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Abstract Knowledge of the probability distribution of error in a regression
problem plays an important role in verification of an assumed regression model,
making inference about predictions, finding optimal regression estimates, suggest-
ing confidence bands and goodness of fit tests as well as in many other issues of
the regression analysis. This article is devoted to an optimal estimation of the error
probability density in a general heteroscedastic regression model with possibly
dependent predictors and regression errors. Neither the design density nor regres-
sion function nor scale function is assumed to be known, but they are suppose to be
differentiable and an estimated error density is suppose to have a finite support and
to be at least twice differentiable. Under this assumption the article proves, for the
first time in the literature, that it is possible to estimate the regression error density
with the accuracy of an oracle that knows “true” underlying regression errors. Real
and simulated examples illustrate importance of the error density estimation as
well as the suggested oracle methodology and the method of estimation.

Keywords and phrases Adaptation - Error depending on predictor - Heterosce-
dasticity - Minimax - Pinsker oracle

1 Introduction
Let n identical and independently distributed (iid) observations (X1, Y1), ..., (X,,

Y,) of the pair of random variables (X, Y) be available. The classical (and sim-
plest) regression problem is to find and then infer about the regression function
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m(x) := E(Y|X = x) in the model
Y =m(X) +£, (D

where X is uniformly distributed on [0, 1] predictor and £ is independent of the
predictor regression error. See a discussion of this homoscedastic nonparamet-
ric regression model in Fan and Gijbels (1996), Hart (1997), Eubank (1999) and
Efromovich (1999).

Suppose that the statistician uses a regression estimator m(x), then R; =
Y; —m(X;),l = 1,...,n are called residuals, and they are traditionally used as
proxies for corresponding unobserved regression errors. The latter is the founda-
tion of the classical residual analysis used for model validation, hypothesis testing
and prediction (Neter et al., 1996; Fan and Gijbels, 1996).

Interestingly, despite the fact that the residual analysis is widely used in applied
nonparametric statistic, so far no mathematically rigorous result about a possibility
to use residuals for an optimal (in any sense) error density estimation is known.
The available literature is practically next to none with just several known arti-
cles devoted to consistent estimation of the regression error density (Cheng, 2002,
2004). At the same time, there is a vast literature devoted to the estimation and
application of functionals of the error density (Akritas and Van Keilegom, 2001;
Miiller et al., 2004).

It has been conjectured (with outlined ideas of a possible proof) in Efromovich
(2005) that under a mild assumption on smoothness of the regression function and
the error density, residuals can proxy underlying regression errors in the follow-
ing optimal sense. Consider an oracle, which is a traditional density estimator with
best known properties under the mean integrated squared error (MISE) criteria, that
knows underlying regression errors. Then, it is possible to suggest a data-driven
regression estimator whose residuals can be plugged in the oracle in place of regres-
sion errors and the obtained data-driven error density estimator will have the same
MISE convergence as the oracle based on “true” regression errors. In other words,
the conjecture is that error density estimation based on either residuals or underly-
ing regression errors imply the same asymptotic MISE. It has been recommended
to use a Pinsker oracle, which is a classical blockwise-shrinkage orthogonal series
density estimator for the case of known errors with a finite support. This choice
is justified by the fact that this series estimator is sharp-minimax over a vast class
of densities including both Sobolev and analytic ones, superefficient and also an
excellent plug-in estimate for many traditionally studied functionals (Brown et al.,
1997; Efromovich, 1998, 1999, 2001; Bickel and Ritov, 2003; Wasserman, 2005).
Let us note that while regression errors with a finite support dominate applied
settings, theoretical residual analysis is also interested in errors with infinite sup-
port (like normal errors); this important setting will be considered in a separate
publication because proofs are too lengthy for a single paper.

The main aim of this article is to prove the above-described conjecture for
the case of regression errors with a finite support. Also, we shall consider a more
general heteroscedastic regression model

Y =m(X) 4+ o(X)E, (2)

where X is the predictor with the design density p(x) supportedon [0, 1],0(x) > 0
is the scale function, and & is a regression error which may depend on the predictor
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such that E{£]|X} = 0 and Var{£|X} = 1. Neither the regression function m (x) nor
the scale function o (x) nor the design density p(x) is suppose to be known. Let us
also note that the information about dependence or independence of the predictor
and error is unavailable to the statistician, thus in general a corresponding marginal
error density is the estimand. Of course, in the case of the dependency the condition
density of the error may be of interest; this problem will be considered in a separate
paper.

The context of the article is as follows. Section 2 formally describes the prob-
lem and its solution. It also presents the analysis of a real dataset and a simulated
example which shed light on the problem and the proposed method of estimation.
Sections 3-5 contain proofs.

2 Estimation of the error density

We begin with describing the considered regression model, then describe Pins-
ker oracle, define plugged-in residuals, present a proposition about optimal error
density estimation based on the residuals and finish with examples.

2.1 Nonparametric regression model

We are considering a general heteroscedastic regression model (2) where obser-
vations are n iid realizations (X1, Y1), ..., (X, ¥,) from the pair (X, Y) of the
predictor and the response. The predictor X is distributed according to an unknown
design density p(x) supported on [0, 1]. Neither the regression function m(x) nor
the scale function o (x) nor the design density p(x) is assumed to be known. The
regression error £ satisfies E{&|X} = 0 and Var(£|X) = 1, it does not take val-
ues beyond a known finite interval [a, a + b], and it may depend on the predictor
according to an unknown conditional density b1 Y([v—al/blx),v € [a,a + b].

The problem of interest is to estimate the (in general marginal) probability
density of the regression error &£ and to show that, under a mild assumption, appro-
priately calculated residuals can proxy underlying regression errors unavailable
to the statistician. Without any loss of generality, from now on we shall con-
sider a transformed error € := (£ — a)/b as the object of interest, refer to € as
the error and be interested in the estimation of its (marginal) density f(u) =

fol Y (ulx)px)dx,u € [0, 1]. (Let us note that due to the zero mean of &, we
cannot assume that it is supported on [0, 1].)

2.2 Pinsker oracle

The statistician needs to estimate the error density f based solely on n pairs of
observations (X;, ¥;),l =1, ..., n.If we look one more time at (2), then it becomes
clear that the problem is indirect and it involves nuisance functions. In such a com-
plicated indirect setting, it is reasonable to employ a popular in the nonparametric
literature oracle approach where an estimator is compared with an oracle (guru,
pseudo-estimator) that knows underlying regression errors. Note that, formally the
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latter means that an oracle knows the regression and scale functions. Then the oracle
becomes a natural benchmark for any data-driven estimator of the error density.

Letus define Pinsker oracle used in this article. Assume that Z ’11 =(Z1,...,2Zy)
is the vector of n iid observations distributed according to an estimated den-
sity f(z) supported on [0, 1]. Then Pinsker oracle is a data-driven (adaptive)
blockwise-shrinkage orthogonal series density estimate defined as follows. Con-
sider a classical cosine basis {1, ¢;(z) := 212 cos(mjz), j = 1,2,...} on [0, 1],
this is the place where the unit support becomes handy. Introduce an increasing
to infinity sequence of positive integers | = g; < g2 < ..., which divides fre-
quencies of the basis into blocks By := {qk, gk + 1, . . ., gk+1 — 1} having lengths
Ly == qx+1 — qx, k = 1,2, ... Also a sequence of corresponding positive and
finite thresholds 7 is introduced. To be specific, set Ly = k? and 1y = In"2(2 +k).
Then Pinsker oracle is

K
fr@ Z0) =1+ i Y 09, ze€l0,1], 3)
k=1  jeB

where K is a minimal integer such that Zle L, > n1/5bn, b, =4+ Inln(n +
20), {6} are empirical Fourier coefficients [estimates of Fourier coefficients 6; :=

Jo F@e;(2)dz]
0 :=n""> 9j(Z), )
=1

and the shrinkage coefficients are

L;! > 67 —n~!
- k B — = —
Wi = L—lje k_J 9_2 I(Lkl E 9]2 > (1 +tk)n l). (5)
k ZjEBk Jj je€Bx

This oracle, as a data-driven (adaptive) estimator based on n direct observations
Z} from the density f, is a sharp-minimax for Sobolev and analytic densities,
superefficient and has a whole bouquet of other excellent statistical properties
(Efromovich, 1985, 1999, 2005; Donoho and Johnstone, 1995; Brown et al., 1997,
Zhang, 2005).

There are two ways to explain why the oracle has such nice properties. The
former is to note that (5) mimics a familiar blockwise Wiener filter, which employs
optimal shrinkage coefficients uj := O /(0 + n=1, 0= L,:l ZjeBk 9}2; be-
cause Wiener filter, is based on Fourier coefficients of the estimated (and unknown
to the statistician) density of errors, it is the “ultimate” oracle. The latter is to
realize that if in (5) we replace the used hard thresholding by a soft thresholding,
then (3) is transformed into a classical Stein shrinkage procedure. This point of
view was first expressed in Donoho and Johnstone (1995), and the discussion of
Stein shrinkage in nonparametric curve estimation can be found, for instance, in
Efromovich (1999) and Wasserman (2005).

