Ann Inst Stat Math (2015) 67:773-791 @ CrossMark
DOI 10.1007/510463-014-0475-8

On estimation in hierarchical models with block
circular covariance structures

Yuli Liang - Dietrich von Rosen -
Tatjana von Rosen

Received: 16 February 2013 / Revised: 19 February 2014 / Published online: 31 July 2014
© The Institute of Statistical Mathematics, Tokyo 2014

Abstract Hierarchical linear models with a block circular covariance structure are
considered. Sufficient conditions for obtaining explicit and unique estimators for the
variance—covariance components are derived. Different restricted models are discussed
and maximum likelihood estimators are presented. The theory is illustrated through
covariance matrices of small sizes and a real-life example.
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1 Introduction

Mixed linear models offer large flexibility in modeling data structures consisting of
multiple levels of nested groups. These models are also known as multilevel models
or hierarchical linear models (see e.g. Searle et al. 1992; Demidenko 2004). Hierar-
chically structured data naturally arise in various applications including sociology,
education, biology and life sciences.
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When modeling such data it is important to take into account the sources of variation
present at different levels of the hierarchy (see Hox and Kreft 1994; Goldstein 2010).
The presence of symmetry in the data at one or several levels yields a patterned
dependence structure within or between the corresponding levels. Symmetry here
means that dependency between neighboring units remains the same (invariant) after
are-arrangement of units. Properties of patterned covariance matrices in mixed linear
models which are obtained under symmetry assumptions have, for example, been
studied in Nahtman (2006), Nahtman and Rosen (2008), Rosen (2011) and Liang et
al. (2012).

In this article the following hierarchical mixed linear model is considered:

y=uly,+Z1y; + Zry, +¢, (1

where y is a p x | vector of observations, p = njny, p is an unknown constant,
Y1 :n2 x 1,y,: p x1and e are independently normally distributed random vectors
with zero means and variances—covariance matrices > > 0, ¥, > 0, and ol | P
respectively. Here Z} = 1,,, ® 1, Z2 = 1, ® I, 1, = (1, 1,..., 1), i.e.acolumn
vector of size s with all elements equal to one, I is the identity matrix of order s, and
® denotes the Kronecker product. Thus,

y~ Np(uly, X),

2
Y =712+ 2y + 0%,

The covariance matrix ¥ in (2) may have different structures depending on ¥| and
Y. In this article, the covariance matrix X : ny X nj is assumed to be compound
symmetric, i.e.

D :UIInz +U2(Ji12_1n2), 3)

where o1 and o are unknown parameters, J; = 1; 1;, and the covariance matrix
Y5:p X p,in (2), is assumed to have a block circular pattern:

[n1/2]
D= ) SCh®Z “
k=0

where the notation [-] stands for the integer part, ¥ k1 g unstructured, and SC (k) :
ny X nj is defined in the following way:

1, ifli—jl=korl|i—jl=n; —k,
SC(k));; =
(SCW®s [0, otherwise,
where k € {1, ..., [n1/2]}. For notational convenience denote SC(0) = I,,.

The covariance structure defined in (4) has been studied by Olkin (1973). In this
article, we additionally impose the compound symmetry structure on X%+ in (4). To

@ Springer



On estimation in hierarchical models 775

facilitate inference about parameters of interest, we will use the following expression
of ¥ 2:

5=1,0 XV +(J,, —1,)®Z?, 5)

where X is a symmetric circular Toeplitz matrix, # = 1, 2. The equivalence of the
expressions (4) and (5), when X**! is compound symmetric, is shown in Liang et al.
(2011).
Note that the matrix ¥® = (al.(jh)) in (5) dependsonr,r = [n1/2]+ 1, parameters,
andfori,j=1,...,n1, h=1,2,
o _ | Tl 1=, if|j—il =r—1,
Y Tny—|j—i|+14+(h—1)r» otherwise,
where the rés are unknown parameters, and taking into account that 7 = 1,2, the
indexg =1,...,2r.

Estimation of parameters in (1) faces several challenges, among others identifiabil-
ity issues. For example, one cannot distinguish between 7| and o2, We will show that to
obtain explicit maximum likelihood estimators (MLEs) with interpretable parameters,
the only possibility is to consider restricted models, i.e. constraints on the elements of
the factor(s) included in the model or, equivalently, on the corresponding covariance
matrix, must be imposed.

Several different kinds of constraints exist that are sufficient to guarantee the identi-
fiability of the covariance parameters which, however, yield different types of covari-
ance matrices. In particular, certain natural ways of constraining (reparameterizing)
a random factor that preserves the structure of the original covariance matrix will be
outlined, among others invariance assumptions. Reparameterization issues have been
considered, for example in VanLeeuwen (1997) and Nahtman (2006).

