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Abstract We derive new representations of the efficient score for the coarse data
problems based on Neumann series expansion. The representations can be applied
to both ignorable and nonignorable coarse data. Approximations to the new repre-
sentations may be used for computing locally efficient scores in such problems. We
show that many of the successive approximation approaches to the computation of
the locally efficient score proposed in the literature for such problems can be derived
as special cases of the representations. In addition, the representations lead to new
algorithms for computing the locally efficient scores for the coarse data problems.

Keywords Auxiliary variable · Adjoint operator · Coarsening at random ·
Nonparametric information operator · Projection

1 Introduction

Coarse data (Heijtan and Rubin 1991; Heitjan 1994) are commonly occurred in bio-
medical data. The maximum likelihood approach is often used in analyzing such data.
One of the problems with the use of the maximum likelihood approach is that addi-
tional high-dimensional nuisance models may need to be specified. Misspecification of
those models is of concern in practice. To address this concern, semiparametric mod-
els may be used and the efficient estimation procedure may be considered. Estimation
of the parameters in semiparametric models with coarse data has been extensively
studied. See for examples Bickel et al. (1993), Robins et al. (1994), Rotnitzky and
Robins (1997), Scharfstein et al. (1999), and van der Laan and Robins (2003) among
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others. It is well known that finding the semiparametric efficient estimator for coarse
data problems is inherently complex. Even when a representation of the semiparamet-
ric efficient estimating score is obtained, deriving the locally semiparametric efficient
estimator from the score representation can still be computationally challenging.

The approach proposed by Robins and coauthors to find the efficient score for
coarse data problems is through augmented weighted estimating equations. Many
useful estimating methods were generated from their approach. However, the efficient
score represented in their approach usually involves an integral equation which is hard
to solve (Nan et al. 2004; Yu and Nan 2006). As a result, successive approximation
algorithms were proposed (Robins and Wang 1998). Substantial analytical effort may
be required in deriving their algorithm. In this article, we derive new representations
of the efficient score, which are simpler to obtain, for the general coarse data problems
based on Neumann series expansion. Approximations to the locally efficient score can
be naturally obtained from the representations. Furthermore, most of the successive
approximation approaches proposed in the literature to finding locally efficient scores
with coarsening data can be derived as special cases of the proposed approaches. We
concentrate on the general representations of the efficient score in this article and leave
the development of theories for estimation and inference based on the approximate
score for future studies. Note that Chen (2009) presented such a theory for a special
case of the general representations discussed in this paper.

The remainder of the article is organized as follows. In Sect. 2, we introduce the
semiparametric estimation problem with observed coarse data. New representations
for the semiparametric efficient score based on the Neumann series expansion are
derived in Sect. 3. The new representations are then applied to both ignorable and
nonignorable missing data problems to obtain the successive approximation algo-
rithms proposed in the literature. Some new algorithms are also derived from the
representations. The article is concluded with a discussion on the use of the approxi-
mation in practice.

2 The semiparametric problem for coarse data

Let Y be the full data and R be the coarse data variable. Let g be a known vector
function defined on R and Y such that Z = g(R,Y ) is the observed coarsen data.
For missing data problems (Little and Rubin 2002), R is the missing data indicator
and g(R,Y ) = {R, R(Y )}, where a component of R takes value 1 if the correspond-
ing component of Y is observed, 0 otherwise, and a component of R(Y ) equals the
corresponding component of Y if the corresponding component of R takes value
1, and is missing [takes the set value (−∞,+∞)] if the corresponding component
of R takes value 0. For censoring data, R is the censoring variable and g(R,Y ) =
{1{Y≤R},min(R,Y )}.

