yi—p:) and Ups(e, B.60)) = (V7 (Y, =
It;). It can be seen that both Ula (e, B,6(.)) and Uig(ax, B, O(.)) have zero expectation,
i.e., they are unbiased estimating functions for & and .

To estimate the association parameters ¢, we employ the alternating logistic regres-
sion discussed in Carey et al. (1993) where the conditional expectation &; jx = E(Y;;|Yix
= Yik» Xi, z;) is needed for j < k. The conditional expectation §&;  is related to the
association, marginal and joint probabilities by &;;x = expit(d;jx), where d;j; =

(log ¥rijx)yik + log(%) and expit() = exp(t)/(1 + exp(?)). Let VI =

diag{&;jx (1 — &jx), j < k} be the working matrix, then U;4(et, B,6(.), ¢) = ( Ed’

V;‘_le ; are unbiased estimating functions for ¢, where €; = (yi1 — &i12,. .., Yi1 —
Eitmi» Yiz €235+ - o> Yiomit—Eimi—t,m;) > and &; = (&2, . o Gty Ei230e - Eimi—1my) "

If 6(.) is known to be a linear function, then estimation of &, 8 and ¢ may proceed
in a straightforward manner, as outlined in Carey et al. (1993) and Yi and Cook (2002),
where the working matrix V; may be taken as the true covariance matrix X;. Since the
estimating functions Uy (e, B, 6(.)), U;g(et, B, 0(.)) and U;p (e, B, 6(.), @) involve an
unknown smooth function 6(.), we need to use nonparametric approaches to estimate
this function locally in order to estimate o, 8, and ¢. Assuming 6 (u) has the second
derivative, we may approximate 6 (1) by a locally linear function within the neighbor-
hood of ug via the Taylor series expansion 6 (1) ~ 6 (ug)+6 W (ug) (1 —up) fora given
point ug, where d D) represents the /th derivative of function d(.). Let K (u) be a ker-
nel function (or a mean zero symmetric density function) with a compact support and
h be a bandwidth. Denote K, () = K(t/h)/h ao(uo) = 0(ug), ay(ug) = hoV (ug),
anda(uo) = (ao(uo). a1 (uo)) " Let Us; =z, and A; = diag(u(}), j = 1.....m;),

where u( )

is the first derivative of the functlon ¢(.) evaluated at Xl-;- B+6 (zi;.a). Define

Gij(u, U,]) tobe anm; x 2 matrix with the /th column e ; x {(u—U,-j)/h}l_l (l=1,2),
where e; is an m; x 1 vector of 0 except with the jth entry being 1. Below we describe
a two-stage algorithm for estimation of mean parameters « and 8 and association

parameter ¢.

Stage 1:

Step 1 For a given point  in a selected grid find O(u, @, B) = ap(u) by solving

n

ZZMW4MWWMGWWW(Ww%b0 3)

i=1 j=1

with respect to a(u), where the /th element of ;L;"(j) is g{x;;B+ 1 = j) - (ap(u) +
ar(u) - (w —Uij)/h) + I # j)é\(U”, a, B)} with o and B replaced by @ and ﬁ
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respectively, and u( )(oc B) is the first derivative of the function g(.) evaluated at
X;; B + {ao(u) +al(u) (u —z o)/ h}.

Step 2 Given the estimate Ou, a, E) = ap(u) and @y (1) for points u in the selected
grid, update (e, B) by solving the following equations for e and B:

n aA;r , N
Z%’”V*‘{Yi — i, B)) =0, 4
i=1 o

0P yty, e, ) = 0. )

i=1

where ; (e, B) = (i1 (et B), ..., him, (e, B)) " with 12 (e, B) = 9B +§(Z,-}Ot,
@ B)).

Step 3 Repeat steps 1 and 2 until convergence of (@, :E).

Stage 2: To estimate the association parameter ¢, we solve the equations:
> Uiy@.B.0z;a.a.p).¢)=0 (6)

with respect to ¢, where U,¢(a ﬁ Q(ZTA o ,B) @) is U,¢(a B.0(), ¢) with Hij

replaced by g(x; Tﬂ + 9(Z To, o }3)) and 6(.) replaced by 9(z T, o ,B) Denote by (b
the resulting estlmate of (b

To implement the algorithm, we need to choose initial values o and B and set
o = ao/|lag| and ﬁ Bo- One may for instance, take initial values as the estimates
obtained from the usual generalized linear models with 6(.) specified as the identity
function in (1). Given & and ﬁ we first set V; to be the independent working matrix
and apply Stage 1 to obtain estimate (e, ﬁ) Applying Stage 2 leads to an estimate
of ¢ Then we iterate Stages 1 and 2 until convergence of (e, ﬂ ¢) Throughout iter-
ations, the working matrix V; is taken as the true covariance matrix X;. A similar
estimation algorithm is discussed in Yi et al. (2009). However, there is a substantial
difference centering on the treatment of the working matrix V;. In the algorithm of Yi
et al. (2009), the independent working matrix is employed throughout all iterations,
which may incur some efficiency loss.

