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Abstract In this paper, we use smoothed empirical likelihood methods to
construct confidence intervals for hazard and density functions under right
censorship. Some empirical log-likelihood ratios for the hazard and density
functions are obtained and their asymptotic limits are derived. Approximate
confidence intervals based on these methods are constructed. Simulation studies
are used to compare the empirical likelihood methods and the normal approx-
imation methods in terms of coverage accuracy. It is found that the empirical
likelihood methods provide better inference.

Keywords Censored data - Density function - Empirical likelihood - Hazard
function - Kernel smoothing

1 Introduction

Right-censored data appear naturally in biomedical research and industrial
lifetime analysis. Let {7;: i = 1,2,---} be independent and identically distrib-
uted (i.i.d.) nonnegative failure times with common distribution function Fp,
{C;: i=1,2,---} be ii.d. censoring times with distribution function Gy and
independent of the failure times. We assume throughout that Fy and Gy are
continuous. Under right censorship, we observe the right censored vectors

(X1>81)’--~,(Xm5n), (1)

where X; = min(7;, C;),8; = I(T; < C;), the indicator of T; < C;.
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In the analysis of lifetime data, researchers are often interested in estimating
the density function fj of the failure times and the associated hazard function

fo(®)

d
ho(®) 1= =, n(So0) = 1=

where So = 1 — Fy is the survival function. In many approaches, the kernel
method, studied extensively in the literature, is the simplest. For example,
Ramlau-Hansen (1983) used this method to smooth counting process inten-
sities, Tanner and Wang (1983) gave expressions for the bias and variance of
the kernel estimates by direct calculations and proved its asymptotic normality.
Other properties of the kernel estimates under right censorship can be found
from Tanner and Wang (1983), Lo et al. (1989), Diehl and Stute (1990), Xiang
(1994), and so on.

In this paper, we use the smoothed empirical likelihood (EL) method to
obtain confidence intervals for /¢ (f) and fy(¢). The EL method was introduced
by Owen (1988, 1990) as a method for constructing nonparametric confidence
intervals. The advantages and references about empirical likelihood can be seen
from Owen (2001). For complete data, Chen and Hall (1993) developed the
smoothed empirical likelihood confidence regions for quantiles and proved it
is Bartlett-correctable. Hall and Owen (1993) used empirical likelihood to con-
struct confidence bands for density function, then Chen (1996, 1997) showed
that the empirical likelihood produces confidence intervals having theoreti-
cal coverage accuracy of the same order of magnitude as the bootstrap, and
which are empirically more accurate. The applications of empirical likelihood
in survival analysis can be dated back to Thomas and Grunkemeier (1975) who
constructed confidence intervals for survival probability with censored data
(see also Li, 1995, Murphy, 1995). Empirical likelihood based confidence bands
for individual quantile functions and survival functions have been derived by
Li et al. (1996) and Hollander et al. (1997), respectively. However, the results
about the application of smoothed empirical likelihood to censored data are
few.

The paper is organized as follows. In Sect. 2, some empirical log-likelihood
ratios are derived and their asymptotic limits are obtained. Simulation studies
are given in Sect. 3. Proofs of the main results are put in Sect. 4.

2 Main results

For any cumulative distribution function F, let F =1— F and (ar, br) be the
range of F defined by

ap :=inf{x : F(x) > 0} and bp :=sup{x: F(x) < 1}.
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Hazard and density under right censorship 577

Let Xy < X) < -+ < X() be the order statistics of the sample X1, X5,...,X),
and 48(;) the concomitant of X(; fori=1,...,n. Let

n
ri= > IXj = Xp)=n—i+1
j=1

be the number of subjects that are “alive” before Xj;.
Let I" be the space of all the distribution functions defined on [0, co). For any
F € I, the likelihood function based on the censored data (1) is defined by

n

Lby =[] (Fxp - o) (1 - Fox)'

i=1

8

From Li (1995), we know that the likelihood L(F) can be rewritten as

n
L(F) =[] — xp @i,
i=1

where A1, ..., A, are the hazard values at X(y), ..., X, given by
. F(Xu) — F(X@—)
' 1—-F(X3—)
= P(X =x|X > 0)lx=x,, i=12,...,n (2)

Using (2), we can represent the survival function S(z) and the cumulative hazard
function A(f) = —In S(¢) as the following functions of A1, ..., A,:

Sty =[]a-rIXy <0, A® == In(0 = )X <0).