Let the density of the distribution for (R,Y ) with respect to μ, a product of
count measures and Lebesgue measures, be π(R|Y, α, ξ) f (Y, β, θ), where (α, β) ∈
�, (ξ, θ) ∈ � × 	. (α, β) are the parameters of interest and are usually Euclidean
parameters. (ξ, θ) are nuisance parameters, which are usually of infinite dimension. Let
η = (α, β, ξ, θ) and letLdenote the collection of all the models Pη withη ∈ �×�×	.
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Representation of efficient score 499

Suppose that each of �, �, and 	 is a subset of a Hilbert space. Let

H =
{

h =(h1, h2, h3, h4)|Pη+ hn/
√

n ∈L, hn →h in the product norm of �×�×	
}
.

Assume that H = H1 × H2 × H3 × H4, where Hk = {hk |h = (h1, h2, h3, h4) ∈ H} is
a Hilbert space under the inner product of the corresponding (Hilbert) parameter space,
k = 1, 2, 3, 4. Denote the inner product in space Hk by 〈·, ·〉Hk , for k = 1, 2, 3, 4.
Assume that H1 × H2 does not change for any η ∈ � × � × 	. Note that both
H3 and H4 may depend on η. But the inner product, and thus the derived norm, on
H3 and H4 does not depend on η. Assume further that {π(R|Y, α, ξ) f (Y, β, θ)}1/2 is
Fréchet differentiable with respect to η in L2(μ). Following the convention (Bickel
et al. 1993), let the derivative be denoted by

1

2
{π(R|Y, α, ξ) f (Y, β, θ)}1/2 {A1η(h1)+ A2η(h2)+ A3η(h3)+ A4η(h4)

}
,

where hk ∈ Hk , for k = 1, 2, 3, 4. The score operator at η with (R,Y ) observed is
defined as the Fréchet derivative times 2{π(R|Y, α, ξ) f (Y, β, θ)}−1/2, which is,

Aηh = A1η(h1)+ A2η(h2)+ A3η(h3)+ A4η(h4).

The actual observed data are Z = g(R,Y ). The density for the observed data is

∫
{(r,y)|g(r,y)=z}

π(r |Y, α, ξ) f (Y, β, θ)dμ(r, y).

Suppose that the Fréchet derivative with respect to η in L2(μ) exists. This has been
verified in missing data and censoring data problems (Bickel et al. 1993). Denote the
score operator by

Bηh = B1η(h1)+ B2η(h2)+ B3η(h3)+ B4η(h4),

where Bkηhk = Eη{Akηhk |g(R,Y )}, for k = 1, 2, 3, 4. The semiparametric efficient
score for estimating (α, β) with observed data Z = g(R,Y ) can be expressed as

ProjPη [B1η(h1)+ B2η(h2)|
{

B3η(H3)+ B4η(H4)
}⊥],

where {B3η(H3)+ B4η(H4)}⊥ denotes the orthogonal complement of the linear space
B3η(H3)+B4η(H4) in L2(Pη). Let Baη(h1, h2) = B1η(h1)+B2η(h2) and Bbη(h3, h4)

= B3η(h3)+ B4η(h4). From the existence of projection, for any fixed (h1, h2) ∈ H1 ×
H2, there exists an u ∈ Bbη(H3 × H4), the closure of the linear space Bbη(H3 × H4),
such that

〈Baη(h1, h2)− u,Bbη(h3, h4)〉L2(Pη) = 0,
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for all (h3, h4) ∈ H3 × H4. If we assume further that Bbη(H3 × H4) is a closed linear
space, there exists an (h∗

3, h∗
4) ∈ H3 × H4 such that u = Bbη(h∗

3, h∗
4). It follows from

the assumption that

ProjPη [Baη(h1, h2)|{Bbη(H3 × H4)}⊥]
= Baη(h1, h2)− ProjPη

[Baη(h1, h2)|Bbη(H3 × H4)
]
,

or equivalently that

〈Baη(h1, h2)− Bbη
(
h∗

3, h∗
4

)
,Bbη(h3, h4)〉L2(Pη) = 0.

