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Abstract In this paper, we investigate the goodness-of-fit test of partial linear regres-
sion models when the true variable in the linear part is not observable but the surrogate
variable X, the variable in the non-linear part 7' and the response Y are exactly mea-
sured. In addition, an independent validation data set for X is available. By a transfor-
mation, it is found that we only need to check whether the linear model is plausible or
not. We estimate the conditional expectation of X under a given the surrogate variable
with the help of the validation sample. Finally, a residual-based empirical test for the
partial linear models is constructed. A nonparametric Monte Carlo test procedure is
used, and the null distribution can be well approximated even when data are from
alternative models converging to the hypothetical model. Simulation results show that
the proposed method works well.
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1 Introduction
The following partial linear model has received considerable attention:
Y =X"B+g8(T) +e, )

where Y is a scaler response variable, X and T are respectively d-dimensional and
m-dimensional covariates, 8 is a d-dimensional column vector denoting regression
coefficients, g(-) is an unknown measurable function, and e is the random error with
E(e|X, T) = 0. Here and afterward t stands for the transpose. The expectation of X
is assumed to be 0 without loss of generality, and m, the dimension of T, is assumed
to be 1 for simplicity. All the theoretical results below can be extended to the case
m > 1. There is a lot of literature on the estimation of this model. Among others,
Wang (2003) developed an estimating theory when there is measurement error in the
response and validation data are available.

To avoid wrong conclusions and make efficient inference, it is necessary to do a
model checking before performing any further statistical analysis. There are several
proposals available in the literature for model (1) under different scenarios. The null
hypothesis is

Hy:EY|X,T)=X"B+ g(T), 2)

for some B and g(-). When all involved variables, (Y, X, T'), are observable, Zhu
and Ng (2003), among others, were the first to consider testing this null hypothesis.
Relevant methods are found in Stute and Zhu (2005) for the single-index model, and
Stute et al. (2008) for parametric models.

In practice, we may encounter the situation where the covariates are not fully
observed. In the presence of validation sample, one observes independent replicates
(X;, X;, T;), 1 <i < n.Independent of these validation data, the primary data set in
which the covariates measured with errors are sampled as (Y, X i»Tp),n+1=<j<
n + N from (Y, X , T) rather than (Y, X, T'), where the relationship between X and
X is not specified in this paper. This type of data set for errors-in-covariates models
with validation sampling may emerge when not all the covariates X for the full study
cohort can be exactly measured due to limited budget. If a surrogate covariate X for
X exists, we can use it in the study.

Some strategies can be used to handle the scenarios with incompletely observed
data. In the situation that the covariates (X, T') are exactly measured, but the responses
are missing, Sun and Wang (2009) considered the testing problem for the null hypoth-
esis of (2). Xu et al. (2012) constructed a test to check the parametric structure of
g(-) when the responses are missing. Xu and Guo (2013) proposed a test for the case
where covariates are missing at random. Dai et al. (2010) considered the goodness-
of-fit test for a general linear model when the covariates are measured with errors
and an independent validation data set is observable. Wang (2003) investigated the
estimation of partial linear error-in-response models with validation data. For partial
linear errors-in-covariates models with validation data, the testing problem has been
paid less attention. This paper considers the goodness-of-fit test for the partial linear
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Nonparametric check for partial linear models 795

model, in which X is measured with error and both ¥ and T are measured exactly.
In addition, there is a surrogate variable X for X. For this purpose, a residual-marked
process-based test is suggested and no condition about the relationship between X and
X is assumed. As the limiting null distribution is intractable, nonparametric Monte
Carlo method (NMCT) proposed by Zhu (2005) is applied to calculate the p value.
Similarly as the conclusions in Zhu and Ng (2003), when (Y, X, T') are exactly sam-
pled, the proposed test also has the desirable features: (i) the test is consistent for the
global alternatives; (ii) the local alternatives can be detected when it is distinct from
the null hypothesis at rate close to N /2 enough.

The rest of this paper is organized as follows. In Sect. 2, the test statistic will be
constructed and the asymptotic properties under the null and local alternative will be
investigated. Section 3 presents the NMCT procedure. In Sect. 4, numerical results are
reported to examine the performance of the test. The proofs of the asymptotic results
are postponed to the Appendix.

2 Test statistic construction
2.1 Motivation

Suppose that the validation data set {(X;, X i Ti)?=1} is independent of the primary

sample set {(Y}, X I3 Tj);fiflv 1 }. Further, similarly as the conditions in Wang (1999),
suppose that (f(i, T)),i = 1,...,n and ()~(j, T)),j=n+1,...,n+ N are iid.
covariates, and that the connection between X and X in the primary data set is the
same as that in the validation data set, although in the primary data set X is not
observable. We assume that X and e in model (1) are independent. For instance, a
popular measurement error is e with X = X + & which is independent of model error
e. When there exist measurement errors in covariates, regression calibration transfers
the errors-in-covariates model to a classical regression model (see among others Wang
1999 and Stute et al. 2007). Thus, model (1) can be rewritten as

Y =u"(V)B+g(T) +n, 3)

here V.= (X, T),u(V) = E(X|V)and n = e + X" — u” (V)B. Note that under the
null hypothesis, some elementary calculation yields that