4 Theory
4.1 Asymptotic properties
Analogous to Lin and Carroll (2001a,b) and Wang (2003) we assume m; =m for ease of

notation. Covariates x; and z; are allowed to be correlated. The triples (Y;, X;, z;), i =
1,2,...,n, are assumed independently identically distributed. Let vl.] ! and ol.] " be
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the (j, /)th element of V;l and X 1, respectively. Let $a(u) = —%—“{m and
@3 (u) = —%—a{ﬂ) with the dependence on « and B suppressed in notation,

and ¢g (1) and q&ﬂ(u) be their limits defined in Appendix 2. Denote X;; = X;;j —

ogWUij. . ), zij = oD Uizij — paUij,a, B), Xi = (Xi1,...,Xim) ", and Z; =
(21, ..., Zim) " In the sequel, we drop the subject index i for ease of notation when-
ever expressing expectations. Let A(V) = E{(Z,X) "AV~!A(Z, X)},and B(V, %) =
E{(Z,X)"AV 'EV~TA(Z X))

Theorem 1 Under the conditions in Appendix 1, asn — oo and h — 0 at the rate
such that nh® — 0 and nh/log(1/h) — oo, we have

Vi{@-a)", (B—B"} =4 MVN(Q©, 2V, ),

where 2(V, 2) = (AV)} ™! -B(V, X) - (A(V)} ™!, which is minimized by V = ¥ and
in this case equals {A(V)} I

We note that Theorem 1 does not just apply to binary data under model (1), it applies
to continuous data as well. This can be readily seen from the proof in Appendix 2.
With univariate data (i.e.,m = 1), Carroll et al. (1997) established a similar asymptotic
result. Withm > 1, itis more difficult to develop the asymptotic theory as there is com-
plexity in accommodating the working matrix V; for multivariate data. Herein, we not
only derive the asymptotic distribution for the estimator & and 8, but also identify the
scenario to obtain the semiparametric efficient estimator. Furthermore, Theorem 1 gen-
eralizes the results in Wang et al. (2005) where only a scalar covariate z;; is considered.
That is, there is no need to estimate parameter a associated with unknown function
6(.). In addition to these contributions, our work distinguishes from existing methods
because of the following development on estimation of association parameters ¢.

Let J = E(U;pU; fb) and H = E[—(3/9¢ ")U;y]. If @, B and 6(.) are all known,
estimating functions Ujy are regular parametric unbiased estimating functions of ¢,
and thereby it is straightforward to establish that /n (¢ é)~ NOH'JH1),
according to Liang and Zeger (1986). When a, B and 6(.) are unspecified and esti-
mated, variation in the estimators o, ﬁ and é\(u) must be taken into account. If 6(.)
is a known parametric function, one may easily adapt the arguments in Yi and Cook
(2002) to work out the asymptotic distribution of /i (a — ¢). However, here 6(.) is
unknown and it is estimated locally, we need to incorporate this local estimation vari-
ability into the asymptotic variance of \/n ($ — ¢) as well. This unknown 6 (.) function
presents a challenge in establishing the asymptotic distribution for the estimators, and
this feature distinguishes the current work from existing results.

Along with the line of the proof of Theorem 1 in Appendix 2, we can derive an
approximation of 5}1 (u) — 6(u) as follows

1 1 n m
zb*(u)hz‘FWz_l(u);ZZ[M,])Kh(UU —u)[Zv (Yi — M,z)]

i=1 j=1 =1

+'““11)Q1 «(u, Uij) IZU Y — u,;)] + ,ul(})vijj Q2.5 (u, Uij)(Y;j — H«ij)j| ,

=1
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where b, W, Q1 «, and Q2 « are given in Appendix 2. Standard but tedious calcu-
lations can show that «/_ h{0p(u) — 0(u) — b*(u)hz} weakly converges to a normal
distribution with zero mean. This result may be used for statistical inference. However,
we suggest a bootstrap alternative if needed since the asymptotic variance assumes a

very complex form.
e adi i Bd, ~ 3dl ~ 3d,' i 3dl' i
Let A* = ij Ték[&jk(l Sljk)] (3&( = Z' + ag(dlkk) l'l]‘{’ 3ﬂj$7 3¢]$) for

i=1,...,n Let A¥ = diag( fd; ), and A¥ = ((A;(V),0)", A*") ™. We

T
RICA ﬂ )T ’ o
establish the joint asymptotic distribution of the estimator (o, 8, ¢) in Theorem 2, and
its proof is given in Appendix 3.

Theorem 2 Under the conditions in Theorem 1,
Vi{@—a)" . (B—B)". (@ —9)"}" >4 MVN(0, 2°),

where @* = E[A* "1 A*diag(V™!, V* ")) E*diag(V~!, V* 1) A*A*~1] and X* is the
covariance matrix of the vector (Y;', Y ") "with Y} = €; +§;.