Note that for any bounded linear operator A mapping H3 × H4 to L2(Pη), and any
S ∈ L2(Pη), 〈S, A(h3, h4)〉L2(Pη) defines a linear functional on H3 × H4. By Riesz

representation theorem, there exists a unique (h0
3, h0

4) ∈ H3 × H4 such that

〈S, A(h3, h4)〉L2(Pη) = 〈(h0
3, h0

4), (h3, h4)〉H3×H4 .

The adjoint operator of A, denote by A∗, is defined as the map from L2(Pη) to H3× H4
satisfying A∗S = (h0

3, h0
4). By applying this definition of adjoint operator to Bbη, it

follows that

0 = 〈Baη(h1, h2)− Bbη
(
h∗

3, h∗
4

)
,Bbη(h3, h4)〉L2(Pη)

= 〈B∗
bη

{Baη(h1, h2)− Bbη
(
h∗

3, h∗
4

)}
, (h3, h4)〉H3×H4 ,

for all (h3, h4) ∈ H3 × H4, where B∗
bη is the adjoint operator of Bbη. It can now be

seen that (h∗
3, h∗

4) ∈ H3 × H4 satisfies the normal equation

B∗
bηBbη(h

∗
3, h∗

4) = B∗
bηBaη(h1, h2).

When B∗
bηBbη, as a map from H3 × H4 to itself, is continuously invertible,

(
h∗

3, h∗
4

) = (B∗
bηBbη)

−1B∗
bηBaη(h1, h2).

The projection can now be expressed as

Baη(h1, h2)− Bbη{(B∗
bηBbη)

−1B∗
bηBaη(h1, h2)}

= {I − Bbη(B∗
bηBbη)

−1B∗
bη}Baη(h1, h2).

3 New representations of the semiparametric efficient score

Note that Bbη and B∗
bη are relatively easy to find. In comparison, the primary difficulty

in finding the projection is to find the inverse of B∗
bηBbη. Neumann series expansion

can be used to eliminate the necessity of finding the inverse as follows.
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For a positive constant c, note that

〈
(h3, h4),

(
I − 1

c
B∗

bηBbη

)
(h3, h4)

〉

H3×H4

= ||(h3, h4)||2H3×H4
− 1

c
〈(h3, h4),B∗

bηBbη(h3, h4)〉H3×H4

≥
{

1 − ||B∗
bηBbη||H3×H4

c

}
||(h3, h4)||2H3×H4

,

and

≤
⎧⎨
⎩1 −

λmin
B∗

bηBbη

c

⎫⎬
⎭ ||(h3, h4)||2H3×H4

,

where λmin
B∗

bηBbη
is the minimal spectral point of B∗

bηBbη. The constant c can be chosen

sufficiently large such that I − 1
c B∗

bηBbη is a positive definite operator with norm in
H3 × H4 less than 1. Suppose that c has thus been chosen. Note that

(
B∗

bηBbη

)−1 = 1

c

{
I −

(
I − 1

c
B∗

bηBbη

)}−1

= 1

c

∞∑
k=0

(
I − 1

c
B∗

bηBbη

)k

,

and

1

c
Bbη

(
I − 1

c
B∗

bηBbη

)k

B∗
bη = 1

c
BbηB∗

bη

(
I − 1

c
BbηB∗

bη

)k

.

By applying those equalities, it can be seen that the projection operator can be rewritten
as

I − Bbη

(
B∗

bηBbη

)−1 B∗
bη = I − 1

c
Bbη

∞∑
k=0

(
I − 1

c
B∗

bηBbη

)k

B∗
bη

= I − 1

c
Bbη

N−1∑
k=0

(
I − 1

c
B∗

bηBbη

)k

B∗
bη

−1

c
Bbη

∞∑
k=N

(
I − 1

c
B∗

bηBbη

)k

B∗
bη.