If we set Z] = €Y, then (3) can be referred to as Pinsker oracle for the consid-
ered error density estimation problem. Then Pinsker oracle, which knows “true”
underlying regression errors, becomes a natural benchmark for any data-driven
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error density estimator based on observations (X1, Y1), ..., (X,, ¥,). (Please note
the following hierarchy among the oracles: Pinsker oracle is less powerful than
Wiener oracle because the latter knows the underlying error density and “true”
regression errors while the former knows only “true” regression errors. At the
same time, under the MISE criteria, these oracles have the same asymptotic mini-
max properties, and this fact justifies the choice of Pinsker oracle as the benchmark
for a data-driven error density estimate.)

2.3 Assumptions

We need one assumption about the regression model and another about smooth-
ness of the conditional density v (u|x) which together with the design density p(x)

defines the density of interest f(u) = fol Y(ulx)px)dx,u € [0, 1].

Assumption A Model (2) is considered where the regression error £ may depend
on the predictor X, E{&|X} =0, Var(§|X) = 1 and P (§ € [a,a+b]) = 1, where
a < b are two given real numbers. Pairs of observations (X1, Y1), ..., (X,, Y,) are
iid. The regression function m(x), the design density p(x) and the scale function
o (x) are differentiable and their derivatives are bounded and integrable on [0, 1].
Also, miny¢[p,1) min(o (x), p(x)) > 0 and fol px)dx = 1.

Assumption B The conditional density ¥ (u|x) is such that (8/9x) (3% /du®)y (u|x)
exists and is bounded and integrable on [0, 1], and ¥ (u|x) = Oforu & (0, 1), x €
[0, 1].

2.4 Residuals

Let us explain how to find residuals that can proxy underlying regression errors.
Recall notation b, = 4 4 Inln(n 4 20) and define several more sequences in n:
ny :=n — 3ny; ny is the smallest integer larger than n/b,,; S := S, is the smallest
integer larger than n'/3; 0(1) — 0asn — oo. In what follows, we always consider
sufficiently large n such that min(n{, n2) > 4, and integrals are taken over [0, 1].

Now we can define the procedure. The first 7] observations are used to estimate
the design density p(x), the nextn| observations are used to estimate the regression
function m(x), the next n| observations are used to estimate the scale function o (x)
and the last n, observations are used to estimate the error density of interest f (u).
Note that np > [1 — 3(17;1 + n_l)]n and thus using either ny or n observations
implies the same MISE convergence. The three nuisance functions are estimated
using a truncated cosine series estimator. The design density estimator is

S n
p(x) = max (b;‘, n D (XD (x)). (6)

s=0 [=1
The regression estimator is

S

x) = D Reps (x), (7)

s=0
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where
2n
ke =nit D0 YipT (XD (X). )
[=n;+1
The scale estimator is
& (x) = [min(max(52(x), b;2), 2)]/* 9)

where 62 (x) is a regression estimator defined identically to (7) and (8) only with
pairs {(X;, Y;),l =ny + 1, ..., 2n} being replaced by {(X;, [¥; — n(XN1P), 1 =
2n1+1,...,3n1}.

Then transformed onto [0,1] residuals are defined as

. Y, —m(X a

o HmmX) _a il (10)
bo (X)) b

2.5 Assertion

Denote by 7 a vector (én—ny+1, - - - » €n) of residuals and by Z a vector of “true”

errors (€1, . .., €,); recall that the errors are known to Pinsker oracle. It is possible

to show that, under the made assumption, the MISE of plugged-in Pinsker oracle
fp(u, Z) asymptotically matches the MISE of Pinsker oracle fp(u, Z).

Theorem 1 Suppose that Assumptions A and B hold. Then, for all sufficiently
large samples such that min(ny, ny) > 4, there exists a finite constant P* such
that the MISE of plugged-in Pinsker oracle f p(u, Z) satisfies the following oracle
inequality:

E / (fp(u,Z) — f(u))*du
<1+ P*ln—l(bn))E/(fP(u, Z) — fw)*du+ P*bin~t.  (11)

Let us make several comments about the result. First of all, the oracle inequality
(11)isnotasymptotic. Second, plainly P*bf,n_1 < C[lnln(n)Prn~!, C < 00.Also
recall that the fastest nonparametric rate of the MISE convergence, traditionally
considered in the minimax nonparametric density estimation literature, is In(n)n !
for analytic densities, and for a Sobolev class of order « the rate is p—20/Qotl)
Thus we may conclude that the suggested data-driven error density estimator is
simultaneously sharp-minimax over analytic and Sobolev density classes. Third,
the inequality (11) verifies that the data-driven error density estimator matches
Pinsker oracle under the MISE criteria for large sample sizes. Fourth, we con-
clude that residuals (10) do proxy underlying errors in the above-defined optimal
sense. Fifth, it is important to stress that the made assumptions involve no interplay
between smoothness of the conditional error density and smoothness of the triplet
of nuisance functions (design density, regression and scale). In particular, even if
the error density is analytic (infinitely differentiable), then it suffices for the design
density, regression and scale functions to be only differentiable for preserving the
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very fast In(n)n~"! rate of the error density estimator’s MISE convergence. This
allows us to conclude that, under a mild assumption, residuals can be robust and
optimal proxies for unobserved regression errors, and this conclusion supports the
customary methodology of the applied residual analysis. Sixth, following Neter et
al. (1996), Hart (1999), Cheng (2002, 2004) and Miiller et al. (2004), we can con-
clude that the proposed error density estimator allows one to solve many classical
applied regression problems like prediction, change-point inference, goodness-of-
fit testing, estimation of functionals of the error density, etc. Finally, let us recall
that Akritas and Van Keilegom (2001) estimated the cdf of an (independent of pre-
dictor) regression error, and then the suggested estimate was used for prediction
and goodness-of-fit tests. Following Efromovich (2004), it is reasonable to con-
jecture that, by taking a corresponding integral of the error density estimator, it is
possible to obtain a second-order efficient estimator of the cdf, and then establish
corresponding optimal properties for goodness-of-fit tests. This along with other
natural applications of the error density estimator will be presented elsewhere.

2.6 Examples

We begin with the analysis of a real dataset. The top diagram in Fig. 1 exhibits
results of a controlled experiment conducted by BIFAR, a company with businesses
in equipment and chemicals for wastewater treatment plants. The regression curve
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Fig. 1 BIFAR’s experiment of centrifuging a mixture of several wastes with the controlled var-
iable being the quantity of used flocculant. The data is rescaled by BIFAR. Observations and
estimated regression errors are shown by triangles and crosses in the top and bottom diagrams,
respectively. The nonparametric regression and the error density estimates are shown by the solid
lines
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indicates that the process of centrifuging is improved as more flocculant is added;
here software of Efromovich (1999) is used. It is difficult to see something unusual
in this scattergram, but the estimated error density, exhibited in the bottom diagram,
clearly tells us that there are two pronounced clusters of sludges which are affected
differently by the centrifuging. This shows us that the error density estimation is
an important univariate characteristic on its own, which can shed a new light on
the association between the predictor and response.

Figure 2 helps us to understand how the error density estimator works because a
simulated example is considered. The left column of the diagram exhibits a classi-
cal regression analysis: we can visualize the regression and scale estimates as well
as the rescaled residuals. Note that the estimates are far from being perfect, and this
is typical for the considered sample size n = 50. At the same time, the estimates do
a good job for the data at hand because the rescaled residuals look homogeneous.
Then it is of special interest to look at how the suggested error density estimate
will perform for such a complicated case with relatively large measurement errors
caused by the poor estimation of the regression and scale functions. The right
column of the diagram shows us the error density analysis. First of all, the top
diagram exhibits the “true” errors, which are available to the oracle but not to the
statistician. The middle diagram exhibits the estimated errors, which are the same
as is in the left-bottom diagram. The bottom diagram shows that the shape of the
error density estimate, which is not as bad as one could expect (after visualization
of the regression and scale estimates), but it is definitely worse than the oracle’s
estimate based on the “true” errors. Here the estimate and the oracle are based on
the same density estimator of Efromovich (1999, s.3.1) with the only difference
being the used errors. The interested reader can find more simulations as well as
results of an intensive Monte Carlo study in Efromovich (2006).

3 Several technical results

This section presents several results needed for the proof of Theorem 1; they will
also allow us to shed light on the assumptions.

In what follows C’s and Cy’s denote generic positive and finite constants,
g (x) denotes the Ith derivative, if the interval of integration is not indicated
then it is assumed to be [0, 1], and J := Z,le Ly. Similarly to (4), denote by
6 ji=n, ! Z?:n_nz +19;(€) the jth plugged-in estimate of Fourier coefficient 6;

and then by /i a shrinkage coefficient defined in (5) with 6_ j replaced by 6 jand n
by ns.