The organization of this article is as follows. In the next section, we provide some
results concerning spectral properties of block circular symmetric covariance matrices
and the estimation of eigenvalues. In Sect. 3, a new approach to finding identifiable
parameters and obtaining explicit MLEs for (co)variance parameters by considering
restricted models is presented. The model and the proposed approach are illustrated
with examples in Sect. 4 and a real data application in Sect. 5.

2 Maximum likelihood estimation

The main goal of the article is to find maximum likelihood estimators for the unknown
parameters p and 6, § = (62, 01,02, 71, ..., T2) in model (1). Let Yi,.-.,Y¥n be
a random sample from N,(ul,, ¥), and define ¥ = (yi,...,y,). Then, vecY ~
Nup(lyp, I, ® X), where X is specified in (2), and vec(-) denotes the vectorization
operation putting columns underneath starting from the first. Using the loglikelihood
function

1 1
InL(p. 2)=c— 11, ®Z| - E(VecY—ulnp)’(In ® )" (vecY—pul,),
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776 Y. Liang et al.

where ¢ = —%np In (27), the MLE for u is easily derived, i.e.
f=01,,I,® X Y1, "1, (I, ® X~ "vecY.

Since 1), is an eigenvector of ¥ and 1,,, =1, ® 1,,, we get

1
= 1,1,,)""'1) vecY = El;pvecY,

i.e. [t is an OLS estimator.

The next step is to estimate #. This will be achieved using the MLEs for the eigen-
values of ¥ and the following theorem which concerns the linear representation of
distinct eigenvalues of X in terms of (co)variance components 6 (see Liang et al.
2012).

Theorem 1 Let n be a vector of the 2r distinct eigenvalues of X defined in (2). Then
N can be expressed as:

n=1L90, (6)
where
L= (B::B>), (M
and
1 ny  nyny—1)
e ) (1),
L4 0,1 0,

0,1 is a column vector of size r — 1 with all elements equal to zero, and A = (a;;)
is a square matrix of size r with

e — 210<i<r cosm (i — 1)(ny — j + 1)/ny), if ny is even, ®
U 210<i=0 cosu (i — 1) (ny — j + 1)/ny),  if ny is odd

where I (-) is the indicator function and i, j = 1,...,r.

The maximum likelihood estimators of the eigenvalues in 7, given in (6), as well
as their distributions will now be derived. Let D(n) be a diagonal matrix with the
distinct eigenvalues 7y, ..., 2, of multiplicities my, ..., ma, 212;1 m; = p,on
the main diagonal. Let Q be the orthogonal matrix where columns vy, ..., v, are the
known orthonormal eigenvectors generating the corresponding eigenspace. Thus, ¥ =
0D (n) Q. Due to the symmetry assumptions (compound symmetry and symmetric
Toeplitz), the eigenvectors v;, i = 1, ..., p, are completely independent of the ¥
elements, see Liang et al. (2012).
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On estimation in hierarchical models 777

Replacing u by its MLE, 1, we get for the likelihood function

L(p,n) < L(jx,n)
— (zn)f%pnw(") f%ef%tr{[D(n)]’1 Q’(Yﬂllpl;)(Yfﬁlplg)’Q}’
where tr(-) denotes the trace of a matrix.
Let H = Q'(Y-1,1,)(Y—(1,1,) Q and H; = diag(H) = (h). Then L({, n)

can be expressed in terms of ;, i = 1,...,2r,i.e.,

L(fi, m) = @m) 2" D=3 2P Ha)

. 2r 1 2r k—+m;

1 —(m; )2 —

= (27) zanni (nm/)exp _EEZnil 2: it )
i=1 i=1 j=k+1

where k = Zle my—1 and my = 0. Taking the logarithm in (9) and differentiating
with respect to n;, we obtain the following normal equations

~ k+m;
dln L, n) nm; 1 1
T=—Tlf+—2 E hj =0. (10)
771 771 2771 j=k+]

Solving the equations in (10) yields the MLEs for n;:
= — hi,i=1,...,2r, 11
ni n Z jo v r (11)

since L(p, ) < L(it, ) < L(L, 1).
In the next proposition, the distribution of MLE for 5; will be derived.