It can be seen that

I − 1

c
Bbη

N−1∑
k=0

(
I − 1

c
B∗

bηBbη

)k

B∗
bη =

(
I − 1

c
BbηB∗

bη

)N

.
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Further
∣∣∣∣∣

∣∣∣∣∣
1

c
Bbη

∞∑
k=N

(
I − 1

c
B∗

bηBbη

)k

B∗
bη

∣∣∣∣∣

∣∣∣∣∣
L2(Pη)

≤ 1

c
||Bbη||H3×H4

∞∑
k=N

||I − 1

c
B∗

bηBbη||N
H3×H4

∣∣∣
∣∣∣B∗

bη

∣∣∣
∣∣∣
L2(Pη)

=
∣∣∣∣
∣∣∣∣I − 1

c
B∗

bηBbη

∣∣∣∣
∣∣∣∣
N

H3×H4

1
c ||Bbη||H3×H4

∣∣∣
∣∣∣B∗

bη

∣∣∣
∣∣∣
L2(Pη)

1 −
∣∣∣
∣∣∣I − 1

c B∗
bηBbη

∣∣∣
∣∣∣

H3×H4

→ 0 as N → ∞.

It can now be seen that

I − Bbη(B∗
bηBbη)

−1B∗
bη = lim

N→∞

(
I − 1

c
BbηB∗

bη

)N

,

where the limit is in the sense of induced L2(Pη) norm for the operators. This leads
to a representation of the semiparametric efficient score as

lim
N→∞

(
I − 1

c
BbηB∗

bη

)N

Baη(h1, h2) (1)

The foregoing derivation requires that c be greater than the norm of B∗
bηBbη and

the inverse of B∗
bηBbη exist. In fact, neither condition is necessary for the expansion,

as we see in the following theorem.

Theorem 1 Suppose that Bbη is a bounded linear operator on H3 × H4, a Hilbert
space.

1. The projection of Eη{A1ηh1 + A2ηh2|g(R,Y )} to the null space of BbηB∗
bη is (1),

where c is a constant such that |1−λ/c| < 1 for all λ, the nonzero spectral points
of B∗

bηBbη.
2. When the normal equation B∗

bηBbηh2 = B∗
bηEη{A1ηh1 + A2ηh2|g(R,Y )} has at

least one solution, (1) is also the projection of E{A1ηh1 + A2ηh2|g(R,Y )} to
B⊥

bη(H3 × H4).
3. A sufficient condition for the normal equation to have at least one solution is that

Bbη(H3 × H4) is a closed linear space. A sufficient (and necessary) condition for
Bbη(H3× H4) to be a closed linear space is that B∗

bηBbη is continuously invertible.

The proof of the theorem is given in the Appendix. Note that in the foregoing
theorem, c needs to be greater than 1

2 ||B∗
bηBbη||. To achieve a better convergence

rate in the approximation, c should be chosen in such a way that |1 − λ/c| < 1 and
as small as possible for all nonzero spectral points. If we know the maximal value
(λmax = ||B∗

bηBbη||) and the minimal nonzero value (λmin) of the spectral points,

123



Representation of efficient score 503

the choice of c = (λmax + λmin)/2 yields the best geometric rate of convergence as
(λmax − λmin)/(λmax + λmin). In many applications, we do not know either λmax or
λmin. In those cases, an upper bound on the spectral points is enough.

The foregoing theorem can be generalized as follows. For any self-adjoint non-
negative definite operator W from H3 × H4 to itself, W1/2 is defined and is also
a self-adjoint nonnegative definite operator from H3 × H4 to itself. If the range of
BbηW1/2 is the same as the range of Bbη, i.e., BbηW1/2(H3 × H4) = Bbη(H3 × H4),
we can redefine Bbη as BbηW1/2 and replace B∗

bη by W1/2B∗
bη to obtain a useful

variation of Theorem 1. Note that c can be absorbed into W .

