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Abstract We provide formulas for the moments of the real and complex noncentral
Wishart distributions of general degrees. The obtained formulas for the real and com-
plex cases are described in terms of the undirected and directed graphs, respectively.
By considering degenerate cases, we give explicit formulas for the moments of bivari-
ate chi-square distributions and 2 x 2 Wishart distributions by enumerating the graphs.
Noting that the Laguerre polynomials can be considered to be moments of a noncen-
tral chi-square distributions formally, we demonstrate a combinatorial interpretation
of the coefficients of the Laguerre polynomials.

Keywords Kibble’s bivariate gamma distribution - Laguerre polynomial -
Noncentral Stirling number of the first kind

1 Introduction

Fort =1,...,v, let X; = (x/i)1<i<p be a p-dimensional random column vector

distributed independently according to the normal distribution N, (u;, X) with mean
vector 4y = (f4ri)1<i<p and covariance matrix X = (0;;)1<;, j<p. We define the (real)
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646 S. Kuriki, Y. Numata

noncentral Wishart distribution W), (v, X, A) by the distribution of a p x p symmetric
random matrix
v
W = (wij)i<i j<p, Wwij = szixzﬁ (D

t=1

where
v
A= Gijh<ij<p, bij = Z,Mn'uzj
t=1

is the mean square matrix. The distribution of W depends on u;’s through A because
its moment generating function is

E[elr(@)W)] — det(] _ 2@2)—%etr(1—2@2)_l®A’ (2)

where ® is a p X p symmetric parameter matrix (Muirhead 1982).

Note that A = 0 if and only if i, = 0 for all #. The Wishart distribution with A = 0
is referred to as the central Wishart distribution W, (v, ¥). Conventionally, the triplet
(v, =, Q) with Q = =~ A is used for describing the noncentral Wishart distribution
rather than (v, ¥, A). The matrix €2 is called the noncentrality matrix. In our paper,
we adopt the triplet (v, ¥, A) for simplicity in describing theorems.

Fort =1,...,v,let

Yt) be a 2 p-dimensional random column vector distrib-
1

uted independently according to the normal distribution with mean vector (if ) and
t

covariance matrix , where A and B are p x p symmetric and skew-

B A
symmetric matrices, respectively. The distribution of a complex-valued random vec-
tor Z; = (z4i)1<i<p = Xi + /—1Y; is referred to as the complex normal distribution
CN,(u, ) with mean p; = (wi)1<i<p = & + ~/—1n, and covariance matrix
¥ = (0ij)1<i,j<p = 2(A + ~/—1B). Actually, ¥ is a “covariance” in the sense of

oij = E[(zyi — i) (@) — tej)]

Here, the overline denotes the complex conjugate. From the complex random vec-
tors Z;, we define the complex noncentral Wishart distribution CW, (v, £, A) as the
distribution of a p x p Hermitian random matrix

v
W = (wiji<i,j<p» Wij = ZZ;;’E‘, 3)

t=1

where
v
A= (Giji<ij<p, 0ij = ZMn‘M_zj
t=1
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Moments of noncentral Wishart distributions 647

is the mean square parameter matrix. As in the real case, the distribution of W depends
on 1,’s through A since its moment generating function is

E[etr(GW)] — det([ _ @E)fvetr([7®2)7l®A’ (4)

where ® is a p x p Hermitian parameter matrix. See Goodman (1963) for the central
case.

The primary purpose of this paper is to obtain expressions for the moments E[w,y
Weq - -~ Wer] of the real and complex noncentral Wishart distributions in terms of
graphs, where a, b, c,d, ... e, f € {1, ..., p} are arbitrary indices.

Considering the cases where the mean vectors p, and the covariance matrix X take
particular values, we will obtain several identities of moments of some distributions
associated with the Wishart distributions. We shall see that the derivations are reduced
to enumerating graphs of various types. This is the secondary purpose of our paper.

The Wishart distribution originates with a paper by Wishart (1928) around 80 years
ago. Since then, it is considered to be a fundamental distribution not only in mathe-
matical statistics but also in other fields such as random matrices theory and signal
processing (e.g., Bai 1999; Maiwald and Kraus 2000). Despite this, the structure of
moments of the Wishart distributions is still an active research topic. In the central case,
Lu and Richards (2001), Graczyk et al. (2003, 2005) provided formulas for moments
of the real and complex Wishart distributions. These studies are based on expansions (V>f
the moment generating functions of the central Wishart distributions det(/ —20%)~ 2.
The graph presentations of moments have also been discussed in these studies. Prior
to these studies, it was known that terms in the expansion of det(I — Y)™* around
Y = 0 have some combinatorial structures (e.g., Vere-Jones 1988), which are closely
related to the problem of Wishart moment. More recently, Letac and Massam (2008)
provided a method to calculate moments of the noncentral Wishart distrilaution by
combining expansions of the moment generating function det(/ — 2®X)™ 2 and the
“noncentral part” e/ 2027104 iy (2,

The outline of this paper is as follows. In Sect.2, we treat the real noncentral
Wishart matrices. Formulas for the general terms of moments of the Wishart distri-
butions are given in terms of undirected graphs. This is an extension of Takemura
(1991), who treated the central case. Then, by letting the mean vectors u; and the
covariance matrix ¥ have particular kinds of structures, we obtain explicit formulas
for moments of the noncentral chi-square distribution, Kibble’s (1941) bivariate chi-
square (gamma) distribution, and the 2 x 2 central Wishart distribution with ¥ = 1.
Noting a formal correspondence between the moments of the noncentral chi-square
distributions and the Laguerre polynomials, we will show that the coefficients of the
Laguerre polynomials have a combinatorial interpretation.

In Sect.3, we treat the case of the noncentral complex Wishart matrices. Major
parts of discussions are parallel to the real case. One remarkable difference is that
moments in the complex case are not described in terms of undirected graphs but
directed graphs.
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648 S. Kuriki, Y. Numata

2 Moments of the real noncentral Wishart distribution
2.1 A graph presentation

In this subsection, we provide a graph presentation formula for moments of the real
noncentral Wishart distributions of general degrees. Our results are generalizations of
Theorem 4.3 of Takemura (1991) where the central real Wishart matrices are treated.
Our basic tool is the following formula for moments of Gaussian random vectors. This
is just a moment-cumulant relation in the Gaussian case. For the proof, see McCullagh
(1987). In the central case p = 0, this is sometimes referred to as the Wick formula.