Proposition 1 The MLEs of n;, 7);, are independent x? distributed random variables,
i=1,,2r with iy ~ Byl and i ~ G xE L =2, 2

Proof Let Q be as in the proof of Theorem 1. Since 1, is an eigenvector of X,
premultiplying vecY by I,, ® Q' we obtain

In® Q/)VCCY ~ an(M[ln ® (\/_7 0,..., O)/]v I, ® D(n)),
where D(n) is a p x p diagonal matrix with the eigenvalues of ¥, given in Theorem

1, on the main diagonal, i.e. the model can be split into 2r independent models. Define
w,=>U,® v;)vecY, where v; are the known eigenvectors of X', and let

yi = wi,
yi = vec(w;, wy,—i+2),
Yra1 = vec(Wp 41, W2 415 -+ - > Wnp—Dng+1)
Viti = vec(Wy i, Won —i+2, Won 4is Wang—i42s « - > Wa—Dnj+i> W(na—yn —i4+2)s
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where i = 2, ..., r. Then we have

S’] NNn(«/Eﬂlna ml1y),
yi ~ Nnmi(os nilnml-)si =2,...,2r,

where m; is the multiplicity of n; (see Liang et al. 2012). It turns out that x and 1
are estimated through §;. The MLE of n; is 1 = 1§, (I, — 11,1/)§1, and the MLE
of n; is 7); = n%,,}_f’,’-f’i, i =2,...,2r. Hence, i ~ Byl | and il ~ Jlyl
i =2,...,2r, which completes the proof.

An alternative method to estimate n;,i = 1, ..., 2r, is to use restricted maximum
likelihood estimation (REML), in which the basic idea is to eliminate the bias due to
mean parameters when estimating variance components (see Patterson and Thompson
1971; Searle et al. 1992; LaMotte 2007). In model (1) with only one mean parameter
u, the REMLs for n;’s are the following

. 1 . 1 .
N1.REML = — 1)"1 (In - ;lnlﬁl) Vi,

and, fori =2,...,2r,

1
o o~
Ni,REML = —Y;Yi-
nni;

Itis noteworthy thatfori =2, ..., 2r,%; RemL=7i ML and 71 REmL=7"7 171, ML- Hence,
the difference between MLEs and REMLs of variance components in model (1) is very
small. Moreover, the problem of over parametrization always exists, no matter which
method, MLEs or REMLs, is applied. Therefore, in the subsequent, only the MLEs of
variance components will be considered.

Now using (11) we get the following estimator of X':

2=0D@MQ.

Since the covariance matrix ¥ is a linear combination of the three covariance
matrices X1, X, and 021, the elements of X are functions of the unknown parameters
in 0, ie. ¥ = X¥(0). If the number of unknown parameters in X' (size of 6) equals
the number distinct eigenvalues of ¥ (size of ), the MLE for # has an explicit
expression, e.g. see Szatrowski (1980), which can be obtained by solving the system
of linear equations (6) when n has been replaced by its MLE, and ¥ is a MLE.

The next proposition establishes a relationship between the number of elements in
0 and 7.

Proposition 2 The difference between the number of unknown parameters in X and
the number of distinct eigenvalues of the covariance matrix X defined in (2) equals 3.

Proof Recall that ¥ given in (2) is a linear combination of the three covariance matri-
ces, i.e.
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On estimation in hierarchical models 779

=721z + X + o’
——— —— ~—~—
2 parameters 27" parameters 1 parameter

(12)

Thus there are 2r + 3 unknown parameters in X', whereas there are only 2r distinct
eigenvalues of X. ]

According to Proposition 2 we have to put at least three restrictions on the parameter
space to use the MLEs of the eigenvalues to estimate # explicitly. Since o2 in (12) is
connected to the random error, a restriction on o2, i.e. o2 is a known constant, will
not be considered. Thus, there are two scenarios. Either one can put one constraint on
¥’ and two constraints on X', or alternatively one can put three constraints on X'5.

Observe that  in (6) is not only a function of unknown covariance parameters in
0, n = n(0), but also a function of the distinct eigenvalues

AP = T AT = 2, A2 AR, ., A2, and AT

il 1r »

of X1, ¥, and 021, respectively, i.e. § = n(le , Xzz, AI):
=2l TG e {1+ 1) + A7

where h=1+1G>r+1),j=i—r(h—1)andi=1,...,2r.

It turns out that instead of putting constraints on @, it is reasonable to impose
constraints on the eigenvalues of the covariance matrices ¥ | and ¥». The advantage
of this approach is that the corresponding eigenvectors will specify the constraints to
be imposed on the factor, which usually are interpretable, and at the same time keep
the original symmetry assumptions. However, in practise the constraints are part of the
model assumptions which have to be verified against data. Below, we present model
restrictions which are called Scenario 1 and Scenario 2. Observe, that the maximum of
the likelihood will not be affected by the choice of the different scenarios. Therefore,
the likelihood cannot guide us which model should be used, only the observed data.