Theorem 2 Suppose that Bbη is a bounded linear operator on H3 × H4, a Hilbert
space. Suppose also that W is a self-adjoint operator from H3 × H4 to H3 × H4
satisfying BbηW1/2(H3 × H4) = Bbη(H3 × H4).

1. The projection of Eη{A1ηh1 + A2ηh2|g(R,Y )} to the null space of BbηWB∗
bη is

lim
N→∞

(
I − BbηWB∗

bη

)N Baη(h1, h2), (2)

where |1 − λ| < 1 for all λ, the nonzero spectral points of W1/2B∗
bηBbηW1/2.

2. When the normal equation B∗
bηBbη(h3, h4) = B∗

bηEη{A1ηh1 + A2ηh2|g(R,Y )}
has at least one solution, (2) is also the projection of E{A1ηh1 + A2ηh2|g(R,Y )}
to B⊥

bη(H3 × H4).

Proof Only the second claim requires a proof. The second claim is proved if we can
show that

W1/2B∗
bηBbηW1/2(h∗

3, h∗
4) = W1/2B∗

bηEη{A1ηh1 + A2ηh2|g(R,Y )}
has at least one solution in H3 × H4 if and only if B∗

bηBbη(h3, h4) = B∗
bηEη{A1ηh1 +

A2ηh2|g(R,Y )} has at least one solution in H3 × H4. Note that W1/2B∗
bηBbη

W1/2(h∗
3, h∗

4) = W1/2B∗
bηEη{A1ηh1 + A2ηh2|g(R,Y )} for an (h∗

3, h∗
4) ∈ H3 × H4

implies that

〈BbηW1/2 (h∗
3, h∗

4

) − Eη{A1ηh1 + A2ηh2|g(R,Y )},BbηW1/2(h3, h4)〉L2(Pη) = 0

for all (h3, h4) ∈ H3 × H4. Since BbηW1/2(H3 × H4) = Bbη(H3 × H4), for any
(h3, h4)∈ H3 × H4, there exists an (h30, h40)∈ H3 × H4 such that Bbη

W1/2(h30, h40) = Bbη(h3, h4). It follows from this and the foregoing displayed equa-
tion that

〈BbηW1/2(h∗
3, h∗

4)− Eη{A1ηh1 + A2ηh2|g(R,Y )},Bbη(h3, h4)〉L2(Pη) = 0

for all (h3, h4) ∈ H3 × H4. This implies that

B∗
bηBbη(h3, h4) = B∗

bηEη{A1ηh1 + A2ηh2|g(R,Y )}
has at least one solution, W(h∗

3, h∗
4), in H3 × H4. The reverse is easily seen.

123



504 H. Y. Chen

Note that Bbη(h3, h4)=Eη{A3ηh3 + A4ηh4|g(R,Y )}. It follows that B∗
bη = (A∗

3η,

A∗
4ηk∗

η) where kη is the operator of taking the conditional expectation given the
observed data g(R,Y )under Pη and k∗

ηs{g(R,Y )}=Eη(s|Y ) is the adjoint of kη defined
on square-integrable functions of the full data. Let mη = k∗

ηkη=Eη[Eη{·|g(R,Y )}|Y ],
which maps square integrable functions of Y in L2(Pη) to square integrable functions
of Y in L2(Pη). Let Mη{s(R,Y )} = Eη[Eη{s(R,Y )|g(R,Y )}|Y ]. It follows that mη

is Mη restricted on square integrable functions of Y in L2(Pη). The efficient score
representation can be rewritten as

lim
N→∞ E

[{
I − (A3η, A4η)W

(
A∗

3ηkη
A∗

4ηMη

)}N

(A1h1 + A2h2)

∣∣∣∣g(R,Y )

]
.

�


4 Applications of the new representations

The efficient score represented as the limit of a sequence can be used in practice by
approximation with a finite N as E{UN |g(R,Y )}, where

UN =
{

I − (A3η, A4η)W
(

A∗
3ηkη

A∗
4ηMη

)}N

(A1h1 + A2h2).