Lemma 1 (Moment of the real normal distribution) Let X = (x;) be a Gaussian
random vector with mean (v = (u;), and covariance matrix ¥ = (oj;j). Then,

Elxixz - x,] = E Oitin = * Oingy_yiog M1 *** My »

where the summation is taken over all partitions of n indices {1,2,...,n} into
unordered m pairs and n — 2m singletons

(1,02)s .., Gom=1, i2m)s G2ms1)s - - - (n)-

Remark 1 Although Lemma 1 just states an expression for E[x1x2 - - - x,], it indeed
gives general forms of the moments E[x,xp - - - x.] by considering a degenerate case.
For example, we have E [xlxg] = E[X1X2X3], where

X1 w1 o011 012 012
X2 | ~ N3 2|, {o21 o2 02
X3 w2 021 02 02

Throughout the paper, we will use this degeneracy argument many times.

Let X; = (x4;) (t =1, ..., v)be independent Gaussian random vectors with mean
i and covariance matrix X. Let W = (w;;) be a Wishart matrix made of X,’s as
in (1). In the following, we give a formula for the moment E[wgpWeq - - - Wer] With
a,b,c,d,...,e, f arbitrary indices. By applying the degeneracy argument again, we
can restrict our attention to the moment E[wiaw34 - - - wW2,—1,2,,] Without loss of gener-
ality. For example E[wiiwi,] = E[®12w341s6], where (i0ij) ~ We(v, (3i)), (5i)),

(o11,611), 1,7 €{1,2,3,5},
~ s (0127812)7 i S {1’27 3’5}7 j € {47 6}’
(0ij, 8ij) ) :
(021,821), i €{4,6}, je({l,2,3,5},
(022,822), I, € {4,6}.

LetV ={1,2,...,2n—1, 2n} be the set of indices appearing in the argument of the
expectation E[wj2 - - - Wa,—12x]. In the following, we consider an undirected graph
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Moments of noncentral Wishart distributions 649

whose vertices are the elements of V. First consider an undirected graph Gy = (V, Ep)
with the edges

Eo={(1,2),...,2n —1,2n)}.
For each partition of {1, 2, ..., 2n — 1, 2n} into m pairs and 2n — 2m singletons,

(ilv 12)7 M (iZVﬂfls i2m), (i2m+1)1 ce (12}’!)7 (5)

we define a set of undirected edges

E={(G1,i2), ..., (2m—1, i2m)}-
By adding the edges of E to Go, we have a graph
G=(V,EgUE). (©6)
Each connected component of G is classified as a “cycle” (a path without terminals)
and a “chain” (a path with two terminals). For the partition (5), the number of chains

is n —m. The number of cycles of G is denoted by len(G). Note that len(G) < m. Let

Gty j2)s + s G2neom—1, jan—2m) be pairs of two terminal vertices of n — m chains of
G, and let

E ={(j1, j2)s s Gon—am—1s jon—2m)):
Using these notations, the general form for the moments is given below.

Theorem 1 (Moment of the real noncentral Wishart distribution) Let (w;;) ~ W (v,
(0ij), (8ij)). Then,

len(G) _ESE
Elwiz - won—120] = zv n@oEgE, @)
E
where
E
o= H Oii’ = Oiyip * " Olyyy—tizm>
@i,i")eE
E
8" = H 8jj" =8jijr O jru—smt jon—m-
(.J"eE
The summation . is taken over all partitions of {1, 2, ..., 2n} of the form (5).

Example 1 Consider the evaluation of the moment E[wiyw3swse]. Then, V = {1, 2,
3,4,5,6} and Eg = {(1,2), (3,4), (5,6)}. There are 76 partitions of V into pairs
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an singletons. Figure 1 is the graph G = (V, Eq U E) for E = {(1,6), (2,5)}
(E = {(3,4)}). Summing up 76 possibilities, we have the following:

E[winwsswss] = 12012034056 + v2023014056[6] + 1023045016[8]
+2012034856[3] + V023014856[6] + V12045836 12]
+023045016[24] + v0120834856[3] + 023614856 12]
+812834056.

Here, [n] means that there are n terms of similar form.

Proof Fori =1,...,n,lete(i) = [(i + 1)/2] (the integer part of (i + 1)/2). Noting
that w;; = >}, x1iX;j, and from Lemma 1, we have

Elwiy -+ won—1,24]

v %
= Z s Z Elxt1X1,2+ - - X, 2n—1X1,,20]

=1 th=1

= 2 T 2 E[xte<1),1xfe(z>,2 e .xte(Zn—l)v2n_1‘xte(2n)72n]

131 In
= 2 , 2 T 2 Cov(xte(il)»i] , xte(l‘z),iz) o 'COV(xtg(iz,n_,>,i2m—1 ) 'x[e(izm)siZm)
E 1

In

XE[xfe(szH),izmH] o ElXygy o] ®)
Since {iy, ...,i,} = V, the indices i1, ..., iy can be divided into connected compo-
nents of the graph G. Let {1, ..., jok} be a set of vertices of a connected component.

Then, as we already pointed out, it forms either a chain

U1, J2)s G2y J3)s -+ o5 Gak—2, J2k—1)s (ak—15 J2k),

or a cycle

(1, J2), (25 J3), -+ -5 (k=15 Jox)s (ks J1)s

Fig. 1 Graph G = (V, Eg U E) (Eq solid line, E dotted line) presenting the term v1016025634 (n =6,
m=2,len(G) = 1)
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Moments of noncentral Wishart distributions 651

and in both cases

U1s 72), (3, ja)s - - (jak—1. jok) € Ep.