EM|V) = E[E(e+ X"B—u"(V)B|X, X, T)|X,T)
= E[E(e|X,T)+ X"B—u"(V)BIX, T]
=u"(V)B—u*(V)B =0. )

Also, by the condition that E(e|X, T) = 0 and the independence between e and X
when X is given, we can derive easily that E(e | X, T) = 0 as

E(e|X,T) = E[E(e|X, X, T)|X,T] = E[E(e|X, T)|X, T] = 0.
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796 W. Xu, L. Zhu

Model (3) can be further re-written as

Y —g1(T) = (V) — g2(T)* B + 1, ®)

where g1(T) = E(Y|T) and g>(T) = E(u(V)|T). Hence, the testing problem is
converted to testing whether the linear model in (5) is plausible or not. Equation (4)
implies that E[n|X, T] = 0, and this yields that

EI(X <X, T<1n]=0

for all X and 7.
Therefore, the corresponding empirical version of the left-hand side of (6) can be
used as the basis for constructing a test statistic:

3 1 n+N o . _ }
TNGE ) =—= > V=@ (VDB —2TNI(X; <X Tj<1),  (6)
VN A
j=n+1
where $(T) = 81(T) — $>(T)" B. The terms &1(V), B, 81(T), 2(T) and §(T) are the
estimators of u(\7), B, g1(T), g2(T) and g(T), respectively, which will be specified
later. The proposed test statistic is defined as

CVy = / (Tw(X. T)2dFy (X, T), )

where Fy is the empirical distribution based on {(f(,H], Tos+1)s .-, (f(nJrN, ThsnN)}-
The null hypothesis will be rejected under large observed values of CVy.

It is worth mentioning that this test statistic is not scale-invariant, which seems
to violate a very important requirement for test statistic construction. However, we
will see that when we use a Monte Carlo procedure to determine p values, it is self-
standardized. This is a desirable feature as we need not estimate variance with a
complex structure. We will see this in the next section.

2.2 Estimation of 8 and g(7T')

As described above, several unknowns need to be estimated under the assistance of
the validation data. First the nonparametric kernel estimator #(V) of u(V) in (3) is
defined as

Lo D XK (Vi = V) /by)
av) === A
S Ki((Vi = V) /by)

®)

for any V. Here, K (-) is a d + 1-dimensional kernel function, and b,, is a bandwidth
to be selected.
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Nonparametric check for partial linear models 797

The estimators for g1(7") and g>(T) we use are defined as

n+N n+N
2T = D Wiy, and &)= D WiV,
j=n+1 j=n+1

where

Ko(T = Tj)/hn)

Wi(T) = :
! S Ko (T = Tj)/hy)

K> (-) is a one-dimensional kernel function, and /4 is also a bandwidth to be selected
later.
For B, we use an estimator 8 which is the minimizer of the following over all §:

n+N

> [y -arwps—arp]

Jj=n+1
It has a closed form as

=+ g @(V)) = &(T)) @) — (1))
= Nj=n+1u j) = &U)wlVj) — &
1 n+N B
x~ > @) = &T)(¥j — gi(T))).

Jj=n+1

Consequently, an estimator of g(7") is
() = §1(T) — g5 (DB

Remark 1 Duetal. (2011) developed an estimating approach for nonparametric func-
tion with measurement errors in covariates, under the case that the explanatory variable
is univariate. This paper does not investigate how to get the nonparametric estimator
when the dimension of explanatory variable is more than one. In our paper, in the
case that 7T is not observable, the corresponding data set is then constructed by a val-
idation dataset {(X;, f(i, T,-, T;)!_,} and a primary sample set {(Y; XJ, T; )"_n+1}

Corresponding to (2.1) in the paper for constructing statistics, under this data set with
t unobservable, we have

Y = E(X|X, T)B+ E(g(DIX,T) +1, )
where 7 = ¢ + X'B + g(T) — E(X|X T),B E(g(T)|X T) Because both the

terms E (X |X T) and E (g(T)lX T) in (9) are nonparametric functions of X T it
is difficult to estimate them. As a result, it is not easy to check the corresponding
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798 W. Xu, L. Zhu

model when T is not observable and it deserves further study. Another issue is about
curse of dimensionality when we use nonparametric estimation with high-dimensional
V = (X, T) such as that in (8). In our approach, the estimation still suffers from this
problem, and thus it is of importance to investigate this in a further study.

2.3 Asymptotic properties of the test statistics

We now state the asymptotic properties of Ty (X, 7) and CVy. To well present the
results, let Uy (X, 1) = E[u* (V)I(X <X, T < 1)), £ = E{(u(V) — g2(T) (V) —
g2(T))"} and

LY, X, T;%,1)
=Y —u"(V)B—g@NIX < T <t)— ¥ —g(T)FIX|TI(T <1)
U, 07 (V) — g2(T)[u(V) — g2(T)1" B,
H(X,X, T;x,1)
=X —u(WV)'BIX <X, T <0)—UE DT (V) — gAT))
{(X —u(V)" B},
JYr, Xi, Ty, X, 1)

NCES o
= ——— N1 Yk, Xp, Ti; X, ) [ (k > n)
~ 1
VN N ~
_YNet ) )J2(Xk, Xi, Tis X, )1 (k < n),
n

where F (f( |T) is the conditional distribution of X given T'.

