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Abstract We treat the identifiability problem for mixtures involving power series
distributions. Applying an idea of Sapatinas (Ann Inst Stat Math 47:447-459, 1995)
we prove and elaborate that a mixture distribution is identifiable if a certain Stieltjes
problem of moments has a unique solution while a non-uniqueness leads to a non-
identifiable mixture. We describe explicitly models of identifiable mixtures and models
of non-identifiable mixtures. Illustrative examples and comments on related questions
are also given.
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1 Introduction

The problem of identifiability of mixture distributions has received a considerable
attention from both theorists and practitioners over the last decades. Among the liter-
ature in this area we mention here the books by Everitt and Hand (1981), Titterington
et al. (1985), Prakasa Rao (1992), Lindsay (1995) and McLachlan and Peel (2000).
In this paper we study mixtures of power series distributions. We are looking for
conditions under which such a mixture is identifiable or non-identifiable. One specific
feature of mixtures of power series distributions is that the identifiability problem is
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associated with the uniqueness in an appropriate Stieltjes problem of moments while
non-identifiability is associated with such a problem when the solution is non-unique.
We use some recent developments in the classical problem of moments. In particular
we exploit ideas and techniques from Slud (1993), Lin (1992, 1997), Stoyanov (1997,
2000), Pakes (2001), Pakes et al. (2001) and Gut (2002).

There are different approaches when treating identifiability problems, see for
example Barndorff-Nielsen (1965), Liixmann-Ellinghaus (1987), Prakasa Rao (1992),
Sapatinas (1995), Wesolowski (1995), Papageorgiou and Wesolowski (1997), Gupta
et al. (2001), Holzmann et al. (2004) and Bohning and Patilea (2005). Each approach
has its own merits thus allowing to study the identifiability of mixtures from a different
point of view.

The present paper is organized as follows. In Sect. 2 we recall some basic notions
and formulate the identifiability problem. The main results and their proofs are given
in Sects. 3 and 4. [llustrative examples are exhibited in Sect. 5 while brief comments
on related topics are outlined in Sect. 6.

2 Basic notions and formulation of the problem

Suppose (X, 0) is a two-dimensional random vector defined on some underlying prob-
ability space (€2, .%#, P). We assume that the random variable X takes values in the
setNog :={0, 1, ..., k, ...} of all non-negative integers or in some its finite or infinite
subset N 3. The set of values of the random variable 0 is denoted by T and 7' C [0, 00).

Let F; = £ (X|0 = t) be the conditional distribution of X given that {0 = ¢},
where for each t € T, F; is a power series distribution defined by

k
t
F,={f(kl|t), k=0,1,2,...} and f(k|t):= P[X =k|0 =t]= ik(t)' )
Here ax, k =0, 1, .. ., are non-negative real numbers and
o
A =D a,t"
n=0

is the power series function on [0, 00) corresponding to the distribution F;. One of our
assumptions is that the infinite series A(¢) has a strictly positive radius of convergence
p4as 0 < pg < oo. The case py = oo provides most possibilities, while the case
pa = 0is trivial and of no interest.

Among the power series distributions are the Binomial, Poisson, Negative-
binomial, Logarithmic and their several modifications. Later on, in Sect. 5, we will
use some of these distributions to illustrate our results.

We assume that 6 has a distribution function G(t),t € T = [0, p4). In what fol-
lows G can be arbitrary, discrete or absolutely continuous, with bounded or unbounded
support.

Now in a standard way we write down the unconditional distribution .Z(X)
of the random variable X and say that we “mix” the distributions of the family
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F = {F;, t € T} with respect to the mixing distribution G. Thus we obtain the
mixture distribution H = £ (X), where

H={hi, k=0,1,2,...} with hy = P[X = k] =/ FkHdAG@). ()
T

Suppose that the family F = {F;, t € T} of conditional distributions, with F;
as defined by (1), is fixed. Relation (2) leads to the question: how are the mixing
distribution G and the mixture H related to each other?

If, given F, there is only one mixing distribution G on T, producing H, we say that
the mixture distribution H is identifiable.