i=1 i=1

Let K(¢) be a kernel function and a = a, be a smoothing bandwidth. Then the
derivative ho(t) = A (t) can be estimated by kernel smoothing method, such as

ha(t]2) = =" In(1 = 2)Ki(2),

i=1

where K;(t) = a_lK(t_aﬂ). Maximizing L(F), we get A= oy /ri.-i=1,...,n,
and obtain

hn(0) = ha(tl}) = Zl ( 8”)&(0,
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the familiar estimate of /(). Under constraint A,,(t|A) = ho(t), we introduce
the following empirical likelihood ratio

sup {L(F) s> In(d = A)Ki(t) + ho(t) = 0}

Alyeshn
R(hg,t) := . 3
(ho,1) wp L) 3)
Aseeshn

By Lagrange’s method, we have

n

R, = > [(rl 5 In (1 + ’“‘K‘;t) ) —rln (1 + “K"(z))] .

i=1 — o0 i

where the Lagrange multiplier u satisfies

Z] ( rﬂi—l}(())Ki(I) + ho(t) = 0. (5)

Let Hy be the distribution of X, then Hy = FyGy, by, = min(bf,,bg,). To
study the asymptotic properties of R(ho,t), we introduce the following condi-
tions. Suppose

(C1) K(#) is a bounded nonnegative function having compact support [—c, c],

such that
o 1, i=0,
/ u'Ku)du = {0, 1<i<r-1,
- Co, i=r,

where C is a nonzero constant. The derivative of K(f) exists.

(C2) Fort € (ag,,bn,), suppose ho(t) > 0. The derivative h(t) of ho(t) exists
and is continuous.

(C3) Asn — oo,we have a — 0, na — oo, n“za”% — 0,Ina"'/na — 0 and
Ina~'/Inlnn — oo.

Theorem 1 Assume the conditions (C1)-(C3). Then for each fixedt € [aF,,bu,],
as n — oo, we have

—2InRho,t) B x2. (6)

By Theorem 1, a confidence interval for Ag(¢) with asymptotic coverage proba-
bility 1 — « each fixed ¢ € [aF,, bn,] can be defined by

In,()t(ha[) = {h :—2In R(h'7 t) = CO{}’
where C, is given by P(X12 <Cy)=1-0.
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Hazard and density under right censorship 579

Remark 1 To select an adapted bandwidth is very important as we use kernel
smoothing method. Theoretically, the optimal bandwidth should be chosen as
the value for which the coverage error is minimized. For complete data, Chen
(1996) gave a explicit expression of coverage error and found that the optimal
order of bandwidth is n~!/3. We can not obtain the same result in our paper, but
we believe that this result remain true for right censored data. In our simulation

studies, we choose a = cn~!/3 and select ¢ by bootstrap method.

Construction of empirical likelihood for density function fj(¢) is more com-
plex. Notice that fy(r) = ho(t)So(¢). For any fixed ¢, if fy(r) is known, adding
another constraint So(f) = p, we have ho(t) = fo(t)/p. Introduce the empirical
likelihood ratio

R(fo,p,0)
. sup {L(F) Z L In(1 = A)I(X () <0 =Inp, Zl" L In(1 = 2)Ki(0) + fo(t)/p = 0}

Mo

- sup L(F)
)\,1 ..... n

and define
R(fo.0) == sup R(fo.p,0). (7)

re(0,1)

Let
T
Wy i= (I(X@) < 0,Ki(0) .

By Lagrange method we have

n T T
Wi Wi
InR(fo.0) = > 1 i —8a) | 1 + LB NEPET ETIRARAE | SR
i=1 — 00 i

where the Lagrange multiplier y = (y1,2)! and nuisance parameter p satisfy

i
21n(1—r +;}W )I(X(,-)gt)—lnpzo, (9)
2:m(1— ) Ko+ o p = (10)
A+ 2w =o. (11)
n n

For i = 1,2,3, we define the left hand sides of (9)-(11) by Qi,(p, y1,y») . For
fixed p, assume the solutions of (9) and (10) are (y1,»2) = (1 (P.0),2(p.1)).
Plugging them in (11), we get

b, 20D g~ (12)
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Theorem 2 Assume the conditions (C1)-(C3). Then for each t € [aF,,bu,], with
probability 1 for large n, (12) has a solution pg = pg(t), such that R(fo,p,t)
attains its maximum value at p = pg, and as n — oo, we have

D
—2InR(fo,pe.1) = X} (13)

Similarly, the asymptotic 100(1 — «)% confidence interval for fy(f) for each
fixed ¢ by