Theorem 1 Under Hy and the conditions in “Appendix”, we have that

n+N \/—

NG ) =—= D LY, X}, Tj; )——Zfz(x,,x,,n,x 1)
ﬁj:n+l i=1
n+N
WV N
Z "+ I, R, Tt &, 01K > n)
«/n+N

N N N
——V(”’L)Jz(xk, Xp, T £ 01k < n>} +0,(1)
n
n+N

R Z J (Ve X, T, 2.0 + 0, (1)

converges in distribution to T(X,t) as N goes to infinity in the Skorokhod space
D[—o00, +00]PT! where T (X, t) is a centered continuous Gaussian process with the
covariance function
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Nonparametric check for partial linear models 799

E(TG, )T (%2, 1) = EJY, X, T, %, 01)J(Y, X, T, %2, ).

Therefore, C Vy converges in distributionto CV = f T(X,T)*dF (X, T)with F(-,-)
being the distribution function of (X, 7).

To study the power performance of the test, consider the following sequence of
alternative models:

Hy: Y =XB+g(T)+CnyGX,T) +e, (10)

where E(¢| X, T) = 0 and the function G (-) satisfies E(G*(X,T)) < 00.LetG(V) =
E(G(X, T)|V), model (10) can be rewritten as

Y =u"(V)B+g(T) + CnG(V) +¢, o
=+ XB—u"(V)B+CnG(X,T)— CnG(V), (11)
u(V) = EX|V).

The following theorem shows how sensitive the test is against the local alternatives.

Theorem 2 Assume that the conditions of Theorem 1 hold. Then under Hy, of (10),
ifCN\/ﬁ — 1, Tn(x, t) converges in distribution to T (X, t) + G« (X, t), where

Gu(E 1) = —E"(NI(X < 5.7 = 015~ (EGW (X = u(V)I"B)

+E(GWu(V) = g2(DI}) + E(G)I(X; < & T) < 1)

is a non-random shift function and CVy converges in distribution to f (CV(x,t) +
G (X, 1)2dF (X, 1). IfCyN" — awith—1/2 <r <0anda # 0, Ty (%, t) converge
to infinity in probability.

Theorem 2 means that the test can distinct the local alternatives from the null
hypothesis at the rate N~" with 0 < r < 1/2. This rate is the possible fastest rate in
goodness-of-fit testing.

3 Monte Carlo approximation for null limiting distribution

Theorem 1 shows that the limiting null distribution is intractable. The assistance from
Monte Carlo approximation is often helpful, and the nonparametric Monte Carlo test
(NMCT) procedure in Zhu (2005) is promising. This method has been successfully
applied to model checking such as Zhu and Ng (2003). An important feature is that
NMCT is a self-scale invariant procedure, and thus standardization of test statistic is
not necessary and then the variance need not to be estimated.

The following three steps present the procedure for determining p values.
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800 W. Xu, L. Zhu

(I) Denote ex(k = 1,2,...,n+ N) as independent variables with mean zero and
variance one, and let E,,4 y := (ey, ..., en4+n). The conditional counterpart of
Ty (x, 1) is defined as

1 n+N

Tn(En: %, 1) = ———= » exd (Y, X, Te, &, 1)
vn+ N ;
where f(Yk,}N(k,Tk,i,t) is the estimator of ](Yk,f(k, Ty, X, t), which is
defined as
~ ~ N A ~
J 0 X T 5oty = Y22 v R T £.01 Gk > )
VN
VN(@m+ N)

(X, Xi, Tis £, )1 (k < n),
n
where

(Y, X, T;%,1)
=Y —a" (VB —gMNI(X <X, T <1)— (Y — g1(M)FIX|TIU(T <1)
U7 @) = (T)IAV) — g2(D" B, (X, X, T: %, 1)
=X —a(V)BIX <%, T<t)—0;87!
X (Vi) — g2(TN((X; — a(Vi)* B,

and U I Y and F [f( |T] are the estimators of Uy, ¥ and F [)N( |T], respectively.
That is,

n+N
U=~ > a"(Vl(Xx < 5. Te <),
k=n+1
n+N
= D @) = g2T)@(Vi) — §2(To)",
k=n+1
n+N

FIXIT) = —= >, WeD)I(Xi = X).
k=n+1

The resultant conditional test statistic is
TV (Ey) = / Ty (Ex: 5.0y (E. 1),
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®
7 nl+N ’
ing m values of CV y(E,4+n). Without loss of generality, denote them as

CVNED Di=1,...,m.

(IT) Generate m sets of E, 4y, say E i =1,...,m, and get the correspond-

n+
(III) The p valueisestimatedby p = ny/(m+1).Here n; = Z;"Zl I{E‘VN(E,(,?N)ZCVN}
with I{EVN (ED )=CVy) being an indicator function. Reject Hy when py < o

for a pre-specified level «.

For the consistency of this NMCT, we can refer to Zhu (2005) for details.
The following Theorem 3 indicates that the conditional distribution based on the
Monte Carlo algorithm can avoid this trouble at least under local alternatives.