If, however, there are at least two distributions on 7', say G| and G, such that

hk=/f(k|t)d61(t)=/ fk|t)dGa(t) forall k=0,1,..., but G| # Ga,
T T

then the mixture distribution H = {hy} is non-identifiable.

The meaning of the above is as usual: if the mixture H is identifiable, we can
recover uniquely the mixing distribution G, while G cannot be recovered uniquely if
H is non-identifiable.

If the random vector (X, @) is considered as a stochastic model of some phe-
nomenon, it is clear then from the above setting that the model is described by the
triplet (F, G, H), where F' = {F;, t € T} is the set of conditional distributions
F; = Z(X|0 = t) (this is equivalent to knowing the power series function A),
G = Z(0) is the mixing distribution and H = .Z(X) is the resulting mixture dis-
tribution. Since a part of the available information is expressed in terms of mixture
distributions, for the pair (X, 6) one can use the name mixture model. Thus, if the
mixture H is identifiable, we say also that the mixture model (X, 6) is identifiable.
Otherwise, if H is non-identifiable, the model is non-identifiable.

We are looking for conditions, hopefully easy to check, which guarantee identifi-
ability or non-identifiability of mixture distributions.

3 Main results and their proofs

First we describe a step which is crucial for what follows next. One of our assumptions
is that the numbers ay in (1), and hence the coefficients of the series A(t) = Z,fio agt®,
are non-negative and that A(¢) has a radius of convergence p4 € (0, oo]. If an index
k € Np is such that g > 0, this means that the number k is an atom of the dis-
tribution F; of the random variable X conditionally on {6 = t} for any ¢ and also
unconditionally. We assume always that ap > 0, but in general, some of the remain-
ing coefficients a; may be zero; we analyze such a case in Theorem 1 below. For
now, unless specified otherwise, we assume that all coefficients of A(¢) are strictly
positive, i.e., ag > 0,a; > 0,...,ar > 0,.... This property of a;’s together with
relation (2) immediately implies that /1 are also strictly positive and this is true for any
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mixing distribution G. As in Sapatinas (1995), let us define a “new” function, say G,
as follows:

R _
dG(t) .= 7o A dG(), teT =10, pa). 3)

It is easy to check that G = (G(t) t € T) is a distribution function. Hence, there is a
random variable, say 6, whose distribution is G, i.e., 6 ~ G. Denoting by iy the kth
order moment of 9, and also of G, we find that

X . h
iy 1= E[@k]:/ude(u)za—O—k fork=1,2,.... 4)
T ho ak

Therefore, 6 has finite moments my of all positive orders and, moreover, relation
(4) tells us how the moment sequence {my} is explicitly expressed in terms of {ay}
and {hy}.

In the sequel we use the term “M-determinate” or “M-indeterminate” to indicate
that a distribution is, or is not, determined uniquely by its moments.

It is clear from the above setting that the problem of identifiability is directly related
to a certain Stieltjes problem of moments. We formulate this as follows.

Proposition 1 (a) Given the power series function A(t), t € [0, pa), the distribution
function G determines uniquely the mixing distribution G, and vice versa.

(b) The identifiability of the mixture H, and hence of the model (X, 0), is equivalent
to the moment determinacy of the distribution G.

Let us start with a result which is based on classical arguments. It helps us in describ-
ing conditions under which a mixture distribution is identifiable or non-identifiable.

Theorem 1 (a) (Non-identifiable mixtures) Assume that for any t € [0, 0o) the con-
ditional distribution F; = £ (X|0 = t) is a finite power series distribution which is
defined by the power series function A(t) = ag + a1t + -+ ag t* + -+ + ap= 1"
Here n* is a fixed positive integer and the coefficients ag, ay, ..., ap+ are positive;
all other coefficients in (1) are equal to zero. Then for any mixing distribution G, the
mixture H is non-identifiable.

(b) (Identifiable mixtures) Suppose that F; = £ (X160 =t), t € [0, 00), is an infi-
nite power series distribution based on the power series function A(t) whose radius
of convergence is pa, 0 < pag < 00. Let the mixing distribution G have a bounded
support, supp(G) C [0, pa). Then the mixture distribution H is identifiable.

