Ann Inst Stat Math (2009) 61:391-411
DOI 10.1007/s10463-007-0142-4

M-estimation in nonparametric regression under strong
dependence and infinite variance

Ngai Hang Chan - Rongmao Zhang

Received: 8 September 2006 / Revised: 11 April 2007 / Published online: 10 August 2007
© The Institute of Statistical Mathematics, Tokyo 2007

Abstract A robust local linear regression smoothing estimator for a nonparametric
regression model with heavy-tailed dependent errors is considered in this paper. Under
certain regularity conditions, the weak consistency and asymptotic distribution of the
proposed estimators are obtained. If the errors are short-range dependent, then the
limiting distribution of the estimator is normal. If the data are long-range dependent,
then the limiting distribution of the estimator is a stable distribution.
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1 Introduction

Let {§;, j € Z} be i.i.d. random variables that belong to the domain of attraction of a
symmetric stable law with index & € (0, 2], denoted by &; € D(«). Thatis,asn — oo,

[nx]

1
Z & — Zg(x) in distribution,
i=1

nl/*L,(n)
where Z, (x) is a Lévy-stable process of index « with Lévy measure

vdx)=afCyI(x >0)+C_I(x < O)}|x|7°‘71dx
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392 N. H. Chan, R. Zhang

and L. (x) is a slowly varying function that satisfies
n*Le(n) = inf{x : P{l&1] = x} < 1/n}.

Let
Yi=m(x;)+e, i=1,...,n, (D

be a nonparametric regression model with fixed design x; = i/n, where m(-) is an
unknown measurable function on [0, 1] and {¢;} is a discrete stationary process given
by

i

& = Z ai—j&j

j=—o00

with 0 < Z?io |aj|* < oo. Various results are available for the estimation of m(-)
when o = 2. For example, when {¢;, i € Z} is a short-range dependent process in the
sense that its autocorrelation functions are summable, Hall and Hart (1990) showed
that the asymptotic distribution of the estimators of m(-) is asymptotic normal with
the same convergence rate as in the uncorrelated case. For long-range dependent data,
Csorgd and Mielniczuk (1995) and Hall and Hart (1990) established the asymptotic
normality of the kernel estimator of m(-). Beran et al. (2003) considered the non-
parametric kernel M-estimators of m(-) when the errors are Gaussian and long-range
dependent. Guo and Koul (2007) studied the nonparametric kernel estimation when
the errors are heteroscedastic and long-memory. Robinson (1994) and Ray and Tsay
(1997) studied the optimal bandwidth problems and Robinson (1997) studied large
sample inference for nonparametric regression. Masry (2001) considered strong con-
sistency and convergence rates for the local linear estimator. Koul and Surgailis (2002)
established asymptotic expansions for the empirical processes of long-memory mov-
ing averages models. For more information for long-range dependence, we refer to
the books of Beran (1994) and Doukhan et al. (2003). For « < 2, however, there are
few results on the asymptotic properties of nonparametric estimators of m(-) and no
result seems to be available for when the errors are heavy-tailed.

Let a; = i~P1(i), where (i) is a slowly varying function. Similar to & = 2, we
say that {¢;} is short-range dependent (short-memory) or long-range dependent (long-
memory) according to Z?io lai|%/? < oo or = oco. From this definition, it follows
that for B > 2/«, {€;} is a short-memory process and for 1/o < < 2/a, {g;} is a
long-memory process. Recently, Peng and Yao (2004) showed that if {§;,i € Z} are
symmetric stable random variables, that is,

Eexplité;} = exp{—|t|"},

and {¢;} is a short-range dependent process, then the local least absolute deviations
(LAD) estimator of m(-) for model (1) is asymptotic normal with the same conver-
gence rate as in the uncorrelated case. For long-range dependent {¢;}, the asymptotic
distribution of the local LAD estimator is a stable distribution. Knight (1993) pro-
vides related results of the LAD estimation of parametric linear dynamic models with
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infinite variance. In contrast to the least squares estimator (LSE), the LAD estima-
tor gives less weight to the outliers and is more efficient. However, for o < 1, it
is known that p(x) = |x|* is the optimal choice among loss functions of the form
p(x) = xV:see Davis et al. (1992). This observation suggests that LAD may not be an
efficient estimator for « < 1. On the other hand, in the presence of heavy-tailed errors,
M-estimators are among the most efficient robust estimators for regression functions:
see Huber (1973) and Takeuchi et al. (2002). It is therefore interesting to study the
asymptotic properties of the M-estimator of m(x) in (1) under long-range dependent
heavy-tailed errors. In this paper, it is shown that when & € D(«) with 8 > 2/a, i.e.,
{e;} is short-range dependent, the M-estimator of m(-) is asymptotic normal and the
optimal bandwidth is of the order n~!/3. However, when 1 /a < B < 2/a, the limiting
distribution of the M-estimator of m (-) becomes stable. Similar results were given by
Koul and Surgailis (2001) for multiple linear regression models with long-memory
and heavy-tailed errors when 1/a < B < 1. In the sequel, C denotes an unspecified
positive and finite constant, which may vary in each appearance.