It is easy to convert the expression into successive approximation as

UN =
{

I − (A3η, A4η)W
(

A∗
3ηkη

A∗
4ηMη

)}
UN−1.

Different algorithms for computing the efficient score in coarse data problems can
be obtained from the approximation with different choices of W . We show in the
following that many successive approximation algorithms proposed in the literature
for coarse data problems can be derived from this approximation expression.

The optimal W is the inverse of

(
A∗

3ηkη
A∗

4ηMη

)
(A3η, A4η)

when the inverse exists or an appropriate generalized inverse when the inverse does
not exist. With the optimal choice, the approximation becomes exact for any N ≥ 1.
In practice, however, the optimal choice is usually unavailable, which is primarily the
reason for considering the approximation. We therefore aim at choosing a W which
is convenient to use and in the same time as close to the optimal choice as possible.
Let P j = A jη(A∗

jηA jη)
−1 A∗

jη for j = 1, 2, 3, 4 and W = diag{ 1
c3
(A∗

3ηA3η)
−1,

1
c4
(A4ηA∗

4η)
−1}. (2) can be rewritten as

lim
N→∞ Eη

{(
I − 1

c3
P3kη − 1

c4
P4 Mη

)N

(A1ηh1 + A2ηh2)

∣∣∣∣g(R,Y )

}
. (3)
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It can be seen that the choice of c3 = 1 and c4 = 1 always works though it is not an
optimal choice in terms of the rate of convergence of the series.

When parameter ξ is not involved in the model formulation, such as when the
coarsening mechanism is modeled by a parametric model, A3η = 0 in (3). The repre-
sentation can be simplified as

lim
N→∞ Eη

{(
I − 1

c4
P4 Mη

)N

(A1ηh1 + A2ηh2)

∣∣∣∣g(R,Y )

}
.

Note further that

A1ηh1 = m−1
η {Mη(A1ηh1)} + [A1ηh1 − m−1

η {Mη(A1ηh1)}]

and Mη maps the second term to zero. The projection can be rewritten as E[A1ηh1 −
m−1
η {Mη(A1ηh1)}|g(R,Y )] plus

lim
N→∞ Eη

{(
I − 1

c4
P4mη

)N (
m−1
η {Mη(A1ηh1)} + A2ηh2

) ∣∣∣∣g(R,Y )

}
.

When c4 = 1,

{
I − P4mη

}N = {I − P4} + P4(I − mη)
{

I − P4mη

}N−1
. (4)

It can be seen that

UN = {I − P4}
(

m−1
η {Mη(A1ηh1)} + A2ηh2

)
+ P4(I − mη)UN−1.

For nonignorable missing data, the foregoing recursive formula is the successive
approximation algorithm proposed in Rotnitzky and Robins (1997, Theorem A1.7).
Note that the successive approximation derived from the original representation, i.e.,

UN = (I − P4 Mη)
N (

A1ηh1 + A2ηh2
) = (

I − P4 Mη

)UN−1

with U0 = A1ηh1 + A2ηh2 is simpler to use than that of Rotnitzky and Robins (1997),
especially when m−1 is not easy to obtain.

When the parameter in the coarsening data mechanism is not a part of the interest,
we usually set A1η = 0. The representation then reduces to

lim
N→∞ Eη

{(
I − 1

c3
P3kη − 1

c4
P4 Mη

)N

A2ηh2

∣∣∣∣g(R,Y )

}
. (5)

When m−1 is not difficult to obtain, we can apply the decomposition

A3ηh3 = m−1
η {Mη(A3ηh3)} + [A3ηh3 − m−1

η {Mη(A3ηh3)}]
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to reduce the formula. Since both A2ηh2 and A4ηh4 are functions of Y only, it follows
that