Since the running indices 71, . .., t, correspond to n edges of Eg, and e(j1) = e(jo),
e(j3) = e(ja), ..., e(jak—1) = e(jox), the argument of the summation > in (8) is
written as a product of terms of the form

Z ... Z Elx:, j 1Cov (Xt jos X1y, j3) - - -
141 13

XCoV(xyy_y, jo—as Xty ju 1V E Xt jiy ] )

in the chain case, or

E T E Cov(xiy, jp» Xey,j3) - -
1 179

X Cov Xy, jor—as Xay, jor—1 VCOV Xy, o s X1y, jy) (10)

in the cycle case. Here, we used a reindexing

I i=le(jy) = le(jn)s -+ I "= Le(jop—1) = Le(jop)-

Noting that Cov(xy;, x;j) = l{s=r0i; and Z;’Zl E[x:;)E[x;;] = &;j, we see that
9) = 0jyjs Oy _ajux_18juji and (10) = v0jyjs -+ 0jy 5 jy Oy ji- This com-
pletes the proof. O

2.2 Enumeration of undirected graphs

In this subsection, we will enumerate the graphs G = (V, EgU E) defined in (6) under
the condition that the number [ = len(G) of cycles and the number m of edges of E
are given. Let f; ,, » be the number of such graphs.

Consider a degenerate noncentral Wishart matrix W = (w;;) such that 0;; = 1
and §;; = 4. This happens when every component of X; making up W takes the same
value with probability one. Accordingly, all elements of W take the same value w,
say, with probability one. In this setting, (7) in Theorem 1 is reduced to a moment
formula for the distribution of w, the noncentral chi-square distribution Xf(é) with
v degrees of freedom and the noncentrality parameter §. Using the coefficient f; ,, »,
the nth moment of w is given as follows.

E[w" =Y D> v fimad" " (11)

m=0 [>0

The coefficient f; , » satisfies the following recurrence formula.
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Lemma 2

fl,m,n = 2(2]’1 —m— l)fl,m—l,n—l

+fl—1,m—1,n—1 + fl,m,n—l’ (12)
with boundary conditions
_[1 a=o0,
Jron = {0 I forn =1, (13)
and
0 (=0),
= 14
fra {1 (=1 (14)

Proof In the following, we sometimes refer to an edge from E as a “solid line” edge
and an edge from E as a “dashed line” edge as shown in Fig. 1.

The connected components of G are classified as cycles and chains. In each cycle,
the number of solid line edges is equal to the number of dashed line edges. In each
chain, the number of solid line edges is one more than the number of dashed line edges.
Thus, the number of connected chains is n — m, the difference between the number of
solid line edges and the number of dashed line edges.

Consider a graph G’ made by removing two vertices 2n — 1 and 2n, and all (solid
line and dashed line) edges connecting to these two vertices. Note that the (solid line)
edge (2n — 1, 2n) is deleted.

One of the following will meet: The edge (2n — 1, 2n) is contained in (i) a cycle
with four or more edges, or a chain with three or more edges (the edges (a, b), (¢, d),
(@, j), or (k, 1) in Fig.2); (ii) a cycle with two edges ((e, f) in Fig.2); (iii) a chain
consisting of a edge ((g, /) in Fig. 2).

Case (i). In the graph G’ made by removing two vertices 2n — 1 and 2n, and
all connected edges, there are n — 1 solid line edges. Since one dashed line edge is
removed together, there are m — 1 dashed line edges. The number of chains still remains
(n — 1) — (m — 1) = n — m. To the graph G’, consider adding the edge (2n — 1, 2n)
again. There are n — 1 + (n — m) = 2n — m — 1 places where (2n — 1, 2n) can be
inserted, and considering the direction of the inserted edge, there are 2(2n —m — 1)
ways in which the insertion can be done. By this operation, the number of dashed
lines increases by 1, whereas the number of cycles is invariant. The contribution of
the number of graphs made by this operation to fj ,, » is

2@n—m =1 fim—1,n-1.
Case (ii). Consider adding the edge (2n — 1, 2n) to the graph G’ again to make a
cycle with the edge (2n — 1, 2n) and a dashed line edge. By this operation, both the

number of dashed lines and the number of cycles increases by 1. The contribution of
the number of graphs made by this operation to f , , is
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a
2 Q
* l'
C ¢ Re k
'l
. ’
d f -
e % |
1
o—°
f h
g9
Fig. 2 A figure for the proof of Lemma 2

Ji—1,m=1n-1-
Case (iii). Consider adding the edge (2n — 1, 2n) to the graph G’ again to make
a chain consisting of one edge (2n — 1, 2n). By this operation, both the number of

dashed lines and the number of cycles are invariant. The contribution of the number
of graphs made by this operation to f; » p is

fl,m,nfl‘

Summing up the three cases (i), (ii), and (iii), we obtain the recurrence formula
(12). O

Theorem 2 The generating function of fi m n with respect to the number [ of cycles
is given by

@y (V) = DV fiimn = (l’;) [[o+20—i) ©<m=<n n=1. (15)
i=l

[>0
Here, we use a convention H?:] =1

Proof Noting that f_1 ,,, = 0, the generating function ®,, ,(v) = leo vlﬁ,m,n
has to satisfy

cI>rr1,11 =22n—m — l)qufl,nfl + U(Dm,Ln,] + q)m,n71~ (16)

To solve the recurrence formula (16), consider the boundary conditions. From (13),
we have

Do p(v) =1 (n=1). (17
Moreover, from (14), we have

D (V) =v.
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Furthermore, since ®,, ,—1 = 0,
q)n,n =2(n— 1)cl)n—l,n—l + Vq)n—l,n—] =W+2n— 2)CI)n—l,n—l

= =[Jo+2m-i) n=1). (18)

i=1

The recurrence formula (16) combined with the boundary conditions (17) and (18)
determines ®,, ,, for all m and n.