2 Local linear M-estimator

For any fixed x¢, define the local lir\lear M—estimat/(\)r of m(x) and its derivative m’(x)
at xo as m(xo) = a and m’(xo) = b, where @ and b are defined by

n
o~ . Xi — X0
@,b) = argmin, , > p(Y; —a —b(x; — x0)K (T) :

i=1

K (-) > O1is akernel function, 4 is a bandwidth. In the sequel, we assume the following
conditions.

1. m(-) has continuous second derivatives in a neighborhood of x.

2. The kernel K (-) is a symmetric, bounded function with f K(x)dx =1andhasa
compact support, say [—1, 1].

3. p(-) is a convex function and has a right continuous, bounded derivative function
¢(-), almost everywhere.

4. E¢(ep) =0and Ep(eg +x) = Ax +o(x) asx — 0.

5. The density p(x) of & satisfies the inequalities that for some ¢ > max{0, « — 1},
1p'0)] < C(L+ [x)~0F forall x € Rand [p'(x) — p'(»)| < Clx — y|(1 +
lx| + |y)~1+8 forall x, y € R with [x — y| < 1.

Under these conditions, we have the following theorems.

Theorem 1 For B > «/2,

~ _ 1 2
m( i(x0) — m(xo) )_ %m”(xo)h2\/E(f_lu K(u)du)+0(h5/2)
0

h(m’(x0) —m’(x0))

—4 N, D),
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where X is a finite positive covariance matrix of

SiipEKCEy Z (xi — X)) K (52
A/nh = Avnhh [1 u2K (u)du

In particular,

Vnh (fﬁ(xo) — m(xq) — %ﬁi(xo)hz /

1
u’K (u) du) —4N©,0%), (@)

where

n ) xi—x01 \ 2
2_ g 21 9K (F57) .
o ( YW < 00

Remark 1 1If p(x) = |x|, then elementary computations show that A = 2p(0) and the
conclusion of Peng and Yao (2004) for short-range dependent data follows from (2).

Theorem 2 Fora > land 1/a < 8 < 1, then

(nh)P=1/e ( i (x0) — m(xo) )
I(nh)Le(nh) \ h(m'(x0) —m’'(x0))

" 1
m (x0)h*(nh)P=1/« / u’K (u) du
21(nh)L,(nh) -1 0

1
/ / (v — 07 Pk(y) dy dZa ()
d RJ —1

+ 0(h2+ﬁ—1/ol)

1
h / ) / 0= )P k(y) dy dZg (x)

where Z,(x) and L¢(x) are defined in Sect. 1.

Let Zypg(x) and Z;ﬂ (x) be two independent Levy-stable processes of index «ff
with Lévy measures v(dx) = «C 1 (x > O)IJCI_‘"—1 dx and v(dx) = aC_I(x <
0)|x|~*~! dx respectively. Let poo(x) = E@(x 4 £¢) and denote ¢ = % fooo Yoo(a)
Cé/ﬁa_l_l/ﬁ da, ¢ = % I <poo(—a)C(l)/ﬂa_1_1/ﬂ da. We have the following theo-
rems.

Theorem 3 Suppose that aji ? — Co, lim,_ oo P(€ > x)/P(|&| > x) = 1/2, then
fora>1landl < B <2/a,

)" [ ixo) — m(xo)
Ly (nh) \ h(i'(xo) —m'(x0))
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o G2y (fll uzK(u)du)+ o)
2L (nh) 0

1 1
cl/ K (x) dZaﬁ(x)—i—cz/ K (x) dZ;ﬂ(x)
d -1 -1

1

1
cih / xK (x)dZap(x) + c2h / XK (x) dZg5(x)
1 1

where L), (nh) is a slowly varying function that satisfies
n @B () = inf{x : PP = x) < 1/n).
Remark 2 By taking p(x) = |x|, & /j~F — Cy, from Theorems 2 and 3, we arrive at

the conclusion of Peng and Yao (2004) for long-range dependent cases. Furthermore,
the symmetric condition of K (-) in the theorems is not necessary.