Scenario 1 One constraint is imposed on the spectrum of ¥'| and two constraints on
the spectrum of X'». Two possibilities for imposing constraints are given by

() Ag' =0,A;7 =0and A7 =0,8.h € {1.2}, g #h;
(i) Az' =0,Ay7 =0and A;> =0,g.h.i € {12, g #h, j €2 ....r}

In fact, the condition AZE ''= 0in (i) is very restrictive, since in this case o] = 0y =
cov(yik, 1), k, I = 1, ..., ny, i.e. the covariance matrix X; in (3) becomes equal to
01J n,. In the subsequent we will only consider the case when )lel = 01in (3).

Using the relationship between the eigenvalues A2 of X, and the elements of X
(see Liang et al. 2012, Corollary 2.6), conditions (i) and (ii) can be expressed in terms
of constraintson § as K;0 = 0,i = 1, 2, where
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780 Y. Liang et al.

01 (np—1) 0, 0,

K =(00 0 a; (np—Day |, (13)
00 0 a —a
01 (np—1 0, 0,

K,=]10 0 0 a) —a; |, (14)
00 0 a;j —(1—m)*"a;

anday : v x I and a; : r x 1 are the corresponding rows of the matrix A defined in
®),he{l,2}and j €{2,...,r}.

Scenario 2 Three constraints are imposed on the spectrum of X'5:

(iii) Agf = O0and 2,7 =0,g = 1,2,h € {1,2}, j € {2,.... 7).
Condition (iii) can also be expressed as K360 = 0, where

000 a (ny — Day
Ki=(0 0 0 a —ap |, (15)
000 a —(1-n)*'a;

anda; : rx land a; : r x 1 are the corresponding rows of matrix A defined in (8).

For a better understanding the meaning of restrictions (i)—(iii), their implications
for the factors y; and y, in model (1) will be studied. Let v : n2 x 1 be any non-zero
vector satisfying v'1,, = 0, and let {v;} be the eigenvectors corresponding to r distinct
eigenvalues of ¥ () specified in (5), h = 1,2 and v; # 1,,. Then Scenario 1 and
Scenario 2 can be formulated as follows:

Scenario 1: (alternative formulation)

(iv) 1,,y,=0, 1’[,y2=0 and (v ® 1,,,)'y,=0;
W 1,7,=0,®®1,)y,=0and CAm v))y,=0,he{l,2}, jel2,....r}.

Scenario 2: (alternative formulation)

i) @87'®1,,)y,=0and V" '®@v;)y,=0,g=1,2,h €{1,2},j € {2,....,7}.

It is noteworthy that the restrictions in Scenario 1 and Scenario 2 only yield different
reparameterizations of § due to § = (K ;)"0?‘, but they result in the same estimate of
1 (invariance to reparameterization of ), since n = L(K)°0; and L(K)? is of full
rank, i =1, 2, 3.

3 Explicit MLEs of variance parameters

In the previous section, different types of restrictions were described to derive
estimable (co)variance components. These restrictions will be shown to yield explicit
MLE:s of the (co)variance parameters. Let 8 be the vector of the unknown parameters
in model (1) under any restriction given by Scenario 1 or Scenario 2, i.e., (i)—(iii).

Theorem 2 Model (1) has explicit MLEs for 0 if one of the conditions (i)—(iii) holds.
Proof The restriction K;6 = 0,i = 1,2,3, 0on 0 in = L@ is equivalent to § =

(K)?0}, where (K})°: (2r 4+ 3) x 2r is a matrix in which columns generate the
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On estimation in hierarchical models 781

orthogonal complement to the column vector space of K and 8 2r x 1 is the vector
of unknown parameters in model (1) which is determined by restrictions (i)—(iii) given
in Scenario 1 and Scenario 2. If L(K)? is invertible then 8 can be estimated. Now
observe that r(L(K})?) = r(L' : K}) — r(K?}), and r(K}) = 3. Due to the structure
of L and K, given in (7) and (13)—(15), respectively, e.g.

"

1 L., 1 1.1 0 0 0

o mo 0 om0l 0 0
(LK) = | momzb 0, —m 0, im-1 0 0
A ) A'/ 0;, al ) a/l,

(np—1HA —A Y (na—1)a} —aj

we find that (L' K}) = 2r +3. Thus, r (L(K})°) = (2r +3) —3 = 2r, i.e. the matrix
L(K)? is of full rank, and therefore is invertible. Hence, n = L8 = L(K)°#7 and
07 = (L(K)*) ™. o

Corollary 1 The MLEs for the vector of the unknown parameters 07, i = 1,2, 3, in
model (1) under any restriction given by Scenario 1 or Scenario 2 are the following

6 = (L(K)*) ™4, (16)

where K;, i € {1,2, 3} is given in (13)—(15).
Corollary 2 The estimator 0A,*, i = 1,2,3, is a linear combination of independent
x 2-distributed random variables.

Proof Follows from (16) and Proposition 1. O

Theorem 3 The MLEs obtained for 6 under conditions (i)—(iii) given in Scenario 1
and Scenario 2 are unique.