In the following, we see that ®,, ,,(v) in (15) is actually the solution for the recur-
rence formula (16). The boundary conditions (17) and (18) are satisfied. We only have
to make sure that (15) really satisfies (16). Indeed,

m m
n n—1
D — Pl = (m) 1_[1(v+2n —2i) — ( N )1_[1(v+2n —2-2i)
1= 1=

(”_l>lﬁ( +2n —2—2i)

= — Vv+2n—2—2i

m—1)m Pl
x{n(v+2n—-2)—(n—m)(v+2n—2—-—2m)}

=22n—m — l)q:)m—l,n—l + 1)q)m—l,n—l-

O
Corollary 1
n 2n
D, (1) = ( )(Zn —D@2n—-3)---2n—-2m+1) = ( )(Zm — Dl
m 2m
is the number of undirected graphs G, and
Dy (0) = (")(2n —2)2n —4)---(2n —2m)
m
. 2" pl(n — 1)!
m!(n—m)l(n —m —1)!
is the number of undirected graphs G without cycles.
Remark 2 Nonnegative integers s, (m, [) defined by a generating function
m m
Zvlsn(m,l)zl—[(v+n—i) (19)

=0 i=1

are called the noncentral Stirling numbers of the first kind (Koutras 1982). Since

! _ (" \m - oy — N om !
Zvﬁ,m,n—(m)z E(v/2+n z)-(m)z > /2 su(m, D),

V>0 >0
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Moments of noncentral Wishart distributions 655

we have

n
fl,m,n = (m)Zm_lsn(m, D).

2.3 Moments of the noncentral chi-square distribution and the Laguerre polynomial

As stated in the beginning of the previous subsection, the moment of the noncentral
chi-square distribution is described with the coefficient f; ,, .

In view of (11) and Theorem 2, the nth moment of w ~ XE(S), the noncentral
chi-square distribution with v degrees of freedom and the noncentrality parameter 8,
is written as

E[w"=Y>"> v frmas"™"

m=0 >0

n
=D Dy (8"

m=0

= Z (”) H(v +2(n —i)8" ™. (20)
m=0 m i=1

This is a well-known expression for the moment of noncentral chi-square distribution
(e.g., Johnson et al. 1995).

Remark 3 Koutras (1982) pointed out that moments of some noncentral distributions
are described with the noncentral Stirling numbers of the first kind.

The moment generating function of the noncentral chi-square distribution sz(cS) is
(1— 2t)7v/268t(]72t)’1'

This can be obtained by letting ® = ¢, ¥ = 1, A = § with (2).
The Laguerre polynomials, the orthogonal polynomial systems on (0, co) with
respect to the gamma weight functions, are defined as

W () = o L)y
Ly () =2"— 7 xi0)

o=t [FO@ ) >0,

where

f(v)(x; o) = V21 —v/26—x/Q20)
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(e.g., Morris 1982). From this definition, we immediately get the generating function
of the Laguerre polynomial as

oo
t" -1
1yt _ _ —v/2 —(x/2)((1-20)""=1)
ZO< DL ) = (1 =207 :
n—=

which has formal coincidence with the moment generating function of the chi-square
distribution with v degrees of freedom and the noncentrality parameter —x. Therefore,
we have an expression for the Laguerre polynomials

LY @) = D" DD v fima(=x)" "

m=0v>0
=y (:1) [T +20: = i
m=0 i=1

This gives a combinatorial interpretation for the coefficients of the Laguerre
polynomials.

This type of combinatorial interpretation for Hermite polynomials is widely known.
Applying a degenerate multivariate distribution N ((;), (07;)) with u; = p, 0;; = o?
to Lemma 1, we see that the nth moment of the normal distribution X ~ N (u, 02) is

[n/2]
E[X"] = D duno™ 1" ",
m=0

where

n @ D n!
a = m — N=—
i 2m (n = 2m)! 2" m)

is the number of partitions of an n-member set into (unordered) m pairs and n — 2m
singletons. The Hermite polynomials are defined by

dn
H,(x) = (—1)"d—ne*xz/2 /e*xz/z.
X

The generating function of H, (x) is
o

tn
Z ;Hn(x) — o =D?/2 /efxz/Z _ exHZ/z’
n=0 "

which coincides with the moment generating function e*/+°**/2 of the normal dis-
tribution N (11, 02) with i and o2 replaced by x and —1, respectively. Therefore, the
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nth Hermite polynomial is the n moment of the normal distribution N (x, —1) for-
mally (McCullagh 1987; Kuriki and Takemura 1996; Withers and Nadarajah 2006),
and hence
[n/2]
Hy(x) = D dn (=122,

m=0
2.4 Moments of bivariate chi-square distribution

In this subsection, we give an explicit expression for the moment of bivariate chi-square
distributions as the second application of the graph presentations for the moments of
the noncentral Wishart distribution.

There are several proposals for defining bivariate chi-square (gamma) distribu-
tions. The distribution we will discuss here is that given by Kibble’s (1941). Kibble’s
bivariate chi-square distribution is defined as the distribution of the diagonal elements
(wr1, wy2) of a2 x 2 central Wishart distribution (w;;) ~ W2 (v, X) with

()

Substituting ® = diag(#11, t22) and A = 0 into (2), we have the moment generating
function

1=201 =201\ "2
fiwi+owny 11 P11
Ele I'= det (—2,02‘22 1— 2t22)

= (1 =211 — 212y + 411120 — 4p>111122) /2. 2D

The next theorem gives an expression for the moments of general degrees
E [wi’lwgz]. We evaluate this as the moment

E[W12 - - - Wap—1,26W2p+1,264+2W2(b+¢)—1,2(b+¢) s

where (W;;) ~ Wape) (v, (07)) with

1 (,j<2bori,j>2b+1),
P
Y p (otherwise).

Theorem 3 (Moment of the bivariate chi-square distribution) Let b and ¢ be
nonnegative integers. Then,

min(b,c) 24 bt ¢l a
b ¢ __ 2a s b o
Elwfus]= 2, (b—a)!(c—a)!a!H(U+2(a i)
a=0 i=1
b—a

< [T +20—i) []o+2 - .

i=1 i=1
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Remark 4 Nadarajah and Kotz (2006) derived an expression for E [wll’ w5, ]including
the Jacobi polynomials. Their derivation is a use of a series of identities of special
functions, which are totally different from our combinatorial proof given below.