(¢) (More identifiable mixtures) Consider the model (X*, 0), where £ (X*|0 = t)
is an infinite power series distribution based on the power series function A*(t) which
is defined as follows. Assume that in (1) strictly positive are infinitely many of the
coefficients, but not necessarily all: ay > 0 only for indices k € N, where N is an
infinite set of integers:

o0
1
={0=ky <k <k <---} CNy with Zk—=
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Thus, the power series function is A*(t) := ZkeNg ay t* and let its radius of conver-
gence be pax, 0 < pax < 00. Let finally G be an arbitrary mixing distribution with a
bounded support, supp(G) C [0, pa*). Then the mixture H is identifiable.

Proof (a) Since the values of the random variable X are in the set Ng ={0,1,...,n"}

which is finite, the power series function A(f) = ZZ*ZO ay t* is well-defined for any
real ¢, so its radius of convergence is p4 = oo. Hence we can take any mixing dis-
tribution G with bounded or unbounded support and use relation (2) to obtain the
mixture H. Thus we have in our disposal two finite sets of numbers, {ag, a1, ..., an*}
and {ho, h1, ..., hp=}.

We look now at the distribution function G, see (3). The random variable 6 ~G
has moments m; up to order n*, which are expressed in terms of a;’s and h’s by
(4). Hence, all we know about G are the first n* moments {my,my, ..., m,+}.Insuch
a case, however, there are infinitely many distributions, all different from G, and all
having the same moments i, k = 1, ..., n*. Therefore the mixture distribution H
is non-identifiable.

(b) Since F; = Z(X|0 = t) is an infinite power series distribution, we may think
that X takes values in the set Ng and let A(#), the power series function, have a radius of
convergence p4, 0 < pg < 0o. One of the assumptions is that the mixing distribution
G = Z(H) has a bounded support, supp(G) C [0 pa). Hence the distribution G has
also a bounded support supp(G) In this case 6, and also G, has finite all moments
my = (aohy)/(hoax), k = 1,2, .... Moreover, the function M(u) = E[exp(u@)] is
well-defined for any real u, hence 9 obeys a moment generating function. This, see
Feller (1971), implies that G is M-determinate, i.e., G is the only distribution with
the moment sequence {my}. Hence, because of (3), the mixing distribution G itself is
uniquely determined which means, by definition, that the mixture H is identifiable.

(c) We need now the “new” distribution function G* defined by

1
4G™(1) = h_ A% (1)

dG(t), tel0, pax).

Note that the support of G* is also bounded because the function A* is bounded away
from zero. Let us point out that the conclusion about the moment determinacy of
the distribution G* follows from Lemma 1 below, which is based on the well-known
Miintz—-Szasz theorem, or its refinement, see Lin (1992, 1993) and the references
therein. O

Remark 1 The requirement Zji 1k j)_1 = oo in Theorem 1(c) is essential. We can
take N3 = Ny, the case treated first, or Ng to be the set of all odd integer numbers, or
the set of all even numbers, or even the set of all prime numbers. However, we cannot
take Njj to consist of all perfect squares.

Remark 2 Let us note that in the literature there are several and different proofs of the
following classical result: a mixture of the Binomial distribution (appropriately param-
eterized) is non-identifiable, see Tallis (1969) or Titterington et al. (1985). The above
arguments, which confirm the same statement, are based on the fact that a distribution
cannot be characterized by knowing only a finite number of its moments.
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Lemma 1 Let Y be a random variable obeying a distribution G on the bounded
interval [a, b] with a > 0. Assume that {t,},° | is a sequence of positive, distinct real
numbers satisfying the condition 3 oo (t.)~! = oo and is bounded away from zero.
Then the distribution G is characterized by the sequence of moments {E(Y™)}2 .

The cases treated in Theorem 1 show that interesting to study are mixture models
involving infinite power series distributions when the mixing distributions have an
unbounded support, say [0, 00).