Proof In § = L(K})°0] the vector of unknown parameters 7 is determined by
restrictions (i)—(iii) given in Scenario 1 and Scenario 2, and  and L are fixed by the
structure of the covariance matrix X specified in (2). Uniqueness of (K)? yields the
uniqueness of MLEs for #. Assume, that there exist two matrices (K;){ and (K})$ such
that(K;.)‘j0;‘ =0, j=1,2.Then, L[(K}){ — (K/)510; =0, and since L : (2r +3) x 2r
withr(L) = 2r, [(K}){—(K})$10] = 0 which means that (K}){ = (K})$. Therefore,
the matrix (K) is unique, and the theorem is established. O

Up to now it has been shown that there exist one unique (K ;)”, i=1,2,3,butno
explicit expression for it has been given.

Proposition 3 The structure of the matrix (K')? is uniquely determined by the choice
of restrictions given in (i) in Scenario I and equals
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782 Y. Liang et al.

—(ni—l) O

-2 =-2... -1
/\NO __
(K})° = . (17)
-2 -2... -1
O Iy
Proof Due to the relationship A*2 = B, (Liang et al. 2012), we have
ki =aj(m = (=)’ ),

where a; is the jth row of the matrix A defined in 8),i = 1,2, j = 1,...,2r,
and T = (7, 75)" with 7| = (71, ..., %), T2 = (Tr41, ..., ©2r). According to (i)

in Scenario 1, Afv‘lz = 0 and )»2212 = 0, which yields the following system of linear
equations

A =@ — (1= n)Ta) =0, "
Jyp = ai(t) — 1) =0,
wherea; = (1,2,...,2,1).
Solving the system of equations (18) yields
a|t) = 0, (19)
aity = 0, (20)
which is the equivalent representation of restrictions )\1212 = 0 and )»2212 = 0 yet in

terms of T = (71, 72)’.
The restrictions on the elements of X in (19)—(20) can specifically be expressed
as

r—1
T =—ZZIZ-—7:,, 21
i=2
r—1
Tl =2 Ty — Ty, (22)
i=2
which together with the constraint o1 = —(n> — 1)o», as a consequence of AIEI =0,

yields a restricted vector of parameters
* _ o2 ’
1 =(0%,02, T2, ..., Ty Tr42, - -+, T2)

of length 2r.
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On estimation in hierarchical models 783

The matrix (K'))? satisfying @ = (K|)?87 is then constructed as a block-diagonal
matrix comprising four blocks which correspond to the unknown parameters o2,
(o1, 02), T1 and T3 in . The structure of these blocks is determined by the restrictions
in (i), i.e. 01 = —(ny — 1)o7y and those obtained in (21)—(22).

It is easy to check that in model (1) the vector of unknown (co)variance parameters
2
0 = (U 7017027 Tlv LR ) Tr’ Tr+1’ LR ] TZr)/,

under restrictions (i) given in Scenario 1, i.e. K0 = 0, where

01 (n, — 1|0, 0,
K, =100 0 a; (np — Day
010 0 aj —daj
0[1 (n, —1H)|00...00 0 0 0 0
=[lolo 0 [12..21m—D2ma—1)...2m—-1) (a—1) |,
010 0 12...21 -1 -2 -2 -1
becomes
T:(02a0'2772’---,Tryfr+2w--,f2r)/7
and (K))°67 = 0, where the matrix (K)? is defined in (17). a

As an illustration consider

1 0 0 0|0 o o2

0 ~(m=Dl0 0[]0 0] —(ny — Doy

0 1 0 0|0 o0 o

0 0 |2 —1]0 0 o2 -1
(K0 = |0 0 1 olo of]®]= o

0 0 0 1|0 o0 & T

0 0 0 0]—2 —1 ? s — 15

0 0 0 0|1 o0 6 75

0 0 0 0|0 1 76

Let us now consider (ii) in Scenario 1, i.e. )inlz = 0 and )\ksz =0,ke{l,2},je
{2,...,r} (when AIE‘ = 0) which due to A2 = B>t equal

)»2212 = ai(r1 —12) =0,
P 2—k (23)
)‘kj = aj(t1— U —n)""7;)=0.
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784 Y. Liang et al.

From (23) the following two restrictions on the elements of X, can be obtained

-1 ~
2—najp — (aji—han) Qa;i,—na 2)
(2 — ajz) =2 —aj) n2— a,2)
faji—aj 2aj,—ajs
-2 u)t ._(#)Q’ (24)
;(Z—aﬂ e 2—ajp "
r—1
n—1 2n—aj; n—aj,
Tr42 = 1+
AR —ap) Zn@—a,z) A2 —ap)
2—a; l—a;
—Z LI L (25)
2—ajp 2—ajp

where i = (1 —n2)> 7%, k € {1,2}, and a; is defined in (8),7, j = 1,....r
The specified restrictions in (24)—(25) together with the constraint o7 = —(np —
1)o», as a consequence of AIEI = 0, yield a restricted vector of parameters

2 ’
Z(G ’0'271'1,~-~7Tr,fr+3s~-~’7:2r)

of length 2r.