Theorem 3 Suppose that the conditions in Theorem 1 hold. Under Hy and Hy, with
Cn — O, for almost all sequences

{(Yn—H’ Xﬂ-‘rlv 7—;‘[4—1)’ ey (Yn-l—Nv Xn-‘va Tn—‘rN)v .. '}s

the conditional distribution of CVy (E,4+nN) converges to the limiting null distribution
CV in Theorem 1.

This theorem indicates that the NMCT makes the approximate distribution close to
the null distribution, even under the local alternatives. This is an desirable feature in
goodness-of-fit testing.

4 Numerical analysis

To examine the performance of the test, we conduct several simulation studies. Let
K(t) = (15/16)(1 — )21 (12 < 1), K1 () = K (1) []_, K (&) and K2(1) = K (1) as
the kernel functions. See Hirdle and Mammen (1993), and Zhu and Ng (2003) for the
use of these kernels. Note that selecting an optimal bandwidth in hypothesis testing is
still an open problem and is beyond the scope of this paper. In this section, we choose
the bandwidth as iy = 6 (T)N~'/3 with 6 (T') being the empirical estimator of the
standard deviation of variable 7', which satisfies condition C.5 in Appendix. Similarly,
the bandwidth b,, is chosen to be b, = & (V)n~1/3.

To examine the sensitivity of the bandwidth selection, we consider several values
of the bandwidth: hyg = hy = 6(T)N~'3, hyy = 0.56(T)N~'/3 and hy, =
26 (T)N '3 for fixed b, = 6 (V)n~1/3.

Study 1. Consider the model

Y=XB+ (T?—1/3) +aX?>+e
X=X+r¢,

where X, T, e and ¢ are independent respectively from the standard normal distribu-
tion, the uniform distribution on [0, 1], the standard normal distribution and a normal
distribution with mean zero and standard deviation 0.50. The value of parameter 8 = 1
in the simulation. The null hypothesis holds if and only if @ = 0.0.
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802 W. Xu, L. Zhu

Table 1 Simulated size and power with the sample size N = 100 and n = 100, and different a in Study 1
for the model Y = X8+ (T? = 1/3) +aX? +e, X = X +¢

a hn1 hno hna

0.000 0.058 0.054 0.052
0.100 0.078 0.064 0.076
0.200 0.086 0.088 0.084
0.300 0.174 0.160 0.168
0.400 0.250 0.230 0.238
0.500 0.368 0.344 0.384
0.600 0.508 0.462 0.478
0.700 0.636 0.658 0.628
0.800 0.760 0.716 0.738
0.900 0.810 0.794 0.798
1.000 0.884 0.878 0.856

Each simulation experiment is repeated 1,000 times, and to determine critical val-
ues, the NMCT procedure is repeated 1,000 times. In general, the results show that the
test is not very sensitive to different bandwidth. For space saving, we only present the
simulated results with n = 100 and N = 100 in Table 1. From it, we can see that the
power with smaller bandwidth £y is slightly higher than that with other bandwidths,
but not significantly.

The size and power of the test are simulated witha = 0.0, 0.1, 0.2, ..., 1.0, and the
sample sizes N = 100, 200, 300 and n = 100, 150. Also, each simulation experiment
is repeated 1,000 times, and to determine critical values, the NMCT procedure is
repeated 1,000 times. hAyg = hy = &(T)N~1/3 is used. The simulation results are
summarized in Table 2. We can see that the test can maintain the significance level well
in general. For power performance, the larger the value of a is, the more the power.
This is reasonable. For fixed n and a, the power is higher under larger sample size N.
For example, in the case n = 50 and a = 0.5, the values of the power are respectively
0.206, 0.400 and 0.520 under N = 100, N = 200 and N = 300. Similarly, for fixed
N and a, the power performance is also better under larger validation data sample size
n.

To examine the power performance when X and 7T are correlated, we further con-
sider the above setting with the Pearson correlation coefficient 0.50 between X and T'.
The results are reported in Table 3. The results suggest that the trend is very similar as
that in Table 2. It is reasonable that the larger the parameter a is, the more powerful
the test is. Also large sample size leads to higher power. Compared with Table 2, we
can see that when N is small, the correlation does not seem to significantly affect the
power performance, whereas it does when N is large, say, N = 300.

Study 2. Consider a high-frequency model in the nonparametric component:

Y = XB +sinxT) +aX?>+e
X=X+¢,
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Table 2 Simulated size and power with the sample size n = 50 and n = 100, and different @ in Study 1
for the model Y = X8+ (T2 = 1/3) +aX? +e, X = X +¢

a n =50 n =100
N =100 N =200 N =300 N = 100 N =200 N =300

0.000 0.056 0.058 0.059 0.054 0.056 0.056
0.100 0.068 0.076 0.116 0.064 0.070 0.088
0.200 0.084 0.100 0.124 0.088 0.152 0.198
0.300 0.118 0.142 0.254 0.160 0.296 0.362
0.400 0.138 0.248 0.366 0.230 0.456 0.636
0.500 0.206 0.400 0.520 0.344 0.702 0.838
0.600 0.296 0.494 0.688 0.462 0.836 0.968
0.700 0.354 0.642 0.808 0.658 0.940 0.986
0.800 0.480 0.800 0.892 0.716 0.974 0.992
0.900 0.556 0.830 0.956 0.794 0.988 1.000
1.000 0.618 0.926 0.982 0.878 0.996 1.000