Theorem 2 Suppose (X, 0) is a mixture model, where F; = £ (X |0 = t) is an infinite
power series distribution defined by (1) with all ay.’s strictly positive and such that the
power series function A(t) = Z,fio ay t* has a radius of convergence py = . If
G(t),t € T =10, 00), is the mixing distribution, we obtain the mixture H = {hy} by
relation (2).

(a) Suppose that the following condition is satisfied:

0 1/2k
ag _

k=1

Then the mixture distribution H is identifiable.
(b) Suppose that the following condition is satisfied:

0 1/2k
> (%) < ®
o\

Assume further that G is absolutely continuous with density g and that the ratio-
function g(t)/A(t), t > 0, is ultimately log-concave. Under these conditions the
mixture distribution H is non-identifiable.

Proof Part (a) is one of the results in Sapatinas (1995). The idea is to examine the
distribution G and the Carleman quantity C calculated for the moment sequence {1 }:
C = C[{img)] := Z,fil(rﬁk)_l/Zk. Condition (5) easily implies that C = oo. Hence,
see Feller (1971) or Stoyanov (1997), the distribution G is M-determinate. Since G
determines uniquely the mixing distribution G, then in view of Proposition 1, the
mixture H is identifiable.

For part (b), we see that the distribution function G is absolutely continuous with
density g(t) = ¢ g(t)/A(t),t > 0, where ¢ is a normalizing constant. We now observe
that even for arbitrary G, condition (6) leads to a finite Carleman quantity calculated
for the moments {r;} of G,ie., C[{my}] < oo. Moreover, the condition on the ratio
g(t)/A(t) yields that the density g is ultimately log-concave. Thus we are in a position
to apply Theorem 1 of Pakes (2001) and conclude that the distribution G is M-inde-
terminate. As a consequence, there are “many” (even infinitely many) choices for G
and they all produce the same mixture H, so H is non-identifiable. O

The next two results cover mixture models in which the mixing distribution G is
assumed to be absolutely continuous. We need some notations.
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For any (strictly) positive density p(x), x € (0, 00), we define the following
normalized logarithmic integral which is called Krein quantity:

* —1In p(x?)
K[p] := ———dx.
L] /0 T+x2 O

It can be shown that always K[p] > —% and for the “value” of K there are two
possibilities, namely

K[pl =00 or K[p] < oc.

The “value” of the Krein quantity K[p] is directly related to the uniqueness and
non-uniqueness of a distribution with density p in terms of the moments, see Slud
(1993), Lin (1997), Stoyanov (1997, 2000), Pakes (2001), Pakes et al. (2001) and Gut
(2002).

For a smooth and positive function b(x), x € (0, c0), we define the following
function which is called Lin function:

—x b/ (x)

L[b(x)] := o)

x € (0, 00).

Let us present two results which involve the Krein quantity K and the Lin function
L and elaborate the use of Proposition 1.

Theorem 3 Assume that the mixing distribution G is absolutely continuous and has
density g, which is positive. Let further g and the power series function A be such that
the Krein quantity, calculated for the ratio g/ A, is finite, that is,

[ =In[g(?)/AGED]
Klg/Al _/0 - dx < oco. 7

Then the mixture distribution H is non-identifiable.

Proof Since g(t) = (ag/ho) g(t)/A(t) for t > 0, the above condition (7) and
elementary properties of integrals together imply that the Krein quantity K[g] is
finite: K[g] < oo. Hence, see Slud (1993) or Lin (1997), the distribution G is
M-indeterminate, i.e., G is not determined uniquely by its moment sequence. There-
fore, by Proposition 1(b), the mixture distribution H is non-identifiable. O

Theorem 4 Let (X, 0) be the mixture model as described above and let g be the
density of G. Assume further that the ratio g/A has a positive right-hand limit at O
and that g and A are such that the Krein quantity K calculated for the ratio g/ A is
divergent:

[ =In[g/ACD]
Klg/A]l = /0 e dx =00 ®)
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and for some fixed xo > 0,
Llg(x)/A(x)] /100 as xp <x — 00.

Under these conditions the mixture distribution H is identifiable.