In,ot(fvt) = {f: _2lnR(f9pEvt) =< CO[}

3 Simulation results

We use Monte Carlo simulation to compare the empirical likelihood and
the normal approximation method in term of coverage accuracy. We use the
Epanechnikov kernel

(1—u?), iflul <1,

3
1z
K@) [ 0 otherwise.

and the smoothing parameter a = cn~!/3. We choose c at interval [0.5,2] such
that the bootstrap coverage probability close to 1 —« (See Li and Van Keilegom,
2002. Let Fy, G be the exponential distributions with mean 1 and 6, respectively.
We choose 6 = 5 to get 10% censoring rate and 6 = 4 to get 20% censoring
rate and choose nominal coverage of « = 0.90 and « = 0.95 to compare the
performance between EL intervals and normal approximation (NA) intervals.
For fixed ¢, by the central limit theorem of /,,(f) (Lo et al., 1989), since

na(h, () — ho(t)) 2 N(0,6%(1)),

where o2(f) = ho(t)l’:IO_1 () f}l K?(u)du, the asymptotic 100(1 — «)% confidence
intervals for Ao (¢) and fy(¢) are defined by

(h (1) — ;Lﬁq(l —a/2), hn®) + %q(l - a/2))
and
G ()Su () G (0S8 (1)
(fn(t) T Jma ——q(1 = a/2), fu) +——— ~Jna q(1 — 05/2)) ,

respectively, where f,(f) = a! J K((t — 5)/a)dS,(t), Sx(t) is the Kaplan-Meier
estimator based on data (1) and g(«) is «-quantile of the standard normal dis-
tribution. For n = 40, 80, 120 and ¢ = 0.6, 1,000 duplications were calculated,
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Hazard and density under right censorship 581

Table 1 Coverage probability for r = 0.6

Censoring Size h(z) f@
rate ny a =0.90 a =0.95 a =0.90 a =0.95
EL NA EL NA EL NA EL NA

40 0.907 0.847  0.960 0.894  0.889 0.920 0.921 0.970

0.10 80  0.899 0.879  0.937 0.908 0.899 0.920 0.939 0.960
120 0.890 0.878 0.943 0.925 0.898 0.918 0.947 0.962

40 0912 0.853  0.958 0.889  0.895 0.934  0.936 0.983

0.20 80  0.902 0.864 0.956 0.917 0.902 0.931 0.946 0.970
120 0.895 0.873  0.944 0.918  0.909 0.925  0.957 0.957

respectively. The results are summarized in Table 1. The bandwidth a is selected
by bootstrap method.

Comparing the performance of empirical likelihood method and normal
approximation method from the tables, it is seen that for different simple sizes
and different censoring rate, the performance of EL method is better than that
of the normal approximation, especially in case of small sample size n.

4 Proofs

We prove Theorem 2 first. The proof of Theorem 1 is similar and more easier.
Define ¢, =n7%,1/3 < s < 1/2 . In what follows, we suppose the conditions of
Theorem 2 are satisfied.

Lemma 1 If p satisfies |p — So(t)| < &, then for each fixed t € [ap,,bp,], the
solution y = (y1(p), y2(p))T of Egs. (9) and (10) satisfies

71(P)
n

= 0O(gy) a.s., J/z_(p)
n

= 0(a"%¢,) as. (14)

Proof Define

n

. 8il(Xi < 1)
610 =nY Ty
i=1 !

n 2
§iK3(t
&3 (1) == na » ’r—’z()
i=1

1

’

n
- Z §iKi(OI(Xi) = 1)
i=1 i
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582 Junshan Shen, Shuyuan He

Similar to the proof of Proposition 3.3.1 of Ramlau-Hansen (1983), it is easy
to get

t
(t)—>al(t)—/ ﬂ a.s

Fo(s)Ho(s)
&3 (t) — o5 (1) = ZO—((‘)) K>(Hdt as., (15)
&5 (t) > o () = hom / K(t)dt as.

Let |y| = 1/yl2 + yzz. Define

T
An(p,t) = (lnp —1n S, (1), hn(2) —fo(t)/p) . (16)

o) ) ( (:)) T
In(1-—°29 1- W, >0,
|:n( ri"‘VTWni v v "=

by (9), (10) and inequality |In(1 — x) —In(1 — y)| > |x — y| for x,y € (0,1), we
get

- 8 8
yT Ay =" (m (1— m) —In ( r“)) (nI(Xa <D+ 1K)

i=1 !