The matrix (K%) is then constructed as a block-matrix comprising four blocks
which correspond to unknown parameters o2, (01, 02), T1 and T,. The structure of
these blocks is determined by the restrictions in (ii), i.e. 0 = —(n2 — 1)o» and those
relations presented in (24)—(25). The matrix (K’)? is presented in the next proposition.

Proposition 4 The structure of the matrix (K%)? is uniquely determined by the choice
of restrictions given in (ii) in Scenario 1 and equals

—(ni—l) O

/NO __ I,
(K3)* = ,
by by ... by—y by bry3 ... by—1 by
€1 €2 ... Cr—] Cr Cr43 ... C2r—1 C2r

O I

where b; and c; are the coefficients defined in (24)—(25) for t,4+1 and T3, respectively.

1

Finally let us consider (iii) in Scenario 2, i.e. )LH =0, )\21 = 0, and )LZ2 =0,
ke{l,2},je{2,...,r} which due to A2 = B>t can be expressed as follows

AP =ai(Ti+ (12— 1)12) =0,
WP =ai(r) —12) =0, (26)
aP =aj(ti—(1-n)*Fr)) =0
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On estimation in hierarchical models 785

The restrictions on the eigenvalues in (26) can be expressed in terms of the elements
of X5 in the following way

T = —ZZQ -1, 27
2 2 a2 2ai — 1)
T+l = =272 — _z L Ti = 2 Tr
n (a]2—2) n(aj2—2)
ai; —ajp 2ai, —aj
2 /l J . J J , 28
+Z ]2_ rz+—aj2_2 r ( )
1 1 -2 1
Jji — -
_ = - 29
Tr42 ﬁrz+ﬁi§(a/2_2) +n(a12_2) (29)
ai; —2 ai, —1
—Z L ST — o, (30)
ajp —2

where n = (1 — n2)2_k, k €{1,2},and aj; is definedin (8),7,j =1,...,r
Specified restrictions in (27)—(30) yield a restricted vector of parameters

2 1
= (U 701102’ 7:27'~-1Tr7‘[r+37"'1‘[2r)

of length 2r.

The matrix (K%)? is then constructed as a block—matnx comprising four blocks
which correspond to the unknown parameters o2, (01, 02), T1 and . The structure
of these blocks is determined by the restrictions in (iii), i.e. those presented in (27)—
(30). Hence, the following proposition can be stated.

Proposition 5 The structure of the matrix (K%)? is uniquely determined by the choice
of restrictions given in (iii) in Scenario 2 and equals

[T2] O
I,
(K%’ = b1 by ... b1 by byys ... bo—1 b2 | |,
€1 €2 ... Cr—1 Cr Cr43 ... C2r—1 C2r
didy ... dr_1 d, dr+3 ... dyy doy

O 1,3

where bj, c¢; and d; are the coefficients defined in (27)—(30) for t1, tr4+1 and tr42,
respectively.
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4 Example

In the next example, Propositions 3, 4 and 5 are illustrated, i.e., based on the MLEs
for the eigenvalues 5, via L and (K ;)", i = 1,2, 3, the explicit estimators of the
parameters in model (1) are obtained. When n; = 4, model (1) becomes

y~ N4n2(,ul4n21 ),
3 =Z31Z)+ 22+ 014,

where X1 =011, +02(Jp, — L) and Xy =1, @ ZD + (J,, — 1) @ TP,
where

1 To T3 T2 T4 T5 T T5
2(1) _ |2 2 1 2(2) _ |55 T4 5 Te
3 T T 1|’ T6 Ts T4 T5
T2 13 T2 T1 75 T6 T5 T4

Using Theorem 1, the distinct eigenvalues of X are given by n = L6, where
0 = (062,061,032, 71, T2, T3, T4, T5, Ts)' and