Inferences about parameters o, 8 and ¢ may be based on Theorem 2, where * is
replaced by a consistent estimate in which the associated terms may be substituted by
the corresponding empirical estimates. However, implementation of these empirical
estimates is too complicated to be of practical interest. It is more plausible to apply the
simple bootstrap method for a variance estimate, and this is consistent with available
research work concerning semiparametric models, such as Lin and Carroll (2001a,b),
Liang et al. (2004), and Wang et al. (2005).

4.2 Bandwidth selection

In the implementation of the procedures above, choosing an appropriate bandwidth
h is very crucial. As bandwidth & affects both bias and variance estimate, there is
a trade-off between suitable bias and variance estimate. Bias correction requires the
choice of a relatively small bandwidth, whereas variance estimate needs a large value
of bandwidth. In principle, bandwidth selection is data driven, and traditional meth-
ods such as cross-validation approach may be applied to select a proper bandwidth £
based on available data. However, as pointed out in Fan et al. (1995), this approach
could perform poorly in some settings with a large magnitude of sample variation
produced, hence it is not regarded as a sensible bandwidth selection rule for practical
use. Instead, “plugging in” method may be a promising candidate for bandwidth selec-
tion. Fan et al. (1995) discussed this approach to handle local polynomial regression
under the framework of generalized linear models. Ruppert et al. (1995) explored this
method of bandwidth selection with local least squares regression.

Along with the same line we may derive an optimal bandwidth based on the asymp-
totic weighted mean integrated squared error (AMISE) of 5;, (u)

AMISE(@,) = E [ / @) — 9(u)}2f(u)du] .
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An optimal bandwidth is given by Aoy = C X n~1/3, where C assumes a complex
form depending on b, (u), Q1.+, and Q2 .. To reduce the computation burden, we
specify C by an ad hoc way in our numerical experiments. See details in Sect.5.

4.3 Interpretation of coefficients o

The proposed models allow for the flexibility of accommodating complex dependence
(e.g., curvature) of the responses on covariates. As is true in general statistical model-
ing, this flexibility is achieved at the cost of less transparent interpretation of the model
parameters. In the formulation of the usual generalized linear models, the interpreta-
tion of the model is clearly reflected by the link function and the linear form of the
coefficients. However, in the current development the inclusion of a nonlinear function
6(.) could dramatically change the meaning of the model, though nonzero values of «
and B may indicate “significant” predictors of the response (Carroll et al. 1997). As
coefficients e appear in a nonlinear function 6 (.) whose form is unknown (this function
may not even be monotone), interpretation of coefficients « is not so transparent as
that of coefficients 8. Here we particularly discuss the parameter interpretation when
the link function g~'(.) in (1) is taken as logit.

In the usual setup of a logistic regression model with logit(u;;) = xi},B +z'a,
it is seen that the rth component of B is expressed as B, = logit{ju;; (x;; + 1)} —
logit{u;;(x;;r)} with other covariates held fixed, where w;; (x; ) stresses explicitly the
dependence of p;; on x;;,. That is, the coefficient 8, represents the change in the log-
odds with one unit change in covariate x; -, given other covariates are fixed. Analogous
interpretation applies to the coefficient «,-. Alternatively, those coefficients may be rep-
resented by means of the partial derivatives. Let odd;; = P(Y;; = 1|x;,2;)/P(Y;j =
0lx;, z;), then logit(u;;) = log(odd;;), and hence 8, = %_jr(log odd;;), a, = T
(logodd;;). It is apparent that in model (1) logodd;; does change linearly in x;j,.
However, it does not change linearly in z;;,- as %m(log odd; ;) is generally not a con-
stant. Interpretation of & therefore is not so straightforward as that in the usual logis-
tic regression. To understand how this parameter affects the change in the response,
we may use average derivatives (Chaudhuri et al. 1997; Huang and Liu 2006) to
explain parameters « here. Let ¢;; = (cij1,...,¢ijg) " = E[%j(log odd;;)] be the
average or expected changes in the log-odds with respect to covariates z;; while
other covariates are held fixed. It can be seen that, unlike the property of the
usual logistic regression such ¢;; depends on the underlying distribution of
covariates.

Denoted;; = E[0V(zj@)], j = 1,...,m,thenc;; = dijat, i.e., cijr = djjor, r =
1,...,q, leading to a5 /0o; = cjjs/cij:. Therefore, the ratio of oy to a; indicates the
relative average change in the log-odds with respect to z; 5 and z j;; while other covar-
iates are held fixed. If taking c;;j; as the baseline average change of the log-odds

Ccij .
C‘_{ : , and hence ¢, may be interpreted
1

as o« times of the relative average change in the log-odds (related to the change
of z;jr) as opposed to the baseline average change, with other covariates remained
unchanged.

