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Abstract Semiparametric mixture regression models have recently been proposed
to model competing risks data in survival analysis. In particular, Ng and McLachlan
(Stat Med 22:1097–1111, 2003) and Escarela and Bowater (Commun Stat Theory
Methods 37:277–293, 2008) have investigated the computational issues associated
with the nonparametric maximum likelihood estimation method in a multinomial
logistic/proportional hazards mixture model. In this work, we rigorously establish
the existence, consistency, and asymptotic normality of the resulting nonparametric
maximum likelihood estimators. We also propose consistent variance estimators for
both the finite and infinite dimensional parameters in this model.

Keywords Censored failure time data · Competing risks · Large-sample properties ·
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1 Introduction

The analysis of competing risks data is one of the most prominent areas of research
in survival analysis. Such data are obtained when the failure of an individual or item

A. Hernandez-Quintero · G. Escarela
Departamento de Matemáticas, Universidad Autónoma Metropolitana, Unidad Iztapalapa,
Av. San Rafael Atlixco No. 186, Col. Vicentina, 09340 Mexico, DF, Mexico
e-mail: angelicahernandezquintero@gmail.com

G. Escarela
e-mail: ge@xanum.uam.mx

A. Hernandez-Quintero · J.-F. Dupuy (B)
Institut de Mathématiques de Toulouse, UMR 5219, Université Toulouse 3, Toulouse, France
e-mail: dupuy@math.univ-toulouse.fr

123



306 A. Hernandez-Quintero et al.

results from one of J mutually exclusive competing causes. A variety of disciplines,
which include epidemiology, finance, criminology, and engineering, have given rise
to a rich competing risks literature. See, for example, Klein and Bajorunaite (2004)
and Klein and Moeschberger (1997) and references therein for a recent discussion of
several inference problems in competing risks.

Larson and Dinse (1985) presented a precise specification of a competing risks
model, which provides the basis for a concise summary of the data and enhances the
understanding of the cause-specific failure-time process. This model mixes the con-
ditional distribution of the time to failure given the failure cause over the marginal
distribution of the failure cause. More precisely, let T 0 denote a random failure time
and H ∈ {1, . . . , J } denote the cause of failure. For example, in a recent analysis of a
prostate cancer dataset (Escarela and Bowater 2008), the failure time T 0 corresponds
either to the time to death from prostate cancer, or to death from cardiovascular dis-
ease, or to death from other causes, whichever occurs first. The goal of the study was to
compare the levels of a drug used to treat prostate cancer, with respect to the survival
of the patients. Due to potentially fatal side effects associated with the drug, it was
important, in assessing the benefit of the drug, to take into account not only the time to
death from prostate cancer, but also from other competing causes. The mixture model
proposed by Larson and Dinse (1985) combines parametric models for the distribution
of H and the conditional distribution of T 0 given H = j ( j ∈ {1, . . . , J }). Larson
and Dinse (1985) developed a maximum likelihood estimation procedure for their
model, and Choi and Zhou (2002) and Maller and Zhou (2002) investigated large-
sample properties of the resulting estimators, which include existence, consistency,
and asymptotic normality.

Semiparametric generalizations of Larson and Dinse’s model have recently been
proposed and investigated. For example, Ng and McLachlan (2003) and Escarela and
Bowater (2008) consider a semiparametric mixture model with covariates, where the
marginal distribution of H conditional on the covariates has a multinomial logistic
form, and the conditional distribution of T 0, given the covariates and the failure cause
is specified through a proportional hazards model (Cox 1972). Ng and McLachlan
(2003) and Escarela and Bowater (2008) propose and implement EM-type algorithms
in this class of models. Naskar et al. (2005) consider a similar model in the case of
clustered failure time data, and develop a Monte Carlo EM algorithm.

The aforementioned papers focus on the computational aspects of the estimation
in semiparametric mixture models for competing risks data. To the best of our knowl-
edge, only a few papers have contributed to the large-sample properties of the estima-
tors proposed in these contributions. Dupuy and Escarela (2007) outline a consistency
proof for the maximum likelihood-based estimators proposed by Escarela and Bowater
(2008). Lu and Peng (2008) construct martingale-based estimating equations for the
parameters of a semiparametric version of Larson and Dinse’s model, and establish
the consistency and asymptotic normality of the resulting estimators.

In the present paper, we focus—in a detailed fashion—on the properties of the max-
imum likelihood-based estimators in the semiparametric generalization of Larson and
Dinse’s model developed by Escarela and Bowater (2008). Specifically, we provide a
rigorous large-sample treatment of the resulting estimators. By following the approach
and techniques developed by Murphy (1994, 1995) and Parner (1998) for the frailty
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model (and thereafter extended to various other settings by Fang et al. (2005), Dupuy
et al. (2006), Kosorok and Song (2007), Lu (2008), among others), we prove the con-
sistency and asymptotic normality of the estimators in Escarela and Bowater (2008).
We also show that the proposed estimator for the regression parameter of interest,
which is the regression parameter in the conditional distribution of the failure time
given the failure cause and covariates, is semiparametric efficient. Consistent variance
estimators are finally obtained.

The paper is organized as follows. Section 2 describes the semiparametric mix-
ture model for competing risks data and states some useful assumptions. In Sect. 3,
we describe the maximum likelihood approach in this model and rigorously establish
the existence of the resulting estimators. Section 4 and 5 establish, respectively, the
consistency and asymptotic normality of these estimators. Section 5 provides con-
sistent variance estimators for both the finite and infinite dimensional parameters in
the model. We give some concluding remarks in Sect. 6. The Appendix contains the
proofs of some technical lemmas.

2 Notation and model assumptions

In this section, we describe the data and the semiparametric mixture regression model
derived from Larson and Dinse (1985). We also state some notations and model
assumptions that will be used throughout the paper.

All the random variables are defined on a probability space (�, C,P). Let T 0 be
a random failure time. As is custom in survival analysis, we suppose that T 0 may be
right-censored by a positive random variable C (in the previous example of prostate
cancer data, some individuals were lost to follow up during the course of the study, and
were considered as right-censored). Let Z and X be, respectively, p- and q-vectors of
covariates (Z and X may share some common components). Let H be the failure cause
variable and J = {1, . . . , J } be the set of possible values of H . For j ∈ J , we define
the indicator variable � j = 1{H = j}. In a competing risks setting, both the failure
cause H and the indicator � j are observed only if the survival time is uncensored.

Suppose that there is a random sample of size n. This will induce an index i (i =
1, . . . , n) on all the random variables defined above. The data consist of n indepen-
dent vectors (Ti ,�i , Zi , Xi ,�i Hi ) (i = 1, . . . , n), where Ti = min{T 0

i ,min(Ci , τ )},
�i = 1{T 0

i ≤ min(Ci , τ )}, and τ < ∞ is a fixed constant denoting the end of the
study. In this work, we will use O and Oi to abbreviate the observed data vector
(T,�, Z , X,�H) and its n independent replicates (Ti ,�i , Zi , Xi ,�i Hi ).

The semiparametric mixture model for competing risks data with covariates first
relates the distribution of H to the covariate X by a multinomial logistic regression
model:

P(H = j |X) = exp(γ ′
j X)

∑J
k=1 exp(γ ′

k X)
, j ∈ J (1)

where γ j ( j ∈ J ) is an unknown q-dimensional vector of parameters and γJ is set
equal to 0 for identifiability purposes. Proportional hazards models (Cox 1972) are
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then assumed to specify the conditional hazard of failure given H and the covariate Z ;
that is,

lim
h↓0

1

h
P(t < T 0 ≤ t + h|T 0 > t, H = j, Z) = λ j (t) exp(β ′

j Z), j ∈ J (2)

where β j ( j ∈ J ) is a p-vector of unknown regression parameters and {λ j (t) : t ≥
0, j ∈ J } are J unknown baseline hazard functions. The statistical problem is that
of estimating the parameters β j , γ j , and the cumulative baseline hazard functions
	 j = ∫

λ j from the incomplete data vectors Oi , i = 1, . . . , n. In practice, the coef-
ficients β j ( j ∈ J ) are often the parameters of interest in the mixture model (1)
and (2).

The semiparametric mixture model for competing risks has been employed by var-
ious authors. For example, Kuk (1992) analysed a heart transplant dataset (using a
simplified version of model (1) and (2), where X = Z ), whilst Ng and McLachlan
(2003) and Escarela and Bowater (2008) fitted the present model to a prostate cancer
dataset.