Table 3 Simulated size and power when X and T are correlated in Study 1

a n =50 n =100
N =100 N =200 N =300 N =100 N =200 N =300

0.000 0.058 0.052 0.047 0.058 0.052 0.046
0.100 0.081 0.062 0.064 0.088 0.073 0.060
0.200 0.086 0.073 0.070 0.120 0.128 0.133
0.300 0.097 0.130 0.132 0.163 0.209 0.265
0.400 0.116 0.202 0.219 0.256 0.376 0.546
0.500 0.231 0.306 0.352 0.357 0.578 0.777
0.600 0.254 0.448 0.574 0.440 0.801 0913
0.700 0.370 0.608 0.771 0.601 0.886 0.990
0.800 0.439 0.752 0.908 0.688 0.960 0.996
0.900 0.586 0.876 0.953 0.796 0.997 1.000
1.000 0.642 0.916 0.990 0.883 0.994 1.000

where X, T, e and ¢ are respectively from the ¢ distribution with freedom 4, the
standard normal, standard normal and normal distribution with mean zero and standard
deviation 0.50. The value of parameter is also 8 = 1. The null hypothesis holds if and
only ifa = 0.0.

The simulation results are summarized in Table 4. The conclusions may be very
similar to those obtained from Table 2 of Study 1. We then do not repeat the relevant
comments.

For readers who are interested in our method, the Matlab codes will be provided
upon request.
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804 W. Xu, L. Zhu

Table 4 Simulated size and power with the sample size n = 50 and n = 100, and different a in Study 2
for the model Y = X8 + sin2nT) +aX%+e, X =X +¢

a n =50 n =100
N =100 N =200 N =300 N =100 N =200 N =300

0.000 0.038 0.058 0.058 0.036 0.052 0.054
0.100 0.060 0.096 0.160 0.064 0.070 0.140
0.200 0.100 0.142 0.210 0.102 0.200 0.268
0.300 0.150 0.264 0.368 0.174 0.304 0.518
0.400 0.174 0.380 0.550 0.240 0.474 0.784
0.500 0.214 0.464 0.672 0.300 0.714 0.882
0.600 0.292 0.556 0.788 0.438 0.800 0.922
0.700 0.316 0.662 0.816 0.488 0.858 0.952
0.800 0.380 0.752 0.888 0.566 0.862 0.940
0.900 0.416 0.766 0.882 0.616 0.902 0.946
1.000 0.458 0.768 0.890 0.620 0.906 0.950

5 Appendix: Proofs of the theorems

The following conditions are assumed.

C.1 T = E{(V) — g2(T))(u(V) — g2(T))"} is a positive definite matrix;

C.2 g1(1), gor(¢) (the rth component of g2 (¢t) forr = 1, ..., d), g(¢t) and u(V) satisfy
the Lipschitz condition of order one;

C.3 The density of T, say r(¢), exists and satisfies

0 < inf r(t) < sup r(t) < oo.
0=r=1 0<t<1

C.4 There exists a constant C > 0 such that N/n < C.
C5 As N — o0, V/Nhy — 00, VNh% — 0. Asn — oo, nby " — o0 and

nb2k — 0fork >d+ 1.
C.6 (i) The density of v, say fy (v), exists and satisfies

> NPLfp(V) <yl < o0
N=1

for a positive constants sequence ny > 0. (i) fy (v) has bounded partial deriv-
ative of order one.

C.7 sup; E[Y?|V =] < oo and E(||X|?) < oc.

C.8 The kernel functions K;(-) and K»(-) are bounded with bounded support, and
Ki(-) and K, (-) are kernels of order k(k > 2).

Remark 2 Conditions C.1 and C.7 are the necessary conditions for consistency of
relevant parametric estimators. Conditions C.2, C.8 and C.5 are typically needed for
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the asymptotic property of the nonparametric estimators. Condition C.3 avoids the
cumbersome proofs for the theorems. Without it, a truncation technique is needed
because certain denominators in the estimator are close to zero.

Lemma 1 Under Hy and Hy, with all the above conditions, we have
Y —> ¥ as. (12)

Proof of Lemma 1 Under Ho, Wang (1999) proved the relevant asymptotic property
of ¥ in (12). We now prove that in (12) under Hj,. Note that

£ nivm?» — £(T@AV)) = §(T))"
_N:n_H u( j) 82( j) (u J 82( j)v

with

e XKV = V) /by) niN .
av) = — . 8(T) = W, (T)a(V;),
S K= Db j:nZH A

we know that 3 depends only on the covariates, but not the response. Hence, the
limiting behavior of ¥ under Hj, is the same as that under Hy. The proof is finished.
O

From the following lemma, we can also get the asymptotic representation of
VN (B — B) under Hy when Cy = 0 although it is about the asymptotic result under
Hy,.