〈A3ηh3, kηA jηh j 〉 = 〈kηA3ηh3, kηA jηh j 〉
= 〈kηm−1

η {Mη(A3ηh3)}, kηA jηh j 〉
+〈kη[A3ηh3 − m−1

η {Mη(A3ηh3)}], kηA jηh j 〉
= 〈kηm−1

η {Mη(A3ηh3)}, kηA jηh j 〉
= 〈Mη{A3η(h3)}, A jηh j 〉,

for j =2, 4. If we definePnew
3 as the projection to the space generated by Mη{A3η(H3)},

(5) can be rewritten as

lim
N→∞ Eη{

(
I − Pnew

3 − P4mη

)N
A2ηh2 |g(R,Y ) } (6)

when c3 = c4 = 1. In the special case where the coarse data are coarsening at random,
Mη{A3η(H3)} = {0}. It follows that Pnew

3 = 0. Equation (6) can be simplified to

lim
N→∞ E{(I − P4mη)

N A2ηh2|g(R,Y )},

when c3 = c4 = 1. Notice that (I − P4)A2h2 = SF,eff(h2), where SF,eff denote the
efficient score for β under the full data model. By applying (4), we obtain that the
efficient score is limN→∞ E{UN |g(R,Y )}, where U0 = SF,eff(h2) and

UN = SF,eff(h2)+ P4(I − mη)UN−1,

which is the same as the successive approximation algorithm proposed in Robins et
al. (1994, Proposition 8.1e) for missing data problems with MAR missing data.

When either (A3ηA∗
3η)

−1 or (A4ηA∗
4η)

−1 or both are difficult to obtain, we can

respectively use W = diag( 1
c3

I, 1
c4
(A4ηA∗

4η)
−1), diag( 1

c3
(A3ηA∗

3η)
−1, 1

c4
I ), and diag

( 1
c3

I, 1
c4

I ) in the representation. In the last case, (2) becomes

lim
N→∞ Eη

{(
I − 1

c3
A3ηA∗

3ηkη− 1

c4
A4ηA∗

4ηMη

)N (
A1ηh1+ A2ηh2

) ∣∣∣∣g(R,Y )

}
, (7)

where c3 and c4 may respectively be taken as the norms of A∗
3ηA3η and A∗

4ηA4η. From
the foregoing discussion, it can also be seen that, when data are coarsening at random
and there is no α involved, which implies A1η is zero, the representation reduces to

lim
N→∞ Eη

{(
I − 1

c4
A4ηA∗

4ηmη

)N

A2ηh2 |g(R,Y )

}
. (8)
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5 Discussion

We proposed a general approximation approach to finding the locally semiparametric
efficient score in coarse data problems, including ignorable and nonignorable missing
data and censoring data problems. Algorithms derived from the proposed represen-
tation cover most existing successive approximation approaches. New algorithms for
computing locally efficient scores are also generated from the proposed represen-
tations. Further work is needed to study the inferential properties of the proposed
Neumann approximations in practice.

Appendix: Proof of Theorem 1

Proof Note that B∗
bηBbη is a self-adjoint operator. Let Pt denote the projection oper-

ator in L2(Pη) that projects scores to the null space of operator ψt (B∗
bηBbη) =

limn→∞ φnt (B∗
bηBbη), where φn(u), n ≥ 1 are polynomials approximating ψt (u) =

(u − t)1(u>t). The self-adjoint operator B∗
bηBbη has an integral representation

(Kantorovich and Akilov 1982, pp 258–274) which, for the nonnegative operator,
appears as

B∗
bηBbη =

∫ M

0
tdPt ,

where M is the norm of B∗
bηBbη under L2(Pη). Since (I − 1

c B∗
bηBbη)

N is a polynomial
of B∗

bηBbη, it has the following integral representation

(
I − 1

c
B∗

bηBbη

)N

=
∫ M

0

(
1 − t

c

)N

dPt .