Although Larson and Dinse’s original parametric model accounts for the same set
of covariates in both the conditional hazard functions and the multinomial logistic
regression model, Escarela and Bowater’s semiparametric specification allows for
different sets of covariates in each component, in order that the conditional hazard
and multinomial models can each be considered in some sense as being parsimonious.
Indeed, the authors found that, while the two factors they considered in the analysis
of the prostate cancer data have significant effects in the generalized logistic model,
neither of them seemed to be significant in the conditional hazards.

Note that the model (1) and (2) is related to semiparametric mixture models for sur-
vival data with cure fraction (see, among others, Kuk and Chen 1992; Taylor 1995; Sy
and Taylor 2000; Peng 2003, who investigated the computational issues raised by the
estimation in this class of models. See also Fang et al. (2005) and Lu (2008) who stud-
ied the large-sample properties of maximum likelihood estimators in the proportional
hazards cure model).

Some further notations will be useful in the present study. First, we shall note
G = (γ ′

1 . . . γ
′
J−1)

′, p j,X
G = P(H = j |X), and p j,X

G,i = P(H = j |Xi ). If t ∈ [0, τ ],
we denote by N (t) = 1{T ≤ t}� and Y (t) = 1{T ≥ t} the failure counting and at risk
processes, respectively. For j ∈ J , define the counting process N j (t) = 1{T ≤ t}� j ,
where� j = �� j . Note that N j (t) is equal to 1 if the failure arises form the j th cause.
Corresponding quantities for the i th subject will be denoted by Ni , N j

i , and � j
i .

To establish our results, we need the following regularity assumptions:

(C1) Conditional on Z , H , and X , the censoring time C is independent of the failure
time T 0. Conditional on Z and X , C is independent of H .

(C2) There exists a positive constant c0 such that P(C ≥ τ |Z , X) > c0 almost surely.
(C3) The hazard function of C given Z and X , λC (s|Z , X), is uniformly bounded

almost surely.
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(C4) Let B = (β ′
1 . . . β

′
J )

′ ∈ R
pJ ≡ R

P and G = (γ ′
1 . . . γ

′
J−1)

′ ∈ R
q(J−1) ≡ R

Q .
The true values B0 of B and G0 of G lie in the interior of known compact sets
B ⊂ R

P and G ⊂ R
Q respectively.

(C5) For every j ∈ J , the true cumulative baseline hazard	 j,0 is a strictly increas-
ing function in [0, τ ], with	 j,0(0) = 0 and	 j,0(τ ) < ∞.	 j,0 is continuously
differentiable in [0, τ ], with λ j,0(t) = d	 j,0(t)/dt .

(C6) The covariate vectors Z and X are bounded, i.e., ‖X‖ < c1 and ‖Z‖ < c1 for
some constant 0 < c1 < ∞ (where ‖ · ‖ denotes the Euclidean norm). The
covariance matrices of Z and X are positive definite. Let c2 = minβ j , j∈J ,‖Z‖<c1

exp(β ′
j Z) and c3 = maxβ j , j∈J ,‖Z‖<c1 exp(β ′

j Z).

Let L be the set of all functions verifying the conditions in C5, θ denote the parameter
(B,G,	 j ; j ∈ J ), θ0 = (B0,G0,	 j,0; j ∈ J ), and � = B × G × L⊗J denote the
parameter space. Under the true value θ0, the expectation of random variables will be
noted by Pθ0 .

(C7) There is a positive constant c4, such that for every j ∈ J , Pθ0 [Y (τ )� j ] > c4.
(C8) With probability 1, there exists a positive constant c5, such that for every j ∈ J ,

Pθ0 [� j |T, Z , X ] > c5.
(C9) The distribution of the failure cause H conditionally on X and Z does not involve

the components of Z that are not in X . The distributions of C , Z , and X do not
depend on θ .

Remark 1 Condition C1 ensures that no information about θ is lost by removing terms
adhering to censoring from the likelihood. Condition C2 ensures that the follow-up
is sufficiently long for identifying the cumulative baseline hazard functions 	 j,0 on
the interval [0, τ ]. Conditions C3–C8 are used for the identifiability of θ0 and the
asymptotics of the proposed estimators. Condition C7 ensures that the follow-up is
sufficiently long (for every failure cause) so that we can estimate the	 j,0 on the entire
interval [0, τ ]. Condition C8 ensures that for each failure cause, failures can happen
and their cause be observed at any time and for any value of the covariates. Condition
C9 ensures that no information about θ is lost by removing terms adhering to the
marginal distributions of Z and X from the likelihood.

3 Nonparametric maximum likelihood estimation

In this paper, we assume that there are no tied failure times (this assumption is made for
ease of presentation, but our results can be easily adapted to accommodate ties). Under
models (1) and (2), and conditions C1–C9, the likelihood function for the parameter
θ , from the observations Oi (i = 1, . . . , n), is proportional to

n∏

i=1

⎧
⎨

⎩

∏

j∈J

[
λ j (Ti )e

β ′
j Zi exp

(
−eβ

′
j Zi	 j (Ti )

)
p j,X

G,i

]� j
i

×
⎡

⎣
∑

j∈J
exp

(
−eβ

′
j Zi	 j (Ti )

)
p j,X

G,i

⎤

⎦

1−�i
⎫
⎪⎬

⎪⎭
.
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It would seem natural to calculate the maximum likelihood estimator (MLE) of θ0
by maximizing the foregoing likelihood. However, the maximum of this function is
infinity when the functions	 j ( j ∈ J ) range within the class L of absolutely contin-
uous cumulative baseline hazards. To see this, we may choose functions 	 j ( j ∈ J )
with fixed values at the failure times Ti , and let d	 j,0(Ti )/dTi = λ j (Ti ) go to infinity

for some Ti with � j
i = 1.

To solve this problem, we restrict the functions	 j ( j ∈ J ) to be right-continuous,
and we allow each	 j to have jumps at the failure times Ti . Then, letting	 j {t} denote
the jump size of 	 j at t , we maximize the function

Ln(B,G,	 j ; j ∈ J ) =
n∏

i=1

⎧
⎨

⎩

∏

j∈J

[
	 j {Ti }eβ

′
j Zi exp

( − eβ
′
j Zi	 j (Ti )

)
p j,X

G,i

]� j
i

×
⎡

⎣
∑

j∈J
exp

( − eβ
′
j Zi	 j (Ti )

)
p j,X

G,i

⎤

⎦

1−�i
⎫
⎪⎬

⎪⎭

over the space

�n = {
(B,G,	 j ) : B ∈ B,G ∈ G,	 j is an increasing right-continuous

function on [0, τ ], j ∈ J } .

If they exist, the resulting estimators will be referred to as nonparametric MLEs (NPM-
LEs), and will be noted by θ̂n = (B̂n, Ĝn, 	̂ j,n; j ∈ J ), where B̂n = (β̂ ′

1,n . . . β̂
′
J,n)

′

and Ĝn = (γ̂ ′
1,n . . . γ̂

′
J−1,n)

′. In our setting, existence of the NPMLEs is ensured by
the following result:

Proposition 1 Under conditions C1–C9, the maximizer θ̂n of Ln over �n exists and
is achieved.

Proof We first identify the form of a possible maximizer 	̂ j,n of Ln in the space�n .

Let j ∈ J . Define S j
n = {i ∈ {1, . . . , n}|� j

i = 1} as the set of sample individuals
who are observed to fail from the j th cause. For every j ∈ J and any function 	 j in
�n , we can construct an increasing step function	∗

j with jumps only at the failure times

in {Ti , i ∈ S j
n }, and satisfying	∗

j (Ti ) = 	 j (Ti ). Clearly, at each of these failure times,
	∗

j {Ti } ≥ 	 j {Ti } which implies that Ln(B,G,	 j ; j ∈ J ) ≤ Ln(B,G,	∗
j ; j ∈ J ).

Therefore, the maximizer 	̂ j,n (if it exists) must be a step function with positive jumps

at the failure times Ti such that � j
i = 1. This restricts the maximization problem of

Ln to the following subspace of �n :

{(
B,G,	 j {t j

k }) : B ∈ B,G ∈ G,	 j {t j
k } ∈ [0,∞), k = 1, . . . , |S j

n |, j ∈ J
}
, (3)
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where for every j ∈ J , |S j
n | denotes the cardinality of S j

n and t j
1 < . . . < t j

|S j
n | are

the ordered failure times in the set {Ti , i ∈ S j
n }. That is, we maximize the function

Ln(B,G, (	 j {t j
k }) j,k)

=
n∏

i=1

⎧
⎪⎪⎨

⎪⎪⎩

∏

j∈J

⎡

⎣	 j {Ti }eβ
′
j Zi exp

⎛

⎝−eβ
′
j Zi

|S j
n |∑

k=1

	 j {t j
k }1{t j

k ≤ Ti }
⎞

⎠ p j,X
G,i

⎤

⎦

�
j
i

×
⎡

⎣
∑

j∈J
exp

⎛

⎝−eβ
′
j Zi

|S j
n |∑

k=1

	 j {t j
k }1{t j

k ≤ Ti }
⎞

⎠ p j,X
G,i

⎤

⎦

1−�i

⎫
⎪⎪⎬

⎪⎪⎭
(4)

with respect to the β j , γ j , and 	 j {t j
k }. We now show that such a maximizer exists.