(with respect to covariate z;;1), then o, = oy -

@ Springer



Semiparametric regression for clustered binary data 519

5 Numerical studies

We now present the results for simulation experiments and real data analysis. In the
implementation of the proposed method we use the standard normal density function
as the kernel function for the nonparametric procedure in Step 1 of Stage 1.In reahzmg
Step 1 of Stage 1, for given & and ,8 we divide the range [min; ](oc Z;j),max; ](oc zij)]
into 50 equally spaced sub-intervals, and take the cutting points as the grids at which
0(.) is estimated. Typically, we choose a varying bandwidth at each iteration by tak-
ing h = C x n~!/3, where C is the sample standard deviation of {a&’z; joi=
l,...,n;j=1,...,m} for given & at each iteration.

5.1 Simulation study

We conduct a simulation study to evaluate the performance of the proposed methods.
Here we focus on pairwise association with higher order association being constrained
as 0. That is, generate binary vector y; = (yi1, Yi2, --., Yim) ' from the joint density
function (e.g., Yi and Thompson 2005)

; . ij—Mij  Yik— ik
f it YiZs'naytm)— M}j(l /1«1 K l+ pl]k :

(N

where p;jx is the correlation coefficient of Y;; and Y, given by p;jx = (ijk —
Mij uik)/m. The meanresponses are modeled as logit(u;;) = Bx;; + 0 (o1zi1 +
o272 +3z;3), where we take 6 (¢) = sin[w (f — 1.355\/§/6)/(1 .645\/§/3)] as in Car-
roll et al. (1997). Fori = 1, ..., n, consider an exchangeable association structure
with log ¥;jx = ¢ for j < k. Covariates x;; are generated from the binomial dis-
tribution Bin(1, 0.5) and covariates z;; are generated from the uniform distribution
UlO,1].Set B =03 and oy = p = a3 = 1/\/3 as in Carroll et al. (1997). Various
configurations of ;;; are considered to reflect different strengths of association. In
particular, v;jx = 1 represents the scenario of independence structure within clusters.
Set m = 4. Two hundred-fifty simulations are run for each parameter configuration.
We conduct simulation on different sample sizes with n = 100 and n = 200.

Table 1 reports the differences (Bias) between the estimates and the true values, the
empirical standard errors (SE) and the mean squared errors (MSE) for the regression
and association parameters. The estimators for the mean and association parameters
have reasonably small finite sample biases. It appears that finite sample biases for
estimation of # and ¢ tend to become smaller as the sample size increases. It is not
surprising that the empirical standard errors for the estimates of the linear coefﬁcwnt
B are smaller than those of @. The mean squared errors for the estimators @, ﬁ and ¢>
appear reasonably small, though the mean squared errors for & tend to be larger than
those of 8. As expected, larger sample size leads to smaller standard errors, and then
smaller mean squared errors. This simulation demonstrates that the proposed methods
give rise to reasonable estimates for both the mean and association parameters.
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5.2 An example

We apply the proposed methods to analyze a subset of genetic analysis workshops
(GAW) 13 data arising from Cohort 2 of the Framingham Heart Study. The
Framingham Heart Study is an ongoing prospective study of risk factors for car-
diovascular disease (CVD). The objective of the Framingham Heart Study was to
identify common factors or characteristics that contribute to CVD by following its
development over a long period of time in a large group of participants who had not
yet developed overt symptoms of CVD or suffered a heart attack or stroke.

In the analysis here we consider the data set consisting of 203 families each having
4 members with the baseline measurements. High blood pressure is an important risk
factor for cardiovascular disease and is a leading cause of mortality in industrialized
countries. As high blood pressure is a complex disorder that results from environ-
mental and genetic factors and their interactions, and other study indicates that blood
pressure increases with age (Kraft et al. 2003). It is of interest to study how blood
pressure is influenced by the risk factors and how individuals within the same fam-
ily may be associated. The covariates of interest include age, gender, high density
lipoprotein (HDL) and body mass index (BMI) (BMI=weight (kg)/height2 (m?)). Let
Y;; = 1if subject j in family 7 has high blood pressure, and Y;; = 0 otherwise.

We consider a semiparametric regression model for the mean response

logit(p;j) = Bxij + 0(a1zij1 + a2zijo + @32ij3), (3)

where x;; is gender, taking value 1 for male and O otherwise, z;;1 is age, z;;2 is HDL,
and z;;3 is BML z;;1, z;j2 and z;;3 are standardized as (z;; —z..,)/s..,, where z_, and
s_r represent the sample mean and standard deviation of z; S respectively,r = 1, 2, 3.
Exchangeable association structure is modeled here with log ¥, jx = ¢, for j # k.