Lemma 1 (a) Suppose that X1, X2, ..., X, are iid according to the probability
density p(x) satisfying Assumption A. Then for any positive integer k the design
density estimator p(x), defined in (6), satisfies

max E(p(x) — p(x)* < Cr n* (n)n=2/3, (12)
x€[0,1]

(b) Suppose that Assumption A holds, then for any positive integer k the regression
estimator m(x), defined in (7), satisfies

max E(m(x) — () < Cp ¥ F (nyn =273, (13)
xel|l,
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and the scale estimator 6 (x), defined in (9), satisfies

max E(02(x) — 62(x)%* < Cp n* L (n)n =273, (14)
x€|0,

Further, let us consider, as defined in (8), estimate kg of Fourier coefficients

Ky = f m(x)@s(x)dx as well an estimate D, of Fourier coefficients vy of the squared
scale function where

Vs ::/Gz(x)ws(x)dx, Dy :=/&2(x)(ps(x)dx. (15)
Lemma 2 Suppose that Assumption A holds. Then for any s € {0, 1, ..., S}

max (E(e, = )%, E = 9)%) = € [n7? + 578 A+ 597 (16)

Denote
H;:= H(X1, &)
_om(Xp) —m(X;) o(X)) —o(X)
= b6 (X)) i b6 (X)) = VX)+&§W(Xp). A7)

The following proposition describes properties of statistics V and W.
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Fig. 2 Simulated example. The solid lines show the underlying functions, the dotted lines show
the estimates, and the dashed line shows the oracle’s error density estimate
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Lemma 3 Suppose that Assumptions A and B hold. Then for any positive integer k
E(V X)) + EW X)) < Celn™*H myn =, (18)

and for a differentiable on [0, 1] function g(x), whose derivative is square inte-
grable,
1 4 1 4
E /g(x)V(x)dx + E /g(x)W(x)dx < Cnl_z. (19)
0 0
Our final result describes properties of Fourier coefficients of differentiable

functions as well as an important properties of H; defined in (17).

Lemma 4 (a) Let a function g(u) be differentiable on [0, 1] and fol [g(l) (w)]?du <
00. Then

1 2
s 2
S| [ eweiwan| = [ [sVw)] an (20)
J=l 0 0
If additionally g(0) = g(1) = 0, then
- 1 2
D @) / g()2'/? sin( ju)du / “><u) @
j=0 0 0

and if also the function g is twice differentiable and fo [g(z) (u)]zdx < 00, then
~ 1 2 ,
4 1/2 o: . _ 2)
> ) / g2 sin(rjuydu | = / [¢Pw] du. @)
Jj=0 0 0

and

2
max(1 + j)* [ / g9, (u)du] <C. (23)
J

(b) Let g(x), x € [0, 1] be a function with a square integrable derivative. Then
under Assumption B for any natural k

2

ZZ(1+1>4(1+s)2 / / s () (U Y (ulx) sin(rjuydudx | < Cy,

j=0s5=0
(24)

and

1 2

o0
4 k . .
xrer}g?(l]j;)(l + 1) /u Y (ulx) sin(rju)du | < Cy. (25)

0
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(¢) Under assumption B for any natural k

1 2 1 2
max max / uky (u|x) sin(rju)du |, / uk (u|x) cos(rju)du
0 0
<+ )G (26)
(d) Let Assumptions A and B hold. Then
2\ 2

11

E ij //p(x)H(x,a+bu)1//(u|x)sin(nju)dudx

jE€Bx 00
< Cn%k S, 27)
Let us comment on these results and assumptions.

Remark 1 All traditional trigonometric approximation theorems, that imply ei-
ther the above-mentioned or any other approximation results, are established for
periodic/circular functions on [—1, 1] and a classical sine—cosine basis (Butzer
and Nessel, 1971; Efromovich, 1999). In this article only cosine elements of the
classical basis are used, the considered interval is [0, 1], and no periodicity/circu-
larity is assumed. Let us explain the approach taken via the regression function
example. Consider in place of m(x) a corresponding periodic and even func-
tion m*(x) := m(—x), x € [—1,0),m*(x) = m(x),x € [0,1] and m*(x) =
m*(x +2),x € (—00, 00). Then all sine Fourier coefficients vanish and we are
left with only cosine elements. Under Assumption A the function m*(x) is Lips-
chitz of order 1 on a real line [or equivalently on the circumference of a cir-
cle of radius (277)~!] and thus all corresponding results for such functions and
their cosine Fourier coefficients hold. There is also another way to look at the
issue via a direct analysis of m(x), x € [0, 1]. Neither the considered regression
function m(x), x € [0, 1] nor its derivative is assumed to be periodic/circular on
[0, 1], that is, it is not assumed that m(0) = m(1) and/or m™M(0) = m®(1).
This prevents us from employing the classical approximation theory. On the other
hand, one can define a new function g(x) := m(x) + ajx + arx? where, a
and a» are such that g(x) and gV (x) are periodic, namely g(0) = g(1) and
g (©) = g (1). Then Assumption A immediately implies that a; and a, are
finite. Denote by A; := f g(x)g;(x)dx Fourier coefficients of the new function
g(x) and by v; = f(alx + a2x2)¢j (x)dx Fourier coefficients of ajx + axx?.
Note that Fourier coefficients of m(x) satisfy «; = A; — v; and then, for instance,
| Do s Ks@s ()] < 120 g As@s (X)) 4 | D 5 g Vs@s(x)]. The first sum is at most
CIn(S)S~! uniformly over x € [0, 1] because g and g are periodic and bounded
on [0, 1] (Butzer and Nessel, 1971, s.2.4). For the second sum we note that accord-
ing to Efromovich (1999, p.32), vy = 2!/2(rs)"?[(a) + 2a2) cos(7s) — ay]. This
implies that max,efo,1] | > 4= g Vs@s (X)| < CS~!. Combining the results we get a
sufficient for this article upper bound max,efo,17 | 2 . g ks¢s(x)| < C In(S)s~ .
In a similar manner other known approximation results can be employed whenever
a function and its derivative are involved. A word of caution: a boundary condition
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may be needed if second and/or higher derivatives are involved; see examples in
Efromovich (1999, s.2.2).

Remark 2 Let us explain how the suggested estimation of the scale function can
be viewed as a special regression problem. Remember that estimation of -2 (x) is
based on ny pairs {(X;, ¥;*),l =2ny + 1, ..., 3n} where,

Y/ =Y = m(XDP = m(X) + o (Xn& — m(X)P
= (X)) +{(& — Do (X)) + 28 (m (X)) — (X))o (X1)
+ (X)) — (XD}

= 0’2(X1) +¢, =2nm+1,...,3n;.
If we formally compare these observations with the regression ones {(X;, ¥; =
m(X))+o (X&), 1 =ni+1,...,2n}, then Y plays the role of ¥}, o2(X)) plays
the role of m (X)), and ¢; plays the role of o (X;)&;. The main difference between the
two regressions is that ¢; is no longer zero mean but, as we shall see shortly, its mean
is sufficiently (for our purposes) close to zero. To explain this, let us introduce a
new notation /1(X;)+0(X;)n; := &, where (X)) := [m(X))—m(X))]%, 0(X)) :=
[Var(gi|X;, (X, V){"™)1'/2, and (X, ¥)]" := (X1, Y1), ..., (Xau,, Yan,)}. Then
E(m| X, (X, Y)?"l) = 0 and we can write

Y=o (X)) + [AX) + 0(XDml, 1=2n1+1,....3n;. (28)
It is plainly verified via using (13) that for any positive integer k
max E{a* (x)} < C n¥ ! (m)n =73, (29)
X
and forany !/ =2n; +1,...,3n] we get

02 = E{1& — Do) +280m(x) — i @)o P 1X = x, (X 0"
=o' WME{E - DIX; = x}
+402 (D E {m(x) = @)X = x, (X, 0]
+40> WE (&1 = x} E () = meo)lx, nin].
The latter, together with Assumption A, implies that for any positive integer k
max E{0?*(x)} < Cx. (30)

As a result, for all our purposes the artificial scale regression model (28) can be
treated similarly to the “true” regression model (2).

Remark 3 The proof of Lemma 1 in Sect. 5 indicates that the factor In**1(n) in
(13)—(14) can be replaced by b5 In* (n) with some ¢; < oo.

Remark 4 1t follows from the proof of Lemma 2 in Sect. 5 that if the design density
estimator is based on (1 +¢)S, g > 0 estimated Fourier coefficients instead of just
S, then the right hand side of (16) is simplified into Cn 172 and we get the classical
parametric rate of convergence.



Density of regression errors 629

4 Proof of Theorem 1

Let us assume that Lemmas 1-4 are valid; they will be verified in Sect. 5. Parseval
identity implies that

K
E/(fpw, Z)— f)’du=EY D> (b —0)>+ > D> 07 (31

k=1 jeBy k>K jeBy

Because Pinsker oracle uses n observations and only n; residuals are plugged in,
it is convenient to consider a modified Pinsker oracle based only on last ny errors
Z* := (én—ny+1, - - - » €n). Using oracle inequalities of Efromovich (1985) and the
plain ny > [1 — ?a(l),j1 +nHIn we get

E/(fp(u,z*) — fw)ldu<( +Cb;‘)E/(fp(u,Z) — fw)*du. (32)

If we use (32) in (11) then it becomes clear that it suffices to compare the data-
driven error density estimate with Pinsker oracle based on Z*. As a result, from
now on we denote by 6; and (i, the corresponding oracle’s component defined in
(4)—(5) and based on Z* in place of Z; note that now n is used in those formulae
in place of n.