Assume first that 	 j {t j
k } ≤ L < ∞ for every k = 1, . . . , |S j

n | and j ∈ J . Ln is a

continuous function of the β j , γ j , and 	 j {t j
k } on the compact set B × G × [0, L]sn ,

where sn = ∑
j∈J |S j

n |. Therefore, Ln achieves its maximum on this set. To show that
a maximum exists on the set B×G×[0,∞)sn , we show that there exists a finite L such
that for all (BL ,GL , (	L

j {t j
k }) j,k) ∈ (B×G×[0,∞)sn )\(B×G×[0, L]sn ), there exists

a (B,G, (	 j {t j
k }) j,k) ∈ B × G × [0, L]sn which has a larger value of Ln . Consider

a proof by contradiction. That is, suppose there does not exist such a L . Then for all
L < ∞, there exists a (BL ,GL , (	L

j {t j
k }) j,k) ∈ (B×G×[0,∞)sn )\(B×G×[0, L]sn )

such that for all (B,G, (	 j {t j
k }) j,k) ∈ B × G × [0, L]sn , Ln(B,G, (	 j {t j

k }) j,k) ≤
Ln(BL ,GL , (	L

j {t j
k }) j,k). But we show that Ln(BL ,GL , (	L

j {t j
k }) j,k) can be made

arbitrarily small by increasing L , which is a contradiction. To see this, note that (4) is
bounded from above by

J n−sn

n∏

i=1

∏

j∈J

{
	 j {Ti }c3

}� j
i exp

⎛

⎝−c2�
j
i

|S j
n |∑

k=1

	 j {t j
k }1{t j

k ≤ Ti }
⎞

⎠ .

If (BL ,GL , (	L
j {t j

k }) j,k) ∈ (B × G × [0,∞)sn )\(B × G × [0, L]sn ), then there exists

at least one j ∈ J and one l ∈ {1, . . . , |S j
n |} such that 	L

j {t j
l } > L . Let i∗ be the

index of the individual such � j
i∗ = 1 and Ti∗ = t j

l . Then

{
	L

j {Ti∗}c3

}� j
i∗ exp

⎛

⎝−c2�
j
i∗

|S j
n |∑

k=1

	L
j {t j

k }1{t j
k ≤ Ti∗}

⎞

⎠

tends to 0 as L tends to +∞. Therefore, the upper bound of Ln(BL ,GL , (	L
j {t j

k }) j,k)

can be made as close to 0 as desired by increasing L , which yields a contradiction.
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Therefore, for any fixed n, the maximum of Ln is obtained in the set B ×G ×[0, L]sn ,
for some L < ∞, and on this set, the maximizer θ̂n is achieved. 
�

For every n, the problem of maximizing Ln over (3) reduces to a finite dimen-
sional one, since the total number sn of jumps of the Ni (i = 1, . . . , n) is less than
or equal to n. The expectation-maximization (EM) algorithm (Dempster et al. 1977)
can be used to calculate the NPMLEs, as we briefly explain now [more details on the
implementation of this algorithm can be found in Escarela and Bowater (2008)].

For j ∈ J , let S j (O; θ) denote the conditional expectation of � j given O and the
parameter value θ . S j (O; θ) has the form

S j (O; θ) = � j + (1 −�)w j (O; θ),

where

w j (O; θ) = exp(−	 j (T )e
β ′

j Z + γ ′
j X)

∑
k∈J exp(−	k(T )eβ

′
k Z + γ ′

k X)
.

In the M-step of the EM-algorithm, we solve the complete-data score equation con-
ditional on the observed data. In particular, a useful integral equation for 	̂ j,n (given
in Lemma 1 below) can be obtained by (i) taking the derivative with respect to the
jump sizes	 j {t j

k }, of the conditional expectation of the complete-data log-likelihood
given the observed data and the NPMLE, which is given by

lθ̂n
(θ) =

n∑

i=1

∑

j∈J

⎧
⎨

⎩
�

j
i

|S j
n |∑

k=1

1{Ti = t j
k } log	 j {t j

k } +�
j
i β

′
j Zi

−S j (Oi ; θ̂n)e
β ′

j Zi

|S j
n |∑

k=1

	 j {t j
k }1{t j

k ≤ Ti } + S j (Oi ; θ̂n) log p j,X
G,i

⎫
⎬

⎭
,

(ii) Setting (∂lθ̂n
(θ)/∂	 j {t j

k })|θ=θ̂n
= 0 and solving for 	 j {t j

k }, (iii) summing over

{k ∈ {1, . . . , |S j
n |} : t j

k ≤ t}. Calculation details are omitted.
Let Pn denote the empirical probability measure. Then the following holds:

Lemma 1 The NPMLE θ̂n satisfies the following equation for every j ∈ J :

	̂ j,n(t) =
∫ t

0

1

H j
n (s; θ̂n)

dG j
n(s), (5)

where H j
n (s; θ) = Pn[h j (s,O; θ)], h j (s,O; θ) = Y (s)eβ

′
j Z S j (O; θ), and G j

n(s) =
Pn N j (s).

This equation will prove useful in establishing the consistency of the NPMLEs, as
is described in the next section.
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4 Consistency

The purpose of this section is to prove the following result.

Theorem 1 Under conditions C1–C9,‖B̂n−B0‖,‖Ĝn−G0‖, and supt∈[0,τ ] |	̂ j,n(t)−
	 j,0(t)|, for every j ∈ J , converge to 0 almost surely as n tends to infinity.

The consistency proof is based on techniques developed by Murphy (1994) for
the frailty model (see also Chang et al. (2005), Kosorok and Song (2007), and Lu
(2008) for recent use of these techniques in various other models for right-censored
survival data), but the technical details are quite different. Two lemmas are needed
before presenting the proof. Their proofs are given in the Appendix.

Lemma 2 For every j ∈ J , lim supn 	̂ j,n(τ ) < ∞ almost surely.

Lemma 3 For every j ∈ J and t ∈ [0, τ ], define

	̃ j,n(t) =
∫ t

0

1

H j
n (s; θ0)

dG j
n(s).

Then supt∈[0,τ ] |	̃ j,n(t)−	 j,0(t)| converges to 0 almost surely as n tends to infinity.

Proof of Theorem 1 The proof consists of two steps: (i) to show that every subse-
quence of n contains a further subsequence where the NPMLE θ̂n converges, and (ii)
to show that the set of limits of all convergent subsequences of θ̂n reduces to {θ0}.
Proof of (i) From the compactness of B × G, every subsequence of (B̂n, Ĝn) has a
further subsequence, say (B̂φ(n), Ĝφ(n)), which converges to some (B∗,G∗) in B ×G.
Let j ∈ J . By Lemma 2 and Helly’s theorem, we can find with probability 1 a sub-
sequence 	̂ j,ϕ(n) of 	̂ j,φ(n) and a nondecreasing right-continuous function 	∗

j such

that 	̂ j,ϕ(n)(t) → 	∗
j (t) for all t ∈ [0, τ ] where 	∗

j is continuous; 	̂ j,ϕ(n) is said
to converge weakly to 	∗

j . By extracting successive sub-subsequences, we can find
a further subsequence ξ(n) of ϕ(n) in such a way that this weak convergence holds
along ξ(n) for every j ∈ J . We now show that	∗

j , for j ∈ J , is continuous on [0, τ ].
Note first that

	̂ j,ξ(n)(t) =
∫ t

0

Pξ(n)[h j (s,O; θ0)]
Pξ(n)[h j (s,O; θ̂ξ(n))] d	̃ j,ξ(n)(s), (6)

where 	̃ j,n is defined in Lemma 3. It follows from the Glivenko–Cantelli property of
{h j (s,O; θ) : s ∈ [0, τ ], θ ∈ �} that (see the proof of Lemma 3)

sup
s∈[0,τ ]

∣
∣
∣Pξ(n)[h j (s,O; θ0)] − Pθ0 [h j (s,O; θ0)]