3 Auxiliary lemmas
Lemma 1 Under the condition of Theorem 1, we have
Elp(e1 +a) — p(en)] = a*A/2 + 0(a®) as a — 0.

Proof By the convexity of p,

" a i—1 " ia (i — Da
E—(p(el-i- a)SEE[p(El-}-—)—p(S]-F )]
. n n ¢ n n
i=1 i=1
n .
a ra
< E - —).
_i=1”(p(81+”)

From the condition E¢ (g1 + x) = Ax 4+ o(x) as x — 0, it follows that

"G — 1Dd2A "ia2A
> < Bl @) - pen = 3

i=1 i=l1

ie.,
Ad*n(n — 1) < Elp(e; +a) ()] < Ad’n(n + 1)
_ g1 +a)— ple _ .
2n? = Bt pREVE = 2n2
Letting n — 00, we obtain the desired conclusion. |

Lemma 2 If E|X|* < oo, then forany q1 > o > q» > 0, as M — oo,

E[IX/M|"I(IX] < M)]1+ E[IX/M|"1(1X] > M)] = O(1/M*).
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Proof See Lemma 1 of Wu (2003). O

Similar to the argument in Lemma 4.2 of Koul and Surgailis (2001), we have the
following results.

Lemma 3 Under condition 5, the density functions f(x), fij(x) of €0 and X; j o=
> e j+1 a; & respectively, have the following properties:

@ @I+ 1] < €A+ [x~0F),
Qi) /) = O+ 100 = £, < Clx = yl(1 + |x =0+

forallx,y e R, [x —y| < 1.

Letb; = m(x;) —m(xo) —m’(x0)(x; —x0), X; = (1, “520), K; = K ((x; —x0)/ h)
and 0 = {m(xq) — 7 (xo), h(m'(x0) — ' (x0))}(nh)?, where

1/2 for 8 > 2/a,
d=31B8—-1/x for 1/a < B <1,
1—1/(@B) for 1 <pB <2/a.

The next lemma generalizes Lemma 4.3 of Koul and Surgailis (2001) to all the three
cases of d as prescribed in the preceding equation. Note that Lemma 4.3 of Koul and
Surgailis (2001) only deals with the case 1/a < 8 < 1. Although it is conceivable
that the method given in Koul and Surgailis (2001) can be modified to deal with this
general case, we adopt a different approach given in Wu (2003) to establish the next
lemma. In this way, we can use the moment’s inequality in Lemma 2 to directly obtain
E|M,;|" forany 1 < v < 2. Specifically, we have the following lemma.

Lemma 4 Suppose that h = O(n=% %) ynder the conditions of Theorem 1, for
any C < 00, we have

sup

> pei + b+ 0Xi /) = (i + bi) = OXi /() g ei + bi)
1o1<C

i=1

—%A(@X,’/(nh)d)z]K((xz‘ _XO)/h)’ —"0,

where 0 = (61, 62) = (m(xo) — a, h(m'(x) — b))(nh)? € R2,
Proof The main ideas of this proof is to adopt an approach of Wu (2003) together
with that of Koul and Surgailis (2001). Let g(e;, s) = ¢(&i + bi + s) — ¢(&; + b;),

Fi=0(..,6_1,60,61,...,&j_1,&;) be the o-algebra generated by {§; : —oo0 <
k < j}. Then,

hei) = p (8 + bi + S) = plei +b) = (e + by)

0X;/(nh)? 0X;/(nh)?
=/ o(ei + bi+5) — pler + b) ds =/ g6, ) ds.
0 0
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Thus,

i

he) = Ehe) = Y. (Elh(elF) = hiei|Fi-1)

j=—00
i 0X;/(nh)?
= Z/O E(g(ei, s)|Fj) — E(g(ei, s)|Fj—1) ds
j=—00

and

n no i 0X;/(nh)?
> th(en—EhE)}Ki=Y D" Ki /0 E(g(ei, $)|F)—E(g(ei, )| Fj-1)ds
i=1

i=1 j=—o00
n n

0X;/(nh)
=> > [/0 E(g(ei, )| F))—E(g(ei, s>|f,-_1>ds]1<,-

j=—oc0i=1vj

n
=: Z Mnj.

j==c0

Note that {M),;, j < n}is a martingale difference sequence. From Bahr—Esseen’s
well-known inequality for martingales, it follows that for any 1 < v < 2,

v

n n
E Z M,j| <2 Z E|My;|". (3)

- j=—00
v:| 1/v
(4)

Because K (-) is supported on [—1, 1] and bounded, it follows that there is a constant
My such that K; < My and K; is not zero when —1 < (i/n — x0)/h < 1, i.e.,
n(xo —h) <i < n(xo+ h). By (4),