Lemma 2 Under Hy, and the above conditions, we have

VNGB - PB)
1 n+N ~ o 5
= ﬁﬁ_l j:Zn}rl[u(Vj) —@(THICNG(V)) +¢; — (Y; — g1(T)))]

N o o ~
N D VD) = g2(T) = CNGVDIX; — u(V)" B

n i=1

1 n+N

— (7t —x! Cyw(Vj) — g2(T))G(V;
+Jﬁ( ),;H N@(V) = 2TNG (V)

I (el w1\ N 2 TNY 5Ny
o (571 - 37) G —u @ p +op(D. (1)

i=1
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806 W. Xu, L. Zhu

Proof of Lemma 2. Denote v/N(f — ) = £~ 'Aand G(V;) = E(G(X, T)|V;). We
have

n+N

1 ~ ~
A=— > @)= 2T = g1(T) — [a(Vy) — g&2(THI"B)
WjIn-i—l
1 ’i’:v i i _
=—7= W (V) — g2(Tj) + u(Vj) — u(Vj) + g2(Tj) — 82(T))
WjIn-i—l

x(CNGW)) +¢+ g1(T)) = &1(T)) = [a(V)) — u(¥))

+ &2(T) = LTI P).
which can be further decomposed as

n+N

A= ﬁ j§+1 ([u(V)) — g2(THICNG(V)) + &1+ [a(V)) — u(V))]
x [CNG(V}) + ¢]
+[82(T)) — &2(THIUCNG(V)) + &1 + [u(V)) — g2(TPI[g1(T)) — §1(T))]
+ (V) — u(V)Ig1(T)) — g1(T)] + [82(Tj) — &2(T)1lg1(T;) — §1(T))]
—[u(Vj) — g2(TPIAV;) — u(VHI" B — [a(V)) —u(VHIa(V;) —u(V)1 B
—[82(T)) — &(THIEWV)) — u(VHI B + (V) — g2(TH1&2(T)
—&(THI'B
+ [a(V)) — u(V)I[82(T)) — g2(THI"B + [82(T)) — &2(T1[&2(T))
—2(THI*B)

= A1+ A+ A3+ A4+ As+Ag— A7 —Ag — Ag+ Ao+ Air + A, (14)

For the term A5 in (14), we note that
IV 1V

fi)  fr (Vo
_ WV —uVo) fy (V) AV — i) f3 (Vi) (Fy (V) = £ (V)

A(Vi) — u(Vi) =

fo (Vo) Fo (V) £ (Vi)
where
. R Vi — ¥ A 1 < Vi—1
I(U)=W§XiK1(T)7 f&(U)ZW;Kl( by )
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Then
1S W) —uVp fp V) L
Ay = — = [CNnG (V) + ¢l +o0p(D)
ﬁj=zn;rl fy (Vi) S
n+N n (X;— u(V NK; (V V) o
[CNG (V) + &1+ 0p(1)
\/‘/Zﬂ}rl bd+1 z f\?(vj) N J J P
n  n+N 1 (X; — M(Vj))Kl (‘7 \7) o
CnyG(V; i 1
;}Zﬂ;l NpTTT ) [CNG(V)) + 1+ 0,(1)
= “/T_ZCNG(V,-)(X,- —u(Vi)'B +0p(1). (15)

i=1

Deal with the term Aj. It can be calculated that

1 n+N o
Ay =—— 8>(T) — g2(THICNG(V; ;
3 ngl[gz( ) — ©(THICNG (V) + ;]
=—— Wi (T){a (Vi) — ”(Vk)}i| [CNG(V)) + )]
\/ﬁj:n-i-l k=n+1 ! ! !
1 n+N n+N _ o
—_ Wi (T; Vi) — T |[CNG(Vi)+ ]
W~_Zn:+1[k-§l W(THu (Vi) — ga( »] NG(Vj) +¢;
A [(Vi) — M(Vk)f (Vi)
= Wi (T)) v [CNG(V)) + &1+ 0,(1).
JN ;M;l ' fo (V) e

=A31+ A3+ A33+ Az4+0,(1),
where the definitions of the terms A3 ; (i = 1, 2, 3, 4) are as follows
n+N n+N

(1/nbdY 30 (X — u(V) K1 (Vi — Vi) /by)
Az = —— Wi (T ) L S
f1§r1k§rl Sy (Vi)

A~ 1 - 1
x[CNG (V) + ¢ fy (Vi) > zf‘;(Vk) > En};],
n+N n+N

A32——T > D W)

j=n+1k=n+1
(l/nbd“)Z L@(Vy) = u(VO)Y K1 (Vi = Vi) /bn)
fv(vk)
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808 W. Xu, L. Zhu

~ o~ - 1 . 1
x[CnG(V)) + & U fy (Vi) > —f(/(Vk) > —77}/],
n+N n+N

v V, -
M= 33 Wy =N ")fv( k)[CNG<Vj)+€j]
\/_ j=n+1k=n+1 fV

A~ 1 - ~
xI[fy (Vi) < —f(/(Vk), Fo (Vi) = nyl,
n+N n+N

IV —uVfe(Vi) .~
Wi (T;) — [CNG (V) + ]
\/— —zn}rlk%l o fV(Vk) ! ’ !

< I fy (Vi) < nyl.