Keeping the new notation in mind, we continue the analysis of MISE of the
estimator. Using Cauchy inequality and a plain algebra we get

E / (Fr.Z) — F@)?du < (1 + 10~ (b)) E / (P Z) — f(u))du

K
21+ | D> E [,1,% (4 - 9‘},)2}

k=1 jeBy
K 5 )
D E (=) D67t | (33)
k=1 JEB

Now we are evaluating the terms in (33) in turn. Write

n

b= =m" > [os(1 = mOW16 (X)) — afb) - ojen]

l=3n1+1
=n;! S . m(Xl)_l’;l(X[) G(Xl)_a'(Xl) -
=n, IZ%ZH [(01 (€[+ b6 (X)) +& b6 (X)) ) ®j (e,)]

(34)
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Then Taylor’s expansion (17) and a simple algebra yield

2

n
6;—0)* < C|j*n3*{ D Hisin(rje)
[=3n1+1

z Hz cos(mjer)

[=3n1+1

{ & ]
[ S <>]
o] & ]

+jn2

1=3n1+1

z Hl cos(mjer)

[=3n1+1
+j'n5? Z |H1|5
[=3n+1
= C[ 2R+ Ao+ ()+ 1 Aa(i)+5°As ()]
(35)

Let us consider in turn the five terms on the right side of (35). Remember that we
are assuming that » is large enough so min(n1, n2) > 4. We begin with the anal-
ysis of Ay (j). Write EA1(j) = n5° Y} _3,, 41 E{HI H; sin(je)) sin(je,)} <

nz_lE{an} + |E{H, H,—1 sin(rtj€,) sin(mwje,—1)}|. Because pairs (X,—1, €,—1)
and (X,, €,) are independent, the second expectation can be written in the follow-
ing form [remember notation (17)]:

E{H,Hy—1sin(wjey) sin(mwje,—1)}

=E|://p(x)H(x,bu+a)1ﬁ(u|x) sin(nju)dude
= E[/p(x)V(x)/lﬁ(ubc) sin(ju)dudx

+/p(x)W(x)/(bu+a)w(u|x) sin(nju)dudx]2
<2E [/ p(x)V(x)/w(u|x) sin(nju)dudx:|2

2
+2FE |:/ p(x)W(x)/(bu + a)yr(u|x) sin(nju)dudx:|
=:2A11(J) + 2A12()).
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We begin with the evaluation of Aj1(j). Denote f Y (ulx) sin(r ju)du =: v;(x)
and write

2 N ' 2
an = [ s ou] = 5] [ 205D, ]

bo (x)
E [/ ((m(X) —m(x)) p(x)vj(x)
bo (x)

(m(x) — m(x) (o (x) — 6 (x)) p(x)v; (x)) T
+ _ dx
bo (x)o (x)

. [/ (m(x) — ﬁ1(x))p(x)v,~(x)dx}2
bo (x)

R A . 2
+2E [/ (m(x) — m(X))(o(X)A— o (x))p(x)v; (x)dx}
bo (x)o (x)

=:2A111(j) + 2A112()).

To evaluate A11(j) we note that m(x) — m(x) = Zf:o("s — Ks)ps(x) +

> s Ks@s (x), where k5 == [ m(x)@s(x)dx. Denote vjs := [@s(x)b~ o~ (x)p
(x)v;(x)dx and write using Holder inequality:

2

S
Am@) =E [Zm — Ro)vjs + szvjs]
s=0

s>8

S N
<2E [Z(:«s — )71+ s)—zl D 1+

s=0 s=0

gz

s>8 s>8

S o0
<C [nfl D (4875 + S4Zs2vjz-s:| < Cny' D (L4907

s=0 §>8 s=0

In the next to last inequality we used Lemma 2 and based on Lemma 3 rela-
tion > s 2 <CS™*Y o522 < ST [(mW(x))2dx < CS~*. Then (24)
allows us to conclude that Zj’:l J2A1(j) < Cn! Z]J'=1 >, ik +s)2vJ2.S <
Cnl_l < Chyn~!. Consider A112()),
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Ay = E [ / (m(x) - méxﬁ&m —0OD Ly,
] O 2 ]
. [ / (m(x) — m;x(:;g )(X) —70D e, (x)de
A |

=:2A1121(J) + 2A1122(j)-

Using Cauchy—Schwarz inequality and Lemma 1 we get

(m(x) — m(x))(02(x) — 6%(x))
ba2(x)(o (x) + 6 (x))

< CEW[ (m(x)—ﬁz(x))4dx}El/2 {/(az(x)—&z(x))4dx]/vjz-(x)dx

< Clnlo(n)n_4/3/v12.(x)dx.

2
Aip1(j) =E [ p(x)vj(x)dx]

According to (26) we have ZJJ':1 j? fv?(x)dx < C and then Z,J':1 j2A1121
(j) < Cn~'. Using 6 (x) > b and |v;(x)| < [ ¢ (u|x)|sin(rju)ldu < 1, we
get Aj2a(j) < CHIE'2{[(m(x) — m(x))*dx}EV2{[(0?(x) — 6%(x))8dx} <
CIn'"(n)n=2. This implies Z{:l j2A1122(j) < Cn~!. Combining the obtained

results we get Z]J'=1 j2A11(j) < Cbun~'. Then, to evaluate A1>(j), we make a
preliminary calculation:

o(x)—6(x)  o2(x)—6%(x)
5(x) (0 +6(x)6x)
0t =6 ) (02(x) —6%(x)(0(x) — 6 (x))
C (o) +6(x)o(x) (0(x) +6(x))6 (x)o (x)
_o?(x) —62(x) | (0(x) = 6%(x))(0(x) — 6 (x))
 20%(x) 202(x) (0 (x) + 6 (x))

(02(x) — 6%(x)) (0 (x) — 6 (x))
(0 (x) 4+ 6 (x))6 (x)o (x)
o2(x) — 6%(x) (0% (x) — 6%(x))?
T 26200 262(x) (0 (x) + 6 (x))2
(0% (x) — 6%(x))?
(0 (x) +6(x))26 (x)o (x)’

Using this result, the term Aj,(j) is evaluated similarly to the above-presented

evaluation of A11(j), and we get Z;Zl j2[A11(j) + Ap(j)] < Cb,n~!. This,
together with Lemma 3, yields
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J J J
> PE{AGD]) =0 E{H Y 2+ D A A0 G) + A

j=1 j=1 Jj=1

3
<cn ' m)n?3 (bnnl/s) + Chyn~' < Chyn™!.

Letus evaluate E{A>(j)}. We have E{A>(j)} = n52 D =341 E{HZ2H,2 cos

(mje)cos(mje)} < ny E(Hy} + |E{H2H? | cos(mjey)cos(mjen—1)}].
Equation (26) allows us to write

E {anan_l cos(mjen) cos(njen,l)}
2
=E [/ / H?(x, a + bu) p(x)y (u]x) cos(nju)dudx]

<Cj*b'E [/(m(x) — () *dx + /(a (x) — &(x))“dx} .

We conclude, with the help of Lemma 1, that ZJJ':1 J*E{A ()Y < Cnl.
Now we are considering E {A3( J)}. Write

2
n
E{A3())) = ny°E Z H sin(mjer)
[=3n1+1
< ny "E(HSY + |E(H2H}_, sin(nje,) sin(je,—1)}|

2
:nz_lE{H,f}—i—E[//H3(x,a+bu)p(x)1/r(u|x) sin(nju)dudx:| )

Then a simple calculation, based on using Lemma 3, implies ij':l JOE{A3())} <
CY 7 jom =By + j=4 < Cn~!. Similarly we get > 7_, j8E{Aq
(M = C X7y 8 n=*3ny " + j=4] < Cn~!. To estimate As(j) we note,
using Lemma 3, that E{As(j)} < CIn?! ()n~1%/3, andthen 3 7_, jE{As(j)} <
Cinl(mn 103710 < i (myn;'"?n11/5p!1 < Cn!. Combining the ob-
tained results and utilizing the plain inequality ,41? < 1 we get the following upper
bound for the first sum on the right side of (33)

2 Sk [ﬂi (éj —9',-)2| < ZJ:E {(é,- —9‘,-)2] <Chan™'.  (36)

Now let us consider the second sum on the right side of (33). Choose a particular
block with index k, denote @y := L; ' 2 jeB, (9_? —ny"), Op = L! 2 jeB, (912—
n, 1) and write
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. - 2

N _ A O Oy A _

(k= iw)* D 07 = Li | =~ = = (G)k +n21)
jeB ®k+n2 ®k+n2

((:)k > tkn;l) ((:)k > tknz_l)

+ 2291(k<tkn2)1(@k>tkngl)

(®k+n2 ) JjeB

k®2 A -1 = -1
+ m (@k > fkn, ) 1 (@k < ixn, )
=: Fi(k) + F2(k) + F3(k). (37)

To evaluate F (k) we begin with the consideration of
N - 2
Fi(k) = Ly [ SIS _1} (6r+n3")
®k +n, O + 1y
Ly (O — 6)?
Ok + 1Ok +nyH?

Using Cauchy inequality we can write for any c; > 1 that

- 2
Gr—0* =L | D67 -7
| JE€Bk
2
< L;z 2ck Z(é] — 9_]')2 +C]:1 Z éjz
Jj€Bx JEBy
2 2
<AL | DG =007 | 2L | D67 - (38)
JEB J€Bx
Plainly ZleBk ;= = Li(®f + n;l), and then
~ -\272
(c/Lk) [ZjeBk (91—91') ] 2L,
Fif (k) <4n3? +2n5 2 = FR 0+ Fiy (b).