(i) ) ’ T
- nf{1—-—% ) —mf(1-=2 Wi
Z) ( rl+VTWnl) ( ri ) v il

Because

o da|,. T
Z I’[-I-}/TWm r ly il
1

(2ot +2mnoh 0 +a 353 0),
(17)

>
= n+2|y|max*{|n/ri|}

where max* denotes max;.x;()>0.x,<:- Almost surely for large n,

N n 2
max® |—| < max |—| < =——,
ri Xy <tlri H()(t)
we get
1
T 242 A ~1,,242
T Anp) 2 —————— (V{610 + 2nnoh0 +a ' V35t m) . (18)

n n+4|y|H61(t) 191 12 207
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Hazard and density under right censorship 583

Let & = yi(p), 2 = a @), 5| = \/¢f +¢5. From the LIL of S,(0)
(Cso6rgd and Horvath, 1983) and 4, () (Diehl and Stute, 1988), for each fixed
t € lag,, bu,l, we know that

ly " An(p, 0] < In1l[Inp —In So(®)| + 11| In So(1) — In S, (0]

= 1110(en) + a Y2 11|0(en)
= |§|0(8n) a.s. (19)

On the other hand, because 012(1) > 61(2)02(1), we get 244 {2012 1 > ;1 en () —
§22 (). Thus almost surely for large n,

VEGE(D) 4 2717265 () + a”yF63 (1) = c262(0) + 202510267 () + (363 (1)

> (1—a') (510 + Goiw)
2
> % min (&f(t), &22(0) . (20)
By (18)-(20), we get |¢|/n = O(ey) a.s. That completes the proof. a

Lemma 2 With probability one, for large n, there exists a solution pg of (11)
such that R(fo, p,t) attain its maximum value at p = pE.

Proof For X(;) < t+ hc < by, by Taylor expansion, we get
1) ) Tw, B
ln(1—+)=ln 1= 20 Y i
ri+y! Wy v i
S T Ay
—In [1 _ Ll)(l 14 Wm + O((V V;/m) ))]
ri ri rl'
S Sen\ 1 TW. .S TW, 3258,
=1In (1—ﬂ)+1n{1+(1_ﬂ) .(” Wz’“ (’)+0((y W’;‘) ®
141 r; r; ry

Sei 8¢ Sei Ty 2
=1In (1 — ﬁ) + ¢VTW,”~ + O(M) a.s. (21)
r

i ri(ri = 8ay) ;
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Let po = So(¢) and p = pg + ¢,. Assertion (14) leads to

yTWni = O(ne,) as.

Thus
An(p,t) = (Inp — In S, (), hn(t) — fo(t)/p)"
n
0 ) ( 5(1))] T
= In{1— —In{1l-— w
11[ ( s +VTWni v "
_Lrsio (2) as. 22)
n n
where
~D ~
. oy (f) o150
Y= ,
650 a 1630
with

n
R SI( Xy <D
2 i (i)
G2 =ny 2O ="
! ; ri(ri — 8¢;))

. "SKi(OI(X iy <t
620 =S 2RO G =1

P ri(ri — 8¢))

n

8iK¥ (o)
02 (t) - Z ri(ri — 8(1))

Proceeding similarly as in the proof of (15), we get
612(t) — o] 2(1),6 (t) — 0y (t),cru(t) — 012(1) a.s. (23)
By (22) and (23) we get

%VT(PJ) =A,(p, 031+ 0(2) as. (24)
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By (4) and (24), we get

n T T
Wi Whi
—ZInR(fo,p,t)=—Zz{(Vi—5(i))ln(1+ J/ Sm)—riln(l—ky - m)]

o 8
i1 i 0]
n

6 .
=> — T Wu)? + Oney)
= ri(ri = da)

1 ~
= ;ﬂp,oxy(p, 1) + O(ne))

=nAl (p.0Z 7 Au(p. 1) + O(nel)

=n (An(pO’ 0+ A;,(pl: t)gn)T o (An (po, 1) + A;,(Pl, I)8,1)
+0(nel) as., (25)

where p1 € (po,po + &,) and A}, (p1,1) = (1/p1.fo(6)/p})T. Notice that
| Inpo — InS,u(1)] = 0(en), () = fot) /p0)| = o(a™"en) as.,
we get
—2InR(fo,p,t) > Cna,zl a.s.,

where C is a constant, and

—2I0R(fo, po,1) = nAn(po,0” £~ An(po,1) + O (e
=0 (ngfl) a.s.
Hence when n is large enough, we have
—2InR(fo, po + ent) > —2In R(fo, po, 1) as.
Similarly we obtain, ultimately as n — oo,
—2InR(fo,po — en,t) > —2InR(fy, po,t) a.s.