3,4 =

Following the derivations for pY N“, D/[\;]]z, D%]B and D%ll 4 on Page 58 of Wang
(1999), we can obtain that A3 1 = 0,(1), A32 = 0,(1), A33 = 0p(1) and A3 4 =
op(1), respectively. Consequently,

Az =o0,(1). (16)
Denote
1 n+N Ty —1 R 1 n+N Tp —1
i =5~ > nk(E—), == Y K(5—).
Nhy 2o, hy Nhy S, hn

For A4 in (14), it can be decomposed as

| IAE\ G(T;) — g1(T) fi(T}))
Ag=—— Vi) — g(T; +o0p(1
4 ﬁj:znlﬂ[u( ) — g2(T)] ) 0p(1)
I L - a4
=—— Vi) — go(T; +0,(1
W,-;HM i = ey P2 7T 0,(1)
n+N
=——= > (Vo) — g2(T)1Yk — g1(Tk)) + 0, (1). (17)
\/_k:n—i-l !

Consider A7 in (14). We have
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ﬁ\

]

il
= 2 V) = @IV —u(VpI'p
=n+1
1 IV —uW) fo 7D\
> (V) — gx(T; )](( D= 1wl ’)) B +o0,(1)

ﬁ] =n+1 fo(Vj)
| N 1 n ) (Xi—u(‘N/j))Kl(‘z;l‘?i) tB+op(1)
- /N ,% Yyl Z;,[“(Vj)—gz(Tj)] A
IR

—Z [u(Vi) = g2(T)1(X;i — u(Vi))"B. (18)

We can similarly prove that all the other terms in (14) are equal to 0, (1):
Ai=o0,(1), 1=5,6,809,..., 12 (19)

From (15), (16), (17), (18) and (19), we obtain

n+N
A= \/_ﬁ j%l[u(vj) = e(THICNG(V)) + ¢ — (Y — g1(T)))]
N — - . -
—\/T_ Z[M(Vi) —82(T)) — CNG(VDI(Xi —u(Vi) B+ 0, (1).
i=1

Combining with Lemma 1 for the asymptotic property of 3, we have

n+N
VN@B - B) = ﬁz ! ;l[um S (THICNG (V) + ¢ — (Y; — g1(T))]
N o o -
YN D [u(Vy) — ga(Th) = CnG(V)I(Xi — u(Vi)' B
n i=1
1 R n+N . o
+ﬁ<2*1 -7 D CnV)) - g2:(T)G(V))

j=n+1

T ZH:CNé(m(xi —u(V)"B + 0p(D).
VN !

i=1

The proof is concluded. O
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Proof of Theorem 1 Under H), the test statistic in (6) can be decomposed as

+
Tn(F.1) = T Z Tj<1)
- n+N
@) —u(V)) BI(X; <X, T; <1)
f}%l J J J J
1 n+N . . R
|y 2 wONIE 5T =0 | VNG =)
j=n+1
1 ’i" 5
- (&(T) —g(TNI(X; <% T; <1)
\/Nj:n+1 J J J J
n+N . _ R .
> @) —uV) B-pIX; <X, T;<1)
\/_] =n+1
=ITn1—Tn2—Tn3—Tna—Tns. (20)

We have, for Ty > in (20),

" AV —uVi) f; (V) B
Ty r=— = I(X,<x, T <1t
i \/_ Z+ fyr (Vi) k=50
1 <fV(vk>—fv<vk)>(~z(vlf)—y<vk>fv(vk»fﬂ R <3 Th <)
VN 2 Ty Vi) 7 (Vi)
1S AV —u fe o) L
- I(Xy <%, Ti <t)+o0,(1)
N o (V) e=n ’
_ iv 1 im((@—Vk)/bn)(x,-—u(vk»fﬂ
VN A= bt S fy (Vi)

xI(Xy <% T <1)+0,(1)

:i—NZ(Xi —u(‘N/i))fﬁI(Xi <% T <t)+op(l). @1

Recall the definition of ¢ (¢) and ﬁ(t) as follows,

1 n+N Tj—l R n+N
Wiy 2 1R (50) £ = e 2K (5
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For Ty 4 in (20), we have the following decomposition:

N
Tna = J__ Z @1(T) — U (TN (X < X, T <1)
- n+N
1 R e
7% D> (@(T) — g(T) BIX; <X, T; < 1)
k=n+1
1S @ - 1T AT |
=—= > I(X; <% Tj<1)
VN 5=, J1(Ti)
S iN T =TNGTI=01 TSI | 4 27
VN A F:(T) fi(Ti) |
n+N .
7% D> @) — (T BIX; <%, Tj < 1)
k=n+1
1 @I - 1T AT |
=— > I(X; <% Tj<1)
ﬁk:nﬂ Ji(Tx)
n+N
7% D (@M — (T BIX; <X, Tj < 1) +0,(1)
k=n+1

=:Tn41 — Ty a2 +o0p(1).
For Ty 42 in (22), it can be proved that

1 n+N n+N i ) T ~ ~
TN,42=—\/_N Z Z W (T) (Elu(Vi)| Til— Elu(VHIT; D BI(X; <X, Tj <t)
k=n+1 j=n+1
1 n+N n+N ) )
- Wi (T)H(E VIIT:1— V)® I}? ~’T.
ﬁk%l/‘;ﬂ FTEu(VIIT;] —u(V;) BI(X; <x,T;<t)
1 n+N n+N
>3 WG —w ) AR < 5Ty <0
\/_k =n+l1 j=n+1
=o0p(1).