Proof Condition (8) implies that the density g has a divergent Krein quantity: K[g] =
00. We combine this with the Lin condition and refer to results from Lin (1997) and
Pakes (2001) to conclude that the distribution G with density g is M-determinate.
This, according to Proposition 1, guarantees the identifiability of the mixture H. O

4 Mixture models of an exponential type

Let us analyze a mixture model (X, ) assuming that the mixing distribution G and
the power series function A have a special form, in particular, that they both are of an
exponential type.

We use the standard notation RV (p), where p € (—00, 00), for the class of mea-
surable and positive functions u(t), t € [0, 0c0), which are regularly varying at infinity
with exponent p. Recall that u € RV (p) means that u(tx)/u(t) — x” ast — oo for
all x > 0. If the exponent is p = 0, then RV (0), usually denoted by SV, is called the
class of slowly varying functions. For details see Bingham et al. (1989), Feller (1971)
or Gut (2002).

Assumption 1 Let v; = (vy(¢), r > 0) be a positive function such that vi € RV (p1)
for some p; > 0. Define the power series function A = (A(f), t > 0) to be A(t) =
exp[v1(¢)], 7 > 0. We also assume that A () is an infinitely differentiable function with
the Taylor/Maclaurin expansion A(t) = Z,fio ay t* converging for any ¢ > 0; hence
the radius of convergence of A(t) is p4 = oo. Finally, we assume that all coefficients
ar, k=0,1,2, ..., are strictly positive.

Assumption 2 Suppose that G = (G(¢), t > 0) is an absolutely continuous distri-
bution function with density g of the following exponential type:

g) =cu(t)exp[—v(?)], t>0.

Here u and v are positive functions such that u € RV (pp) and v € RV (p,) for some
po > —1 and pp > 0; ¢ > 0 is a normalizing constant.

We use the functions A and g as described in Assumptions 1 and 2 to define the mix-
ture model (X, 6), equivalently the triplet (F, G, H). AsinSect.2, F;, = Z(X|0 = t),
the infinite power series distribution, is defined by (1). With G = _Z(#) as a mixing
distribution, we use relation (2) and obtain the mixture H.

Theorem 5 Suppose that (X, 0) is a mixture model such that F, G and H are defined
as above. Let p1 and pa be the exponents introduced in Assumptions 1 and 2, respec-
tively. Then we have the following:

(a) if max{p1, ;2} > %, the mixture distribution H is identifiable;
(b) if max{p;, p2} < %, the mixture distribution H is non-identifiable.
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Proof With A, p1, g and p; as in Assumptions 1 and 2, we consider the density func-
tion g(t) := (aog/ho) g(t)/A(t),t > 0. Let G be the corresponding distribution func-
tion and 6 a random variable such that & ~ G. It is seen that g(t) = cu(t) exp[—v(1)],
t > 0, where v(r) = v(t) + v1(¢) and ¢ is the normalizing constant. Moreover,
v € RV (p) with

p = max{pi, p2}.

Since p; > 0 and pp > 0, the random variable 6 has all moments finite. If 5 > 1,
6 has a moment generating function and hence the distribution G is M-determinate.
In this case the conclusion is clear; Proposition 1(b) tells us that the mixture H is
identifiable. If p < 1, there is no moment generating function, so G has a heavy
tail (as + — 00), but it is still possible G to be M-determinate, see, e.g., Stoyanov
(1997). We need a result, see Lemma 2 below, which is essentially due to Pakes et al.
(2001) and Gut (2002). These authors give quite general conditions under which a
distribution is M-determinate or is M-indeterminate. In both cases, however, the value
p = % is critical. More precisely, if p > %, the distribution G is M-determinate, while
for p < % G is M-indeterminate. Therefore, by Proposition 1, we conclude that the
mixture distribution H is identifiable for p > % and non-identifiable for p < % m|

Lemma 2 Let G = (G(t), t > 0) be an absolutely continuous distribution function
whose density g is as in Assumption 2. Then:

(a) G is M-determinate if pr > %;
(b) G is M-indeterminate if py < %

Proof 1t is well-known that decisive for the moment determinacy of a distribution,
in our case G, is the behavior at infinity of its tail 1 — G(¢). This is why we involve
the behavior of the density g(¢) for large ¢. Clearly, g(#) may depend on both regu-
larly varying functions from some class RV (p) and slowly varying functions from
the class SV = RV (0). Recall thatif £ € SV and ¢ > 0, then we have t ¢ £(t) — 0
and 1% £(t) — oo ast — oo [see page 16 in Bingham et al. (1989)]. Combining this
fact with our assumptions and referring to the discussion in Pakes et al. (2001), see
Theorem 1, page 108, we arrive at claim (a). Finally, claim (b) is one of the results in
Gut (2002), namely Theorem 6.1(a). O

5 Tllustrative examples

Example 1 Consider a mixture model (X, 0), where F; = £ (X |0 = t) is the Poisson
distribution with parameter + > 0. This is an infinite power series distribution with
ar = 1/k!, the power series function is A(z) = ¢’ and its radius of convergence
is p4 = oo. Now assume that the random variable 6 has a gamma distribution,
0 ~ y(a,b), for some a > 0, b > 0, so this will be the mixing distribution G.
It is well-known that the unconditional distribution of X, i.e., the mixture H = {hy},
is the negative binomial distribution.
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Thus we ask the converse question: if the result of mixing a Poisson distribution
is the negative binomial distribution, is it true that the gamma distribution is the only
mixing distribution? The answer is “yes” and it follows from Theorem 2.

Indeed, first we use formula (2) and find explicitly the mixture H:

b T (k +a)

H={h. k=0.1...). where hy= —— T4
Uk boowhere i = T @)

The next step is to write the ratio ax/ hi and analyze the behavior of (ax/h Ok,

By using properties of the gamma function and the Stirling formula we arrive at the
divergence of the series in (5). Hence the model (X, 6) is identifiable. In other words,
gamma distribution is the only mixing distribution in this case.

Let us mention that Liixmann-Ellinghaus (1987) has given another proof of the
identifiability in this case by using the infinite divisibility property of the Poisson dis-
tribution. And yet another proof of the same statement is given by Sapatinas (1995).

Example 2 Following Assumptions 1 and 2, let us take the power series function
A = (A(¢),t > 0) and the mixing density g = (g(¢), t > 0) to be of the form:

At) =cy exp[t”], t>0 and g(t) = cpt™ exp[—t], >0,

for some p; > 0, po > —1 and pr» > 0. We follow the same procedure as described
before and define the mixture model (X, 0) and its triplet (F, G, H). The identifiability
of the model depends on the values of p; and p3.

The identifiability of gamma-mixture of the Poisson distribution, see Example 1,
is not surprising in view of Theorem 5. Simply, in this case A(r) = €', so p; = 1.
Moreover, pg = a — 1 for some a > 0, pp = 1 and hence p > 1.

On the other hand, for a fixed power series function A(t) = c¢; exp[t”!] with

exponent p; € (0, %), the mixture distribution H is identifiable or non-identifiable
according to whether the exponent (of the mixing density g) is py > % or p» < %

Example 3 How to deal with mixture models (X, #) involving the exponents p; = %

and p, = %? Clearly this boundary case is not covered by Theorem 5.
Let us consider a power series distribution F; = { f(k|t)} defined as follows:

1 ¢
f(kll)=P[X=k|9=l]=®m, k=0,1,2,....

The random variable X takes values in the set Ny and we find explicitly the following
compact expression for the function A(z):

1 le+1
At:—(‘ﬁ ‘*/;)z——, t>0.
=7 e 2 i T
Let us take the mixing distribution G with the density g given by

1
g(t) = 5e—W, t>0.
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It is clear from the expressions for the functions A and g that indeed p; = %,
P2 = % Theorem 5 cannot characterize the identifiability of the mixture H. Our

conclusion will be based on the properties of the density g(¢). We use the Krein-Lin
techniques. First, we easily check that the Krein quantity for g is divergent: K[g] =
00. Thus we need the behavior as r — oo of the Lin function L[g(¢)]. Since here
L[g(1)] = (In2)"'re' /(e + 1), we easily see that this function is ultimately mono-
tone and diverging to infinity, i.e., the Lin condition is satisfied. Hence the distribution
G is M-determinate, and by Proposition 1, the mixture H is identifiable.