Here we conduct three analyses which mainly differ in the treatment of the covari-
ance structure in estimation procedures. Analysis 1 takes V; as the independence
working matrix in both Steps 1 and 2; Analysis 2, following the spirit of Zeger and
Diggle (1994), takes V; as the independence working matrix in Step 1 but the true
covariance structure X; in Step 2; while Analysis 3 is the proposed method which
takes V; as the true covariance structure X; in both Steps 1 and 2. In Table 2 we report
the parameter estimates, standard errors and p-values for the three analyses. The esti-
mates from the three analyses are fairly comparable. Except for HDL, Analysis 3
yields the smallest standard errors, and this agrees with Theorem 1. At significance
level 0.05, the three analyses suggest that age plays an important role in predicting
high blood pressure. As people get older, they are more prone to have higher blood
pressure. There is no evidence that HDL has an effect on having high blood pressure.
Strong evidence indicates that BMI has a statistically significant impact on high blood
pressure. An individual with a larger BMI has a larger chance to have higher blood
pressure. It is noted that there is no evidence to support an existing association among
response measurements of family members.

To understand if there is a curvature relationship between the response and covariate
variables, we plot logit(j;;) against the single index 6(.) respectively for female and
male data with Analysis 3. The patterns are displayed in Fig. 1. It is seen that there are
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Table 2 Analyses of a family data set from the Framingham Heart Study

Analysis 1 Analysis 2 Analysis 3
Covariate  Est. SE P value  Est. SE P value  Est. SE P value
Gender 0.290 0.231  0.209 0.297  0.239 0.214 0.278 0.217 0.200
Age 0.558 0.272  0.040 0.557 0.261 0.033 0.543  0.251 0.031
HDL —0.158 0.285 0.579 —0.152  0.273 0.578 —0.160  0.291 0.582
BMI 0.814  0.333  0.015 0.817 0.221 <0.001 0.824 0.189 <0.001
] 0.255 0.235 0.278 0.256  0.239 0.284 0.254  0.232 0.274

Logit(Prob(HBP))

1 1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Single Index
Fig. 1 Estimated nonlinear curves for the family data from the Framingham Heart Study. Solid curve is

the estimate of logit{ P(blood pressure)} for females, and the dotted curve is the estimate of logit{ P(blood
pressure)} for males

nonlinear trends for both data sets. Thereby using a nonlinear term in the regression
(8) for logit(u;;) is perhaps more appropriate than using a linear term.

6 Incomplete clustered data
6.1 The missing data process

Let R,'j = I(Y,'j is observed) and R; = (R;1, Ri2, ..., Rim)". Let T = P(Rl'j =
11Y;, x;, z;) be the probability that subject j in cluster i is being observed, given
the response and covariates vectors for cluster i. Different missing data mechanisms
have been distinguished (Little and Rubin 2002) based on how missing data processes
depend on the responses. Here we focus the discussion on missing at random (MAR)
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mechanisms, where we assume P(R; = 1|Y;,x;,z;) = P(R; = 1|Y§0), X;, z;). Here
Ygo) denotes the vector of the observed components of Y;.

Regression models are typically used to relate a function of Y}O) and the covari-
ates x; and z; to the probability 7;;. Namely, 7r;; = n(Yl@, X;,Z;;8), where n(.) is a
known function, and § is the vector of regression parameters.

We model the association among missing data indicators in the same manner as we
do to the response components. That is, we define the odds ratio for subjects j and k
in cluster i as

P(Rij =1, Rix = 1Y}, X, %) - P(R;j =0, Rix = 0[Y;, x;, 2;)
P(Rij =1, Rix =01Y;,xi,2) - P(Rij; =0, Rix = 1|Y;,x;,2)

*
Vi =

Under MAR let ¢* be the regression parameters linking the odds ratios to the related
covariates and observed responses, u; j i Say.

Letm;jr = P(R;j = 1, Rix = 1|Y;, X;, Z;) be the joint probability for R;; and R;y,
conditional on the responses and covariates. It is given by

1/2
a;kjk {a,jk 41”;;/((1//,]]( 1)7Tij7Tik} / ity £ 1

Tijk = 2007 — D ’ Wk
Tij ik if Y = 1

where al.*jk =1—-(1- wl.’;.k)(mj + Tik).
Now we describe the estimating equations for the parameters associated with the
missing data process. Let W* = [w”k] be the m x m matrix w1th ww =7 (1 —mij)

and w;’ ik = Tijk = Tij ik for j # k. Define S; (8, ¢*) = ( 8 )W* "(R; — 7}), then
> 1 Si(8, ¢*) = 0 are unbiased estimating equations for parameters 8.
By the same spirit as in Sect. 3, the estimating functions for ¢* can be written as

S¥(8,¢") = ( §¢* YW 'R, — — &), where W* = dlag(éljk(l —Si*/.k) j < k)is

the m* x m* diagonal matrix w1th§ k= = E(R;j|Rir = rix; Yi, X;, Z;) given by

£y = expit [(log Vioric + log ( iy~ Tijk )] . forj <k,
I —mjj — mwik + mijk

and &7 =N &N Es s lm ]m)T and m* =m@m — 1) /2.