N - 2 —
(@k—i-n;l) (@k—i-n;l) ®k+n2
Set ¢} := Lik't4,0 < d < 1and Fia(k) := Fj ()1 (O > txny ) (O >
tknz_l). Then

k—1=dps ]I(@k > tkn_l)
Fra(k) < 2n;! Z 2 - <cnl. (39)
Z 2 Z ®k+n2_1
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Analysis of F}(k) is more involved. Denote Fii(k) := F} (k)I((:)k > tknz_l)
[(Of > tknz_l) and note that

E{Fu(k)} < Cnpk™ME | D760, -0, | . (40)
J€Bi

Using (35) we can write

2

> 6;-6;” C| DGR + *Ax() + JOAs () + jE Aa())
j€Bk JEBy

IA

2

+71045())

2 2

cl| 2 PAm | + (D0 iAW

JEBk JEBk

IA

2 2

+{ DA + | D] iBAL)
JE€Bk J€Bk
2

+[ D 450
JEBk

=: C[A (k) + Ay (k) + A3(k) + Ag(k) + As(k)].  (41)

We are considering these five terms in turn. Recall that H; was defined in (17)
2
Rt ) . . —4 .
and write A1 (k) = [ Yien J*n3 sy, 1 Hi Slﬂ(ﬂ]ﬂ))z] =n," Y ien, JAi?
Z;ll,lz,ls,l4=3n1+l H Hy, Hp, Hy xsin(7 je;, ) sin(m jep, ) sin(mwiey,) sin(mwiey,). Then
a direct calculation yields

2
E{A (k) < C |y’ <212> E(H,)

JEBk

+n;2 Z 242

Ji€Bg
_2 2.
;3 ijlz
ji€By

02 > HE {H,%H,?,l}

J.i€By

E {HSV(Xn—l)/W(ulxn—l)sin(ﬂju)du}

E {ij<xm> /(a+bu>w<u|x,H>sin<nju>du]
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+nyt > E[H,%//wmxn_l)ww\xn_z)

juieBy
xH(Xp-1,a+bu)H(X,—2,a + bv)

X sin(mwju) sin(niv)dudv}

+n;1 Z 242

J.i€By

E{H,?//wmxn_])wvwxn_z)

xH(Xp—1,a +bu)H(X,—2,a + bv)

X sin(7ju) sin(zrjv)dudv]

E{////w(unlxn)w(un—llxn—l)

XY (n—2| Xn-2) (Up—31Xn—3)H(Xp, a + buy)
X H(Xn—l ,a+ bun—l)H(Xn—Zs a+ bun—Z)

X H(Xp-3,a + bup_3)[sin(m juy) sin(zju,—1) sin(win, )

|

=: C[D1(k) + Da(k) 4+ D3 (k) + D4 (k) + Ds(k) + De(k) + D7(k)].

n Z 24

j.i€Bg

x sin(wiu,—3)]du,du,—1du,—odu, 3 ’

We need to evaluate seven terms in the last expression. The first one can be
evaluated with the help of Lemma 1 and the following technical statement.
Remark 5 Recall that we consider k = 1, 2, ..., K and that the length of kth block
is Ly = k2. This implies the following relations: K < Cbnnl/ls; j=< Ck3 when-
ever j € By; ZieBk j" < Ck*3. Also note that if g (u) is a function whose second
derivative is square integrable on [0,1] and the function is vanishing on the bound-
ary points, then (22) implies that ZjeBk j2 max;e(o, 1}{[f u’g(u) sin(rrju)du]z} <
Ck=S.

Using Lemma 3 and Remark 5 we get D{(k) < Cn2_3(zj63k j2)2ln9(n)
n=43 < Cn=3. Let us consider D, (k). Recall our notation vi(x) = fw(u|x)
sin(rr ju)du and write using Remark 5 and Lemmas 3 and 4,

Dy(k) < ny? D PPE Y [HIV(Xa-0)| D] 2 i (Xa)|

i€By J€Bk
1/2
_ ) . 1/2
<ny? D PELHVXG-D] | D -y | L
ieBy Jj€Bx

< an_2 lng(n)if4/3L,1(/2 Z i?<cn3n1/3 lnlo(n)k9 <Cn n" 13,

i€By
The term D5 (k) is estimated absolutely similarly and we get D3 (k) < Cn=2n~1/3,
To evaluate D4 (k) we use Lemma 3, Remark 5 and then get D4(k) < Cn; 2 1n® (n)
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n_4/3(zi63k 22 < Cn 2P (n)k'® < Cn—2n=3/15. Let us consider the
fifth term. Denote v;'.‘(x) = f(a + bu)y (u|x) sin(wju)du. Then Ds(k) = ngl
i jen JPPIEHIV (X0mDV (Xn2) X 0j(Xn-1)vi(Xp—2) + 2V (Xp-1)
W (Xn-2)0j(Xn—DV] (Xn—2)+W (X)W (X, 2) X0} (Xn-D) V] (Xp—2)]}]. Then
a simple calculation based on using Lemmas 3 and 4 yields D5(k) < Cny 'nd (n)
n=4/3 Zi’je B j2i%p joi, where {p;}’s denote generic sequences satisfying

) 2.2 2 )2 4 2
2.j=1J"p; < C.Because 3, jcp, ji pjpiZ(ZjeBk] pj) <Lk jep J'Pj =
Ck?, we conclude that Ds(k) < Cn—2n=3/151n'0(n). Absolutely similarly, only
now using the relation >, ;cp j2i2pJ2. = Qi D je, jzp]g) < Ck%®

: i4p2 < Ck?, we establish that Dg(k) < Cn 2273/ 1n'%n). Usin

jeBi ) Pj g

Lemma 4, D7(k) can be evaluated as follows:

2
D7(k) = Z i2j2E < [//p(x)H(x,a + bu)yr (u|x) sin(nju)dudx}

i,j€Bx

2
X [//p(x)H(x,a+bu)1/f(u|x)sin(niu)dudx] }

5\ 2
=E( > j° [/ / p(xX)H (x, a + bu)¥ (u|x) sin(nju)dudx:|
J€Bk
< Cnl_zk_6.
We have evaluated all seven terms, and combining the results we get
E {Al(k)} < Cln 235 100 + 072, (42)

In the same way it is established that Az(k), AV3 (k) and A4(k) are also bounded

by the right side of (42). Let us consider A 5(k). Using Lemma 3 and Remark 5 we
can write

272
n

E{Asty < E| D j"%( D 1HP < > i EH)

jEBy 1=3n1+1 j.i€By
2
< CIn*'(n)n=20/3 Z j1o
JEBk
< Cn 2 (= B3K* < cn 2013,
Combining the obtained results in (41) we get
2
E|> @ -6)| <c [n_zn_3/151n10(n) +n1_2k_6] . (43)

JEBg
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Using this result to evaluate E{Fjj(k)} in (40) implies Z,le E{Fi1(k)} <
Cn~'52, and together with (39) we get E {Zle P (k)} <cn b2
Now we are considering the second term F; (k) in (37). Write

&2
E{FR(k)} = E [mLk(®k +ny; DO < tns IOk > teny )]

a2
< CnilLkE % [I (tknil < (:)k < Ztknil)
= Cny Iy 2 = 2tkn,

(O +ny
1@y > 20uny )T (@ — O > (:)k/z)]}
< Cny 'Lyt E(I (tknz_l <O < 2tkn2_1)}

+Cny ' Lk E{T (O — O > O /2)1 (O > 2txn5 "))
=: G+ G.

Note that using (38) and recalling notation c,% =Lk, 0 <d < 1 we get

2
~ _\2 ~ _ _
(6x-64) =cL? | X @ -0+ > 03
je€Bx JEBy
2
N _ _ 2
<CLPG | D007 |+ (Ge+n3!) . @4y
J€Bk

This allows us to evaluate G and G. Using Chebyshev inequality and (43)
we get

c,fE {[ZjeBk (é' - éj)z]z}

2,2,-2
Litn,

Gy < an_]Lk

+c °E [—(®k Ty )’
k

I(@k > 2Mgn, )]j|

c,%(n_zn_y15 In®n) + nl_zk_6) _ 2:|

< CnilLk
2 |: thkn2

< CkM 2 (n_ln_3/15 ') + nl—‘bnk—6) +Cny
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Letus evaluate the term G | . Denote Oy := Lk_1 ZjeBk 0]2,9]- = ff(u)wj(u)du
and write

E {I(tkng1 <O < 2tkn51)}

< I((1/2uny ' < O < 4nnyh)
+E 1@k = 0 > (/2503 1 (0 = (1/2107")
+E{1(©f — O > (1/2)00} 1 (@k > 4tkn2_1)

h+2 O
< Bt kg ((I/Z)Ikn2 <O 54zkn;1)
Ik O+ n2

CL 2020k +n; )2

k"2 4( _l; 2 h (®k < (1/2)tkn;1)
t'n
k2

N CL*ny % (O +ny)?
4
®k

1 (6 > 4nn")

O

<ot I ((1/2)zkn;1 < O < 41y ) +otL2 @)

n,

In the next to last inequality we used Lemma 1 from Efromovich (1985) which
asserts that E(@k — ®k)4 <CL, n2 (@k +n, )2 Now let us remember a
blockwise Wiener oracle, discussed in Sect. 2, that knows regression errors and
an estimated density of errors and employs optimal shrinkage coefficients uj =
Or/(Of + n’l), 1 < k < oo based on Fourier coefficients of the known (to the
oracle) estimated density of errors. This oracle is the benchmark for Pinsker oracle,

and its MISE is proportional to 7, Zk 1 Li®i /(O +ny ) (Efromovich, 1985,
1999). Hence, combining the results we get

O ~
ZE{Fz(k)}<Cn2 ZtkLk® - ((1/2)tkn2 <®k§4tkn21)

k 2
+Ch2n~!
®
<Cny'B2+C > wLi——1 ((1/2)tkn2_1®k < 4tkn2_1)
2/3 k+n,

k>by,

+Chin!