Proof Assume that b < ¢ without loss of generality. Let Go = (ViUV}, E{ U E») be
a union of two undirected graphs (V;, E;) (i = 1, 2), where

Vi={1,2,...,2b—1,2b}, E1={(1,2),...,(2b—1,2b)}
and
Vo={20+1,2b+2,...,2(b+¢c) —1,2(b + 0)},
Ery={2b+1,2b+2),...,20b+c)—1,2(b+ )}

By forming b + ¢ pairs from 2(b + ¢) vertices of V. = V; U V,, we add b + ¢
edges joining two vertices of each pair to the graph Go to make G. Let ;4 5 . be the
number of resulting graphs G such that the number of cycles is / and the number of
edges joining an element of V; and an element of V, (the number of pairs consisting
of an element of V| and an element of V) is 2a. Then, the moment that we want to
evaluate is represented as

.2
Z Y ahl,a,b,c~
l,a

We divide the process of adding b + ¢ edges into three steps below (Fig. 3).

Step (i). Choose 2¢ — 2a from the 2c¢ vertices of V;, and form ¢ — a pairs from the
2¢ — 2a vertices. Add ¢ — a edges joining two vertices of each pair to the graph Gy.
The number of resulting graphs having I’ cycles is

fl’,c—a,c-

Note that 2a vertices not chosen are the terminal vertices of a chains.
Step (ii). Form b pairs from the 2b vertices of Vi, and add b edges joining two
vertices of each pair. The number of resulting graphs having [” cycles is

S b.b-

Step (iii). Choose a edges from the b edges added in step (ii), and make “cuts” at
the middle of each edge, and have the a chains generated in step (i) fit in at the a cut
points. Note that this operation does not alter the number of cycles. Since the a chains
have directions, the number of ways to perform this operation is

b!
b—a)

4 x
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.

b
.
-’ \
IS
<
'
'
' '
' '
' '
\ '
L=
.
‘ "
.
B
.

V2 \ .' .—’
Fig. 3 Figures for the proof of Theorem 3 (Left steps (i), (ii), right step (iii); open circles vertex of Vi,

filled circles vertex of V;)

Z fl ,c— acfl”hh

U'+1"=l

a)!

Summing up (i), (ii), and (iii), we get
24 p!

hl,a,b,c = (b

1"

Therefore,
I 2a by 2%D!
ZV,O hlabc Z'O )'Z flc aczv fl’/bb
24 p!
(b—a)'( )H(V“'Z(C_l))llj[l(v—i-Z(b_l))

_ZZ

2.5 Moments of a 2 x 2 real Wishart distribution
As the third example, we give an explicit expression for the moments of a2 x 2 central

) and A = 0 into (2), we have the moment generating function

— 21
=112

_ (1 n2/2
t/2 tn

1 —112 /2
E et12w12+t11w“+t22w22 det
[ ] 1 —2t»

We first show that

Wishart distribution with the parameter ¥ = 7. Let (w;;) ~ W2(v, I). Substituting

—v/2

= de
= (1 —2t11 — 2t +4t11t0 — 11)

m}

(22)

Let X, be Gaussian random vectors making up the Wishart matrix. Since E[X;] =0
the distribution of X; is invariant under the change of the sign of the first coordinate
@ Springer
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On the other hand, this change causes (w12, w11, w22) — (—wi2, Wiy, wo2). This
implies that

b e b e
E[w{,w]jw),] = E[(—w12) wijw5,]

= (=D?E[wf,w}ws,].
Unless a is even, the left- and right-hand sides become 0.

In the following, we will derive the moment E [w%ﬁ’ w'f |w5,1, where a, b, and ¢ are
nonnegative integers. Although some methods to calculate this quantity are already
known (e.g., Remark 5), we demonstrate that our combinatoric approach does get the
same results.

Let

Vlo ={1,3,...,4a — 1}, V1+ ={4a+1,4a+2,...,4a + 2b},
and

V20 ={2,4,...,4a}, V2+ ={4a+2b+1,4a+2b+2,...,4a + 2b + 2c}.
Then,

E[wi§wh wS,] = E[W12W34 - - - Waat2b+20—1 4a+2b+2c],
where (W;j) ~ Wag+2p+2¢(v, (075)) with

[1 (,jeVi, ori,jeVi orieVl jeV) orieV), jeV,
Oij =

0 (otherwise).

Theorem 4 (Moment of the 2 x 2 real Wishart distribution) Let a, b, and ¢ be
nonnegative integers. Then,

Elwiguwfws] = a = DUJ0+26@ =)

i=1

b c
><H(v+2(a+b—i))H(v+2(a+c—i)).

i=1 i=l1

Proof Let V| = Vl0 U Vl+ and V, = V2O U V2+. First, define an undirected graph
Go = (V, Eg) with 4a + 2b + 2¢ vertices V = V1 U V, and 2a + b + ¢ edges

Eo=1{(1,2),(3,4),..., (4a +2b +2c — 1,4a + 2b + 2¢)}.

Then, consider the addition of additional 2a + b + ¢ edges to the graph G to make G
such that no edges joining V; and V; are added. Let /; 4 5, be the number of resulting
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Vi O/O C\ Vi O/O C\D

]

1
R ]
R '

- L

H B
. 1
'
'

.
.

'
P N . P
. .
. Y ' .
’ .
A & &

._.— ’ V2

Fig. 4 Figures for the proof of Theorem 4 (left steps (i), (ii), right step (iii); open square vertex of Vlo s

Vs

open circles vertex of Vl+ , filled square vertex of V20 , filled circles vertex of V2+ )

graphs G such that G has [ cycles. Then,

2 b : l
E[wlgwllwéz] = Z v hl,a,b,c~
>0

We divide the process of adding 2a + b + ¢ edges to Gy into three steps (i), (ii),
and (iii) below (Fig.4).

Step (i). Let 0 < a’ < min(a, ¢). Choose 2¢ — 2a’ elements from the 2¢ vertices of
V,", and form ¢ — a’ pairs from them. Add ¢ — a’ edges defined by the ¢ — a’ pairs to
the graph Gg. According to this operation, a’ chains are newly generated. The number
of graphs with [’ cycles is

fl’,cfa/,c-

Step (ii). Form a pairs from the 2a vertices of VZO. The number of ways in which
this pairing can be done is

Qa)!
(2a—Dlt= 20

Choose a’ pairs from the a pairs, and assign each pair to each of the a’ chains gen-
erated in step (i). Connect a vertex of the pair to one terminal vertex of the chain
using a new edge, and connect the other vertex of the pair to the other terminal vertex
of the chain using another (new) edge. (Add 2a’ edges in total.) The number of the
correspondences is

29 q)
2a(2a —2)---(2a —2d') = ————.
(a—a)!