Setting "7, S; (8, ¢*) =0and >} | S} (6 ¢*) = 0 leads to the estimator 8 and

¢ Denote 7T; ; = Tij (8) and 7; ik = T Jk(ﬁ ¢ ), and these estimates may enter the
estimating functions in Sect. 6.2 below for conducting estimation of 8, o, and ¢.

6.2 Inference for response parameters

To conduct estimation for mean parameters o and 8 and association parameters ¢,
we need to employ weighted estimating functions that accommodate missingness in
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the estimation procedures. Let II; = diag(/(R;; = 1)/ﬁij,j =1,2,...,m) and
l'[;‘ =diag(I(R;j =1, Ry = 1)/ﬁijk, Jj < k) be the weight matrices. Then unbiased
estimating functions for §, «, and ¢ are given by

Uia(e, 8.00) = (%) IV ¥ — ),
Usg(e. B.6()) = (%4) IV, ' (Y — o). and ©
Uig(e, B,6(), ¢) = ( i)n*v* le

Estimation of &, $ and ¢ may proceed in the same manner as in Sect. 3 with the mod-
ifications to incorporate the weight matrices II; and II}. That is, (3),(4), and (5) are
modified as

ii=1 —
S X K= U “E= ) @, G n, UiV (Y —

d

P —"’ai,‘i‘ ﬂ’niv,- vi — s (. B)) = 0,
Al (e, _ -

Sy PGB v - e ) =0,

i=

t(/)) =0,

respectlvely, and (6) is replaced by (9) with &, B and 6(z;" a) replaced by @, ﬂ and

oY (zl a, o, ﬂ ), respectively. Here &, ﬁ and ¢ denote the resultant estimators. Analogous
to the proof of Theorem 2, we can derive the following asymptotic result.

Theorem 3 Under the conditions of Theorem 1, \/n {(Tf —a),(B—PB)7, (a —¢) T} !
has a multivariate normal distribution with mean zero and a sandwich covariance
matrix.

7 Discussion

In this paper we develop semiparametric approaches to analyze clustered data. Interest
here lies in estimation of the association coefficients in addition to the marginal mean
parameters. The simulation studies demonstrate that the proposed methods work well
under various situations. In the current development we focus on modeling the mean
response with semiparametric regression but the association structure with parametric
regression. More generally, we may use a semiparametric specification to model the
association structure

R Wiji) = u/id + " (w5, 8%) (10)

with an unknown smooth function n*(.). The extension to including (10) is straightfor-
ward by adapting the arguments in the paper, though a more complicated presentation
is needed.

Our current work generalizes Carroll et al. (1997) from univariate case to multivar-
iate data, and it also extends Wang et al. (2005) from a scalar covariate z to multiple
covariates. Furthermore, the proposed methods incorporate estimation of association
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parameters, and apply to incomplete data. These features make the proposed methods
attractive as they offer a useful tool to handle problems that are not addressed by
existing research. The methods we describe here have applications in a wide variety
of settings. For example, they can also be generalized to accommodating data with
more complex association structures. In many situations, clustered data may arise from
longitudinal studies. Clustered longitudinal data feature both a cross-sectional and a
longitudinal correlation structure and interest often lies in the strengths of both types
of association (Yi and Cook 2002). The proposed methods may be adapted to handle
longitudinal data arising in clusters.

Appendix 1: Conditions

Without exception detailed technical conditions are needed here to guarantee rigor-
ous proofs. Below we just outline several key assumptions with the detailed list of
conditions omitted. For more details see Carroll et al. (1997) and Wang et al. (2005).

(a) The density function of z;; has a continuous second derivative on its support.

(b) The density function of zi;oc is positive and uniformly continuous for « in a
neighborhood of its true value.

(c) 6@ (u) is continuous on its support.

(d) The random vector X;; is assumed to have a bounded support.

(e) K (-)is a symmetric probability density function with bounded support.

In the following development the identities are valid to the order of 0, (a;), where
an, = h* + {log(n) /nh}'/? 4+ n=1/2,

Appendix 2: Proof of Theorem 1

We first introduce the following notation, which is similar to that in Wang et al. (2005).
The major change is to replace 7;; in Wang et al. (2005) with U;; = zi;oc. To be spe-
cific, let f;(u) be the marginal density function for U;;, and fj;(u, v) be the joint
density function for U;; and U;; (j # 1).