∣
∣
∣ −→ 0 a.s.,

(7)
sup

s∈[0,τ ]

∣
∣
∣Pξ(n)[h j (s,O; θ̂ξ(n))] − Pθ0 [h j (s,O; θ̂ξ(n))]

∣
∣
∣ −→ 0 a.s.
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Additionally, by using the bounded convergence theorem and the facts that (B̂ξ(n),
Ĝξ(n)) converges to (B∗,G∗) and 	̂ j,ξ(n) converges weakly to 	∗

j , we obtain that

Pθ0 [h j (s,O; θ̂ξ(n))] converges to Pθ0 [h j (s,O; θ∗)] for every s ∈ [0, τ ], where θ∗ =
(B∗,G∗,	∗

j ; j ∈ J ). Moreover, under assumption C3, we can show that the derivative

of Pθ0 [h j (s,O; θ̂ξ(n))] with respect to s is uniformly bounded; hence the sequence of
functions Pθ0 [h j (·,O; θ̂ξ(n))] is equicontinuous. By the Arzela–Ascoli theorem, there
exists a subsequence of ξ(n), say ψ(n), such that Pθ0 [h j (·,O; θ̂n)] converges uni-
formly to Pθ0 [h j (·,O; θ∗)] in [0, τ ] along this subsequence; we can assume that this
subsequence is the same for all j ∈ J , by the same argument of extraction of subse-
quences as above. Using the latter result, Eq. (7), and the triangle inequality, we obtain
that

d	̂ j,ψ(n)(t)

d	̃ j,ψ(n)(t)
= Pψ(n)[h j (t,O; θ0)]

Pψ(n)[h j (s,O; θ̂ψ(n))] −→ Pθ0 [h j (t,O; θ0)]
Pθ0 [h j (t,O; θ∗)]

uniformly in t ∈ [0, τ ]. By taking the limits on both sides of 	̂ j,ψ(n)(t) in (6), we
obtain that

	∗
j (t) =

∫ t

0

Pθ0 [h j (s,O; θ0)]
Pθ0 [h j (s,O; θ∗)] d	 j,0(s).

We conclude that 	∗
j is absolutely continuous with respect to 	 j,0, so that 	∗

j (t) is
differentiable with respect to t , and therefore continuous. A second conclusion, arising
from Dini’s theorem, is that 	̂ j,ψ(n) converges uniformly to	∗

j with probability 1. In

addition, d	̂ j,ψ(n)(t)/d	̃ j,ψ(n)(t) converges to d	∗
j (t)/d	 j,0(t) := λ∗

j (t)/λ j,0(t)
uniformly in t .

To summarize: for any given subsequence of n, we have found a further subse-
quence ψ(n) and an element (B∗,G∗,	∗

j ; j ∈ J ) such that ‖B̂ψ(n)− B∗‖, ‖Ĝψ(n)−
G∗‖, and supt∈[0,τ ] |	̂ j,ψ(n)(t) − 	∗

j (t)|, for every j ∈ J , converge to 0 almost
surely.

Proof of (ii) Consider the difference

0 ≤ 1

ψ(n)
log Lψ(n)(B̂ψ(n), Ĝψ(n), 	̂ j,ψ(n); j ∈ J )

− 1

ψ(n)
log Lψ(n)(B0,G0, 	̃ j,ψ(n); j ∈ J ).

By letting n tend to infinity, we obtain that
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0 ≤ Pθ0

⎡

⎢
⎢
⎢
⎣

∑

j∈J
log

⎛

⎜
⎜
⎝

λ∗
j (T ) exp

(

β∗′
j Z − eβ

∗′
j Z
	∗

j (T )

)

p j,X
G∗

λ j,0(T ) exp
(
β ′

j,0 Z − eβ
′
j,0 Z
	 j,0(T )

)
p j,X

G0

⎞

⎟
⎟
⎠

� j

+ (1 −�) log

⎛

⎜
⎜
⎝

∑
j∈J exp

(

−eβ
∗′
j Z
	∗

j (T )

)

p j,X
G∗

∑
j∈J exp

(
−eβ

′
j,0 Z
	 j,0(T )

)
p j,X

G0

⎞

⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎦
.

Since the right side of this inequality is the negative Kullback–Leibler information,
we have that

∑

j∈J
� j

[

log λ∗
j (T )+ β∗′

j Z − eβ
∗′
j Z
	∗

j (T )+ log p j,X
G∗

]

+ (1 −�) log

⎛

⎝
∑

j∈J
exp

(

−eβ
∗′
j Z
	∗

j (T )

)

p j,X
G∗

⎞

⎠

=
∑

j∈J
� j

[
log λ j,0(T )+ β ′

j,0 Z − eβ
′
j,0 Z
	 j,0(T )+ log p j,X

G0

]

+ (1 −�) log

⎛

⎝
∑

j∈J
exp

(
−eβ

′
j,0 Z
	 j,0(T )

)
p j,X

G0

⎞

⎠ (8)

almost everywhere. The proof of step (ii) will be completed if we show that the equal-
ity (8) implies θ∗ = θ0, the so-called identifiability. For that purpose, let �l = 1 in
(8), for each l ∈ J in turn. Note that this is allowed by assumption C8. This yields
the following equation for almost all t ∈ [0, τ ], ‖z‖ < c1, ‖x‖ < c1:

log
λ∗

l (t)

λl,0(t)
+ (
β∗

l − βl,0
)′

z − eβ
∗′
l z	∗

l (t)+ eβ
′
l,0z
	l,0(t)+ log

pl,x
G∗

pl,x
G0

= 0.

This equation is analogous to Eq. (A.1) in Dupuy et al. (2006). The rest of the proof
of identifiability is thus essentially the same as the proof of Proposition 1 in Dupuy
et al. (2006), and is omitted.

Combining the results from steps (i) and (ii), we conclude that the original sequences
‖B̂n − B0‖, ‖Ĝn − G0‖, and, for every j ∈ J , supt∈[0,τ ] |	̂ j,n(t)−	 j,0(t)| converge
to 0 almost surely as n tends to infinity.
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5 Asymptotic normality and variance estimation

5.1 Score and information

Once the consistency has been proved, we can establish the asymptotic distribution
of the NPMLEs in Escarela and Bowater (2008). To derive the asymptotic normality,
we adapt the function analytic approach developed by Murphy (1995) for the frailty
model; see also Fang et al. (2005), Kosorok and Song (2007), and Lu (2008), who
recently adapted this approach to various other semiparametric regression models for
survival data.

To calculate the score equations, we work with one-dimensional submodels θ̂n,ε

passing through the estimator θ̂n , and we differentiate with respect to ε. Specifically,
consider the submodel

ε �−→ θ̂n,ε =
(

B̂n + εhB, Ĝn + εhG,

∫ ·

0

(
1 + εh	 j (s)

)
d	̂ j,n(s); j ∈ J

)

,

where hB = (h′
β1
. . . h′

βJ
)′, hG = (h′

γ1
. . . h′

γJ−1
)′, hβ j is a p-dimensional vector

( j ∈ J ), hγ j is a q-dimensional vector ( j = 1, . . . , J − 1), and h	 j is a non-negative
function on [0, τ ] ( j ∈ J ). Let h denote the collected (hB,hG, h	 j ; j ∈ J ).

To obtain the score equations, we differentiate lθ̂n
(θ̂n,ε) with respect to ε and we

evaluate at ε = 0. θ̂n maximizes lθ̂n
(θ) and, therefore, satisfies

∂lθ̂n
(θ̂n,ε)

∂ε

∣
∣
∣
∣
∣
ε=0

= 0 (9)

for every h. Define �B(θ) = (�β1(θ)
′ . . . �βJ (θ)

′)′ and �G(θ) = (�γ1(θ)
′ . . .

�γJ−1(θ)
′)′, where, for every j ∈ J ,

�β j (θ) = � j Z − S j (O, θ)Zeβ
′
j Z
	 j (T ),

and for every j = 1, . . . , J − 1,

�γ j (θ) = X
(

S j (O, θ)− p j,X
G

)
.