By Minkowski’s inequality, the right-hand side of (3) is less than

0X;/(nh)?
(/0 E(g(gi,S)|-7:j)_E(g(8ivS)|}-j—1)ds)Ki

v

j=—oc |i=lvj

v

n n [n(xo+h)] T 0X;/(nh)¢
E| > My| <2My > > E/ E(g(zi.9)IF))
j=—00 j=—o0 |i=ln(o—mn L 170
vl/v])?
— E(g(ei, s)|Fj—1)ds) ] . (5)

Let Xl-j =3/} a; & and Y,-j be defined as in Lemma 3. Let Eg(x +Yij, s) =

k=—o00

gij(x,s) and a;—;(§; — §]’.) = A, where {s]’.,j € Z} is an independent copy of
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398 N. H. Chan, R. Zhang

{&j, ] € Z}. Then,

v

0X;/(nh)?
E /0 E(g(ei, s)|Fj) — E(g(ei, )| Fj—1)ds

v

6Xi/(nh)!
—E| [ E[ (e + a9 - g Xy + g 0) 1] ds
0

0X:/(nh)!
= / Elgij(X;; +ai—j&j, ) — gij(X;; +ai—j&;, )" ds
0
0X;/(nh)?
=/ E[ (1617 (X5; + a0 ) = 81 (X; + s, 91" L(AI < 1)
0
+(Elgiy (X +aim 5. 9) = 8 (X +aim &), ) 1A = 1) ] ds
0X;/(nh)¢
::/ (Jy + o) ds. (6)
0
For simplicity, write
hij(x,y,t,z,u) == @(x +aj—jy+z+b +us)—ox +aj_jt +z+b; + us)

and let h(x,1) = SUP| < |[h(x + y)| be the maximal function of A (-). Let p;;(x),
p;j(y), fj(t) and f;; be the density functions of X s £, ¢ ]/ and Yij respectively. Then,

=L,

xI(lai—j(y =] = 1) fij(z) dz

1
—(h”(xa 1, 2, 1)_h(~xa ,t,Z,O))a'f'( _t)
/Rai—j(y—t) EAN Eh =it

v

pij(xX)pj(y) fj()dxdyds

:////[(p(x+z+b,~+s)—<p(x+z+b,~)][—l
RJRJRIJR ai—j(y—1)
X(fij(Z_ai—j)’)_fij(Z_ai—jt))i|dZ lai—;j(y = )"
xI(lai—j(y =) < Dp;j(x)p;(y) fj(t) dx dydt. (7)
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M-estimation in nonparametric regression 399

Note that ¢(-) is a bounded function and there is an M such that |p(x)| < M for all
x € R. By (7) and Lemma 3,

=L

—(fijz —aj—jt —s) — fij(z — aijt)))} dz
xI(lai—j(y = )] < Dp;ij(x)p;(y) fj(t) dx dy dt

N 1 , /
- /R/R/R /R(p(HHbi)/o m(ﬁj(z_ai_jy_”)_fij(Z_ai—jl—u))

v

lai—j(y = OI"1(ai—j(y — O < Dpij(x)p; () f; () dx dy dt

1
/R<P(X+Z+bi)|:m(fij(z —ai—jy =) = fij(z = ai—;y)

lai—j(y — )"

x dudz

Jodo:

x I(lai—j(y =) = Dpij(x)pj(y) fj(r)dx dydz

///(Ms/(lﬂzn—““)dz) lai—;j(y — D" I (lai—j(y — )] < 1)
RJRJR R

xpij(x)pj(y) fj(t)dxdydt
< C(Ms)"Ela;—j(; —&1"I(|lai—; (Ej - %']/) <1 = C(MS)U|ai—j|a/» (®

v
lai—j(y — )"

IA

5
/ ol + 2 + bl-)/ (14 |z — )~ dudz
R 0

IA

for all @’ < « and any v > max{l, @’} by Lemma 2. Furthermore,

]22////<p(x+z+bi)[fij(z—aijy_s)
RJRJRIJR

—fijz —ai—jy) — (fij(z —ai—jt =)

v

I(lai—j(y = )| > Dpij(x)p;(y) fj(t)dx dydt

—fij(z —ai—jt)]dz

=S

x I(lai—j(y — )] > Dpij(x)p; () £;(t) dx dy dr
5/// [/ 2Msf{j(z, l)dz] I(lai—j(y—0)|>Dpij(x)p;(y) fj@)dxdyd:t
RJRJR R