Because for any fixed δ > 0, limN→+∞(1−t/c)N = 0 uniformly on [δ,M], it follows
that

lim
N→+∞

∫ M

δ

(
1 − t

c

)N

dPt = 0.

On the other hand, because

P0 ≤
∫ δ

0

(
1 − t

c

)N

dPt ≤
∫ δ

0
dPt = Pδ,

and the projection operator Pt is right continuous, it is seen that

lim
δ→0

∫ δ

0

(
1 − t

c

)N

dPt = P0,
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where the inequalities between operators are in the sense of positive definite of the
difference operator. It follows that

lim
N→+∞

(
I − 1

c
B∗

bηBbη

)N

= lim
N→+∞

∫ M

0

(
1 − t

c

)N

dPt = P0,

which is the projection onto the null space of the operator B∗
bηBbη. Similarly, it can

be shown that limN→+∞(I − 1
c BbηB∗

bη)
N = P∗

0 , the projection onto the null space
of the operator BbηB∗

bη.
To prove (2), note that for any U {g(R,Y )} and any (h3, h4) ∈ H3 × H4,

〈
Bbη(h3, h4), lim

N→∞

(
I − 1

c
BbηB∗

bη

)N

U

〉

L2(Pη)

=
〈
(h3, h4),B∗

bη lim
N→∞

(
I − 1

c
BbηB∗

bη

)N

U

〉

H3×H4

=
〈
(h3, h4), lim

N→∞

(
I − 1

c
B∗

bηBbη

)N

B∗
bηU

〉

H3×H4

= 〈(h3, h4),P0B∗
bηU 〉H3×H4 .

Let h0 = P0B∗
bηU . It follows from the definition of P0 that B∗

bBbηh0 = 0. When the
normal equation B∗

bηBbη(h) = B∗
bηU has at least one solution,

0 =
〈
P0B∗

bηU,B∗
bηU − P0B∗

bηU
〉
(h3,h4)

=
〈
h0,B∗

bηU − h0

〉
H3×H4

=
〈
h0,B∗

bηBbη(h3, h4)
〉

H3×H4
− ||h0||2H3×H4

=
〈
B∗

bηBbηh0, (h3, h4)
〉

H3×H4
− ||h0||2H3×H4

= −||h0||2H3×H4
,

which implies that h0 = 0. Thus, limN→∞(I − 1
c BbηB∗

bη)
N U ∈ B⊥

bη(H3 × H4). Fur-

ther, since U − (I − 1
c BbηB∗

bη)
N U = BbηB∗

bη�N U ∈ Bbη(H3 × H4) for a bounded

linear operator�N , it follows that U−limN→+∞(I − 1
c BbηB∗

bη)
N U ∈ Bbη(H3 × H4).

Hence, (1) is the projection of U = Eη{Baη(h1, h2)|g(R,Y )} to B⊥
bη(H3 × H4).

When Bbη(H3 × H4) is closed, the projection onto Bbη(H3 × H4) exists. Let
Bbη(h3, h4) be the projection of score S onto Bbη(H3 × H4). It then follows that

0 = 〈Bbη(h3, h4)− S,Bbη(h3, h4)〉L2(Pη)

= 〈B∗
bηBbη(h3, h4)− B∗

bηS, (h3, h4)〉H3×H4 .

Therefore, (h3, h4) satisfies the normal equation. From the proof, we conclude that P∗
0

is the projection onto B⊥
bη(H3 × H4) when Bbη(H3 × H4) is closed. When B∗

bηBbη is
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invertible, for any gn = Bbη(H3 × H4) such that gn → g0, (h3n, h4n) = (B∗
bηBbη)

−1

B∗
bηgn → (B∗

bηBbη)
−1B∗

bηg0 ∈ H3 × H4. Hence, g0 = Bbη(B∗
bηBbη)

−1B∗
bηg0, which

implies that g0 ∈ Bbη(H3 × H4). Hence Bbη(H3 × H4) is closed. �
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