For every j ∈ J , define also

�	 j (θ)(h	 j ) = � j h	 j (T )− S j (O, θ)eβ
′
j Z
∫ T

0
h	 j (s) d	 j (s).
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Then, after some simple algebra, the score Eq. (9) can be re-expressed as �n(θ̂n)

(h) = 0, where �n(θ̂n)(h) has the form

�n(θ̂n)(h) = Pn

⎡

⎣h′
B�B(θ̂n)+ h′

G�G(θ̂n)+
∑

j∈J
�	 j (θ̂n)(h	 j )

⎤

⎦ . (10)

We take the space of elements h to be

H =
{

h = (hB,hG, h	 j ; j ∈ J ) : hB ∈ R
P , ‖hB‖ < ∞; hG ∈ R

Q, ‖hG‖ < ∞;
h	 j : [0, τ ] → R, ‖h	 j ‖v < ∞, j ∈ J }

,

where ‖h	 j ‖v denotes the total variation of h	 j on [0, τ ]. Furthermore, we take the
functions h	 j to be continuous from the right at 0. In addition, we define

θ(h) = h′
BB + h′

GG +
∑

j∈J

∫ τ

0
h	 j (s) d	 j (s),

where h ∈ H. From this, we can re-consider the parameter θ as a linear functional on
H, and the parameter space� as a subset of l∞(H), which is the space of all bounded
real-valued functions on H whose representation is here given with the uniform norm.
Moreover, the score operator �n appears to be a random map from � to the space
l∞(H).

Remark 2 Note that appropriate choices for h allow to extract all components of the
original parameter θ ; in the present study, we shall denote by 0r (r ≥ 2) the r -dimen-
sional column vector having all its components equal to 0.

For example, let hG = 0Q , h	 j (·) = 0 for every j ∈ J , and let hB = (h′
β1
. . . h′

βJ
)′

be such that hβ j = 0p for every j ∈ J except for some j = l, with hβl being the
p-dimensional vector with a one at the i th location and zeros elsewhere. This yields
the i th component of βl .

As another example, let hB = 0P , hG = 0Q , h	 j (·) = 0 for every j ∈ J except
h	l (·) = 1{· ≤ t}, for some t ∈ (0, τ ). In this case, θ(h) reduces to 	l(t).

We now define an “information” operator σ = (σB, σG, σ	 j ; j ∈ J ) : H → H by

σB(h)= Pθ0

⎡

⎣2�B(θ0)
∑

j∈J
� j h	 j (T )

⎤

⎦+Pθ0

[
�B(θ0)

⊗2]hB+Pθ0

[
�B(θ0)�G(θ0)

′]hG

σG(h)= Pθ0

⎡

⎣2�G(θ0)
∑

j∈J
� j h	 j (T )

⎤

⎦+Pθ0

[
�G(θ0)

⊗2]hG+Pθ0

[
�G(θ0)�B(θ0)

′]hB
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σ	 j (h)(s) = h	 j (s)Pθ0

[
W j (s,O, θ0)

]

−Pθ0

[

2� j h	 j (T )W
j (s,O, θ0)−

{
W j (s,O, θ0)

}2
∫ T

0
h	 j (u) d	 j,0(u)

]

+Pθ0

⎡

⎣2W j (s,O, θ0)
∑

k> j

{

W k(s,O, θ0)

∫ T

0
h	k (u) d	k,0(u)

− W k(s,O, θ0)

∫ s

0
h	k (u) d	k,0(u)−�kh	k (T )

}]

−h′
B Pθ0

[
2�B(θ0)S

j (O; θ0)e
β ′

j,0 Z Y (s)
]

−h′
G Pθ0

[
2�G(θ0)S

j (O; θ0)e
β ′

j,0 Z Y (s)
]
,

where for any r -dimensional vector u, u⊗2 = uu′, and W j (s,O, θ0) = Y (s)eβ
′
j,0 Z S j

(O, θ0), j ∈ J , s ∈ [0, τ ].
Remark 3 Some of the terms in σ may be simplified by using the properties of
the conditional expectation. For example, Pθ0 [W j (s,O, θ0)] in σ	 j (h) simplifies to

Pθ0 [Y (s)eβ
′
j,0 Z
� j ]. However, for variance estimation purposes, we will construct later

an empirical version of σ by replacing θ0 and Pθ0 by θ̂n and Pn , respectively, in σB,
σG, and σ	 j . Therefore, it is irrelevant to simplify, for instance, Pθ0 [W j (s,O, θ0)]
to Pθ0 [Y (s)eβ

′
j,0 Z
� j ], since, for i = 1, . . . , n, some � j

i are missing and, thus, the

empirical version of Pθ0 [Y (s)eβ
′
j,0 Z
� j ] cannot be calculated.

The following lemmas state some useful properties of the score and information
operators. Their proofs are given in the Appendix.

Lemma 4 Let h ∈ H. Then Pθ0 [�1(θ0)(h)] = 0, and by setting σB, σG, and σ	 j

( j ∈ J ) as above,

Pθ0

[
�1(θ0)(h)2

]
= h′

BσB(h)+ h′
GσG(h)+

∑

j∈J

∫ τ

0
σ	 j (h)(s)h	 j (s) d	 j,0(s).

Lemma 5 The operator σ is one-to-one.

Lemma 6 The operator σ is continuously invertible.

In the present study, we shall denote the inverse of σ by σ̃ = (̃σB, σ̃G, σ̃	 j ; j ∈ J ) :
H → H.

5.2 Asymptotic normality of the NPMLEs

We need some further notations to establish asymptotic normality. Let {e1, . . . , eP }
be the canonical basis of R

P , where em is the P-dimensional column vector with a
1 in the mth position and zeros elsewhere, for every m = 1, . . . , P . We denote by
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(u, 0Q, 0; j ∈ J ) the collected vector h such that hB = u, hG = 0Q , and h	 j is
identically equal to 0 for every j ∈ J . Define the linear operator � : R

P → R
P by

u �→ �(u) = σ̃B((u, 0Q, 0; j ∈ J )). Here, � is a version of σ̃B restricted to be a
function of its first argument only, with the other arguments set equal to 0. Also, define
the (P × P) matrix � by

� = (�(e1) . . .�(eP )) .

Then the following holds:

Theorem 2 Under conditions C1–C9,
√

n(B̂n − B0) converges in distribution to a
P-variate normal distribution with mean zero and efficient variance �.

Proof of Theorem 2 Our proof follows the ideas based around the proof of Theorem 3
of Fang et al. (2005), but the technical details are substantially different. We highlight
the parts that are different as follows.

Similar to the proof of Theorem 3 in Fang et al. (2005), we get that

√
n

⎛

⎝h′
B
(
B̂n − B0

) + h′
G
(
Ĝn − G0

) +
∑

j∈J

∫ τ

0
h	 j (s) d

(
	̂ j,n −	 j,0

)
(s)

⎞

⎠

= √
n
(
�n(θ0)(̃σ (h))− Pθ0 [�1(θ0)(̃σ (h))]

) + op(1).

Let hG = 0Q and h	 j be identically equal to 0 for every j ∈ J . The above equation
reduces to

√
nh′

B
(
B̂n − B0

) = √
n
(
�n(θ0)(̃σ (h̆))− Pθ0

[
�1(θ0)(̃σ (h̆))

])
+ op(1), (11)

where h̆ = (hB, 0Q, 0; j ∈ J ). By the central limit theorem and Lemma 4,
√

nh′
B

(B̂n − B0) converges in distribution to a normal law with mean zero and variance
Pθ0 [�1(θ0)(̃σ (h̆))2], for every hB ∈ R

P . Now, noting that h̆ = σ (̃σ (h̆)) = (σB(̃σ (h̆)),
σG(̃σ (h̆)), σ	 j (̃σ (h̆)); j ∈ J ), it follows by Lemma 4 that

Pθ0

[
�1(θ0)(̃σ (h̆))2

]
= h′

Bσ̃B(h̆) = h′
B�(hB),

and thus Pθ0 [�1(θ0)(̃σ (h̆))2] = h′
B�hB. Thus, by the Cramer-Wold device (van der

Vaart 1998),
√

n(B̂n − B0) converges in distribution to a normal distribution with
mean zero and variance-covariance matrix �.

Next, let h̆ be equal to h̆m = (em, 0Q, 0; j ∈ J ) in (11), for each m = 1, . . . , P in
turn. This yields the following system of P equations:

√
n
(
B̂n − B0

) = 1√
n

n∑

i=1

l (Oi ; θ0)+ op(1),
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where

l(O; θ0) = ��B(θ0)+�∗�G(θ0)+
∑

j∈J
�	 j (θ0)

(
�∗∗) ,

�∗ =
⎛

⎜
⎝

σ̃G(h̆1)
′

...

σ̃G(h̆P )
′

⎞

⎟
⎠ , �∗∗ =

⎛

⎜
⎝

σ̃	 j (h̆1)
...