=: 2|Ms|" [/R 1@, l)dZ} El(lai—j(& —£))| > 1) < C(Ms)"|ai—j|*. (9

v

N
/(p(x+z+b,~)/ [z —ai—jy —u) — fli(z —ai—jt —u)dudz
R 0

by virtue of Lemma 2 again. In view of (8) and (9),
Ji+ 1 < ClOX; /()" |ai— | .
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By (5), (6) and |s| < |49Xl-/(nh)d|, we have for o/ < o and v > max{1, a},

v

n v C [n(xo+h)] [n(xo+h)]

> My =i 2 | > | a0

j=—00 j==o00 [ i=[n(xo—hm)]Vj

E

For B > 2/a, by (10) and taking v = 2 and &’ near « such that Ba’ > 2, we have

0 . c Gl [ inGo+h) 2
> le— 3 3 N
E Mnj < (nh)3/2 |al—]|
j— jm—oo | i=In(xo—m1vj

c [n(x()Zh)|: [n(xo+h)]

2
S| 2| 2 Iaijl"‘/z]

j=—00 Si=[n(xo—h)Ivj
[n(xo—m] ¢ [n(xo+h)]

+ > [ > |ai—j|a//2i|2

Jj=n(xo—2h) “i=[n(xo—h)]Vj

[n(xo+h)] [n(xo+h)] 2
foX S ]

j=lIn(xo—m)1i=[n(xo—h)1V j
C |:/n(x0—2h) |:/n(x0+h) _ B o' fv v
< =) PLx—y)"PL(x—y)) " dx| dy+nh
(nh)3? | ) n(X()*h)( )
< C(nh) "3 [(nh)~ BT L(nh)® + nh]
<2C(nh)" /2. (11)

Note that b; = O(h?) — 0 and h = O(n~4/4+D) By condition 4 and Lemma 1,
we have

> Eh(eKi =Y (A/2)OX;/(nh)*)’K;. (12)

i=1 i=1

Combining this with (11) leads to the conclusion of Lemma 4 for the case of 8 > 2/«.
Forl < B <2/a and a > 1, by (10) and taking v with @ < v < af, &’ near to «,
a similar argument to the case of 8 > 2/« leads to

[n(xo+m)] [n(xo+h)] )
2. > lal* | =omh.
j=—00 |i=ln(xo—m)1v
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Therefore, by (10), we have

n v
E > () h(ei) — Ehe)}K;| < Cou)® D=4+ D 0 p)
i=1
< C(nh)d=—Dv=d+1 _ c(up)=@w=D/@B)

— 0.

The conclusion follows from (12).
For 1 /o < B < 1, elementary computations show

v

[n(xo+h)] [n(xo+h)] )
> 2 ey
j=—00 |i=[n(xo—h)]Vj

n(xo—h) { pn(xo+h) Y
e [/ (/ [ — ) PLx - y)]“dx) dy
—00 n(xo—nh)
n(xo+h) (- fln(xo+h)] Y
+/ (/ [(x—y) PL(x—y)” dx) dy]
n(xo—h) y

< C(nh) Pt L ()

Therefore, by (10) and taking v = « > &’ and &’ near « such that 8(a —a’) < B—1/«,
we have

n v
> ()* k(i) — Eh(en}Ki| < Cnh) 4= D40t )= FHoFL L (npy

i=1

E

< C(nh)(dfl)vfdﬁ*l — C(nh)f(vfl)(lfﬂ+l/0t)

— 0.

The conclusion follows from (12) and the proof of Lemma 4 is completed. O

Similar to the argument of Lemma 4, we have

Lemma 5 Under the conditions of Lemma 4,

(nhy~! [Z[(w(si +bi) — () — Eg(si + bi)]K,} —"0.

i=1

Remark 3 Intuitively, from these two lemmas we see that if {¢;} is short-range depen-
dent then d = 1/2, and so the optimal bandwidth is of the order p=d/CHrd) — p=1/5,
However, as {¢;} is a long-memory process, the optimal bandwidth is completely
different: it depends on the values of both « and g.

The following two lemmas address the uniform reduction principle for the weighted
empirical distribution of {e;}.
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402 N. H. Chan, R. Zhang

Lemma6 Ifl/a < B < land1 < a < 2, then for any ¢ > 0,

sup D vill (e < x) = F(x) + f(x)er)
i=1

1 -7
P[ﬁ 28]““

for some T > 0, where {v;, 1 <i < n} are non-random real-valued sequences with
max |vi| = O(1), F(x) and f(x) are the distribution and density of &g respectively.