As a result, the term Tx4 in (20) can be further derived as

Tna
1S G0 — &1(T) /(1)
= t I X ’ T 1
v Nk:%] Tt (Te) Xj=xT; <) +op(D)
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812
_ iv L K (Vs = Vi) /) (Xi — u(Vi)™ B
VN k=n+1 nby ! i=1 fy (Vi)
xI(Xg <%, T < 1) +0p(1)
1 n+N .
= N Z (Y; —gu(T))EUX < )IT;H(Tj <1)+o0,(1). (22)
Jj=n+1
For Ty 5 in (20), we have
Ty.s = 0,(1). (23)

Together with (20), (21), (22), (23) and Lemma 2 under H), it can be obtained that

TN(i,I)
1 n+N . \/N n B -
= (X, <x,T; <t)— — Xi —u(V))'BI(X; <X, T; <
ﬁjgﬂ‘” X =¥ Tj=0—— ; w(V) BI(X; <%, Ti <1)
—— (Y; — a1 (T))E(X < X)|T)I(Tj <1)
\/_j=n+l
—E[u"(WIX <% T <0OIVN@B—B)+0,(1)
1 n+N . \/ﬁ n 5 -
= (X <x, T, <t)— — Xi —u(V)'BI(X; <X, T; <
ﬁj§+15, X =¥ Tj=0—— ,-;( w(V) BI(X; <%, Ti <1)
-—— Y —gi(T)HHEUIX <OIT;|I(T; <1t)
\/ﬁj=n+]
_ ~ 1 n+N _
—E[u"WMIX <%, T < t)]z—l(\/_ﬁ jzzn‘;l(u(vj) — 8(T)))e;
N — - -
—g D w(Vi) — ga(T)(Xi — u(V;)' B
i=1
1 n+N ~ B
7% j;l(wj) — (T))(Y; — gl(T,-») +0p(1)
1 n+N

=5 2 (1) 5T =0 =0 =t T FKITT; <0
j=n+1

—EW (NMIEX <5, T <0157 @(V) - e2T))le; — (¥ = 21(T)])

_g Z ((Xi —u(V) BI(X; <%, T;<t) — Elu" (V)I(X <%, T<0)]="!
i—1
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x@(V) = g2(T){(X; = u(V)" BY) +0, (1)
n+N

= Joiw 2 Z J Yk, Xp, T, %, 1) + 0, (1), (24)

where J (Y, Xx, Tk, X, ) is defined in Theorem 1. Hence Ty (%, 1) convergesto T (X, t)
in distribution in the Skorokhod space D[—oo, +oo]Pt. Here T (%, 1) is a centered
continuous Gaussian process with the covariance function

E(T (%1, 1)T (%2, ) = EJ(Y, X, T, %1, 11)J (Y, X, T, %2, 12)).

According to_the continuous mapping theorem, CVy converges in distribution to
CV .= f T(X,T)2dF(X, T).Hence, Theorem 1 is proved.

Proof of Theorem 2. Under the local alternatives Hj, in (11), similarly as the deriva-
tion under Hy, we have

n+N
TG0 = - > @+ CNGII(R) <5, T <1)
j=n+l1
~ T D~ I < 2 T <
1 n+N )
‘/—jal(yj_gl(Tj))E[I(XSJZ”T]']I(Tj <1

—E[u"(MI(X <%, T <)IWNB - B) +o0p(1). (25)
Note the asymptotic property of /N (B — B) in (13) under Hj,. We have

TN()Z, 1)
n+N o _
=— D> @G +CNGV)I(X; <X, Tj <1)
\/N j=n+1
N DX —u(V) BI(Xi <%, T; <1)
n
i=1
n+N
DY = g (TELX < BIT](T; < 1)
\/_ et J J J
—E"(V)I(X <%, T <1)]
n+N _ o _
270 DT (V) = @a(@HICNG (V) + ¢ — (V) — g1(T))]
j=n+1

1
(=
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N n . o B
YN > [u(Vi) = g2(Ty) = CnG(V)I(Xi — u(V))' B
n i=l1
1 R n+N . L
+TN(E_1 -z ,;H Cnu(Vy) — g2(T)G(V))
1 o~ P Y -
7 & = ETh L On G~ uy B) +0p(1). 26)

In the case that Cy = N~1/2, the term Ty (%, 1) in (26) can be further calculated as
follows:

TN(f,I)
n+N } )
N \/_Nj;rl <§fI(Xf <X Tp<t)— (Y —g(T)FIX|T;I(T; < 1)

—E"(MI(X <. T < D1Z (V) — ea(T)[g; — (V) — gl(f,-))])

XI(X < 5,7 = 017 (V) = g2(T))(X; = u (V)" B))
—EW (MIEX <57 <015~ (E(GW)(X —u(¥))"B)

+E(GW[u(V) = g2(DN)) + E(GWNI (R = £.T) < ) +0p(1)
=TX, 1)+ Gu(x, 1) +0p(1). (27)

Here, the definition of G, (X, ) is in Theorem 2. As a result, when Cy = N -1z
Tn(x,t) converges to T(x,t) + G.(x, t) in distribution. In the case that Cy = N”
with 7 > —1/2, we have

Ty (x,t) — oo. (28)

According to (27) with Cy = N~!/2 and (28) with Cy = N” (r > —1/2), Theorem
2 is proved. o
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