1 4 4(mp—1) 1 2 1 np—1 2(mp—1) np —1

1 0 0 1 0 —1 np—1 0 —(np—1)
I — 1 0 0 1 =2 1 np—1 =2y —1) no — 1

1 4 —4 1 2 1 -1 -2 -1

1 0 0 1 0 -1 -1 0 1

1 0 0 1 -2 1 -1 2 -1

According to Proposition 2, the number of distinct eigenvalues of X' equals 6, and
the number of unknown parameters in X is 9. Thus, as noted previously, the model
is overparametrized. Let now impose the restriction (i) in Scenario 1, i.e. )‘121 =0,
)»1212 = 0 and AZEIZ = 0. In this case, 01 = —(ny — D)oo, 11 = =210 — 13 and 74 =
—215 — 16. The condition AIE‘ = 0 implies that we have the “smallest possible”
covariance between the elements in X'. Moreover, the eigenvalue restriction on X
implies that both X1 and X® are weakly diagonally dominant. Diagonal dominance
is connected to stability of a system and has many applications. In this restricted model,
let 0F = (02, 02, T2, T3, Ts, T). The distinct eigenvalues of X, 5, can be written in
the form » = L(K)°07, where, using the expression in (17),

—(nzl—l) 0

(K}’ = -2 —1
I,

-2 -1

0 :
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which yields
mn 1 0 0 0 0 0 o?
m 1 0 =2 =2 2(0=ny) 20 -n) || o
| |1 0 -4 0 40-ny) 0 1:2
N4 - 1 —41’12 0 0 0 0 3
15 1 0 -2 -2 2 2 zs
76 1 0 —4 0 4 0 T6
The explicit MLE of 87 equals
1 0 0 0 0 0
1 1
I 0 0 — I 0
1 1 1(1
Lo L o ! (— - 1)
A 3 In i\ m .
e (L-1) ta-5 G
4 2n, 4y 2 \na 4 na
1 1
0 0 —I 0 0 %
0 _.L 17 e e
2n,  dnp 2ny 4na

and 7§ was presented in (11).

Let us now impose restriction (ii) in Scenario 1, for example, Af' =0, )Lzllz =0
and )»2222 =0.Now,01 = —(np — )op, 14 = 11 — 13+ 76 and 75 = 1) + 73 — Tp.
Then, 1 — 13 = 174 — 71 = 12 — 5. Thus, the absolute difference between the
elements in X" and X is the same, meaning that random mechanisms generating
> and ¥ @ are similar and proportional to each other. In this restricted model, let

3 = (02, 02, T1, T2, T3, Tg) . The distinct eigenvalues of ¥, i.e. 5, can be written with
the help of

f(nzlfl) O

(K%)° = I3 ,
10 -1 1

O 01 1—|i

which is followed by n = L(K%)?63, or

m 1 0 ny an ny 0 O‘2
n2 1 0 ny 0 —ny 0 o)
n3 _ 1 0 np —2n2 4 — 3}’12 4(1’12 - l) T]
na | |1 —4ny O 0 0 0 %)
ns 1 0 0 0 0 0 13
16 1 0 0 0 4 —4 T6
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The explicit MLE of 65 is

0 0 0 0 1 0
1 1
0 0 0 - L 0
1L L _dm 1(j_ 1
A 4ny 2ny) 4ny 4ny 4 ny
Y R
L= 1L o L o 1(1-21) 1(r_)|" (32)
4ny 4ny 4 na 4 \m
1 1 1 1 1 1 1
W T om0 3 (5 - 1) 3 (1 - E)
oL il 1
4ny 21, 4ny 4ny 4ny

where # is given in (11).
Suppose condition (iii) in Scenario 2 holds, for example, AEI2 =0, )\222 = 0 and
3 + T and

)‘21 =0.Hence, 11 = 210 — 13, T4y =—2T5 —Tg, T4 = nz =

1 e r(, The two last conditions are equlvalent 0T+ 71 =
n2 I —(nz_ltg + 76). Thus, M and X® are weakly
dlagonal dominant, and the absolute value of the difference between the covariances
in XD and ¥ is the same. For this model, let 05 = (02, 01,09, T2, 13, 7). The
distinct eigenvalues of X, n, can be written in the form of § = L(K%)?03, where

1:5: n21

e 0
I
-2 -1
I
K/ 0: ,
(K3) T Tm |

and we have

n 1 4 4np—-1) O 0 0 o2
n 10 0 0 0 0 ol
m | 10 0 0 4 4y -1 o2
4 1 4 —4 282 222 0 o
UK 10 0 14—}12 1—ny 0 3
1
16 10 0 l—rfz 1—ny —4 To
The explicit MLE of 67 is
0 1 0 0 0 0
1 1 1 1
= 0o ! ( - E) 0 0
1 1
i T 0 0 — 5 0 0 o3
3= 1 1 1({1 )
0 7 ~ T 0 0 iln 1
1 2 1 1(1 1 1
0 Z(_E) T 0 z(z—) i\l-n
1 1 1 1
0 = m 0 7 ~an

where 7 is given by (11).
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This section shows that analysis of hierarchical models is a complicated issue which
has to be further exploited. Usually model parameters are the objects which we would
like to receive knowledge about. Moreover, it has been shown that we need to put
restrictions on the parameter space. However, if we do not have a specific data set with
specific hypotheses it is not clear what restrictions should be imposed. In this article,
a few different restrictions have been exploited. It appeared that there exist non-trivial
differences among them. For example, consider the estimate of 62 in (31), (32) and
(33). In 31) 6% = 7, in (32) 62 = f5 and in (33) 6% = 7. Thus, depending on
the model assumption we obtain different estimators, which is in accordance with the
different interpretations of the parameters of the models.