1<i<n
Proof The proofis similar to that of Koul and Surgailis (2001). Althougha; = i ~P1(i),
because /(x) is a slowly varying function, their conclusion still follows and the details

are omitted. |

Lemma7 If1 < 8 <2/a, 1 <o < 2and forany e > 0,

1
P [f‘;ﬁ n1/@P) (

for some T > 0, where {v;, 1 <i < n} is defined in Lemma 6 and

D vill(e <x) = F(x) — n(éi,x))‘) > 8] <Cn7T

i=1

(&, x) = > (F(x —aj&j) — EF(x — a;&)),

j=1

F (x) is the distribution of €.

Proof By Lemma 2.3 of Surgailis (2002), there is a T > 0 such that
n
> I(ei <x) = F(x) — 0. x)
i=1

1 -7
P{izgm( )28}501 . (13)

Note that lmax lvi| = O(1), by (13), the conclusion of Lemma 7 follows. m]
<i<n

4 Proofs of main results

Proof of Theorem 1. By Lemma 4 and using the argument of Pollard (1991) (see also
Peng and Yao 2004), we have that the difference between the minimum of

D [p(ei +bi +0Xi/(n)'/?) — p(ei + b)1K;

i=1
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and the minimum of

n 2
0X; AOX;)
i§_1|: /—nh¢(81+ i)+ nh ] i

—Z[ e +b)}K + = / (01 + 6hu)’ K (u) du

—Z[ <p(81+bl)]K+ /(91+9 W) K (1) du

converges to 0 in probability. By the definition of 0, we see 0 is just the minimum of

D Ip(ei +bi +0Xi/(n)'/?) = plei + b)K;
i=1

This implies that

S e +bi)K;

iy _ b
o) =mo) AVl 1K (u) du or
Py S (52 e(ei + bi)K;

h/nh(i' (xo) — m'(x0)) = = +o,(1).

vnh(m'(xo) —m’(xo)) A«/ﬁfiluzK(u)du op(1)

Note that fil K (u)du = 1. By Lemma 5 and condition 4, it follows that

ﬂ(ﬁ(xo)—m(xo))zm+ Vnhm' (xo)h/ u? K () du + 0,(1),

Av/nh
Y Yo () (e Ki Ih K ) du
h/nh (i (xo) —m' (x0)) = = f 52
nh(m (xo) —m (xo)) AV [ 2K du hm' (x0) ™ @K
+o,(1).

From these two equalities, proving Theorem 1 is equivalent to showing that

Z?:1 (&) K;
A~/nh

We proceed with a method based on the limit theory for additive functions of Markov
chains: see Wu (2003). Let g(¢;) = ¢(¢)Ki, gn(x) = E[g(e)|X, | + an—161 =
x] = Eg(x + Yn,l) and f,1(z) be the density of Yngl, where Xu and 7,,,1 are
defined as those in Lemma 4. From the proof of Theorem 1 of Wu (2003), to show
(14) it is sufficient to show that

—4 N, 0?). (14)
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(i) Eg*(e) = E(p(e)K;)? < oo,
(ii) sup,cg |ga(x)| < o0,
(ifi)  SUP,cR SUPyLrryj<1 180 (X) — ga(M)I/]y — x| < o0.

Note that both ¢(-) and K (-) are bounded functions. It follows that
Eg’(e;) = Ep(en)Ki)” < o0
and

sup |gn (x)| = sup Eg(x + Xp,1) = Sup/ p(x + 2)K; fu1(z) dz < M M.
xeR xeR xeRJyeR

Furthermore, by condition 5,

lgn(x) — gu(¥)|
sup sup _—

X y#Fxx—y|<1 |y _x|
1
=sup  sup / [(p(x +2) — (y + 2))Ki| fu1(2) dz
X y#Fxx—y|<1 |y_x| R

=sup  sup
X y#FExx—y|<l |y —.X|

<sup  sup /|<p(z+x)1<i|(1+|z|)*<1+6) dz < oo.
X y#x:x—y|<1JR

/R|(P(Z)Ki| A far@ = x) = far(z — y)ldz

The proof of Theorem 1 is completed. O

Proof of Theorem 2. Similarly, by Lemma 4 and the argument of Pollard (1991), we
have for 1/a < B < 1, the difference between the minimum of

> w2 (e + bi + 60X, /b)) — pler + b)IK;

i=1

and the minimum of

! 0X; A0X;)?
> [—lfﬂ(si +bi) + ©x) :| K;

P (nh)4 2(nh)?d
nor 2
0X; AOX;)
= _W(D(Sz +bi) + W} K;i

n -

=S 2+ K~+é/1<91+92u)21<<u)du
_(I’Lh)lid 1 1 1 2 _q

n -

:Z i (i + by) K.+é/l(92+92u2)1((u)du
_(nh)l_dw i i i 2/, 1 2
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converging to 0 in probability. By the definition of 6, we see 0 is the minimum of

anfl[p(gi + b + 60X /(nh)?) — p(ei + b)K,.
i=1

Therefore, by Lemma 5 and condition 4, we have
S el +bi)K;
Amh)=d 1 K (u) du

0 DK (nh)dm (xo)h?
T A4 2

(nh) (7 (x0) — m(x0)) = +0,(1)

1
/ u?K (u) du 4 0, (1).