Example 4 1f we want to consider a mixture model with p; = % and p, = %, we can
take the power series distribution F; = £ (X|0 = t) = { f(k|t)} to be given by

1 ik
fkin = PIX =Ko =1]= o e k=012,

where

1 1
A() = 1 (e’l/4 —+ e_’w) + 5 cos (tl/4) , t>0.

This explicit expression for the power series function A(¢) was found by using For-
mula 5.2.7.10 from Prudnikov et al. (1992).
Suppose now that the mixing distribution G has the following density g:

—13 . ..
gt) =ce """, t>0 (cisanormalizing constant).

From the expressions for A and g we have indeed that p; = le P2 = %

The next step is to see that the density g of the distribution G has the following tail
behavior:

gy ~c¢ (e_tl/3 + e_[m) for large 7.

There are different ways to find the answer to the question of whether the mixture
H obtained from these A and G is identifiable or non-identifiable.

We are in a good position to apply Theorem 5(b). Crucial is that in this case p =
max{p1, p2} = % < % Even without referring to this Theorem, we see that a random
variable with density g(t) = ¢ g(¢)/A(t), where g and A are given as above, has all
moments finite. In order to establish the moment indeterminacy of the distribution G
whose density is g, we examine the Krein quantity K[g]. We easily find that K[g] < oo.
Therefore, see Slud (1993), Lin (1997) or Stoyanov (1997, 2000), the distribution G
is M-indeterminate, and in view of Proposition 1, the mixture distribution H, based
on A and G in this case, is non-identifiable.

Another approach is to try to apply Theorem 2(b). We know the coefficients a; and
use formula (2) to calculate /. Even though we cannot find explicit expressions for
hy, we can use some properties of the gamma function and the Stirling formula and
show the convergence of the series > ;| (ax/ hi) 172k and hence the finiteness of the
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Carleman quantity. Then we have to check that the density g(t) = cg(t)/A(t),t > 0,
is ultimately log-concave. Thus the non-identifiability of the mixture H will follow
from Theorem 2(b). The details are left to the reader.

Example 5 Here is a case which is “close” to Example 4. We consider the same power
. . . . . . .. . _ 4173
series distribution F} as given above, and instead of the mixing density g(t) = ce™’ ! ,

now we take the following one:
U 34
g(t) = Zt e , t>0.

The mixture model (X, 6) is well defined and if we repeat the same reasoning
as above, we arrive at the conclusion that in this case the mixture distribution H is
non-identifiable. Perhaps the reader can recognize that g(z) = %{ 134 e"m, t >0,
is exactly the density of the random variable &4, where & ~ Exp(1). The distribu-
tion with density g is M-indeterminate, see, e.g., Stoyanov (1997, 2000). The non-
identifiability of the mixture H is a consequence of the “slow” exponential growing
rate of the power series function A(f) as + — oo. Here the rate is equal to 1/4. If
the rate were 1, as for the Poisson distribution, under the same mixing density g (the
density of £%), the mixture distribution H will be identifiable.

6 Comments on related topics

(a) When studying mixture models with non-identifiable mixture distributions H,
we can make further one essential step. Namely, we are in a position to write
explicitly “many” (in fact infinitely many) mixing distributions, a whole family
G, ¢ € [—1, 1] such that any G produces the same mixture H = {hy}. For this
purpose we have to construct a Stieltjes class for the M-indeterminate distribution
G, see Stoyanov (2004) and Stoyanov and Tolmatz (2005). We do not provide
details here.

(b) In our recent paper, see Lin and Stoyanov (2002), we have considered a model
of the type (S, N), where N is an integer-valued positive random variable and
S is the sum of N independent copies of a given random variable X. Our goal
in that paper was to study the moment determinacy of the compound sum S,
which is different from the questions discussed in the present paper. These two
questions, the moment determinacy and the identifiability of mixtures, can be
studied simultaneously.
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