< Cln—l(bn)E/(fp(u, Z¥) — f(u)*du + Cb>n~",

Finally, letus consider F3 (k) in (37). Write, F3 (k) < Li©¢I (O > 2txn5 )1 (O <
teny ') + 20 L Ok (txny ' < O < 20um5 VIO < eny ) =1 F3y(k) + Fo(k).
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Then the relation F31(k) < 2L|O — Okl (O — Ok > txny V(O < ens'),
Chebyshev inequality, (43) and (44) imply

E{Fy ()} < CLkn;Z[L,;Zc,%(n—3/15 n%(n) + k~6) + ck_2]/(tknz_l)
< Cny gt [k1+d(n—3/5 () + k%) + k‘l‘d] ,

with the plain corollary Z,le E{F31(k)} < Cn1_2n2 < Cb,%nil. To evaluate
F3, (k) we write

Fx (k) = 2tkLk(:)kI (tkn;l < (:)k < 2tkn2_l) 1 ((:)k < (1/2)l‘kn2_l)

—i—ZtkLk@kI (l‘knz_l < ék < 2tkn2_l) 1 ((1/2)tkn2_1 < O < l‘knz_l)
=: F31(k) + F32(k).

The term F3,1 (k) is evaluated similarly to F3;(k), and then Zle E{F31(k)} <

C bﬁn_1 . The term F355 (k) can be estimated as follows. First, we note that @k I(tgny !
< (:)k < 2txn, 1) < 2txn, I Second, we use (45) and then a simple algebra implies

S8 E(Fnk)}y < Cin~ Y (by)E [(fp(u, Z*) — f(u))*du + Ch2n~". Combin-

ing the results we get S8, E{F3(k)} < CIn~'(b,)E [(fp(u, Z*) — f (u))*du+

C bﬁn_l. Using the obtained results in (37) we get

K
E ‘Z(ﬁk — ) Y é}] <Cln~'(b)E ( / (fp (. Z*)—f(u)zdu] +Cbn
k=1

JEB

Using this and (36) in (33) proves Theorem 1. a

5 Proof of Lemmas 1-4

Proof of Lemma 1 We begin with verification of (12). For n > ng, where ng de-
pends only on minyeqo,1] p(x), we can write | p(x) — p(x)| < |p(x) — p(x)|. Here
px) =1+ Zle Ts@s(x) and T, = ”1_1 Z;’;l @5 (X;). Thus it suffices to eval-
uate the risk of the nontruncated p (the original series design density estimate).
Write for those n:

E{pem - pen*) < £low - 5o

S 2k
=E [Z(ns — F)ps(x) + D 7oy (x)}
s=1 s>8
S 2k 2k
< GiE [Z(m - ﬁs)gos(x)} + [Zzws(x)} :
s=1 s>8

The second term is at most Cj In?f(n) S~k due to the assumption about the
bounded derivative of the design density; remember Remark 1. To evaluate the
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first term we write 77, — Ty = 7Ty — ”1_1 S es(X)) = ”1_1 S (s — @5 (X))
Using this expression we get

2k

S n S
E [Z(ns — )¢5 (x)} =n*E [Z D (15 — 9 (X)) (x)}
s=1

2k

=1 s=1
ni 2k S
=nt D E |HZ(m - gos<Xz,.>)<os<x>] :
I, br=1 i=1s=1

Let us make several comments. First, recall that predictors are independent and
Egs(X;) = ms. Thus the last expectation is zero whenever at least one index /; has
no match. Second, following Efromovich (1999, s.2.4), introduce

sin(w (2S + Du/2)
sin(ru/2)

N
> osw) =c1+caDs(u), Ds(u) = , (46)
s=0
where c¢; and ¢p are some absolute constants and Dg(u) is the Dirichlet kernel
which has the following familiar property (note that the integral is improper)
oo

|Ds(u)| =28 + 1, / |Ds(u)|du < C1In(S). (47)

—0o0

Then using (46) and (47) together with max, s | Zle ms@s(x)| < C (the latter is
based on Assumption A and Remark 1), we get E[Zle (ry — 05 (X71)) s 0)]? <
C+EDX(X1 —x)+ED}X1+x) < Clnm)S < Cln(m)n'/3, and | 35_, (77, —
os (X1)es(x)] < CS. Using these comments together with a simple calculation
implies
s 2k
max E [Z(m — )ps <x>} < Crln* (yn =27, (48)
X

s=1

Combining the results we establish (12).
Now we are verifying (13). According to Butzer and Nessel (1971, s.2.4) and
Remark 1, under Assumption A we can write m(x) = z;.io Ksps(x), x € [0, 1]

with ks == [ m(x)@s(x)dx and then
2k

S
E(m(x) —i(x))* = E [Zm — R)ps(X) + D ks (x)}

s=0 s>8
2k

N
< GE [Z(xs - ksm-(x)}
s=0
2k
+Ci [Z ws(x)] : (49)

s>



642 S. Efromovich

where the second term decreases not slower than Cy In?f($)S~2¢ uniformly over
x € [0, 1]. Now let us consider the first term on the right side of (49). Write

2n 2n)
-1 Yips(X1) -1 m(Xp)es(Xp)
ks =n v N P re—
: ,_HZI:H pixp ! ,_HZI:H p(X1)
ZZ’”: 5 7 X000
I=n)+1 pXn)
2n 2n)
_ (X1)gs (X1) _ o (X1)es(X1)
=y +ny OB ) 4y —— 0
: ,:%1( p(X1) )+ ,:%1 p(X)
Using this we get
S k0 = 3 Z('"(X’)"’S(X’) s ) s ()
s=0 I=n1+1 5s=0 [)(X) ‘
2ny
X
+nyt Y sa( ’)Z¢S<Xz)¢s(x>
I=n1+1
L m(XDes(X)
= z Z (X) ks ) @s(x)
I=n1+1s=0 P
2ny N
m(X1)es (X1 es (x)(p(X1) — p(X1))
o ,%% PXD X))
2ny
X
it > sz"( ’)Z¢S<Xz)¢s(x)
I=n1+1
=: A1(x) + Ax(x) + A3(x). (50)

Consider these three terms in turn. Denote g;(x) = ZSSZO (m(X)es(X)p~!

,,,,,

call that pred1ctors are 1ndependent and E{q; (x)} = 0.Thenaterm E {H?il ap (x)}
is zero whenever values of the indexes (I, I3, . . ., [>x) do not appropriately match.

Further, using (46) and (47) we can write |a;(x)| = Im(Xl)p_l(Xl) Zf:o s (X7)
o(x) = 35 o ke ()] < Cler + (/2 Ds(X1 + x) + (c2/2)Ds(X; — )| +
| Zfzo ks@s (x)]. Note that | Zf:o ks@s(x)| < C uniformly over x and S because
these are partial Fourier sums of the function m (x) which has a bounded derivative;
recall Remark 1.

Using these results together with a straightforward calculation we get £ {AZk x)}

< Cn*E {1‘[, 1[a,(x)]Z}Jrc;r" Pnk=1(8) %41 < CInf(n)n* % < € Ink+!
(n)n—2k/3, Now let us consider A (x) in (50). Write
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2n N S
m(X)(p(X1) — p(X1)
Ay =ni' > D) > e (XDgs (x)
I=n1+1 s=0
2ny
= Chunt! D |p(X) = X))
I=n1+1

X [e1 + (c2/2)Ds (X = x) + (c2/2 D5 (X +3)|.

Then

2ny

E(A¥ ) < cofn*EL ) H\p(xn—p(xn\

Iy, bp=n1+1i=1

X‘C + DS(XI,- —Xx)+ DS(XI,- +x)‘]

2n 2k
= ChX*n*E > E [H Ip(Xz,-)—ﬁ(Xz,-)l‘le, s Xzzk’

I,..., br=n1+1 i=1
2k

< it + 1Ds(X1; — 0| + |1 Ds(Xy; + )]
L

< Ch*n*E
2ny 2k

<1 > TTEY® {Ipx) = s X, . Xy}

I1,....Lhg=n1+1i=1
2k
< [J11 + 1Ds(X1; — x)| + |Ds (X, + 0)]]
j=1
Using (12), (46) and (47) we get

—2k/3

E{A¥ ()} < CbZn* m* (myn " E

2n 2k

x > [+ 1psxi; — 01+ 1Ds(Xs, + 1]

I,..., hy=n1+1 j=1

< Cbik —2k ln2k(n)n 2k/3 2 kl Zk(S) < Cb2k1n4k(n>n 2k/3

Denote d;(x) := [0 (X))/p(XD] 25, o5 (X1)gs (x) and get

. o 2n 2k 2k A
E{AFy=n* > EJE[ & Xm0 Xong [J a0t

I, br=n1+1 i=1 j=1

(5D
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Recall that pairs (X1, &1), ..., (Xu, &) are independent and E{§|X;} = 0. Also
note that |a;(x)| < Cb,lci + (c2/2)Ds(X; — x) + (c2/2)Ds(X; + x)|. These
remarks, together with (46) and (47), yield

E{A ()} < Cn T p2 In* (n) ¥ < € In*H (nyn =273, (52)

Combining the obtained results in (50) with (49) proves (13).