-1
(15)

Observe that
h(nh)? (i’ (xo) — m' (x0))

n . 1
= S22 ) oo + bk | /| A | WP K@) du|+o,p(D)
i=1 h - p

_ T ) ek ytm woh? [1 w0 K @) du
A(nh)l—d f_ll u?K (u)du 2 f_ll u?K (1) du

+o0,(1). (16)

Next, we show for 1/a < 8 < 1,

i (p(e1) — Ae)K;

p
e 0. (17)

i=

Because ¢(-) is bounded, similar to the argument of Koul and Surgailis (2001), we
can represent

n

(p(ei) — Agi)Ki — [Jr I(ei <x) = F(x) — f(x)&; dp(x)] K;
Z k) Fa—B as Z (nh)1+1/a—B :

(18)
i=1

By noting that K(-) is supported on [—1, 1] and K(x) < My for all x € R, it
follows that the right-hand side of (18) is smaller than

) =: Sun.

@ Springer

[n(xo+h)]
/ > =0 - F) = feide)
R i (xo—m)
2nh

| 216 =0 = F@ = f@er doto
i=1

1
(nh)+1/a—p (MO

1
= (nh)1+1/a=p (MO
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By Lemma 6, we have for any § > 0,

n

D (e < x) = F(x) = f(x)e]

o i)

1
Sun < Molp(00) — ¢(—00)| Sup W(

)

i = x) — F(x) = f(x)ei]

1 n
<C E
s s (|2

< ¢ in probability,

which yields (17). In the following, we show that

n (%)«%’Ki )

ei K
(; (nh)! /=Bl (nh) L, (nh)’ ; (nh)!+1/2=Bl(nh) Ly (nh)

[e’e} 1 00 1
—d (/ /1K(y)(y - x);ﬁ dy dZa(x),/ /1yK(y)(y _ X)J—rﬂ dy dZa(x)).

n

(19)
Let ¢, = n'/*L.(n). Then,
n SZK
l_; (nh)1+1/e=Bl(nh) Ly (nh)
_i > ti=iéiK
B p— (nh)+1/2=Bl(nh) L, (nh)
B i Z K (i = x0)/ Mt = PG =)
- &~ (nh)*/e=Bl(nh)L.(nh) /
j=—o0i=1lvVvj
_y ”%’”] K (i = x0)/ WG = )~PIi = ) &
j=—oc i=ln(ro—h)IVj ()1 =Fl(nk) Cnh
[nh)] KL C o N=Bi(i _ )
_ Z Z G — pHPia J)E_,’ 0,

(nh)1=Bl(nh) Cnh

j=—o0i=[—nh]v

n (x—i;xo)eilfi

; (nh)!*1/2=B[(nh) Ly (nh)

in distribution. Similarly,
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has the same distribution as

[nh)] i N oN=Bi _ ]
z Z nhK(nh)(lliﬂj) I(i J)é,?_]. o
i e ity (nh)'=Pl(nh) Cn

By (20), (21) and Theorem 4 of Avram and Taqqu (1986) (see also Kasahara and
Maejima 1988), we have (19). Note that in this case d = 8 — 1/«, by (15), (16), (17)
and (19), we have the conclusion of Theorem 2. O

Proof of Theorem 3. Similar to the argument for the case of 1/a < 8 < 1, we have
for 1 < B < 2/a, the conclusions of (15) and (16) are also true, but in this case
d =1—1/(ap). Next, we show that

1 n
W;(w(ei)— /R n(&»x)dw(x))lfi —"0. (22)

Because E¢(g;) =0,

n

Z(go(e,-) -/ n(s;—f,x)dw(x))
i=1 R
- Z(/ [1(er =) = Fldp(o) = [ ntEion drp(x))
i=1 VR R

=" 116 = 0= Fo) = e m1dp)
i=1

Combining this fact with Lemma 7, it follows that for any § > 0,

1 n
W;(me»— /R n(éi,x)dw(x))K

Zl(e, <x)—F(x)—n&, 0|K

)