For the remaining a — &’ pairs, connect two vertices of each pair using a new edge.
(Add a — a’ edges in total.)

The number of edges added in steps (i) and (ii) is (c —a’) +2a’ + (a —d’) = a+c.
The number of cycles is /’.
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In steps (i) and (ii), summing the number of ways for 0 < @’ < min(a, c) yields

min(a,c) Za,a!
€l'ca = Z fl’,c—a’,c X (2a — DIt x YN
) (a —a)!

The coefficient e/ . , can be combinatorially interpreted as follows: let G2 = (Va, E»)
with Er = {(4a+2b+1,4a+2b+2),...,(4a+2b+2c—1,4a+2b+2c)} be an
undirected graph, and add a + ¢ edges by forming a + ¢ pairs from the 2a 4 2¢ vertices
V,. Then, a chains are newly generated. ey . , is the number of resulting graphs having
I’ cycles, and the terminal vertices of the a chains are elements of Vzo.

Step (iii). For all 2a + 2b vertices of V1, form a + b pairs and connect the vertices
of each pair with a new edge. (Add a + b edges in total.) According to step (ii), the
2a vertices of V| have already been divided into a pairs, and the vertices of each pair
have been connected with an edge. In step (iii), the number of graphs adding new [”
eyeles is fir up.asb-

Summarizing (i), (ii), and (iii), we get

hl,a,b,c: Z el’,c,afl”,a+b,u+b,
V=l

and hence,

! r I
D Vhiape =D Verca D V" firatbats (23)

=0 I'>0 1">0

For a nonnegative integer n, write

n n!

(a)_a(a—1)~~(a—n+1)

Then, the generating function of the coefficient ey . , with respect to the number of
cycles I’ is

min(a,c)

29 q!
ZV erca = (2a—1H! Z ZV fl/cac —a)!
'>0 a’'=0 ['>0
min(a,c) a/a‘
=Qa—D" > ( )H(V+2(C—l)) -
) (a )!
min(a,c) ’
. c —a (v/2H+c—1 o 2%al
= (2a— D! Z}) (C_a/)zc ( Y )(c—a)!( Y
a’' =
min(a,c)
a\ (v/2+c—1
= (2a — DHN12°¢! zo (a/)( o )
a'=
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= a— 1)!!2cc!(”/2+“+c - 1)
C

= Qa— DN +2@a+c—i).
i=1

The fifth equality above is known as a convolution identity for two binomial coeffi-
cients. Substituting this into (23) completes the proof. O

Remark 5 Theorem 4 can also be shown by the following geometric consideration.

Let X; = (i” ) be Gaussian random vectors making up the 2 x 2 Wishart matrix
2
(wij) ~ Wa(v, I). Write Xy = (x1;, ..., ;)" (i =1,2), where’ denotes the matrix

transposition. Since the v-dimensional distribution of X ;) is invariant under the orthog-
onal transformation preserving the norm || X || = ,/ X Ei)X (i)~ four quantities || X I,
X/ X@ll fori =1, 2 are independently distributed. Thus,
Efwiulws,] = E [ (X X)™ IX0) 1?1 X ) 1]
= E [ E[1X0 2] E[1X @12

where r = XE])XO)/(”X(I) 11X 2)11). This calculation can be completed by noting
that [|X |1 ~ x2 and r> ~ B (3, 51), the beta distribution.
3 Moments of the noncentral complex Wishart distribution
3.1 Preliminaries on the complex normal distribution
In this section, we will deal with the complex noncentral Wishart matrices. Major
parts of the discussion are parallel to the real case. One remarkable difference is that
the moments in the complex case are described in terms of directed graphs, whereas
those in the real cases are described in terms of undirected graphs.

We begin by summarizing some preliminaries on the complex normal distribu-
tion and the complex Wishart distribution. Let Z = (Z;) be a complex conjugate of

Z = (zi). The following lemma is a complex version of Lemma 1.

Lemmzl 3 (Moment of the complex normal distribution) Let Z = (z;) ~ CN(u, X),
andleti =n+i,i =1,...,n. Then,

Elzi 2% Tl = Zaiuju G i i1 in By s
where the summation is over possible pairing {(i1, j1), (i2, j2), - .. (m, jm)} such that
{it,..vim} C{1,2,....,n} and {j1,...,ju}C{1,...., 0"}
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(i.e., matching). The other indices are

{imt1s - iny={1,...on}\ {i1, ..., ik},
{jm+1’~-"jn/}={T""’n/}\{jla-'-vjk}'

Proof Write Z = X ++/—1Y, u =&+ /=1, 2 =2(A+ ~/—1B). Let 6 = (6;),
¢ = (¢;) be parameter column vectors. Because of

()= (G)-G )

@)--G) =0 =)

the moment generating function of (Z, Z) is obtained as

and

p— 1 -
Elexp{0'Z +¢'Z}] = exp{ (6’ ¢') J (i) +5 (07 (2 AB) 4 (Z)]

ool @)+ E) )

1 _
=exp 10’ u+¢' I+ E(G/Etp + <p/29)]

=exp{0'u + ¢+ 0'Zp}.
From this, we have the joint cumulants of (Z, Z) as

ur (n=1,n"=0),
ny (m=0,n"=1),

Cum(zlv "'7Zn’Ea "~’E) =
" o7 (m=1,n"=1),
0  (otherwise).
Lemma 3 is the moment-cumulant relation for this particular cumulants. O

3.2 A graph presentation

Let Z;, = (z;) (t = 1,...,v) be independent complex Gaussian random vectors
with mean p; and covariance matrix X. A complex Wishart matrix W = (wj;;) is
constructed from Z; as given in (3). In this subsection, we give a formula for the

moment E[wgpweq - - - wer] With a, b, c,d, ..., e, f arbitrary indices. By consider-
ing the degenerate case again, without loss of generality, we only have to treat the
moment E[w jw,5 - - wyp] withi =n+i,i=1,...,n.
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Let V = {1,2,...,n} be the set of indices appearing in the expectation that we
want to evaluate. In the following, we consider a directed graph whose vertices are
the elements of V. Choose a subset V; of V such that its cardinality is | V]| = m, and
consider an injection 7 : Vi — V. The map 7 defines a set of directed pairs

E={Gn@)|ieWV}

We regard the pair (V, E) as a directed graph G, where V is the set of vertices,
and E is the set of directed edges. Note that E and the pair (Vi, 7) have one-to-one
correspondence.