Define

Wa(u) = — D" E(AS07|U; = u) £ (),
j=1

Q(u,v) = D > E[A /! A{Wa(UDY ' U; = u, Uy = vl fuu, v),

j=11#]

AB;u,v) = = D" E[A v/ A{Wa(UD} ' B, v)|U; = ul f;(w),
j=1j#l
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and ¢ B (u) is the solution of

> > E[Ajel At — dgUNNU; = u] £ =0,

j=11=1

~

where o/! is the (j, [)th element of ™! and A jisthe (j, j)th element of the diagonal
matrix A. Further, let

by() = 0P ) — Wy @) D" E{(Aju/ Ay (UD|U;j = u} fj(w),

=11

Oy () — 0 (u) = —b[l](u)h2+W (u)— ZZM,(l)Kh(U )

ll/l
m i
X Ev,- (Yir — wir)

— Wy ta)—- ZZM(U PO, Ui (Yij — i),

ll/l

O () — O (u) = —b[k](u)h2+w ()~ ZZM Kn(Uij — u)

11]1

x [Zv{’mz — Mu)]
+ Wy ) - ZZM,(])Ql k1w, Uij) [ZU (Yir — le)]

11]1

+ Wy ()= ZZM D0/ 00 g, Ui (Vi — i), (1n

zl]l

where Q1 (u,v) = 0, Qo j(w,v) = =0, v), Qrw,v) = —Q0u,v) +
A(Ql,[&,l]; u,v), and Qo xy(u,v) = A(Q2,k—1]; u,v). As k — o0, at conver-
gence, 6 (u) — 6(u) shares the same asymptotic structure as in (11) except that by,
Q1,1k1> and Q> [x] are replaced by by, Q1,x, and Q> 4, where b, (u) = 6(2)(u) —
Wy ) 3y 3 EXA 0 Abu(UDIU; = u} i), Q1 v) = —Q(u,v) +
A(Q1,5: u, v), and 02,4 (u, v) = A(Q2,4; u, ).

The proof of Theorem 1 can be completed following the spirit of Appendices A.3
and A.4 in Wang et al. (2005). However, great complexity is present in the current
development as we have to deal with estimation of an additional parameter vector «.
We now prove Theorem 1 with two steps. In the first step, we express the derivative
of the estimator é\(u, o, ) with respect to &, and in the second step, we establish the
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asymptotic distribution of the estimator (a”, ﬁ ") T. We note that it is the first step that
distinguishes the current development from that in Wang et al. (2005).

First we work on the derivative of é\(u, o, ) with respect to a. Expressing the first
component of (3) in terms of any (e, ), we obtain

] n m B R
0=1 D2 Kl = Uipui) @/ 1i — gix}B +0(u. e, B)
i=1 j=1

+ai(u,a, B) - (u—Ujj)/ h}]

+ >0/ ¥ — g(x}B + 00U, e, B
I#j

Differentiating with respect to « yields

1
0= - ZZ [K}(Il)(u — Uij)(zij/h)ﬂ,(']]') + Kp(u — U"J')'U“EJZ')
i—1 j=1

x 101V — gix B + 0. a. B) + @1 (u. e, B) - (u — Uij)/ h}]

. PR 1 n m
+ > 0/ Y — g(x1B + Ui, . BV | + D IDIWACEIUN

I#) i=1 j=1

dar(u, a, B)

x| — vl A7, (%(u) +—

= Uip/h =80, e, B) 'ZZ)

.
=D Al Aig - pa Uiz | - (12)
I#]

Using the arguments similar to the proof of Theorem 5.1 in Ichimura (1993), we can
show that the first, third and fourth terms in the first summand is 0, (1), and the second
and third terms in the second summation is of order 0, (1). On the other hand,
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—ZZKh(u Uij) - 0 A2 = 1) o ()

i=1 j=I

= > E@IA = uD1Uj = u) f;)da @)1+ 0,(D)},
and
1 n m /l . N
=22 Kilu—Uy) Z A jvl' Aiipa Uiz
i=1 j=1 I#j

= ZZ/ EA v/ Mz U = w) o) fi (ur, wydug {1 + 0, (1)},

J=11#]

It follows that as n — o0, aot (u) — ¢ () uniformly on u, where ¢g (1) is the
solution of the limit form of (12). That is,

-1

pa) = 1D E@I A2 =y 2\U; = u) f;w)

ZZ / EA " AU = w)a () fij (ur, w)duy
J=11#]

x {1 +op(D}

Recall (4) and (5):

o7 (@, B)
Z

_1 ._A‘ _
A, T)T [Yi — (e, B)] =0, (13)

where it; (e, B) = (i1 (e, B), ..., Wim(ee, B)) " with the jth elementg(xi;.ﬂ +§(Uij»
o, ﬁ)). To ease the notation, let vecy g = {(& — ) ", (ﬁ — B) "} ". Note that element-
wisely, we have the Taylor series expansion for ;; (B, &) — iz;j (e, B) as follows.

—uf} (x5 (B = B) +0(Uj. @, B) — 0(Uij, . B) + O(Uij, . B) — 0(z500)}

= —uf) - (755 ) vecas = 1)) - (B . B) — 6@ )} + 0y ().