1
= W(W(OO) @(—00)| sup

xeR

< 2M sup Ki/ (i)' @P) < s.

xeR

Zl(el <x)— F(x) —n(&, x)
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By the arbitrariness of §, we have (22). We now show that

1 n
Sn = ) TP L, (nhy ;Ki/lzn(gi’x)d(p(x)

1 n oo
= TP LY ;‘,K,-/Rgo(x) Lg, (f(x —aj&) — Ef(x —a,-sl-))} dx,
(23)

where f(x) is the density of eo. Let H(x) = 332 [¢oo(@jx) — E@eolaj&i)] and
Ann = (nh)V/ @B L (nh)'. Then from (23), we have

Alnh i“i“l(i/

i=1 i=1 R

Sp =

J=1

¢(x) {Z (fx —aj&) — Ef (x — a,-sn)} dx

=D D [9oo(aj&) — Eoo(@j&)1Ki/ Ani

i=1 j=1

= > HE)Ki/Aw.

i=1

Setz! = ci&!/P1(& > 0), ¢ = ca(=£)/PI(& < 0). We next show that

D HE)K [ Awy = D (& + ¢Ki/Apy in probability. (24)

i=1 i=1

Because ¢ (0) = E¢@(gp) = 0,
Poo(X) = /R(cp(x +y) =) f(y)dy

= [v0) [ £ -adady
R 0

=/O /Rf’(y)w(era)dydasCx. (25)

On the other hand, because |¢(x)| < M for all x € R, we have

oo (x) = /R (0(x +y) — () f(y) dy < 2M. 26)
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Therefore, by (25) and (26),
|@oo (x)| < max{2M, C}min{l, x} =: C min{1, x}.

This implies that for z > 1,

o o
> lowo(ajz)l <> min{l, a;z) < Clz|'/P. 27)
j=1 Jj=1

From (27), we have
H(x) =) goolajx) — O(CE[&]|'F). (28)
j=1

Let Hi(x) = [~ ¢oo(Cot™Px) dt and Ha(x) = 232 ¢eolajx) — Hi(x), where Co
is given in the condition of @; in Theorem 3. As x > 0,

1 [ L
) =5 /0 poo(@)(Cox)/Pa=1=1/% da,
which yields
l o0
x VB H (x) = 3/ 9oo(@)Cy/Pa™ VP da = ¢y. (29)
0

By argument (8) of Surgailis (2002), we have
lim x YA Hy(x) = 0. (30)
X—> 00
By (28), (29) and (30), we have
lim x_l/ﬁH(x) =cj.
X—>00

Similarly, we also have

l o0
lim (—=0)"YPH(x)=c; = 5 / oo (—a)Cy/P a1 71P da.
0

x——00
Therefore, for any ¢ > 0 there is a constant B > 0 such that for any x > B,

(c1 —e)x'/P < g(x) < (c1 +e)x'/P (31)
and for any x < —B,

(c2—&)(—0)'P < g(x) < (c2 +e)(—0)P. (32)
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Furthermore, because H(&;),i = 1,2, ..., n are i.i.d. random variables with mean
zeros, it follows that for any ¢ > 0,

1 n 2 1 n
E(A ) D HE(&] < B)K,-) = 2 EHE)(&] < BYK)’
=1

nh j=1
M2 [n(xo+h)]
< > EHEI(& < B
nh i=[n(xo—h)]

< (i)' TV OB EIHEN (8] < B))?

B
= (nh)'te=2/P / H?(x) f(x) dx
—B
B
< C(nh)”s_z/("‘ﬂ)/ x2B f(x)ydx > 0
-B

by (26) and the fact that o8 < 2. Similarly, we have

n

2
E(Z[clsi‘/ﬁl(o <& <B) +o-&)PI-A<g < O)}/Anh) - 0.

i=1

Consequently, by virtue of (31) and (32), we have (24). Note also that

S 1 > 00/ A — Zap(1),
i=1

D (&) PIE < 00/ A — Zip (D).

i=1

Combining these with (23), (24) and Theorem 4 of Avram and Taqqu (1986) again,
we have

i Ki [g i, x) de(x) 4 1 1 .
VDL, i) B Cl/_lK(X)dZaﬂ(X)—i-Cz/_lK(x)dZaﬂ(x).

By (22),

1

n . . 1
Zi=1 Kl(p(gz) _)d Cl/ K(x) dZa/g(X)‘l'CZ/ K(X) dZ:)tkﬂ(x)
-1 -1

(nh)V/@P) L, (nh)1/8

Therefore, by (15) and (16) with d = 1 — 1/(aB), we establish the conclusion of
Theorem 3. O
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