σ̃	 j (h̆P )

⎞

⎟
⎠ ,

and �	 j (θ0) is applied componentwise to �∗∗. Thus, B̂n is an asymptotically linear
estimator of B0, and its influence function belongs to the tangent space spanned by
the score functions. It follows that B̂n is semiparametrically efficient (Tsiatis 2006).

Remark 4 In a competing risk analysis, the regression parameter B is usually the
parameter of interest. We can, however, also state an asymptotic normality result for the
NPMLEs of G and the	 j . Let ς : R

Q → R
Q be defined by ς(u) = σ̃G((0P , u, 0; j ∈

J )), let { f1, . . . , fQ} be the canonical basis of R
Q , and let ϒ = (ς( f1) . . . ς( fQ))

be the (Q × Q) matrix of ς with respect to this basis. Also, let h j,t be the collected
vector (hB,hG, h	 j ; j ∈ J ) such that hB = 0P , hG = 0Q , h	 j (·) = 1{· ≤ t} for
some t ∈ (0, τ ) and j ∈ J , and h	l is identically equal to 0 for every l ∈ J , l �= j .

Theorem 3 Under conditions C1–C9,
√

n(Ĝn − G0) converges in distribution to a
Q-variate normal distribution with mean zero and variance matrix ϒ . Moreover, for
every t ∈ (0, τ ) and j ∈ J ,

√
n(	̂ j,n(t) − 	 j,0(t)) converges in distribution to a

normal distribution with mean zero and variance σ 2
j,t = ∫ t

0 σ̃	 j (h j,t )(s) d	 j,0(s).

Proof of Theorem 3 This result can be proved in a similar fashion to the proof of
Theorem 2. The proof is therefore omitted.

5.3 Variance estimation

We now turn to the issue of estimating the asymptotic variance of B̂n . Since estima-
tion of the asymptotic variance of 	̂ j,n(t) is useful to obtain confidence intervals for
survival probabilities, we also provide estimators for the asymptotic variances of the
	̂ j,n(t) (an estimator for the asymptotic variance of Ĝn is also obtained). We need
some further notations.

Define the (P × P), (P × Q), (Q × P), and (Q × Q) matrices A
B
n , A

G
n , B

B
n , and

B
G
n by

A
B
n = Pn

[
�B(θ̂n)

⊗2
]
,

B
G
n = Pn

[
�G(θ̂n)

⊗2
]
,

A
G
n = Pn

[
�B(θ̂n)�G(θ̂n)

′] =
(
B

B
n

)′
.
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Define the (P × sn) partitioned matrix

A
	
n = (A	1

n . . .A	J
n ),

where for every j ∈ J , A
	 j
n is the (P ×|S j

n |)matrix whose P-dimensional lth column
(l = 1, . . . , |S j

n |) is given by

2

n
�B,( j,l)(θ̂n),

where �B,( j,l)(θ̂n) denotes the value of �B(θ̂n), calculated for the subject i such that

�i = 1 and Ti = t j
l , for j ∈ J and l = 1, . . . , |S j

n |. Similarly, define the (Q × sn)

partitioned matrix

B
	
n = (B	1

n . . .B	J
n ),

where for every j ∈ J , B
	 j
n is the (Q × |S j

n |) matrix whose lth column (l =
1, . . . , |S j

n |) is given by (2/n)�G,( j,l)(θ̂n), with �G,( j,l)(θ̂n) defined similarly as
�B,( j,l)(θ̂n). Define the (sn × P) and (sn × Q) partitioned matrices

C
B
n =

⎛

⎜
⎝

C
B
n,1
...

C
B
n,J

⎞

⎟
⎠ and C

G
n =

⎛

⎜
⎝

C
G
n,1
...

C
G
n,J

⎞

⎟
⎠ ,

where for every j ∈ J , C
B
n, j is a (|S j

n | × P) matrix with P-dimensional lth raw

(l = 1, . . . , |S j
n |) given by

−Pn

[
2�B(θ̂n)

′S j (O; θ̂n)e
β̂ ′

j,n Z Y (t j
l )
]
,

and C
G
n, j is a (|S j

n | × Q) matrix with Q-dimensional lth raw given by

−Pn

[
2�G(θ̂n)

′S j (O; θ̂n)e
β̂ ′

j,n Z Y (t j
l )
]
.

Next, let C
	
n be a (sn × sn) partitioned matrix with ( j, k)th element ( j ∈ J , k ∈ J )

the (|S j
n | × |Sk

n |) sub-matrix C
	k
n, j defined as follows by its (l,m)th element:

C
	k
n, j (l,m) = 1{ j = k}

{

1{l = m}Pn

[
W k(tk

m,O, θ̂n)
]

− 2

n
W k(tk

l ,O(k,m), θ̂n)

+ Pn

[{
W k(tk

l ,O, θ̂n)
}2
�̂	k,n(t

k
m)1{tk

m ≤ T }
]}

+ 1{ j < k}
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×
{
Pn

[
2W j (t j

l ,O, θ̂n)W
k(t j

l ,O, θ̂n)�̂	k,n(t
k
m)

×
{

1{tk
m ≤ T } − 1{tk

m ≤ t j
l }
}]

− 2

n
W j (t j

l ,O(k,m), θ̂n)

}

for l = 1, . . . , |S j
n |, and m = 1, . . . , |Sk

n |. In the formula for C
	k
n, j (l,m), �̂	k,n(t)

denotes the jump size of 	̂k,n at time t ; that is, �̂	k,n(t) = 	̂k,n(t) − 	̂k,n(t−).
Moreover, O(k,m) denotes the value of O for the subject i such that �i = 1 and
Ti = tk

m .
Define the partitioned matrix

Dn =
⎛

⎜
⎝

A
B
n A

G
n A

	
n

B
B
n B

G
n B

	
n

C
B
n C

G
n C

	
n

⎞

⎟
⎠

and the matrices

�n =
{
A

B
n − A

G
n (B

G
n )

−1
B

B
n − (A	n − A

G
n (B

G
n )

−1
B
	
n )

×(C	n − C
G
n (B

G
n )

−1
B
	
n )

−1(CB
n − C

G
n (B

G
n )

−1
B

B
n )
}−1

,

ϒn =
{
B

G
n − B

B
n (A

B
n )

−1
A

G
n − (B	n − B

B
n (A

B
n )

−1
A
	
n )

×(C	n − C
B
n (A

B
n )

−1
A
	
n )

−1(CG
n − C

B
n (A

B
n )

−1
A

G
n )
}−1

,

�n =
{
C
	
n − C

B
n (A

B
n )

−1
A
	
n − (CG

n − C
B
n (A

B
n )

−1
A

G
n )

×(BG
n − B

B
n (A

B
n )

−1
A

G
n )

−1(B	n − B
B
n (A

B
n )

−1
A
	
n )
}−1

.

Also, for any t ∈ (0, τ ) and j ∈ J , define the sn-dimensional vectors

� j,t,n =
(

0′
l j
n
�̂	 j,n(t

j
1 )1{t j

1 ≤ t} . . . �̂	 j,n(t
j

|S j
n |)1{t j

|S j
n | ≤ t} 0′

u j
n

)′

and

U j,t,n =
(

0′
l j
n

1{t j
1 ≤ t} . . . 1{t j

|S j
n | ≤ t} 0′

u j
n

)′
,

where l j
n = ∑ j−1

k=1 |Sk
n | and u j

n = ∑J
k= j+1 |Sk

n |, with l1
n = u J

n = 0. Then the following
holds:

Theorem 4 Under conditions C1–C9, the variance estimators �n, ϒn, and σ 2
j,t,n =

�′
j,t,n�nU j,t,n converge in probability to �, ϒ , and σ 2

j,t (t ∈ (0, τ ), j ∈ J ,
respectively.
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Proof of Theorem 4 The proof of Theorem 4 relies on arguments that are now some-
what classical (see for example Parner 1998; Dupuy and Mesbah 2004; Fang et al.
2005). Hence we only provide an outline of the main steps of the proof.

First, we estimate σ by an empirical version σn = (σB,n, σG,n, σ	 j ,n; j ∈ J )
obtained by replacing θ0 and Pθ0 by θ̂n and Pn , respectively, in σB, σG, and σ	 j .
Similar to the proof of Theorem 3 in Parner (1998), we can show that σn converges in
probability toσ uniformly overH, and that its inverse σ̃n = (̃σB,n, σ̃G,n, σ̃	 j ,n; j ∈ J )
is such that σ̃n(h) converges to σ̃ (h) in probability (see also Dupuy and Mesbah 2004).
For every hB, the asymptotic variance of

√
nh′

B(B̂n − B0) is h′
B�(hB), which is

consistently estimated by h′
Bσ̃B,n(h̆), where h̆ = (hB, 0Q, 0; j ∈ J ). Let h̆n =

(h̆B,n, h̆G,n, h̆	 j ,n; j ∈ J ) = σ̃n(h̆). Then σn(h̆n) = h̆, which we can write as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

σB,n(h̆n) = hB

σG,n(h̆n) = 0Q

σ	1,n(h̆n)(s) = 0, s ∈ [0, τ ]
...