5 A real data example

To illustrate the results presented in this article, data were analyzed which consist of
petal length measurements of a specific Kalanchoe plant. In Table 1 the petal length
measurements made on 11 plants from the same greenhouse are presented. From each
plant, there have been randomly chosen three flowers where each flower has four
petals. Table 1 displays the measurements.

As the arrangement of petals is circular within each Kalanchoe flower, it is reason-
able to assume that the correlation between the observations on any two petals within a
single flower is a function of the number of petals between them. Therefore, a circular
covariance structure is applied to describe the intra-flower correlation. The compound-
symmetric covariance structure is assumed to describe the inter-flower correlation. It
is supposed that all Kalanchoe plants, since they come from the same greenhouse,
have the same mean. Hence, the following mixed linear model is fit to data:

Yi=plo+Ziy,+Zry, +e, (34)

Table 1 Petal length measurements (mm) made on flowers from a specific Kalanchoe plant are presented

Plants/petals
F la 1b 1c 1d 2a 2b 2c 2d 3a 3b 3c 3d 4a 4b 4c 4d 5a 5b 5¢c 5d 6a 6b 6¢ 6d

I 868678807880807.16777817376 70 79 67 58 69 6.7 64 65727065
I 71 6775856478 66687775786475 76 69 80 68 80 72 66 797569 7.6
I 72 6568 73 7.7 73 65 6.6 7579717262 65 69 59 94 85 8.1 94 7260 6.7 7.8

Plants/petals
F 7a 7b 7c 7d 8a 8b 8¢ 8d 9a 9b 9c¢ 9d 10a 10b 10c 10d 1la 11b 1lc 11d

I 767080776662706.1736.6646.065 73 79 69 7459 69 65
I 806.77.186726.77167758009.17876 78 7.8 79 72 8.6 7.8 8.0
7778777266 6762707573828175 76 7.6 7.7 82 8.0 9.3 8.7

Plants, labeled 1, 2, ..., 11, where on each plant three flowers (F), labeled I, 11, I11, with four petals, labeled
a, b, ¢, d, have been collected
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where y; : 12 x 1 is a vector of observations on planti,i =1, ..., 11, u is a general
mean, Z1 = I3 ® 14 and Z, = I3 ® 14 are the incidence matrices for the random
effects, ¥, and y,, respectively, | = (y1, ¥2, ¥3)': 3 x 1 is the random vector repre-
senting the effect of the hth flower, h = 1, 2, 3, of the ith plant, y5 = (y11, ..., y34):
12 x 1 is the random vector representing the effect of the jth petal, j = 1,2, 3,4,
on the hth flower from the ith plant and €; is the vector of random errors, including
model errors. Furthermore, assume that ¥, y, and €; are independently distributed
as N3(0, 1), N12(0, X») and N12(0, 021 1,), correspondingly. The matrices X'| and
XY are defined in (3) and (5), respectively and the covariance matrix of y; equals
X=Z\2\Z|+ X+

To illuminate the proposed technique for estimation of variance components in
model (34) we apply the restrictions specified in Scenario 2 (iii). The MLE for the
general mean (i is iy, = 7.341 and for the distinct eigenvalues 5; we obtain

i, = (1.013,0.250, 0.119, 1.582, 0.346, 0.238)’.

Restrictions (iii) in Scenario 2 imply that the following parameters are estimated:
0*=(0?, 01,02, 12, 13, 76)'. The MLE of 0 =02, 0, 02, 71, T2, 73, T4, T5, T6)' equals

= (0.250, 0.286, —0.047, 0.019, 0.013, —0.045, —0.026, 0.010, 0.006)’,

where T} = =27, — 13,74 = (13 —11)/2+ Tg and T5 = — (T2 +T3) /2 — T6. All estimates
make sense, i.e. none of the variances is negatively estimated. When comparing the
estimates with the estimates of Scenario 1 (i) and (ii) with estimates of Scenario 2 (iii)
itis seen that 2 is smallest when Scenario 2 (iii) holds (6% = 0.250). For the other two
cases 62 equals either 1.013 or 0.346. Since 62 is independent of the other parameter
estimates, 62 mimics the model error. Therefore, it may be stated that among the
alternatives discussed in this article Scenario 2 (iii) fits the Kalanchoe plant data best.
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