Let us check (14). For all n > n6, where n6 depends only on min,¢[o,1] o2(x),
we have |02(x) — 62(x)| < |o2(x) — &2(x)|. Thus it suffices to verify (14) for
the nontruncated scale estimate 62(x). To make the proof shorter, we shall use
Remark 2 and steps of the above-presented proof of (13) for the regression func-
tion m(x); note that according to (28) the only difference between the two models
is that the role of o (X;)& is now played by & (X;) + 0(X;)n;. Here the relation
(49) holds for the considered “scale-regression” model, and the second term, in
its right side, is again bounded by C In?*($)S~% because o2(x) has a bounded
derivative. The relation (50) also holds with o (X;)&; replaced by i (X;) + 0(X;)n;.
Then the only difference in the proof below (50), which should be explained,
is the analysis of the third term A3z(x). Let us express this term using our new
notation, namely for the scale function case the third term becomes A3(x) :=

S LX) + 0D BT (X)) S5 s (XD s (x). Write

3ny 2% [~ . s
- X;,) + 0(X;)m,
A% () = n7 Z H(M( l,)ﬁ(XIZ() 17, Z(ps(Xz,-)cos(x))-
i s=0

Ii,..., Iy=2n1+1 i=1

For any set G of 2k elements chosen with replacement from {2n| + 1, ..., 3n},
if at least one of its elements is not matched, E{ [Tice milXon 41, - X3y,

(X,Y )?’” } = 0. Using this together with (29) and (30), and then following along

(51)and (52) with the use of (13) we getmaxye(o,1] EA3* (x) < Cr InfH1 (n)n=24/3,
Combining obtained results establishes (14). a

Proof of Lemma 2 We begin with the evaluation of E (ks — IQS)4; note that this
would be a simple task if the design density p was known or if the density was
assumed to be smoother. Write

2ny
kg — Ry =ny' D (ks = Yigs (XD p (X))
I=n+1
2ny
=n7' > (ks — Yigs (XD p~ (X))
I=n;+1
2ny
+n7t > Yig(X)
[=n1+1

(X)) p(X))
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This yields
2ny 4
(ks —k)* < C | ny" D7 (ks — Yigs(XDp~ (X))
I=n;+1
B 2n 4
_ pP(X)) — p(X))
+C|ny! o (XDEPs (X)) o
: ,_; ST pXDp(X)
=nj+1
4
< P(X)) — p(X))
+C | ny! m(XD gy (X)) o> | =0 A| + Ay + A
: ,_nz S hXDp(X)
=ni+1
To evaluate Ay we recall that pairs (X, Y;),l = ny +1,..., X2,, are inde-

pendent and x; = E{Y;¢;(X;) p_l(Xl)}. The second term is considered simi-
larly because &;’s are independent and zero mean gives the predictor. This implies
E{A1 + Ay} < Cnl_z. Now let us consider Az. Denote gg(x) := m(x)ps(x) and
write

2n1

-1 X p(X1) — p(X))
. ,%H K XD
2ny N 2nq N 2
_ -1 (X pX) —pXy) (X (p(X1) — p(X1))
ny lzglg( )— P2(X)) — —n 1=nzl+1 (X1) AOXD P2 (X))
=:G1 — Gy. (53)

Note that gs(x) is bounded on [0, 1]. Then using (12), together with a simple cal-
culation, implies EG3 < Cny*bin% max,cjo.1] E(p(x) — p(x))® < Cb21nd(n)
n1—8/ 3 <C nl_z. Evaluation of G is more involved. First of all, we can write

2n N ~ 2ny ~
_ p(Xp) — p(Xp) ~1 p(Xp) — p(X))
G =ni' D g(XpT—S5 "4yt D g (X
I=n1+1 p=(X1) I p=(X1)
=: G11 + G2,

where p(x) = 1+ X3 79;(x), 7; = n; ' 30, ¢;(X)). Giy is straightfor-

wardly evaluated using Chebyshev’s approach and (12); recall that (12) was proved
for p(x) as well. Then denote § := min,¢[o,1] p(x)/2 and write for all sufficiently
large n such that b, 1 <34,

E{G}) < CE { / (Px) — ﬁ(x))“dx]

<CE / (5(x) — px))dx

{x: [p(x)—p(x)[>8}

< C5E [ / (Fx) — p(x))sdx] <cn "
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To evaluate G2 we write Gio = ny ' 337, L ¢o(X0)p 2 (XX (7 =709
(X)) + 22 s wj@;(X))]. This yields

4
2ny
E{Gl) <4n*E| D g(Xp~ <X1>Z<n, )9 (X1)
I=n1+1
2ny 4
+an U E | DT e (XDpTT (XD D miej (X)) | =: G + Gina.
I=ni+1 j>S

To evaluate G ] we write

2ny

G =4n*E > H g(X1)p 2 (X, )Z(n] — 7)) (Xy;)
I1,0,13,l4=n1+1i=1
(54)

Let us begin the analysis by considering a particular case where all {/1, l2, I3, l4}
are different. Denote r;; := f g X p T (x)e j (x)dx and write for this case

E T 8 (X0 p™2(X0) X500 Gy = 7es (X)) | = E[ [a:p™ ) 25,
7 — n,)<p,-(x)dx]4E[zf:1(ﬁ = n)rsz. Note that 7, — m; = n~! 3"
(¢j(X;) — ), and then
s 4 i 4
S —mprg | = E DD 05X — 7))
j=1 | =1 j=I

r o

4
=n*E qusm)}

Lt=1

ni 4
=l’ll_4 Z E{HCISS(XII)]

t,0,13,14=1 i=1

Here ¢s5(x) = Zle(goj(x) — m;)rsj. Note that E{gss(X)} = O because
Ef{p;(X)} = m;. Also, we can show that max, s s |¢ss(x)| < C < oo. To check
this inequality we first note that Zfozl || < oo due to (20) proved in Efromo-

vich (2001). Second, let m(x)p_l(x) =: Z?io Aj@j(x), then (20) implies that
2720 Ixjl < C < oo. Then we get m(x)p~ (x)ps(x) =271/2 220k jl@j4s ()
+ ¢j—s(x)] and thus

r =272 00— 4 Ajgs]. (55)

The latter implies max Z —o Irsj| < oo, and thus we get the verified inequality
for gs5(x).
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Using the obtained results we conclude that
4

o0
E|> G —mjry | <Cni’ (56)
j=1

Inasimilar way we can consider a case where /; = I and {l, [3, [4} are different
in(54). Write £ { [T, &, (Xi)p™2(X0) X5, G — ey (X | = E {[f g2(X)
PRI ) — e P [5G - g P) = CEVAI[

4

F; —7)9;(0)]" dx} E1/2 [zle(ﬁj - n,)rsj] < Cln2(myn7> In the last
inequality we used (48) and (56). For the analysis of all other cases it suffices to
utilize a rough inequality based on (48),

4 S
- - —4/3
(max (3 [[aeXi)p72(X0) D @) —7)e; (X)) 1| < Clntoyng 7
1,2,513,l4

- i=1

j=1
Combining the results and using a simple calculation we establish that E{G 21} <
Cnfz.

Now we are considering G 25. Write G2 = 4”1_4E{2121n,112,13,l4=n1+1 H?:l gs
(X, )p’z(Xll. ) X Zj>S 7j@;(X;)}. Letus again begin with a particular case where
all four indexes {/1, [2, [3, l4} are different. Recalling notation ry; = f gs (x)p_l(x)
@;j(x)dx and using Cauchy—Schwarz inequality we get £ {H?Zl gs(Xy) p‘z(Xli)
Zj>S wipj(X;)} = [Zj>S mirglt < [Zj>S 71}2 Zj>s rszj]z. According to
Proposition 1 of Efromovich (2001), we have > = T[jz < €S2 and also, due to
(55), % o575 < 2 e H23,) < CLA+S—9) 24872 < C(14+S—9) 2.
For a particular case where /1 = I and {l», I3, [4} are different we get

4
E ] Xi)p (X)) D mjpi(X;)

i=1 j>S
2
= / g P | Do migix) | dx
j>S
- 2
x /gs<x)p‘1<x) > miej(x) | dx
|j>s i
72 2
gc/ D i) | dx /an<pj(x) dx | < Cln?(n)s~.
j>S | j>S

These relations together with max, s |gs (x)p~2(x) Zj>5 wipj(x)| < Cln(n)

n1—1/3 yield E{G 122} < C[nl_2 +5 A+ S -5 Combining the results we
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verify (16) for k; — K. Let us check (16) for its second term. Recall that the nontrun-
cated squared—scale estimate &2(x) is defined below line (9), and denote its Fourier
coefficientas Uy := [ 62(x)@s(x)dx. Then (vy—D5)* < 4(vg—T5)*+4(V;—D5)* =:
4F| 4 4F,. Let us begin with the analysis of /. Set § := miny¢[o,1) oz(x)/2, and
from now on we are considering only sufficiently large n such that b, I' < §and
b, — maxy¢[o,1] o2(x) > §. Then we can write

4
E(F}) = E [ / () — ”(x)m(x)dx]

<4E / (6% (x) — &%(x))*dx

< 4E / (62(x) — o2 (x))*dx

{x:162(x)—02(x)|>8}

< 48_4E/(62(x) —o?(x))¥dx < cn773.