σ	J ,n(h̆n)(s) = 0, s ∈ [0, τ ].

In particular, let s = t j
1 , . . . , t j

|S j
n | for every j ∈ J , in the above system. This yields a

system of (P + Q + sn) equations, which we can write in the following matrix form:

Dn

⎛

⎝
h̆B,n

h̆G,n

h̆	,n

⎞

⎠ =
⎛

⎝
hB
0Q

0sn

⎞

⎠ (12)

where h̆	,n = (h̆	1,n(t
1
1 ) . . . h̆	1,n(t

1
|S1

n |) . . . h̆	J ,n(t
J
1 ) . . . h̆	J ,n(t

J
|S J

n |))
′. Some alge-

bra on (12) shows that h̆B,n = �nhB, with �n as given above and therefore, h′
B�nhB

is a consistent estimator of the asymptotic variance of
√

nh′
B(B̂n − B0) for every hB.

It follows that �n is a consistent estimator of �. The consistency of ϒn proceeds
similarly, it is thus omitted.

Let t∈(0, τ ) and j ∈ J . It follows from the dominated convergence theorem and
the consistency of σ̃n that σ 2

j,t,n = ∫ t
0 σ̃	 j ,n(h j,t )(s) d	̂ j,n(s) converges in prob-

ability to σ 2
j,t ; here, h j,t is as given in Remark 4. Similarly as above, let hn =

(hB,n,hG,n, h	 j ,n; j ∈ J ) = σ̃n(h j,t ). Then σn(hn) = h j,t , which we can write
as

⎧
⎪⎪⎨

⎪⎪⎩

σB,n(hn) = 0P

σG,n(hn) = 0Q

σ	 j ,n(hn)(s) = 1{s ≤ t}, s ∈ [0, τ ]
σ	l ,n(hn)(s) = 0, l ∈ J , ł �= j, s ∈ [0, τ ].

(13)
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In particular, letting s = t j
1 , . . . , t j

|S j
n | for every j ∈ J in (13) yields the system

Dn

⎛

⎝
hB,n
hG,n
h	,n

⎞

⎠ =
⎛

⎝
0P

0Q

U j,t,n

⎞

⎠

where h	,n = (h	1,n(t
1
1 ) . . . h	1,n(t

1
|S1

n |) . . . h	J ,n(t
J
1 ) . . . h	J ,n(t

J
|S J

n |))
′ and U j,t,n is

as defined above. Similar algebra as above shows that h	,n = �nU j,t,n . Now, simple
calculations show that

σ 2
j,t,n =

∫ t

0
σ̃	 j ,n(h j,t )(s) d	̂ j,n(s)

=
|S j

n |∑

l=1

σ̃	 j ,n(h j,t )(t
j

l )�̂	 j,n(t
j

l )1{t j
l ≤ t}

= �′
j,t,nh	,n

and therefore, �′
j,t,n�nU j,t,n is a consistent estimator for σ 2

j,t .

6 Concluding remarks

In this paper, we have derived large-sample properties of the nonparametric maxi-
mum likelihood estimators in a semiparametric mixture regression model for com-
peting risks data. This model was previously investigated from the computational
point of view (Ng and McLachlan 2003; Escarela and Bowater 2008). Relying on
modern empirical process theory, we have established the consistency and asymptotic
normality of the NPMLEs. The NPML estimator of the regression parameter of interest
in this model has been shown to be semiparametric efficient. Our results are asymptotic,
that is, are concerned with the properties of the NPMLEs when the sample size tends to
infinity. One may wonder whether these estimators are appropriate for analysing finite-
sample real life data. Ng and McLachlan (2003) and Escarela and Bowater (2008)
analysed a prostate cancer dataset consisting of 483 individuals. In both cases, the
resulting estimates yielded coherent conclusions, which supports the conclusion that
the NPMLEs are applicable for analysing real life datasets with moderate sample size.

Note that the covariate Z in model (2) was assumed to be time independent, as it
was in Ng and McLachlan (2003) and Escarela and Bowater (2008). This assumption
can be relaxed to accommodate time-varying covariates, provided that appropriate
regularity conditions are established.

Semiparametric mixture models with applications to survival data have recently
gained in popularity, and an abundant literature has been devoted to this class of mod-
els. Several issues in relation to these models are still open, however. First, it would
be desirable to extend the conditional failure time model (2) to a more flexible class
of models, such as the linear transformation models (see Slud and Vonta 2004 for
example). It may also be interesting to accommodate more complex study designs in
the statistical inference for semiparametric mixture models in competing risks data;
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such designs include interval censoring and clustered failure time data. Lastly, good-
ness-of-fit tests in this class of models should constitute an important direction for
future work.

Appendix. Proofs of technical results

Proof of Lemma 2 Let j ∈ J and s ∈ [0, τ ). By assumption C6,

H j
n (s; θ̂n) = Pn[Y (s)eβ̂ ′

j,n Z S j (O; θ̂n)] ≥ c2Pn[Y (s)� j ],

thus it follows from the law of large numbers that H j
n (s; θ̂n) ≥ c2 Pθ0 [Y (s)� j ]+o(1)

almost surely. Under the assumptions stated in Sect. 2, Pθ0 [Y (s)� j ] is bounded away

from 0. Thus, for every s ∈ [0, τ ), H j
n (s; θ̂n) is bounded away from 0 almost surely

as n tends to infinity. Moreover, it is easily shown that the jump size of 	̂ j,n at τ is
bounded by 1/c2. Therefore,

0 ≤ 	̂ j,n(τ ) ≤ O(1)Pn N j (τ−)+ 1

c2

almost surely as n tends to infinity, which concludes the proof.

Proof of Lemma 3 We first show that the class of functions {h j (s,O; θ) : s ∈ [0, τ ],
θ ∈ �} is Donsker. Recall that � = B × G × L⊗J . In the course of this proof, it
will be useful to denote by B j and G j the parameter space for β j and γ j respectively.
Consider the class

F =
⎧
⎨

⎩
w j (O; θ) =

exp
(
−	 j (T )e

β ′
j Z + γ ′

j X
)

∑
k∈J exp

(
−	k(T )eβ

′
k Z + γ ′

k X
) : θ ∈ �

⎫
⎬

⎭
. (14)

Boundedness of Z and X and Theorem 2.7.1 of van der Vaart and Wellner (1996)
imply that the classes {gβ j (Z) = β ′

j Z : β j ∈ B j } and {gγ j (X) = γ ′
j X : γ j ∈ G j } are

Donsker. Differentiability of eβ
′
j Z in Z and boundedness of the derivative imply that

{eβ ′
j Z : β j ∈ B j } is Donsker. Moreover, the class of functions mapping T to 	 j (T )

indexed by 	 j ∈ L is also Donsker (Example 2.10.4, van der Vaart and Wellner
1996). It follows from Example 2.10.7 (van der Vaart and Wellner 1996) that the class

of functions −	 j (T )e
β ′

j Z + γ ′
j X with θ varying over� is Donsker, for every j ∈ J .

Then, by applying Theorem 2.10.6 of van der Vaart and Wellner (1996), we conclude
that both the numerator and denominator in (14) with θ varying over � are Donsker
classes. Since the denominator is bounded away from 0, Exemples 2.10.9 and 2.10.8
(van der Vaart and Wellner 1996) imply that F is Donsker. By Exemple 2.10.10 of
van der Vaart and Wellner (1996),� j + (1−�)w j (O; θ) is Donsker as θ ranges over
�. Finally, {Y (s) : s ∈ [0, τ ]} is Donsker thus, by multiplying Donsker classes, we
can conclude that the class {h j (s,O; θ) : s ∈ [0, τ ], θ ∈ �} is Donsker.
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Similar arguments yield that {� j 1{T ≤ t}/Pθ0 [h j (s,O; θ0)]|s=T : t ∈ [0, τ ]} is
also a Donsker class.