So —21InR(fo, p,t) attains its minimum in the region (po — &,,po + €,), say at
pE- Then we have

d InR(fo,p, 1) ‘
op P=PE

_ i 8yy T Whi Ay W,
S (rity W) i+ yTWai = 8w)  p lp=pe
0. (26)

@ Springer



586 Junshan Shen, Shuyuan He

By (9) and (10), since (y1,2) = (11 (p, 1), y2(p, 1)) satisfies

1 (P 112, 12(p.)) = 0, Q2u(p, 11 (P 1), 12(p1)) =0,
we get

)8Q1n(p,y1(p, 0, 72(p,1) N 302 (p. V1 (P, 12(p, 1))

l t
r(p, o »2(p.1) "
n T T
8i)y” Whi ayIw, 1
=2 - = (n@.0p + 1E.0fW)
= (rity W) (ri+y TWai—dm)  9p p2( . Dp + 12(p, Dft
=0.

So Eq. (26) is simplified to

e, DPE + v2(PE, Dfo () = 0.
It means (12) has a solution at p = pg. ]

Proof of Theorem 2 Recall that the left hand sides of (9), (10), (11) are denoted

by Q1,(p, v1,72), Q2 (P, v1,¥2) and Q3,(p, y1, y2), respectively. For i = 1,2, let
n; = y;/n. Define

< 8 n» ns n

$u(p) = % (90,0,0)
_1/[7 é\']2(1‘) 612(0

—fo/p 51 al63 ()

0 p Jo(®)

Let n1z = m(pe) and nor = n2(pE). Recall 6,2 = o(n=1/2), by Taylor expansion

we get
0 O1,(PE, M EsME)
01 =1 QumpE nE 12E)
0 O3, (PE, M E>ME)

an(pO»O»O) n pE _pO
= | Q2:(p0,0,0) | + S, (po) ME + O(e2) as.

By (23), since

adet (S,(po)) = 67(t) + adL (0)fF (1) /p§ — 263, (O)fo () /po — 03 (1) as.
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and o3 2(t) > 0, so S (po) has full rank and its inversion exists almost surely as
n — oo. We get

PE — PO . Q1r(po,0,0) '
me | = =820 [ 02:(10,0,0) | +o0(n2), as.

nE 03,(po,0,0)
01,(po,0,0) fo(f)fflz(l) a- p0822(t)
=~ 20 /p?
det (Sn (p())) —Of()(l)/p
~D R
02,(po,0,0) —Jo()67 (1) + pooi, (1) B
et (5o ~fo®/p +o(n™?) as.
det (Sn (pO)) ( 01
(27)
Thus
A —1 .
ME = (det (Sn(PO))) (QZn —fo(t)an/pO) +o(n"2). (28)
By (25) we have

1 .
—2InR(fo,pe, 1) = ;ﬂpg, 0NZy (e, + O(ne))
= ny3 det (Su(pp)) + O(ne))
~ -2 n 2
= n(det ($,(p0)) det (82 () (Qan—Fo®Q1a/po) +0p(D.

Notice pg = po + 05 (1), Q1 = 0p(Q20), 6} = 0p(a~163) and 6}, = 0p(a~163),
we get

na(hn(t) — ho(0)

_ZlnR(f’pE9I) = ~
&5 (1)

+ Op(l)-

Because 65 2() = 62(f) = o2(f) + 0p(1), we complete the proof by the central
limit theorem of A, (¢) (Lo et al., 1989).

Proof of Theorem I The proof is similar to that of Theorem 2. We only give the
outlines. Similar to the proof of (17), almost surely for large n, we get

_ da _ J0
(1 ri+u1<l~<r>) 1“( )"“ Kol
a1

- ZAZ(I)
_n+MMIm§{MﬁM

n

whn(®) = ho() = D |In

i=1

202(n)
" 2a(n+ 4lulHy' (1)

@ Springer



588 Junshan Shen, Shuyuan He

By |, () — ho(0)| = Op((na)~1/2), we get
u/n= Op(al/zn_l/z).
Similar to (24), we calculate

wo_ a(hu(t) = ho(1))
n - A

52 + OP(an_l).

Using Taylor expression to Eq. (4), we get

242 ¢
—2InRho,t) = %h() + O@an™'?

_ na(ha(®) — ho(0)’
= 320 +op(D).

Thus

~2InR(ho.t) > 2.
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