In the last inequality we used (14) together with the remark that (14) was proved
for 62(x) as well as for 2 (x). Further,

4
3n
E{F{} = n*E| D (=Y o,(XDp~ (X))
1=2n1+1
3ny 4
<4n'E| D (o= YeuXnp (X))
[=2n1+1
3ny 4
+anE | D YreuXn(T X - pT (X))
[=2n1+1
3ny 4
< *E| D0 (v = YieuXnp~ (X))
[=2n1+1
3ny 4
4 ~ A A -1
H1entE | D> (X)) + dXDmes (XD~ (X)) — p~ (X))
[=2n1+1
3n 4
+lon*E | D ot (XDes(XD(pT (X)) — pH (X))
[=2n1+1

=: F11 + Fi2 + Fi3.
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In the three terms are analogs of the above-evaluated E{A}, E{A} and E{A3},
then

3ny

Fu<Cni*E | D (v — o> (XDes(XDp~ (X))
[=2n1+1

3n
ront | ST m(Xp) — m(X0) e (XD p~ (X))
[=2n1+1

3ny 4

+CnE | DT Xmes(XDpT (X)) | =t Finni 4 Fia + Fus.
1=2n1+1

Note that vy = E{oz(Xl)gos(Xl)p_l(Xl)} according to (15), and that the func-
tions involved are bounded; this implies that F1;; < C nl_z. Using (13) we get
Fi12 < Cn] ", By recalling that E{n|X;, (X, Y)¥"'} = 0,1 =2n +1,...,3n
we get Fi13 < Cnfz.

To evaluate Fip we are using (12), (13) and E{n/|X;, (X, Y)%"l} =0, =
2n1 + 1, ..., 3n1; these results together with a direct calculation yield Fi; <
C nl_z. Finally, the evaluation of F|3 is identical to the above-conducted evalua-

tion of E{A3} with the only difference that o2(x) is used in place of m(x), and
note that these two functions satisfy the same smoothness assumption; this yields

Fi3 <Clny> + 541+ 85— O

Proof of Lemma 3 Inequality (18) follows (13) and (14), Remark 3, Cauchy-—
Schwarz inequality and 67 1(x) < by. Letus verify (19). Write

and

W) = o%(x) — 6% (x) [(cr(x) —6(x))? (0% (x) — 62(x))? }
) = 2bo2(x) b6 (x)o (x) 2bc2(x) (o (x) + 6 (x))2
=: W1 (x) + Wa(x).

For a generic function g(x), which is differentiable and its derivative g(l)(x)
is square integrable on [0, 1], we get f[m(x) —mx)]gx)dx = ZSS:O(KX —
Rs) [ 80)ps()dx + > gk [ g(x)gs(x)dx. Denote wy = [ g(x)ps(x)dx.
Proposition 1 in Efromovich (2001) implies that the inequality >, szws2 < C
holds. This together with Holder inequality yields
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4

4 S
E [ / [m(x) — m(x)]g(x)dx} =E {Zm — R)ws + szws}

s=0 s>8

S S
<CE [Z(l +9) 70— R)” D (148w}

s=0 s=0

+Z¢Z@T

s>8 s>8

S

< C D (1457 P Q+5)E (s —is)* +Cn ™5,
s=0

57

In the last inequality we used Proposition 1 in Efromovich (2001) and Zfzo[(l +
5)In?(2 4+ 5)]7! < C. Then using Lemma 2 we get

4
E [/(m(x) - ﬁ(X))g(x)dx]

S
<CY A+ Q2+ 7+ 5 A+ S5+ cn®

s=0
S
SCnP+ S (1497 2+ 51+ 5 -5
s=0
<Cn?4+CS™F D> (49724052 +S)
0<s<S§/2
x > (A+S—s)t<cnp

5/2<s<$

Thisyields E[ [ g(x)V; (x)dx]* < C nfz.Funher, using Cauchy—Schwarz inequal-
ity, (13) and (14) and 6 (x) > b, I we get a rough (but sufficient) upper bound
E[[ gx)Va(x)dx]* < Cn] ">, Combining the results yield E[ [ g(x)V (x)dx]* <
Cn?z. Now we need to consider E[f g(x)W; (x)dx]*,i = 1, 2. The term involv-
ing W is plainly evaluated with the help of Cauchy—Schwarz inequality along

with (13) and (14); this yield E[ [ g(x)Wa(x)dx]* < Cn| . To evaluate the term
with Wy, it suffices to consider E[f(&z(x) — <72(x))g(x)d)c]4 for a generic g(x)
satisfying the condition of Lemma 3. This task is identical to the earlier performed
evaluation of the left side of (57). a

Proof of Lemma 4 Relation (20) is proved in Proposition 1 of Efromovich (2001).
Using Parseval identity and integration by parts we are verifying (21): fol (gD ))?

du = [fy gV adul® + 352, Ly ¢ @022 cosrjuydul® = [g(1) — gO)1 +
1 2
> %, [g(u)21/2 cos(nju)’o +7j [y gw)2!? sin(nju)du] = >, @)y
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g(u)2'/2 sin(7r ju)du]?. To establish (22) we use a similar technique: fl [g® (u)]2
2
du = 352, [ Jy ¢@ @2 sinGrjmdu]” = 352, [0 02! sm(nju)‘
2
mj fol g2 cos(nju)du] = Z?il(ﬂ'j)z[fg(l)(uﬂl/z Cos(n]u)du] =

00 4 1 1/2 .+ . 2
>3 e fo 82!/ sin(rjuydu]
Inequality (23) is proved, for instance, in Efromovich (1999, s.2.2). Part (a) is
verified.
Now we are considering part (b). Let ¥ (4, x) be a function such that (0, x) =

¥(1,x) = 0forall x € [0, ]and also [} [ [(3/3x8%/8u®)¥ (u, x)]2dudx < oco.
Parseval identity implies:

11
9 02
//[8 5 21//(14 x)] dudx
0 0
o oo 11
9 9’ 1/2 o ca1/2
=ZZ // aﬁw(u,x) 2% sin(mwju)2"/ < sin(mwsx)dudx
/ 0 0

To evaluate the integral we need to make several preliminary calculations. Write

o — _

(aax 382‘#( x)) 2172 gin(rsx)dx

9? 1/2 o
= (mw(u,m) 2

1
2
—(JTS)/(;?‘(//(M,)C)) 21/2cos(nsx)dx
0

x=1

1
2
= —(ns)/ (a—zl/f(u, x)) 2172 cos(msx)dx.
du
0

This result, together with Fubini theorem, implies that

11
// 3 o zlﬁ(u X)) 1/2sin(7tju)2'/2sin(yrsx)dudx
0 0

1 1

=—(7‘[S)/21/2COS(JTS)C) / o zlﬁ(u x) 21/2sm(n]u)du dx.
0
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Consider the inner integral,

1
/(8 s (u, x)) 212 sin (7 ju)du
0

=( v (u, x)) 21/2sm(n1u)) = (71])/( v (u, x)) 272 cos(m ju)du

1
= — ()Y (u, x)2'/? cos(nju)‘uj)—i—(nj)z/df(u,x)Zl/z sin(rr ju)du.

Recall the assumption ¥ (0, x) = ¥ (1,x) = 0,x € [0, 1], and then combining
the results we get fol fol ((82/8u2)1ﬁ(u, x))Zl/2 sin(rju)2'/? sin(rsx)dudx =

—(s)(j)? fol fol W (u, x)2'/2 cos(wsx) x 22 sin(zju)dudx. Combining the
2
obtained results we get [} [ [(a/ax)(az/au2)w(u,x>] dudx = 32, 3%,
2
iy s [y Jo ¥ 022 sin(rji2! /2 cos(rsx)duds | which  verifies

(24). Further, relation (25) follows from (22). Part (b) is verified.
Let us consider (26). The part with f()] uk f(u]|x)sin(mwju)du follows from

(25). The part with fol uk f(u|x) cos(mwju)du follows from (2.2.7) in Efromovich
(1999). This verifies (26). Now we are considering (27). Using (22) and Cau-

chy-Schwarz inequality we get ZjeBk jz[fo1 [fol p(xX)H (x,a + bu)yr(u|x)dx]
2 2
sin(nju)du] <2 [(az/auz) I p(x)H(x,a+bu)w(u|x)dx] du, where ji;

is the minimal index from the block By. Note that j; > Ck3 according to Remark 5.
Also, using notation from (17) we can write a"—; fol pxX)H (x,a+bu)y(u|x)dx =

2 Jy POV Q) + (@ + b)WY (ulx)dx = [y p(o)V @)[(02/0u)y (ulx)]

dx + fol PX)W(x)[(32/0u?)(a + bu)y (u|x)]dx. Combining the obtained results
and using Cauchy—Schwarz inequality we get

2\ 2

1 1
Z 2 |://p(x)H(x,a+bu)l//(u|X) sin(nju)dudX}
0

JEBk 0

1 1
-6 [/ |:/p(x)V(x)|: 21//(u|x)i| dx
0 0
2 2
82
/P(X)W(x)[ 2(a-i-bu)llf(ulx):| du

0

IA
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2
11 2

2
<Ck °E / /p(x) [ 0 21[/(M|x)i| V(x)dx | du
0 0

1 1
2
+Ck°E / /p(x)|:882(a+bu)1//(u|x) W(x)dx | du
u
0 0

1 1
<ck® / / p(x)[ 2¢(u|x)} V(x)dx
0 0

1

2
+E / (x) |: (a + bu)l//(u|x)i| W(x)dx du < Ck~%n7?
0

_4

Here the last inequality holds due to (19) and Assumption B. O
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