Next, for every j ∈ J and t ∈ [0, τ ], define 	 j (t; θ0) = ∫ t
0

1
Pθ0 [h j (s,O;θ0)]

Pθ0 d N j (s). Then

sup
t∈[0,τ ]

∣
∣	̃ j,n(t)−	 j (t; θ0)

∣
∣

= sup
t∈[0,τ ]

∣
∣
∣
∣
∣

1

n

n∑

i=1

�
j
i 1{Ti ≤ t}

H j
n (Ti ; θ0)

− Pθ0

[
� j 1{T ≤ t}

Pθ0

[
h j (s,O; θ0)

] |s=T

]∣
∣
∣
∣
∣

≤ sup
t∈[0,τ ]

∣
∣
∣
∣
∣
∣

1

n

n∑

i=1

�
j
i 1{Ti ≤ t}

{
1

H j
n (s; θ0)

− 1

Pθ0

[
h j (s,O; θ0)

]

}

|s=Ti

∣
∣
∣
∣
∣
∣

+ sup
t∈[0,τ ]

∣
∣
∣
∣
∣
(Pn − Pθ0)

[
� j 1{T ≤ t}

Pθ0

[
h j (s,O; θ0)

] |s=T

]∣
∣
∣
∣
∣

≤ sup
s∈[0,τ ]

∣
∣
∣
∣
∣

1

H j
n (s; θ0)

− 1

Pθ0

[
h j (s,O; θ0)

]

∣
∣
∣
∣
∣

+ sup
t∈[0,τ ]

∣
∣
∣
∣
∣
(Pn − Pθ0)

[
� j 1{T ≤ t}

Pθ0

[
h j (s,O; θ0)

] |s=T

]∣
∣
∣
∣
∣
. (15)

From the result above, {h j (s,O; θ0) : s ∈ [0, τ ]} is a Donsker and therefore a
Glivenko–Cantelli class of functions, and thus sups∈[0,τ ]|H j

n (s; θ0)−Pθ0 [h j (s,O; θ0)]|
converges to 0 almost surely. Moreover, for every s ∈ [0, τ ], Pθ0 [h j (s,O; θ0)] ≥
c2 Pθ0 [Y (s)� j ] (by C6) and thus by assumption C7, Pθ0 [h j (s,O; θ0)] > 0 on [0, τ ].
Therefore, the first term on the right-hand side of (15) converges to 0 almost surely.
The second term on the right-hand side of (15) converges almost surely to 0 by the
Glivenko-Cantelli property of {� j 1{T ≤ t}/Pθ0 [h j (s,O; θ0)]|s=T : t ∈ [0, τ ]}.
Therefore, we conclude that 	̃ j,n converges uniformly to 	 j (·; θ0), almost surely.
It is easy to verify that 	 j (·; θ0) is equal to 	 j,0, which concludes the proof.

Proof of Lemma 4 Let j ∈ J . Then

Pθ0

[
�β j (θ0)

] = Pθ0

[
� j Z − S j (O, θ0)Zeβ

′
j,0 Z
	 j,0(T )

]

= Pθ0

[
� j Z − � j Zeβ

′
j,0 Z
	 j,0(T )

]

= Pθ0

[
Z� j M(τ )

]
,

where the second line comes from the properties of the conditional expectation, and
M(t) = N (t) − ∑

l∈J
∫ t

0 �
l eβ

′
l,0 Z Y (s) d	l,0(s) is the counting process martingale
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with respect to the filtration σ {N (s), 1{T ≤ s,� = 0}, Z , X, H : 0 ≤ s ≤ t}. Z and
� j are bounded and measurable with respect to the filtration making M a martingale,
implying that Pθ0 [Z� j M(τ )] = 0. Similar arguments imply that Pθ0 [�γ j (θ0)] = 0
and Pθ0 [�	 j (θ0)(h	 j )] = 0 for every j . This concludes the first part of the proof. To
prove the second result, we develop

�1(θ0)(h)2 =
⎡

⎣h′
B�B(θ0)+ h′

G�G(θ0)+
∑

j∈J
�	 j (θ0)(h	 j )

⎤

⎦

2

,

and we take the expectation of the resulting expression. Some lengthy algebraic
manipulations and re-arrangement of terms yield the result. Calculation details are
omitted. 
�
Proof of Lemma 5 Assume σ(h) = 0. By Lemma 4, Pθ0

[
�1(θ0)(h)2

] = 0, and
therefore �1(θ0)(h) = 0 almost surely.

Let j ∈ J . By assumption C8, for almost every t ∈ [0, τ ], ‖z‖ < c1, and ‖x‖ < c1,
there exists a non-negligible subset of � (say �′) such that T (ω) = t , Z(ω) = z,
X (ω) = x , �(ω) = 1, and H(ω) = j , when ω ∈ �′. If the equality �1(θ0)(h) = 0
holds almost surely, then in particular, it holds for some ω ∈ �′. For such a ω,
�1(θ0)(h) = 0 reduces to

h	 j (t)+h′
β j

z+h′
γ j

x−
J−1∑

l=1

h′
γl

xpl,x
G0

−eβ
′
j,0z

[∫ t

0
h	 j (s) d	 j,0(s)+h′

β j
z	 j,0(t)

]

=0,

(16)

with the convention hγJ = 0. By choosing t arbitrarily close to 0, (16) reduces to

h	 j (0)+ h′
β j

z + h′
γ j

x −
J−1∑

l=1

h′
γl

xpl,x
G0

= 0, (17)

since h	 j and	 j,0 are continuous from the right at 0 and	 j,0(0) = 0 (by C5). Taking
the difference (16) and (17) yields the following equation for almost all t ∈ [0, τ ],
‖z‖ < c1, and ‖x‖ < c1:

h	 j (t)− h	 j (0)− eβ
′
j,0z

[∫ t

0
h	 j (s) d	 j,0(s)+ h′

β j
z	 j,0(t)

]

= 0 (18)

Let t > 0. Then 	 j,0(t) > 0 (by C5) and Eq. (18) can be rewritten as

h	 j (t)− h	 j (0)

	 j,0(t)
= eβ

′
j,0z[r j (t)+ h′

β j
z], (19)

where r j (t) = ∫ t
0 h	 j (s) d	 j,0(s)/	 j,0(t).
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Consider first the case where β j,0 = 0. Since the left-hand side of (19) does not
depend on z, hβ j must equal 0. Next, consider the case where β j,0 �= 0. Let t1, t2 > 0.

Then eβ
′
j,0z[r j (t1)−r j (t2)] should not depend on z. By assumption C6, the covariance

matrix of Z is positive definite, hence we can find two distinct values z1 and z2 of Z
such that

eβ
′
j,0z1[r j (t1)− r j (t2)] = eβ

′
j,0z2 [r j (t1)− r j (t2)].

This implies that r j (t1) = r j (t2), from which we deduce that h	 j (t) has to be con-
stant (say, equal to c6) for almost every t ∈ (0, τ ]. From (19), we then deduce that
h	 j (0) = c6, which further implies that hβ j = 0, c6 = 0, and thus h	 j (t) = 0
for almost every t ∈ [0, τ ]. This, together with (17) implies that hγ j = 0 for every
j = 1, . . . , J − 1.

By letting j range over J , we conclude that hB = 0, hG = 0, and that for every
j ∈ J , h	 j (t) = 0 for almost every t ∈ [0, τ ].

Putting this in σ	 j (h)(s) = 0, we obtain that h	 j (s)Pθ0 [W j (s,O, θ0)] = 0 for
every s ∈ [0, τ ] and j ∈ J . By assumptions C2, C5, and C6, Pθ0 [W j (·,O, θ0)] is
uniformly bounded away from 0 on [0, τ ]. Therefore, h	 j is identically equal to 0 on
[0, τ ], for every j ∈ J . We conclude that σ is one-to-one.

Proof of Lemma 6 Since H is a Banach space, to prove that σ is continuously invert-
ible, it is sufficient to prove that σ is one-to-one and that it can be written as the sum
A + (σ − A) of a bounded linear operator A with bounded inverse and a compact
operator σ − A [Lemma 25.93 of van der Vaart (1998)].
σ is one-to-one by Lemma 5. Next, define the linear operator A : H → H by

A(h) = (hB,hG, h	 j (·)Pθ0 [W j (·,O, θ0)]; j ∈ J ). A is bounded (by C4 and C6).
In addition, for every j ∈ J , Pθ0 [W j (·,O, θ0)] is uniformly bounded away from
0 on [0, τ ] (by C2, C5, C6). Thus A is invertible with bounded inverse A−1(h) =
(hB,hG, h	 j (·)Pθ0 [W j (·,O, θ0)]−1; j ∈ J ).

Moreover, it is not difficult to show that the operator σ − A is compact by using the
same techniques as in Lu (2008) for example (we omit the details). This completes
the proof.
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