Putting this in a matrix form, we obtain
-~ 1 =517 DI
wiB@) = e, B) = |+ @. %)) - vecws + uf” + (B(U; @, B) — 6(U,)),
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where [L (,u,(l) e sz)) 0(U,, o, B) and 6 (U;) are stacked vectors with the
]thelementbemge(U,], a, ) and 0 (U;;), respectively,and bxc = (bici, ..., byc,) "

denotes the elementwise product of vectorsb = (b1, ...,b,) "andc = (cy, ..., ¢cr) "
Note that
dgix; B +0(Uij. . B)}" _
J ~ .z
Eye Mij ijs
dgix;\B +0(Uij. . B)}" _
J (eY)
I~ i X;;
B J

After some tedious calculation, (13) can be simplified as
1 < am;
o 2 AV Ve vecq s = ——= > (—) Vi (Y- )
g V= o, BT

1 <
—— > Bi+o,(D),
ﬁi:l

T

whereA (V)—{ * (z,,x,)} TVi {u,(l) * (Z;, X;) }\u/andﬁiz{ M 4 (zl,xl)]
Vi [ B @, B -8 (U] Let A(V) = E[A; (V)| = E{@ %) "AV'AG. ),

1

then

nl/2. vecy g = —A~ N V)(C, +B,) + op(1), (14)
where
L (o
=n~1/2 Z(ii, %) ANV Y - ),
i=1
and

n
b= 23
_ =172 < (), jI (1)
SIS INTT,
i=1 j=11=1

1
x |:§h2{b*(Ui1) + hby (Ui) + 0, (h*)}
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1 n n
-1 (H
W, (Uil)zz E iy | Kn(Uirjr = Uir)

i'=1j'=1

il e
Z v Yy — i) + v 00 WUi, Uy i) Yy jr — v jr)
I
"
+ 01 Wit Uy ) D0 Yy = pin) | 1 | {1+ 0p(1)).
1

Let

B, =n ”2222 %070 o 1D L2 Ui + b Ui + 0, (),

il 2
i=1 j=1I=1
and
m m n
B,, _n—l/zzzzxw 7 Tul(jl)vﬂul(ll) Wz—l(Uﬂ)_ZZM(l)
i=1 j=1I=1 i'=1j'=

-/l Y
: [Kh(Ui'j'—Uil) Z vl Y — i) + v Qo (Uin, U i) (Yirjr — v jr)
1

'
+01.+(WUir, Uy j) Zv{/ (Yin — Mi’l):|
]

Adapting the arguments respectively concerning B, and C,, in Wang et al. (2005),
we can show that By, = 0,(1) and By, = 0,(1). Therefore, using the central limit
theorem to (14), we show Theorem 1.

Appendix 3: Proof of Theorem 2

Let El ik be & ;. with 6(U;;) and B being replaced by 9(z o, o ﬂ) and ﬂ respectively
(I = j, k). Note that d; j is a funct10/r\1 of 0(Uij), 0 (Uik), ﬂ and ¢. Applying a Taylor
series expansion, we express &;jx — &;jk as

_ £ l]k l]k

£ W(ﬂ B)+ 8¢T(¢ $)
3dl]k T o~ 5 T ,]k TAAA .
89(U,-,)(9( o, a,ﬁ)—e(zija))-i-ae(U )(0( 20, B) —0(Z @) t,

which can further be expressed as
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odijx ~ odiix ~ ad;; od;;
(1) ijk T ijk T ijk ijk
—&. A 7, , .
El]k (a@(UU) i + ae(Ulk) ik E),BT 8¢T) VeCa, B,
_e | _9dijk
ik 96(U;j)

adl]k

OWij,a, B) —0Uij)) + —— 30 (U0)

OWik, e, B) — 9(Uik))],

where vecy pg = {@ — )", B-B", (-9 "} ", After some algebra, we obtain

d% V* 1(’;‘ P — ‘;‘ )= A - VeCy, 8,4 + B , Where B* is the vector with the rth element

X (1) 0dijik _1.y | 9dijr ~
rZZsijk aqur [€jx (1 — &jx)] lsi,»k[m(ewﬁ,a,ﬂ)—e)(w,&)

1]k ]
+ 00 (Unt )(Q(Uzkvﬁ) 9(Uzk))].

Analogously to the arguments in Appendix 2 for B,, we can show that B} = 0,(1).
Now it remains to show the asymptotic distribution. Working on the estimating
Egs. (4)-(6)

;" - -~
B(otTMWVi Y — mi)
Z 3§T R ’
= SV =8

we obtain, after some algebra

1< _ Y; —
;ZAI’.‘ - Jnvecy p.p = ZA diag(V; !, V¥ 1)( % )+o,,(1)
l

i=1 1—1

Using the central limit theorem, we obtain that
Vi{@—a)" (B—B)".(p—9) "} —q MVN(O, 1),

where @ = E[A* ! A*diag(V~!, V¥ )X *diag(V™!, V* ") A*A*~1], and T* is the
covariance matrix of the vector (Y, Y;")".
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