As in the undirected case, for a given G, every connected component is classified
as a “cycle” (a directed path without terminals) and a “chain” (a directed path with
a starting terminal and an ending terminal). For the map 7, the number of chains is
n —m, where n = |V|, m = |V1|. The number of cycles of G is denoted by len(G).
Note that len(G) < m. Let (ji, k1), ..., (n—m, kn—m) € V x V be directed pairs of
ending and starting terminal vertices of n — m chains of G, and let

E = {(jh kl), cees (jn—ma kn—m)}-

Using the notations above, we give the general form for the moments as follows.

Theorem 5 (Moment of the complex noncentral Wishart distribution) Let (w;;) ~
CW (v, (0ij), (8;j)), and leti =i +n,i = 1,...,n. Then,

Efwg--wl = ) v DoFsE, (24)
E
where
E
o= H Oi" = Oim() " Cimm(im)’
(i,i"YeE
E_ S S -
8 - H . 8]], - aJlJ{ (Sjnfm/.nlfm.
(J,J"eE
The summation ZE is taken over all possibilities of Vi = {i1, ..., in} C {1,...,n},

and injections w : Vi — V.

Example 2 Consider the evaluation of the moment E[wjwysw,;3]. Then, V =
{1, 2, 3}. There are 34 injections from subsets V; C V to V. Figure 5 is the graph
G=(V,E)for E={(1,1), (2,3)} (E = {(3, 2)}). Summing up 34 possibilities, we
have the following:

E[w jwywyz] = v2 017057053 + v70130,7033[3] + vo 5053057(2]
+12070,30853[31 410 50,7853[31+ 070,30 53[6] + 013053857161
+v0,70,3833(31 + 038,7853(6]
+6,7653833-
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Fig. 5 Directed graph G = (V, E) presenting the term vlaﬁazgz?ﬁ (n=3,m=2,1len(G) =1)
Here, [n] means that there are n terms of similar form.

Proof Note that w;; = Z;’zl 24iZ1j- In view of Lemma 3, we have

E[w1- - warl

v %
= : 2 E[Ztlslztl,T...Ztn»nztn,ﬁ]

=1 th=1

= Z Z o Zcum(z’h”'l ’ Z’n(il)’”(il)) - Cum(zg, iy Zlﬂ(im)vﬂ(im))
E n In

XElzy,, ine )+ Elza, i JEE, 71+ ElG o, (25)

i1 1

where Vi = {i1, ..., i},

{limats iy = VAV Aipyqs oo in =V A\ (V)).
Since {iy, ...,i,} = V, the indices i1, ..., iy can be divided into connected compo-

nents of the graph G. A connected component having vertices ji, ..., jix forms either
a directed chain

(1, 2)s G2y j3)s - oy Uk=2, Jk—1)» (k=15 Jk)

or a directed cycle
(s J2)s (25 J3)s « s k=15 Ji)s Giks J1)s
where 7 (j;) = ji+1 (and w(jx) = Jji in the cycle case). Since the running n indices

t1, ..., t, correspond to n vertices of V, the argument of the summation >, in (25)
is a product of terms of the form

Z Z o z E[Z’jl sﬁ]Cum(lel g Z’jzaﬁ)cum(ztjz’jz’ th3 ﬁ) o
Ly 1t Ljk
X Cum(thkil,jk,l, thk,jk)E[Zl‘jk,jk] (26)

@ Springer



Moments of noncentral Wishart distributions 667

in the chain case, or

Z Z . Z Cum(zy;,, jy. Z, 7)Cum(zy,, j, Z_t,g,j?) .

t,‘l l‘jz l‘jk
x Cum(zs; i 1 e, Z, 5Cum(z;; | o 2, Z,. ) 27)

in the cycle case. Noting that
Cum(zsi, 7,7) = Cov(zsi, 2,7) = lis=1}0;7

i weinslee that l(26) : Umizf w7 %58 and
O R%0R " i e S compietes the proo

and Zl 1E[z”]E[§] =475
@7 =

3.3 Enumeration of directed graphs

In this subsection, we evaluate the number of directed graphs appearing in the expres-
sion (24) for the moments of the complex Wishart distribution.

Let V = {1,...,n}. Let V| be a subset of V such that |V|| = m. Let & be an
injection Vi — V. As explained in the previous subsection, we can define a directed
graph G = (V, E) with E = {(i, #(i)) | i € V1}. The connected components of G
are either a directed cycle or a directed chain (the length may be 0). Note that the
number of chains is n — m. Let g; ,»., be the number of such graphs having / cycles.
The coefficient g; ,,, , satisfies the following recurrence formula.

Lemma 4

glmn = &l—1,m—1,n—1 + & mn—1+ 2n—m — 1)gl,m—l,n—l (28)

with boundary conditions

L =0,
8,00 = {O (=1 forn > 1, (29)
and
0 (=0,
g1 = [1 (=1 (30)

Proof We consider removing the vertex n and the adjacent edges from the graph G.
There are three types of status about adjacent edges.

Case (i). m(n) = n. In this case, the vertex n is contained in a cycle with length
1. Removing the vertex n and the edge (n, w(n)) yields a graph whose values of [, m
and n are one less than those of G. This corresponds to the first term in the right-hand
side of (28).
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Case (ii). Neither 7 (n) nor = ~!(n) exists. In this case, the vertex n is an isolated
vertex. Removing the vertex n yields a graph whose [ and m are invariant and n are
one less than that of G. This corresponds to the second term in the right-hand side of
(28).

Case (iii). Otherwise. In this case, the vertex n is contained in a cycle with length
more than or equal to 2, or contained in a chain with length more than or equal
to 1. Remove the vertex n and one edge adjacent to the vertex n. This manipula-
tion yields a graph whose [ is invariant, and whose m and n are one less than those
of G. Conversely, when we rebuild the graph G from this smaller graph, there are
m—1D+{(n—1)—(m—1)} =2n —m — 1 places where the vertex n and one edge
can be inserted. This corresponds to the third term in the right-hand side of (28). O

Theorem 6 The generating function of the coefficient g; ., with respect to the cycle
number [,

\pm,n(‘)) = Z vlgl,m,n,

>0

is given by
m
n
\ym,n(v)=( )H(v+n—i) O<m<n,n>1. 31
mn i=1

. 0
Here, we use a convention [[;_, = 1.

Proof Because g_1 ., = 0, we see
"Ijm,n = le'm—l,n—l + \Ijm,n—l +Q@2n—m— 1)\I'[m—l,n—l- (32)

The boundary conditions W, = 1 (n > 1) due to (29) and W | = v due to (30)
satisfy (31). In addition, since ¥, ,—1 =0,

n
W =@+n—DV,_ i, =-=[Jo+n—i) ®=1.
i=1

Hence, it is sufficient to ensure that (31) satisfies (32). Indeed, we have

n m . n—1 m .
Wn — WUt = (m)g(””_’)_( N )E(V—Fn—l—l)
m—1
= (:1:11)%1_[(1)+n—1—i)

xfnw+n—-1)—m—m)(v+n—1—m)}
=Q@2n—-—m—D¥y_1,4-1 +v¥_1,-1.
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Remark 6 Comparing (31) with (19) in Remark 2, we have

n
8l,m,n = ( )Sl’l(msl)a
m

where s, (m, [) is the noncentral Stirling numbers of the firstkind. In particular, g; , , =
sp(n, 1) is the Stirling numbers of the firstkind. Let V = {1, ..., n}andletmr : V — V
(bijection). It is well-known that the Stirling number of the first kind s, (n, [) is the
number of directed graphs (V, E), E = {(i,w(i)) | i € V} having [ cycles (Stanley
(2000)).

Corollary 2

n n\>
W (1) = (m)n(n —DD---n—m+1)= (m) m!

is the number of directed graphs G, and

Yin,n (0)

n
( )(n—l)(n—2)~-~(n—m)
m

nl(n — 1)!
m!(in—m)!(n —m —1)!

is the number of directed graphs G without cycles.

3.4 Degenerate cases
3.4.1 The noncentral chi-square distribution

As in the real case, we can obtain several identities for moments by assuming that the
parameters ¥ and A have particular kinds of structures. First, we consider the case
where ¥ = (0y;), 0;j = 2, and A = (§;;), §;j = §. Then, every element of W has
the same value w, say, with probability one, and the distribution of w is the noncen-
tral chi-square distribution Xzz,, (6) with 2v degrees of freedom and the noncentrality
parameter §. The nth moment of w ~ X22v (8) is

E[w"] = E[wﬁ e W]

= Z D Va2 = Z Wy (0)27 5"

m=0 [>0 m=0
n n m n n m
= Z ( ) H(” +n—i)2msnm = Z ( ) H(Zv +2(n —i)s" ™.
mj - mj -
m=0 i=1 m=0 i=1

This coincides with the formula (20) obtained from the real Wishart distribution.
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3.4.2 Moments of a bivariate chi-square distribution associated with the complex
Wishart distribution

Let (w;j) ~ CW2(v, X) be a 2 x 2 central complex Wishart matrix. We consider a
particular structure of the parameter:

(17
2_2(,0 1), peC.

The diagonal elements (w11, wyy) are distributed according to a sort of bivariate chi-
square distribution, since the marginal distribution of w1 and wy; are the chi-square
distribution Xzzv and they are correlated. At a glance, (w11, wz2) has a different dis-
tribution from Kibble’s distribution since it has a different origin. However, from (4),
the moment generating function is

E[ewin+mwn] — deg 1 =2t —2ptyy -
—2ptp 1 -2t

= (1 — 2111 — 2tpp + 4111120 — 4ppt11t22) ",

which is equal to the moment generating function (21) of Kibble’s bivariate chi-square
distribution with v and p replaced by 2v and +/pp, respectively.

3.4.3 Moments of a 2 x 2 complex Wishart distribution

Consider a 2 x 2 complex Wishart matrix (w;;) ~ CW, (v, I). We first show that
Elwwiwh ws,] =0 ifa #d.

Let Z; be complex Gaussian random variables from which the Wishart matrix W is
constructed. Since E[Z;] = 0, its distribution is invariant when the first element of Z;
is multiplied by +/—1. On the other hand, this manipulation causes

wip w12 w11 v =1lwa
(d .
w21 W2 —/=lwy  wx

Therefore,

E[whws whws,] = E[(V=Twi)* (== Twy)* wh ws,)]
= V-1 E[w‘fzwg;w’l’l wa, .

The left- and right-hand sides become 0 unless a = a’.
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Substituting ® = (¢ j)’ and A = 0 into (4), we obtain the moment generating
function

E[el2wiztwatinwn+mwn] — et l—n1 —tn
—f 1 —1pn

=1 -1 —tn+titn —tinh)"". (33)

Let

k
oo, v,w)=(1—-u—v+uv—w)", ¢5k)(u, v, w) = (%) oy (1, v, w).

Then,

(tiata)
(33) = v (111, 12, tiata1) = Z %dﬁ")(m, 122, 0).

k=0

On the other hand, the moment generating function of the 2 x 2 real Wishart distribution
is rewritten as

2k
t
(22) = o221, 20,11 = D =240 2011, 2. 0).
k>0

Comparing the two functions, we can immediately obtain the moments of the 2 x 2
complex Wishart distribution from the results for the real case in Theorem 4.

Theorem 7 (Moment of the 2 x 2 complex Wishart distribution) Let a, b, and ¢ be
nonnegative integers. Then,

a b c
E[wh (wpw) whl =al[[o+a—dD[Jo+a+b—dD[Jo+a+c—i).
i=1 i=1 i=1
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